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Preface

Throughout the history of particle physics, the flavor sector has often anticipated major theoretical break-
throughs. The discovery of the charm quark or the prediction of the third generation of fermions were
indeed motivated by the absence of flavor-changing neutral currents, and the evidence of CP-violating
meson oscillations, respectively. Flavor transitions are specially sensitive to the quantum footprints that
hypothetical particles may leave in rare decays, meson mixings, and subtle CP-violating observables.
Therefore, it serves as a powerful probe of new dynamics that may lie far beyond the direct reach of
present collider experiments. Today, as experimental facilities like LHCb and Belle II are pushing the
boundaries of the high-precision frontier, and as theoretical tools become ever more refined, the flavor
sector remains at the forefront to uncover what New Physics lies beyond the Standard Model. Likewise,
Flavor sits at the core of some of the most profound open questions in modern physics. Why Nature
abandons minimality and replicates into three generations of fermions? What underlies the hierarchical
pattern of fermion masses and mixings?

On the other hand, the discovery of the Higgs boson in 2012 marked a major milestone in particle
physics, and represented a key piece of the experimental confirmation of the Standard Model. Yet, rather
than closing this chapter, it opened the door to new fundamental questions—such as the stabilization of
the Higgs mass—and raised the intriguing possibility that the scalar sector might be also realized in a
non-minimal way. Extensions of the Higgs sector, while often motivated by theories operating at higher
energy scales, offer a rich phenomenology, including new sources of CP violation and flavor transitions.

Finally, the violation of the CP symmetry is one of the most intriguing features of fundamental
interactions. Within the Standard Model, CP violation arises through a single irremovable phase in the
CKM matrix, and although this successfully accounts for all observed phenomena in kaon and B meson
physics, it falls dramatically short of explaining the Baryon Asymmetry of the Universe in the context
of baryogenesis models. This mismatch suggests that additional sources of CP violation should exist.
The search for such sources is not only motivated by cosmological considerations, but also by the rich
experimental program exploring CP-violating effects in meson systems, electric dipole moments, and
lepton interactions. Understanding the origin and structure of CP violation is thus essential both for
uncovering the mechanism behind the primordial matter-antimatter imbalance, as well as guiding the
construction of more complete theories of fundamental interactions.

This thesis collects part of my research on the three main topics outlined above: Flavor, Higgses,
and CP Violation. Although these are often closely interconnected, the contents of this manuscript are
organized as follows.

v



vi

The first part of the thesis serves to introduce the theoretical foundations that underpin our scientific
research. This includes a review of the Standard Model framework, analyzing in detail its flavor structure
and the emergence of CP violation in the weak interactions. We then turn to the Hilbert series technique
with the goal of presenting how it can be applied to particle physics, highlighting it as a powerful tool in
symmetry-based analyses. Finally, we discuss the basic features of scalar extensions involving multiple
Higgs doublets, with a particular focus on two-Higgs-doublet models. Special attention is given to the
appearance of flavor-changing neutral interactions and new sources of CP violation.

The second part of the thesis is dedicated to original scientific research. We start by presenting the
most general effective field theories that can be constructed within spurion analyses, taking the Minimal
Lepton Flavor Violation paradigm as an illustrative example. On another avenue, the phenomenological
implications in the mass spectrum of general multi-Higgs-doublet models where CP is solely broken by
the vacuum are presented. The latter condition is also studied in the two-Higgs-doublet model together
with the simultaneous requirement of flavor conservation in the lepton sector, focusing on its impact on
the structure of the flavor mixing matrix. Finally, we analyze in detail how large CP violation in B

meson mixing could be in different scenarios, with special emphasis on its implications for baryogenesis
and future experimental searches.

Special effort has been devoted to the appendices, which include detailed calculations and supple-
mentary explanations. These are intended to serve as a useful reference for practitioners interested in
the technical aspects underlying our main results, and to provide additional clarity on some of the more
involved steps that are only outlined in the main text.

I hope that this thesis, which brings together our findings along with additional open questions that
remain to be explored, will serve as a meaningful contribution to the scientific community and a valuable
reference for interested readers.

Carlos Miró
Valencia, May 2025
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Theoretical Foundations





1 The Standard Model

and the quest for New Physics

The Standard Model (SM) is a Quantum Field Theory (QFT) shaped by the principles of locality,
Lorentz-Poincaré invariance, gauge invariance, and renormalizability, that successfully describes the
strong, weak, and electromagnetic interactions of all known fundamental particles. These emerge as
excitations of quantum fields transforming as representations of the Lorentz group: spin-0 for scalar
bosons, spin-1/2 for fermions, and spin-1 for vector bosons. The SM Lagrangian comprises different
sectors that can be written as

LSM = Lgauge + Lscalar + Lfermion + LY + LGF + Lghost . (1.1)

The first term in the Lagrangian, Lgauge, describes the pure gauge sector, which is entirely fixed by
the requirement of local gauge invariance. The scalar sector of the theory, Lscalar, is then introduced to
trigger spontaneous electroweak symmetry breaking, thereby generating masses for the electroweak gauge
bosons. Unlike the gauge structure of the theory, its matter content is not dictated by an underlying
fundamental principle, but is assumed to consist of quarks and leptons grouped into three generations.
Their gauge interactions are described by Lfermion, while their couplings to the scalar fields, encoded in
LY, give rise to fermion masses after Electroweak Symmetry Breaking (EWSB). This last term is the
origin of the flavor structure of the theory, reflecting the replication of fermion families that differ only
in their masses. Finally, LGF and Lghost correspond to the gauge-fixing and ghost terms, respectively.
These are required to consistently quantize the theory in a covariant gauge and to properly account for
the gauge redundancy in the path integral formalism. While they do not affect physical observables
directly, they play a crucial role in ensuring the renormalizability and unitarity of the theory at the
quantum level. Altogether, the SM has reigned as an excellent framework for accurately describing the
vast majority of particle physics experiments conducted to date.

In this chapter, we provide an overview of the different sectors of the standard theory, with a particular
focus on the electroweak interactions, and omitting the technical details related to the gauge-fixing and
the ghost fields. Our discussion will place special emphasis on the flavor sector of the theory and the
analysis of Charge-Parity (CP) symmetry violation. We should emphasize that this is not intended to be
a complete review of the SM, but rather a summary of the theoretical ingredients that will be relevant
for the discussions in the following chapters. For a more comprehensive treatment of the topic, we refer
to excellent textbooks such as [10–13]. We conclude with a brief discussion of some theoretical and
experimental challenges that the SM fails to address, thereby motivating the quest for New Physics (NP)
beyond the Standard Model (BSM).

3



4 1. The Standard Model and the quest for New Physics

1.1 Gauge sector

The SM is based on the gauge symmetry group

GSM = SU(3)C × SU(2)L × U(1)Y , (1.2)

where the SU(3)C color theory is known as Quantum Chromodynamics (QCD) and controls the strong
force, while SU(2)L × U(1)Y corresponds to the unified electroweak (EW) theory [14–16].1 Any local
gauge theory requires the presence of one gauge field for each generator of the group—this means N2−1

for SU(N) and just one for U(1) factors—in order to preserve the symmetry. Therefore, we have 8 gluon
fields GAµ (A = 1, . . . , 8) for SU(3)C , 3 gauge fields W a

µ (a = 1, 2, 3) for SU(2)L, and 1 gauge field Bµ

for U(1)Y , transforming in the adjoint representation of the corresponding group factor, and invariant
under the rest. Their kinetic terms are written as

Lgauge = −1

4
GµνA GAµν −

1

4
Wµν
a W a

µν −
1

4
BµνBµν , (1.3)

where we have defined the field strengths tensors2

GAµν = ∂µG
A
ν − ∂νG

A
µ − gsf

ABCGBµG
C
ν , (1.4)

W a
µν = ∂µW

a
ν − ∂νW

a
µ − gϵabcW b

µW
c
ν , (1.5)

Bµν = ∂µBν − ∂νBµ , (1.6)

being gs and g the strong and weak gauge couplings, and fABC and ϵabc the structure constants of the
SU(3)C and SU(2)L non-abelian groups. The latter define the algebra of the Hermitian generators as

[tA, tB ] = ifABCtC , [T a, T b] = iϵabcT c , (1.7)

with ϵabc fully antisymmetric (ϵ123 = +1), and are responsible of the self-interactions among gauge
bosons. In their fundamental representation, tA = λA/2, where λA are the Gell-Mann matrices, while
T a = σa/2, with σa the Pauli matrices. The generator of the abelian factor U(1)Y is called weak
hypercharge. Throughout this manuscript, we shall discuss very few aspects concerning the strong force,
and rather we will essentially focus on the SU(2)L × U(1)Y electroweak theory.

So far, the theory is strictly massless, since the gauge symmetry prevents us from writing down mass
terms for the gauge bosons. The short range of the weak interaction suggests, on the contrary, that
the force carriers, i.e., the W± and Z bosons, are very heavy. Aiming to generate their masses while
preserving gauge invariance, the Higgs mechanism [18, 19] comes into play. The key feature is that the
Lagrangian is explicitly gauge-invariant, but the vacuum, that is, the ground state of the theory, is
not. This spontaneous symmetry breakdown is triggered by an additional scalar SU(2)L doublet, as we
explain in the following section.

1Non-abelian gauge theories are often called Yang-Mills theories, and can be understood as a generalization of Quantum
Electrodynamics (QED) based on the gauge group U(1)QED ≡ U(1)Q, with Q the electric charge generator.

2At this point, we should stress that different sign conventions might be adopted regarding the definitions presented
throughout this chapter. We refer the reader to [17] for a comprehensive collection of the different possibilities found in
the literature. For concreteness, we choose η = η′ = ηZ = ηθ = ηY = ηe = +1 in the notation of that reference.
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1.2 Scalar sector

Before entering into the details of the standard Electroweak Symmetry Breaking, let us briefly introduce
the theoretical framework behind the mass generation of gauge boson masses: the Goldstone Theorem
and the Higgs Mechanism.

1.2.1 The Goldstone Theorem and the Higgs Mechanism

Goldstone Theorem — In any field theory satisfying locality, Lorentz invariance, and positive-definite
norm, if an exact continuous symmetry of the Lagrangian is not a symmetry of the physical vacuum, the
theory must contain massless spin-0 particles whose quantum numbers are those of the broken generators
of the symmetry.

Let us consider a theory involving a set of n real scalar field components ϕi (i = 1, . . . , n), transforming
as a representation of the symmetry group G in such a way that the scalar potential V (ϕi) is invariant
under G. At the infinitesimal level, we have

ϕi
G−→ ϕ′i = U(α⃗)ijϕj ≈ (1 + iαaRa)ijϕj ≡ ϕi + δϕi , with δϕi = iαa(Ra)ijϕj , (1.8)

with α⃗ = (α1, . . . , αn) a set of real parameters characterizing the elements in the group G, and Ra the
generators of the group in the representation of the n real scalar fields. Invariance of the potential implies

δV (ϕi) = 0 ⇐⇒
(
∂V

∂ϕi

)
δϕi = 0 ⇐⇒ iαa

(
∂V

∂ϕi

)
(Ra)ijϕj = 0 . (1.9)

This condition should be fulfilled independently of the values of αa, so that(
∂V

∂ϕi

)
(Ra)ijϕj = 0 , (1.10)

for all generators Ra. Differentiating with respect to ϕk, we find(
∂2V

∂ϕk∂ϕi

)
(Ra)ijϕj +

(
∂V

∂ϕi

)
(Ra)ijδjk = 0 . (1.11)

We consider now a minimum of the potential to be at (v1, . . . , vn), that constitutes the ground state of
the theory. The quantum vacuum expectation value (vev) vi, i.e., the constant field configuration that
minimizes the potential can be identified with the classical expectation of the field in the vacuum state
⟨0|ϕi|0⟩ ≡ ⟨ϕi⟩, meaning that ⟨ϕi⟩ = vi. By definition, the potential is stationary at its minimum, so
that (

∂V

∂ϕi

) ∣∣∣∣∣
ϕi=⟨ϕi⟩

= 0 , (1.12)

leaving us with (
∂2V

∂ϕk∂ϕi

) ∣∣∣∣∣
ϕi=⟨ϕi⟩

(Ra)ij⟨ϕj⟩ = 0 . (1.13)

The second derivatives of the potential evaluated at its minimum give precisely the (squared) mass matrix
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of the scalars

(M2)ki =

(
∂2V

∂ϕk∂ϕi

) ∣∣∣∣∣
ϕi=⟨ϕi⟩

, (1.14)

and thus we have
(M2)ki(R

a)ij⟨ϕj⟩ = 0 . (1.15)

There are two possible solutions for the previous equation.

(i) The symmetry is respected by the vacuum, in the sense that

δ⟨ϕi⟩ = iαa(Ra)ij⟨ϕj⟩ = 0 =⇒ (Ra)ij⟨ϕj⟩ = 0 , (1.16)

and hence we say that the generator Ra remains unbroken. It can be shown that the unbroken
generators form a closed commutative subalgebra, and generate a subgroup H ⊂ G of transforma-
tions that do not change the vev at all—the subgroup H is the symmetry group of the vacuum. In
this scenario, the symmetry G is spontaneously broken to H. The number of unbroken generators
is denoted by dimH.

(ii) The symmetry is not respected by the vacuum, i.e.,

δ⟨ϕi⟩ = iαa(Ra)ij⟨ϕj⟩ ≠ 0 =⇒ (Ra)ij⟨ϕj⟩ ≠ 0 , (1.17)

and thus we say that the generator Ra is broken. The latter generate the coset G/H (the remaining
elements of G that are not in H), and take us from one vacuum to another one which is physically
equivalent, i.e., has the same energy (same value of the potential), yielding a continuous set of
degenerate vacua. The number of broken generators is denoted by dimG/H. The key point to be
noticed is that, within this scenario, the mass matrix must contain a zero eigenvalue, one for each
broken generator, associated to the eigenvector Ra⟨ϕ⃗⟩, with ϕ⃗ = (ϕ1, . . . , ϕn)

T . The corresponding
massless scalar particle is known as Nambu-Goldstone boson (GB) [20,21].

Therefore, there are dimG/H = dimG − dimH massless GBs, one for each broken generator of the
continuous symmetry group—more precisely, for each independent generator that does not annihilate
the vacuum.

Finally, it is important to distinguish between global or gauge (local) continuous symmetries. As we
have just checked, a theory where a global continuous symmetry is spontaneously broken possesses mass-
less GBs in their spectrum. Furthermore, Noether’s theorem ensures the presence of conserved currents
Jaµ , satisfying ∂µJaµ = 0, and their corresponding conserved charges. However, this picture is changed
when a continuous symmetry is gauged. In this case, the GBs disappear from the particle spectrum,
while the gauge vector bosons associated to the independent broken generators become massive. This is
the well-known Higgs Mechanism [18,19].3 In the unitary (or physical) gauge, it is said that the degrees
of freedom (dof) represented by the would-be GBs (wbGBs) are absorbed or eaten by the gauge bosons in
order to gain a mass. In other words, the gauge bosons acquire an additional longitudinal polarization.
As a final comment, we should stress that spontaneously broken gauge theories are renormalizable [22],
while explicitly broken theories are not.

3Likewise, full credit should be given to the contributions on this topic by Anderson, Brout, Englert, Ginzburg, Guralnik,
Hagen, Kibble, and Landau, as well as Higgs himself.
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1.2.2 Electroweak Symmetry Breaking

Lorentz invariance implies that only scalar fields can acquire a vev, which, in turn, must be constant
over space-time by means of the Poincaré symmetry. It is also clear that we need at least three dof in the
form of wbGBs to become the longitudinal polarizations of the weak force carriers W± and Z bosons. At
the same time, the photon must remain massless after spontaneous symmetry breaking (SSB), so that
U(1)Q of electromagnetism is preserved at low energies. With this in mind, as a minimal choice, one
can consider a complex scalar field Φ, transforming as Φ ∼ (1,2, 1/2) under GSM—an SU(2)L doublet
with hypercharge 1/2—, of the form

Φ =

(
ϕ+

ϕ0

)
, (1.18)

whose vev triggers EWSB:

SU(3)C × SU(2)L × U(1)Y
⟨Φ⟩−−→ SU(3)C × U(1)Q , (1.19)

being Q = T 3 + Y the electric charge generator in QED. The most general Lagrangian involving the
scalar doublet Φ is

Lscalar = (DµΦ)†(DµΦ)− V (Φ) , (1.20)

where the scalar potential V (Φ) is written as

V (Φ) = µ2(Φ†Φ) + λ(Φ†Φ)2 , (1.21)

with µ2, λ ∈ R due to hermiticity, and λ > 0 to ensure boundedness from below. The covariant derivative
is given by

DµΦ =

(
∂µ + igW a

µ

σa

2
+ ig′Bµ

1

2

)
, (1.22)

in order to preserve gauge invariance. The appropriate EWSB in Eq. (1.19) is achieved when the scalar
doublet develops a non-trivial vev at

⟨Φ⟩ = v√
2

(
0

1

)
, (1.23)

with v2 = −µ2/λ, as required by the stationarity condition, and µ2 < 0 for the vev to be a minimum.
Without loss of generality, the vev of the single scalar doublet can be made real by means of gauge
transformations. Within the SSB framework, all terms in the Lagrangian remain invariant under the
gauge group, and it is only the vacuum that breaks the symmetry. One can then expand the scalar field
around the selected vacuum as4

Φ =
1√
2

( √
2G+

v + h+ iG0

)
, (1.24)

where h is the well-known physical Higgs boson, while G0 and G± represent the unphysical wbGBs that
become the longitudinal polarizations of the gauge bosons. In particular, the mass eigenstates are given
by

W±
µ =

W 1
µ ∓ iW 2

µ√
2

,

(
W 3
µ

Bµ

)
=

(
cos θW sin θW

− sin θW cos θW

)(
Zµ

Aµ

)
, (1.25)

4The factors 1√
2

account for the conversion from the canonical normalization of the complex scalar field Φ to that of
the real scalar field h.
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where W±
µ , Zµ, and Aµ describe the W±, Z, and photon fields, and θW is the weak mixing angle

tan θW =
g′

g
. (1.26)

The masses of the gauge bosons are fixed by the EW scale v, and the gauge couplings g and g′ as

MW =
gv

2
, MZ =

v
√
g2 + g′2

2
, MW =MZ cos θW . (1.27)

Finally, the electromagnetic coupling strength is related to g and g′ by

e = g sin θW = g′ cos θW , (1.28)

being e the electric charge of the proton. It might be instructive to keep track of the number of dof
before and after SSB. Before symmetry breaking, the Lagrangian contains three massless SU(2)L gauge
bosons, and one massless U(1)Y gauge boson, i.e., 4×2 = 8 dof due to the two transverse polarizations of
massless spin-1 fields. In addition, we have 4 real scalar fields present in the complex scalar doublet. This
gives a total of 12 dof. After symmetry breaking, the three wbGBs become the longitudinal polarizations
of the massive W± and Z bosons, while the photon remains massless. Thus, we have 3×3+2 = 11 dof in
the gauge sector, plus the remaining Higgs particle in the scalar sector. This matches the initial 12 dof.
Remarkably, the Higgs boson emerges as a remnant of the spontaneous symmetry breaking mechanism,
due to the original scalar doublet containing too many dofs. The Higgs mass is fixed by

M2
h = 2λv2 , (1.29)

with an experimental value of Mh = (125.20 ± 0.11) GeV [23]. The existence of the Higgs boson
constitutes a very clear prediction to test the validity of the SM. Its discovery in 2012 by the ATLAS [24]
and CMS [25] experiments at CERN confirmed the impressive success of the theory in describing all
known experimental data, at least up to energies O(v).

1.3 Fermion sector

As we have just seen, the gauge principle is extraordinarily predictive when it comes to vector boson
interactions. On the other hand, the Higgs Mechanism invokes the presence of a scalar doublet in order
to generate the masses of the force carriers in a gauge invariant way. Now, one may ask how fermions
couple to gauge bosons. Unfortunately, there is no fundamental principle as a gauge symmetry that
automatically determines the fermion sector of the theory. Instead, one includes the matter content by
hand, and deduces the corresponding quantum numbers, that is, how the matter fields transform under
the gauge group, guided by experiment. For instance, even before the W± and Z bosons were discovered,
low-energy experiments suggested that SU(2)L gauge bosons only coupled to left-handed fermions, i.e.,
we had a chiral theory that violated parity maximally.

All in all, in the SM spin-1/2 Weyl fermions transform as irreducible representations (irreps) of the
gauge group. In particular, left-handed fermions behave as SU(2)L doublets, while right-handed fermions
are SU(2)L singlets: the weak interactions are chiral, while the strong and electromagnetic interactions
are vectorial and invariant under parity. Fermions are classified into quarks and leptons, depending on
whether they feel the strong force or not, respectively. In addition, the fermion sector is non-minimal in
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the sense that quarks and leptons appear to be replicated in three generations or families only differing
in their masses and mixings, as we will check later. Making manifest their SU(2)L transformation
properties, we can write down

Q0
L =

{(
u0L

d0L

)
,

(
c0L

s0L

)
,

(
t0L

b0L

)}
, d0R =

{
d0R , s

0
R , b

0
R

}
, u0R =

{
u0R , c

0
R , t

0
R

}
, (1.30)

ℓ0L =

{(
ν0eL

e0L

)
,

(
ν0µL

µ0
L

)
,

(
ν0τL

τ0L

)}
, e0R =

{
e0R , µ

0
R , τ

0
R

}
, (1.31)

whose quantum numbers under the Lorentz and gauge groups are summarized in Table 1.1. Each
fermion component in the generation space is known as flavor : we have u (up), c (charm), t (top), d
(down), s (strange), and b (bottom) quarks, as well as e (electron), µ (muon), τ (tau) leptons, and their
corresponding neutrinos ν. Flavor indices running over different generations will often be omitted. The
superscript “0” indicates that fermions are written in an arbitrary weak basis (WB), also dubbed as
interaction or flavor basis, to be distinguished from the mass eigenstate basis, as we will see later. In
addition, it is to be noticed that right-handed neutrino singlets are not included within the pure SM
framework.

Field SO(1, 3) SU(3)C SU(2)L U(1)Y

Q0
L

(
1
2 , 0
)

3 2 1/6

u0R
(
0, 12

)
3 1 2/3

d0R
(
0, 12

)
3 1 −1/3

ℓ0L
(
1
2 , 0
)

1 2 −1/2

e0R
(
0, 12

)
1 1 −1

Table 1.1: Fermion quantum numbers under Lorentz and Standard Model gauge groups.

The fermion kinetic terms and their interactions with gauge bosons arise from

Lfermion = iQ
0

Lγ
µDµQ

0
L + iu0Rγ

µDµu
0
R + id

0

Rγ
µDµd

0
R + iℓ

0

Lγ
µDµℓ

0
L + ie0Rγ

µDµe
0
R , (1.32)

with the covariant derivatives, ensuring gauge invariance, given by

DµQ
0
L =

[
∂µ + igsG

A
µ

λA

2
+ igW a

µ

σa

2
+ ig′Bµ

1

6

]
Q0
L , (1.33)

Dµu
0
R =

[
∂µ + igsG

A
µ

λA

2
+ ig′Bµ

2

3

]
u0R , (1.34)

Dµd
0
R =

[
∂µ + igsG

A
µ

λA

2
+ ig′Bµ

(
−1

3

)]
d0R , (1.35)

Dµℓ
0
L =

[
∂µ + igW a

µ

σa

2
+ ig′Bµ

(
−1

2

)]
ℓ0L , (1.36)

Dµe
0
R =

[
∂µ + ig′Bµ (−1)

]
e0R . (1.37)
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Once the fermion quantum numbers are specified, their interactions with gauge bosons are completely
determined by the gauge principle in terms of the couplings gs, g, and g′. For the purposes of upcoming
sections, let us specify the form of the interactions between fermions and electroweak gauge bosons in
the interaction basis:

−LW =
g√
2
u0Lγ

µd0LW
+
µ +

g√
2
ν0Lγ

µe0LW
+
µ +H.c. , (1.38)

−LZ =
g

cW

[
1

2
u0Lγ

µu0L − 1

2
d
0

Lγ
µd0L +

1

2
ν0Lγ

µν0L − 1

2
e0Lγ

µe0L − s2WJ
µ
Q

]
Zµ , (1.39)

−LA = eJµQAµ , (1.40)

where the electromagnetic current JµQ reads

JµQ =
2

3

(
u0Lγ

µu0L + u0Rγ
µu0R

)
− 1

3

(
d
0

Lγ
µd0L + d

0

Rγ
µd0R

)
−
(
e0Lγ

µe0L + e0Rγ
µe0R

)
. (1.41)

Note that, in this basis, the gauge interactions with fermions are diagonal in flavor space, meaning that
they do not mix fermions that belong to different generations.

So far, all quarks and leptons are massless, since the usual Dirac mass term that couples left-handed
and right-handed fermions would spoil gauge invariance. Similarly to what happens in the gauge sector,
the vev of the scalar doublet Φ can also generate their masses after SSB. To this aim, one is forced to
introduce scalar-fermion Yukawa couplings that provide the required chirality-flipping interaction. The
fact that u0L and d0L transform collectively in the fundamental representation of SU(2)L will lead to an
interesting flavor phenomenology that we begin to address in the next section.

1.4 Yukawa sector

Aiming for generality, let us promote the subsequent discussion for ng generations of fermions. This is
almost a straightforward step that might prove useful in order to understand some of the key features
of the three-generation SM, e.g., the emergence of CP violation.

The most general renormalizable Lagrangian containing the interactions between the fermion fields
and the scalar doublet is of the form

−LY = Q
0

LYuu
0
RΦ̃ +Q

0

LYdd
0
RΦ+ ℓ

0

LYee
0
RΦ+H.c. , (1.42)

where we have defined Φ̃ ≡ ϵΦ∗ = iσ2Φ∗, transforming as Φ̃ ∼ (1,2,−1/2) under the SM gauge group.
The Yukawa coupling matrices are general complex ng × ng matrices, and thus they introduce a large
number of free parameters in the model. Nevertheless, as we shall see, not all of them happen to be
physical observable quantities, that is, invariant under field redefinitions.5 On that regard, we must
stress that the other pieces of the SM Lagrangian in Eqs. (1.3), (1.20) and (1.32) exhibit a large global

5In general, field redefinitions should fulfill the following properties: (i) they commute with the Lorentz and gauge
groups, (ii) preserve the renormalizability of the theory, and (iii) leave invariant the canonical normalization of the kinetic
terms. These conditions constrain the type of transformations one can actually perform, since condition (i) implies that
they can only mix fermions with the same quantum numbers, condition (ii) requires them to be linear, and condition (iii)
to be unitary. The resulting theory after such a transformation of the fields is completely equivalent to the original one.
Physically meaningful observable quantities must therefore be invariant under field redefinitions.
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flavor symmetry defined by

Gf = U(ng)Q × U(ng)u × U(ng)d × U(ng)ℓ × U(ng)e ≡ U(ng)
5 , (1.43)

where each factor U(ng)f = SU(ng)f ×U(1)f (f = Q, u, d, ℓ, e) consists of independent unitary transfor-
mations in flavor space of the different Weyl fermions in Eqs. (1.30) and (1.31), and are usually known as
weak basis transformations (WBT). The corresponding transformation properties of the different fields
are collected in Table 1.2. This global flavor symmetry is explicitly broken by the Yukawa couplings Yu,
Yd, and Ye, and hence one can use the freedom in the previous transformations to remove unphysical
parameters—more precisely, one can only use the subgroup of transformations that is actually broken
by the Yukawa couplings. Since the analyses of the quark and lepton sectors result to be different due
to the absence of right-handed neutrinos, let us treat them separately in what follows.

Field SU(ng)Q SU(ng)u SU(ng)d SU(ng)ℓ SU(ng)e

Q0
L □ 1 1 1 1

u0R 1 □ 1 1 1

d0R 1 1 □ 1 1

ℓ0L 1 1 1 □ 1

e0R 1 1 1 1 □

Table 1.2: Fermion quantum numbers under the non-abelian part of the flavor symmetry group Gf . The
boxes denote the Young diagrams of the fundamental representation of the corresponding group factor.

1.4.1 Quark sector

The global flavor symmetry group in the quark sector is broken by the Yukawa couplings Yu and Yd as

Gq ≡ U(ng)Q × U(ng)u × U(ng)d
Yu, Yd−−−−−−−→ Hq ≡ U(1)BN , (1.44)

where Hq ≡ U(1)BN corresponds to the (vectorial) common rephasing of all quark fields, that can be
identified as the total baryon number (BN). Taking this into account, one can readily compute the
number of real physical parameters, both moduli and phases, that are present in the Yukawa coupling
matrices as

Nphysical = Nparam − dimGq/Hq = Nparam −
(
dimGq − dimHq

)
. (1.45)

This counting is summarized in Table 1.3 for the quark sector. This scenario corresponds to the maximal
breaking of the flavor symmetry when the Yukawa matrices are completely generic. Indeed, one could
expect larger unbroken subgroups if the Yukawa matrices had a symmetric structure or if some of their
entries were zero. On the other hand, we should mention that the counting of dof is often carried out after
SSB and diagonalization of the quark mass matrices, in the way we shall explain next. In any case, this
alternative method might prove useful in other scenarios involving a more complicated diagonalization
of the mass matrices [26], e.g., in the lepton sector with right-handed Majorana neutrino fields.

In order to obtain the masses of up-type and down-type quarks, the Yukawa matrices have to be
diagonalized. On that regard, any complex matrix can always be diagonalized by means of two different
unitary transformations acting on the left and on the right—this is the unitary bidiagonalization pro-
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Nparam dimGq dimHq Nphysical

Moduli 2n2g
3ng(ng−1)

2 0 2ng +
ng(ng−1)

2

Phases 2n2g
3ng(ng+1)

2 1
(ng−1)(ng−2)

2

Total 4n2g 3n2g 1 n2g + 1

Table 1.3: Physical parameters in the quark Yukawa sector of the SM.

cedure detailed in App. B. In the quark sector, the unitary rotations provided by Gq are not enough
to bidiagonalize simultaneously both Yu and Yd without observable consequences in the gauge sector,
due to u0L and d0L transforming collectively in the same SU(2)L doublet representation. Therefore, once
spontaneous symmetry breaking takes place and the Higgs field develops a vev, we should rotate the
quark fields to the mass basis through unitary transformations of the form

u0L = UuL
uL , u0R = UuR

uR , d0L = UdLdL , d0R = UdRdR , (1.46)

in such a way that the mass matrices, defined by M0
f = v√

2
Yf , get bidiagonalized:

U†
uL
M0
uUuR

=Mu = diag(mu,mc,mt, . . . ) , U†
dL
M0
dUdR =Md = diag(md,ms,mb, . . . ) , (1.47)

with mi the masses of the physical quarks. As commented before, the fact that the transformations
in Eq. (1.46) do not correspond to a WBT has observable consequences in other sectors, namely, the
charged currents Lagrangian in Eq. (1.38). The mismatch between the unitary transformation of the
up-type and down-type left-handed fields leads to

−L quark
W =

g√
2
uLγ

µV dLW
†
µ +H.c. , (1.48)

where V ≡ U†
uL
UdL is an ng × ng unitary matrix, V V † = V †V = 1ng×ng . In the SM with ng = 3

generations, this is the well-known Cabibbo-Kobayashi-Maskawa (CKM) matrix [27,28], and its elements
are typically labeled as

V =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 . (1.49)

The CKM matrix controls the pattern of mixings between quarks of different generations in the charged
currents interactions, and constitutes the only source of flavor-changing transitions in the SM. Experi-
mentally, the CKM matrix is very close to the identity, meaning that flavor-changing processes are indeed
very suppressed by small off-diagonal elements. On the other hand, one can readily check that the neutral
current interactions mediated by the Z boson and the photon (as well as gluons) in Eqs. (1.39) and (1.40)
remain unchanged under the transformations in Eq. (1.46). Therefore, there are not Flavor-Changing
Neutral Currents (FCNC) at tree-level in the SM, and they can only arise at the loop level through W

boson exchange—thus involving several powers of the off-diagonal mixing elements. As we can see, the
strong suppression of FCNC is a non-trivial phenomenon. In fact, this lead Glashow, Iliopoulos, and
Maiani (GIM) to predict the existence of the charm c quark allowing to have two complete generations.6

Since then, the double suppression due to the unitarity of the quark mixing matrix and the smallness of
6By that time only u, d and s quarks were known.
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its off-diagonal couplings is known as GIM mechanism [29].

However, not all the parameters contained in this unitary matrix are physical, as we anticipated
before. Let us count the number of real dof, this time after SSB. The bidiagonalization of the mass
matrices in Eq. (1.47) leaves a residual [U(1)u′×U(1)d′ ]

ng , where U(1)f ′ denotes the vectorial component
of U(1)f ′

L
×U(1)f ′

R
flavor symmetry.7 We can use this remaining freedom in order to remove unphysical

parameters from V , except for a global common rephasing of all quark fields that leaves V invariant,
that is, U(1)BN. Therefore, the number of physical parameters in CKM is:

NCKM
moduli =

ng(ng − 1)

2
, NCKM

phases =
ng(ng + 1)

2
− (2ng − 1) =

(ng − 1)(ng − 2)

2
, (1.50)

giving a total of NCKM
total = (ng − 1)2 real dof. Taking into account that we have 2ng physical quark

masses, the results quoted here are in agreement with those presented in Table 1.3. The fact that there
are irremovable phases in the CKM matrix for ng > 2 implies that the Lagrangian is not invariant
under CP transformations, as we will discuss in Sec. 1.5. Nevertheless, this picture might change if
there were mass degeneracies in the up or down sectors. Let us assume, for instance, that there are nu
degenerate up-type quarks and nd degenerate down-type quarks, with 1 < nu, nd ≤ ng. In that case, the
residual freedom to redefine the quark fields is larger, namely, [U(nu)×U(1)

ng−nu

u′ ]×[U(nd)×U(1)
ng−nd

d′ ],
except for a diagonal common rephasing of all quark fields U(1)BN. This freedom can be used to remove
additional phases from the CKM matrix, namely:

NCKM-deg
moduli =

ng(ng − 1)

2
− nu(nu − 1)

2
− nd(nd − 1)

2
, (1.51)

NCKM-deg
phases =

(ng − 1)(ng − 2)

2
− nu(nu − 1)

2
− nd(nd − 1)

2
, (1.52)

leaving a total of NCKM-deg
total = (n− 1)2 − nu(nu − 1)− nd(nd − 1) real dof.

For concreteness, let us draw the final picture within the SM. For ng = 3 generations, the 3 × 3

unitary CKM matrix contains 4 real dof that can be well interpreted as 3 Euler angles and 1 complex
phase. Remarkably, this irremovable phase is the source of all (weak) CP-violating effects in the SM, as
we will explain in Sec. 1.5. Together with the 6 physical quark masses, we are left with a total of 10
dof arising from the quark Yukawa interactions. In the following, we proceed to discuss the fundamental
properties of the CKM matrix, as well as some of the relevant parametrizations that can be found in the
literature.

Parametrizations of the 3× 3 CKM matrix

There are multiple parametrizations of the CKM matrix that accommodate the constraints imposed by
3× 3 unitarity, namely, that its rows and columns must be orthonormal vectors. Typically, all of them
are chosen in such a way that the elements Vud and Vus are real, motivated by neutral kaon physics
studies. Here we present the Chau-Keung parametrization [30], adopted by the Particle Data Group
(PDG) [23], as well as the famous Wolfenstein parametrization [31]. The latter is specially useful for
many purposes since it incorporates our knowledge from experimental data.

7We add a prime in f ′ to distinguish this set of transformations from the U(1)f factors in the flavor symmetry group
of Eq. (1.43).
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Chau-Keung parametrization—. The fact that the CKM matrix contains four real dof, three moduli
and one phase, suggests its interpretation in terms of three Euler angles θ12, θ13, θ23, and one complex
phase δ. The latter has to be introduced in such a way that it cannot be removed by means of a rephasing
of the quark fields. Therefore, we can write down three consecutive rotations along the three spatial
directions as

V (θ12, θ13, θ23, δ) =


c12 s12 0

−s12 c12 0

0 0 1




c13 0 s13e
−iδ

0 1 0

−s13eiδ 0 c13



1 0 0

0 c23 s23

0 −s23 c23



=


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −s23c12 − s12c23s13e

iδ c23c13

 , (1.53)

where cij ≡ cos θij and sij ≡ sin θij . The angle θ12 is also known as the Cabibbo angle for historical
reasons. Without loss of generality, one can restrict the rotation angles to the first quadrant, θij ∈ [0, π/2],
as long as the complex phase is allowed to be free, δ ∈ [0, 2π).8

Wolfenstein parametrization—. An alternative parametrization of the CKM matrix can be con-
structed in light of experimental data, in particular: (i) |Vus| ∼ λ≪ 1, (ii) |Vcb| ∼ |Vus|2, and (iii) the b
quark dominantly decays to c quarks, with |Vub|/|Vcb| ∼ λ/2. Taking λ as an expansion parameter and
imposing unitarity constraints up to a certain order in λ, one can write down

V (λ,A, ρ, η) =


1− λ2

2 λ Aλ3(ρ− iη)

−λ 1− λ2

2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4) . (1.54)

Besides λ ≈ 0.23, three additional parameters are introduced: A ∼ 1 due to the constraint imposed by
(ii), and ρ and η which are roughly smaller than 1/2 as required by (iii). Although we will comment on
that later on, it is easy to see that CP-violating effects only enter at O(λ3). All in all, in the Wolfenstein
parametrization the CKM matrix elements are expanded as a power series in λ, and 3× 3 unitarity only
holds approximately.

Nevertheless, in some phenomenological studies it might be necessary to include higher order terms
in the previous expansion to obtain a better level of accuracy. Therefore, it is convenient to derive an
exact version of the Wolfenstein parametrization that can be expanded at will. To this aim, one can start
from the Chau-Keung parametrization, where unitarity holds exactly, and define the set of parameters
{λ,A, ρ, η} in terms of {θ12, θ13, θ23, δ} [32] as

s12 ≡ λ , s23 ≡ Aλ2 , s13e
−iδ ≡ Aλ3(ρ− iη) . (1.55)

8For instance, let us suppose that one of the angles, say θ12, is in the second quadrant. We can always relate it to
an angle θ′12 in the first quadrant taking into account that cos θ12 = − cos θ′12 and sin θ12 = sin θ′12. Then, shifting the
value of delta as δ = δ′ + π, we change eiδ = −eiδ′ . A final rephasing of u and s quark fields as V (θ′12, θ13, θ23, δ

′) →
diag(−1, 1, 1)V (θ′12, θ13, θ23, δ

′)diag(1,−1, 1) brings V to the form of Eq. (1.53). Hence, we can just drop the primes and
assume that all rotation angles lie on the first quadrant.
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Fundamental properties of the CKM matrix

Rephasing-invariance—. As we have explained before, after diagonalization of the mass matrices, one
still has the freedom to rephase the quark fields as

u′Li
= eiα

u
i uLi

, u′Ri
= eiα

u
i uRi

, d′Li
= eiα

d
i dLi

, d′Ri
= eiα

d
i dRi

, (1.56)

leaving invariant all terms in the Lagrangian, including the mass terms, except the charged currents.
Under these field redefinitions, the CKM matrix changes as

V ′
ij = ei(α

d
j−α

u
i )Vij . (1.57)

Indeed, we have previously used this rephasing freedom to eliminate 2ng − 1 unphysical phases from V

(recall that the baryon number transformation of all quark fields leaves V invariant). However, it is clear
that physical observables in the CKM mixing must be invariant under such a rephasing. Therefore, one
may ask which rephasing-invariant quantities can be built out of the CKM elements. The simplest ones
are, of course, the (squared) moduli |Vij |2. The next simplest invariants one can define are quartets of
CKM elements of the form

Qijkl ≡ VijVklV
∗
ilV

∗
jk , (1.58)

with i ̸= k and j ̸= l. Notice that i, k run over the different flavors in the up-type sector, and j, l run
in the down-type sector. It is straightforward to check that Qijkl = Qklij = Q∗

kjil = Q∗
ilkj . In practical

terms, the rephasing-invariant quartets are constructed by eliminating ng − 2 out of the ng rows and
columns, and then multiplying one of the diagonals by the complex conjugate of the other one. Therefore,
in general we can construct

(
ng

ng−2

)2
=
(
ng

2

)2
=

n2
g(ng−1)2

4 quartets from an ng × ng mixing matrix.

Let us consider the SM case with ng = 3 generations. In this particular case, it can be shown that the
imaginary parts of all nine quartets are equal up to a sign, due to the orthogonality relations between
the rows and columns. Then, it is convenient to define the Jarlskog invariant [33] as

J ≡ ImQuscb = Im (VusVcbV
∗
ubV

∗
cs) , (1.59)

such that the imaginary parts of the remaining quartets are all equal to J up to a sign. This condition
can be written more generally as

ImQijkl = Im
(
VijVklV

∗
ilV

∗
kj

)
= J

∑
m,n

ϵikmϵjln , (1.60)

for any i, j, k, l. On the other hand, one can compute J within the two parametrizations presented in
Eqs. (1.53) and (1.54), yielding

Chau-Keung/PDG: J = c12s12c
2
13s13c23s23 sin δ , (1.61)

Wolfenstein: J ≈ A2λ6η

(
1− λ2

2

)
. (1.62)

In Sec. 1.5, we show that the Jarlskog invariant is of paramount importance in the study of weak CP
violation in the SM. Indeed, J = 0 is a necessary and sufficient condition for CP conservation in the SM.
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Unitarity—. The CKM mixing matrix is unitary, meaning that its rows and columns can be viewed
as orthonormal vectors that satisfy

∑
k

|Vik|2 =
∑
k

|Vki|2 = 1 , ∀ i , (1.63)∑
k

VikV
∗
jk =

∑
k

V ∗
kiVkj = 0 , i ̸= j . (1.64)

In the SM case, 3× 3 unitarity leads to six orthogonality relations given by

VudV
∗
cd︸ ︷︷ ︸

O(λ)

+VusV
∗
cs︸ ︷︷ ︸

O(λ)

+VubV
∗
cb︸ ︷︷ ︸

O(λ5)

= 0 , VudV
∗
us︸ ︷︷ ︸

O(λ)

+VcdV
∗
cs︸ ︷︷ ︸

O(λ)

+VtdV
∗
ts︸ ︷︷ ︸

O(λ5)

= 0 , (1.65)

VcdV
∗
td︸ ︷︷ ︸

O(λ4)

+VcsV
∗
ts︸ ︷︷ ︸

O(λ2)

+VcbV
∗
tb︸ ︷︷ ︸

O(λ2)

= 0 , VusV
∗
ub︸ ︷︷ ︸

O(λ4)

+VcsV
∗
cb︸ ︷︷ ︸

O(λ2)

+VtsV
∗
tb︸ ︷︷ ︸

O(λ2)

= 0 , (1.66)

VudV
∗
td︸ ︷︷ ︸

O(λ3)

+VusV
∗
ts︸ ︷︷ ︸

O(λ3)

+VubV
∗
tb︸ ︷︷ ︸

O(λ3)

= 0 , VudV
∗
ub︸ ︷︷ ︸

O(λ3)

+VcdV
∗
cb︸ ︷︷ ︸

O(λ3)

+VtdV
∗
tb︸ ︷︷ ︸

O(λ3)

= 0 . (1.67)

They all correspond to three complex numbers that sum up to zero, and thus can be represented as a
triangle in the complex plane. As we can see, they have very different shapes: in Eqs. (1.65) and (1.66)
one of the sides is much smaller than the other two and thus the triangles are “squashed”, while in
Eq. (1.67) all sides have similar length. In particular, the triangles on the right-hand side of Eqs. (1.66)
and (1.67) play a relevant role in the study of Bs− B̄s and Bd− B̄d neutral meson systems, respectively.
The last one in Eq. (1.67) is usually called the unitarity triangle. Dividing all its sides by VcdV ∗

cb yields

VudV
∗
ub

VcdV ∗
cb

+ 1 +
VtdV

∗
tb

VcdV ∗
cb

= 0 . (1.68)

In order to represent it in the complex plane, one usually defines the coordinates (ρ̄, η̄) as

ρ̄+ iη̄ ≡ −VudV
∗
ub

VcdV ∗
cb

= − ρ+ iη

A2λ4(ρ+ iη) +
√

1−A2λ4

1−λ2

, (1.69)

where in the last step we have expressed them in terms of the parameters {λ,A, ρ, η} in the exact version
of the Wolfenstein parametrization. Then, it is easy to check that VtdV

∗
tb

VcdV ∗
cb

= −(1− ρ̄− iη̄). An sketch of
the unitarity triangle is illustrated in Fig. 1.1a. Its internal angles are defined as9

α ≡ arg

(
− VtdV

∗
tb

VudV ∗
ub

)
, β ≡ arg

(
−VcdV

∗
cb

VtdV ∗
tb

)
, γ ≡ arg

(
−VudV

∗
ub

VcdV ∗
cb

)
, (1.70)

and satisfy, by construction,
α+ β + γ = arg(−1) = π . (1.71)

We should stress that the previous relation between the angles α, β, and γ is fulfilled by definition, even
in the presence of 3 × 3 unitarity deviations, and thus cannot be interpreted as a test of 3 × 3 CKM
unitarity. In addition, since all the sides of the unitary triangle are of the same order, all internal angles
are of O(1).

9The Belle collaboration uses a different notation for the angles of the unitarity triangle, namely, ϕ1 ≡ β, ϕ2 ≡ α, and
ϕ3 ≡ γ.
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1

VtdV
∗
tb

VcdV ∗
cb

VudV
∗
ub

VcdV ∗
cb

α

β
γ

(ρ̄, η̄)

(a)

×3

×1/3

1

VtsV
∗
tb

VcsV
∗
cb

VusV
∗
ub

VcsV
∗
cb

βs

(ρ̄sb, η̄sb)

(b)

Figure 1.1: Unitarity triangles in the SM: (a) bd sector, (b) bs sector. The x and y directions in the bs
unitarity triangle have been rescaled for the purposes of illustration.

Furthermore, it is straightforward to check that the area of the unitarity triangle can be computed
as |ImQudcb|/2 = |J |/2, which gives us a geometrical interpretation of the Jarlskog invariant. One can
proceed similarly with other triangles, finding that all of them have the same area despite being very
different in shape. Indeed, this stems from the fact that the imaginary parts of all quartets are equal to
J up to sign.

One may also notice that a rephasing of the quark fields corresponds to a global rotation of the
orthogonality relations. In terms of the unitarity triangle, this is equivalent to rotating it as a whole in
the complex plane without changing the lengths of its sides or its internal angles, which are rephasing-
invariant quantities and thus measurable at experiments. More precisely, the length of the sides encodes
the amount of flavor mixing (moduli of CKM elements), while the internal angles are sensitive to CP
violation.

In a similar fashion, one can construct the unitarity triangle defined by the right-hand side of
Eq. (1.66). Dividing by VcsV ∗

cb, we are left with

VusV
∗
ub

VcsV ∗
cb

+ 1 +
VtsV

∗
tb

VcsV ∗
cb

= 0 . (1.72)

In this case, we define the coordinates (ρ̄sb, η̄sb) in the complex plane as

ρ̄sb + iη̄sb ≡ −VusV
∗
ub

VcsV ∗
cb

= − λ2(ρ+ iη)√
1− λ2

√
1−A2λ4 −A2λ6(ρ+ iη)

, (1.73)

where in the last step we have related them with the parameters {λ,A, ρ, η} in the exact version of the
Wolfenstein parametrization. It is easy to check that VtsV

∗
tb

VcsV ∗
cb

= −(1 − ρ̄sb − iη̄sb). This second unitarity
triangle is depicted in Fig. 1.1b. Finally, the internal angle βs is defined as

βs ≡ arg

(
− VtsV

∗
tb

VcsV ∗
cb

)
. (1.74)

Contrary to the previous case, this triangle is almost flat, and the angle βs is of O(λ2).

In Fig. 1.2, we illustrate the current status of the CKM unitarity triangle fit, both in the (ρ̄, η̄) plane
and in the (ρ̄sb, η̄sb) plane. Overconstraining the elements of the CKM matrix constitutes an important
self-consistency check of 3 × 3 unitarity, which is a neat prediction of the SM. Up to date, excellent
agreement with all experimental data on flavor-changing transitions has been found, although some
anomalies might still be present.

One final comment is in order. Taking into account the freedom to rephase the quark fields, one can
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Figure 1.2: Unitarity triangle fit by the CKMfitter collaboration [34]: (a) bd unitarity triangle in the
(ρ̄, η̄) plane, (b) bs unitarity triangle in the (ρ̄sb, η̄sb) plane. The colored regions correspond to dif-
ferent experimental constraints, namely: mass differences in Bd and Bs neutral meson systems, |Vub|
determination from charmless semileptonic B meson decays, CP violation in neutral kaon mixing εK ,
mixing-induced CP violation sin 2β in the Bd system, mixing-induced CP violation sin 2βs in the Bs
system, and measurements of α and γ from B meson decays.

choose a parametrization of the CKM matrix such that [35]

arg V =


0 βK −γ
π 0 0

−β π + βs 0

 , (1.75)

where we have introduced βK ≡ arg(−VusVcdV ∗
udV

∗
cs), that is related to εK from neutral kaon mixing.

1.4.2 Lepton sector

The global flavor symmetry in the lepton sector of the SM, when right-handed neutrinos are absent, is
broken by the Yukawa coupling Ye as

Gℓ ≡ U(ng)ℓ × U(ng)e
Ye−−−−−→ Hℓ ≡ U(1)e × U(1)µ × U(1)τ × . . . , (1.76)

where the different U(1) factors in Hℓ correspond to the vectorial component of each family of leptons—
e.g., U(1)µL

× U(1)µR
for muons—, that can be identified with the individual lepton numbers. The

counting of dof is trivial since the unitary rotations in Gℓ contain enough freedom to bidiagonalize the
charged lepton mass matrix after SSB. Therefore, there are only ng physical parameters corresponding
to the charged lepton masses. Since no right-handed neutrinos have been included in the pure SM
framework, these remain strictly massless. On the other hand, the gauge interactions are unaffected by
the diagonalization of the mass matrices, and thus there is no flavor mixing between leptons of different
generations.
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Neutrino masses

As we have just seen, neutrinos are massless within the SM. However, neutrino oscillation experiments
[36,37] have firmly established that neutrinos do have a mass, providing unequivocal evidence for physics
beyond the SM. However, the actual origin of neutrino masses is still one of the most intriguing open
fundamental questions in particle physics, as it has to address the fact that they are at least five orders
of magnitude smaller than the mass of the electron. Among the plethora of neutrino mass models that
have been proposed in the literature, such as the seesaw mechanisms (type I [38–41], type II [42], and
type III [43]), radiative neutrino mass models [44], or flavored models [45], we are only introducing those
two that are relevant for subsequent chapters. These require the inclusion of right-handed neutrinos to
the SM matter content, which will get a mass through their Yukawa couplings or, additionally, by means
of a Majorana mass term in the type I seesaw framework. Furthermore, we comment on the possibility
to generate neutrino masses from an Effective Field Theory (EFT) perspective through the Weinberg
operator [46].

Dirac neutrinos—. Inspired by the quark sector, one can simply add right-handed neutrinos to the
SM matter content in order to generate a Dirac mass term after spontaneous symmetry breaking through
their Yukawa interactions. To this aim, right-handed neutrinos should transform as ν0R ∼ (1,1, 0) under
the SM gauge group, i.e., as SU(2)L singlets with null hypercharge. This means that they do not have
gauge interactions, and accordingly they are called sterile neutrinos. Within this scenario, the Yukawa
couplings in the lepton sector read

−L lepton
Y = ℓ

0

LYee
0
RΦ+ ℓ

0

LYνν
0
RΦ̃ + H.c. (1.77)

The inclusion of right-handed neutrino fields implies that the lepton flavor symmetry groupGℓ is extended
with an additional U(ng)ν factor.10 Then, the lepton flavor symmetry group is broken as

Gℓ ≡ U(ng)ℓ × U(ng)e × U(ng)ν
Ye, Yν−−−−−−−→ Hℓ ≡ U(1)LN , (1.78)

where U(1)LN is the global common rephasing of all lepton fields that can be identified as the total
lepton number (LN). The counting of physical dof proceeds analogously to the quark sector, as it was
summarized in Table 1.3. On the other hand, after SSB, bidiagonalization of the mass matrices is carried
out through the unitary transformations

e0L = UeLeL , e0R = UeReR , ν0L = UνLνL , ν0R = UνRνR , (1.79)

in such a way that the mass matrices M0
f = v√

2
Yf get transformed as

U†
eLM

0
eUeR =Me = diag(me,mµ,mτ , . . . ) , U†

νLM
0
νUνR =Mν = diag(mν1 ,mν2 ,mν3 , . . . ) . (1.80)

As in the quark sector, the bidiagonalization procedure leads to the appearance of a lepton mixing
matrix in the charged currents interactions known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
matrix [47,48]:

−L lepton
W =

g√
2
νLγ

µU†eLW
†
µ +H.c. , (1.81)

10We only consider the case where precisely ng right-handed neutrinos are added, as they can be naturally embedded in
the 16-dimensional spinor representation of SO(10).
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with U ≡ U†
eLUνL . For ng = 3 generations, its elements are typically labeled as

U =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

 , (1.82)

with column indices j = 1, 2, 3 denoting the three neutrino mass eigenstates. Within this scenario,
the PMNS matrix can be parametrized in terms of three mixing angles θ12 (solar angle), θ13 (reactor
angle), θ23 (atmospheric angle), and one complex Dirac phase δ, in a similar fashion to the standard
parametrization shown in Eq. (1.53). These, together with two (squared) mass splittings ∆m2

21 ≡ m2
2−m2

1

and ∆m2
31 ≡ m2

3−m2
1, allow to describe the phenomenon of neutrino oscillations [49–51]. While ∆m2

21 > 0

by definition, the sign of ∆m2
31 remains unknown and only its absolute value has been determined. This

leaves us with two possible orderings for neutrino masses: (i) normal ordering mν1 < mν2 < mν3 , or (ii)
inverted ordering mν3 < mν1 < mν2 , with no strong experimental preference for either. The fact that
these two mass splittings have been measured to be different and non-vanishing implies that neutrino
masses are all different, with at least two of them being non-zero. On the other hand, we should stress
that oscillation data is only sensitive to mass differences, and thus the absolute neutrino mass scale has
to be inferred from other experiments. On that regard, recently the DESI collaboration published the
most stringent bound on the sum of neutrino masses, given by

∑
mν < 0.072 eV at 95% CL [52], under

the assumption of the standard cosmological model ΛCDM (where CDM stands for Cold Dark Matter,
and Λ denotes the cosmological constant) and the three light neutrino paradigm. This bound results
from a combination of DESI Baryon Acoustic Oscillations data as well as measurements carried out by
the Planck satellite and the ACT telescope. A detailed analysis of this cosmological bound has been
addressed in [53]. Alternatively, a bound on the sum of neutrino masses has been set by the KATRIN
experiment, namely,

∑
mν < 0.93 eV at 90% CL [54], based on precision measurements near the endpoint

of the tritium β-decay spectrum, and thus independent of the assumed cosmological model.

The fact that generating light neutrino masses at the eV scale requires their Yukawa couplings to be
about five orders of magnitude smaller than that of the electron is not a fully satisfactory explanation.
A rationale behind the smallness of neutrino masses is in order, as we shall discuss below.

Majorana neutrinos—. The special nature of right-handed neutrinos being singlets under the SM
gauge group allows to write down an additional Majorana mass term in Eq. (1.77), namely

−LMajorana =
1

2
(ν0R)

cMRν
0
R +H.c. , (1.83)

where MR is an ng × ng complex symmetric matrix, and (ν0R)
c ≡ Cν0TR , with C = iγ0γ2 the charge-

conjugation matrix. After spontaneous symmetry breaking, the mass terms can be rearranged as

−L lepton
mass = e0LM

0
e e

0
R +

1

2

(
ν0L (ν0R)

c

)( 0 M0
ν

(M0
ν )
T MR

)(
(ν0L)

c

νR

)
+H.c. , (1.84)

where M0
f = v√

2
Yf , and

M =

(
0 M0

ν

(M0
ν )
T MR

)
, (1.85)

is the 2ng × 2ng complex symmetric neutrino mass matrix. Block diagonalization of the neutrino mass
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matrix leads to
Mν ≈ (M0

ν )
TM−1

R M0
ν ∼ v2y2ν

2M
. (1.86)

We have denoted by M the energy scale of MR, which in principle could be very large since it is not
protected by a symmetry, while v is the EW scale, and yν is the order of magnitude of the Yukawa
couplings in Yν . The relation in Eq. (1.86) summarizes the type I seesaw mechanism: light neutrino
masses arise from the hierarchy of scales v ≪ M . In addition, there are new neutrino states whose
masses lie at the heavy scale. For instance, assuming yν ∼ 1 as in the top quark case, then M ∼ 1014

GeV would account for light neutrino masses ∼ 0.1 eV. Finally, one can check that the neutrino Dirac
spinors are indeed Majorana spinors, since they satisfy ν = νc, i.e., neutrinos are its own antiparticle,
and thus can be built out of a single two-component Weyl fermion.

It is to be noticed that the Majorana mass term violates lepton number by two units. In particular, the
lepton flavor symmetry group is broken as

Gℓ ≡ U(ng)ℓ × U(ng)e × U(ng)ν
Ye, Yν ,MR−−−−−−−−−−→ Hℓ ≡ Z2 = {1,PLN} , (1.87)

with PLN = (−1)LN the lepton parity. The counting of real dof present in Ye, Yν , and MR is summarized
in Table 1.4. From the first row, we can read the 3ng masses of charged leptons, light neutrinos, and
heavy neutrinos, together with the ng(ng − 1)/2 moduli of the PMNS matrix mixing charged leptons
and light neutrinos, and the additional ng(ng − 1)/2 moduli of the complex orthogonal matrix in the
Casas-Ibarra parametrization [55]. From the second row, we have the usual (ng − 1)(ng − 2)/2 Dirac
phases plus (ng − 1) Majorana phases in the PMNS mixing, and ng(ng − 1)/2 phases in the orthogonal
complex matrix introduced by Casas-Ibarra.

Nparam dimGℓ dimHℓ Nphysical

Moduli 2n2g +
ng(ng+1)

2
3ng(ng−1)

2 0 3ng +
ng(ng−1)

2 +
ng(ng−1)

2

Phases 2n2g +
ng(ng+1)

2
3ng(ng+1)

2 0
(ng−1)(ng−2)

2 + (ng − 1) +
ng(ng−1)

2

Total 4n2g + ng(ng + 1) 3n2g 0 ng(2ng + 1)

Table 1.4: Physical parameters in the lepton Yukawa sector including right-handed neutrinos and a
Majorana mass term.

For ng = 3 generations, the PMNS matrix, strictly referring to the mixing of charged leptons and light
neutrinos, can be parametrized as

U =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −s23c12 − s12c23s13e

iδ c23c13



1 0 0

0 eiϕ1 0

0 0 eiϕ2

 , (1.88)

where ϕ1 and ϕ2 correspond to the two additional Majorana phases arising in the seesaw mechanism.
We should recall that neutrino oscillation experiments are not sensitive to Majorana phases.

Besides the dynamical mechanism responsible for generating neutrino masses, the question of whether
neutrinos are Dirac or Majorana particles remains one of the most intriguing mysteries in nature. Exper-
iments seeking for neutrinoless double-beta decay (0νββ) [56] in which lepton number is violated in two
units might shed some light on that respect in the future, apart from giving access to the measurement of
Majorana phases. Furthermore, although these experiments do not determine by themselves the neutrino
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mass generation mechanism, they have the potential to exclude or test some of them.

Weinberg operator—. In the context of the Standard Model Effective Field Theory (SMEFT), one
can introduce non-renormalizable operators (with mass dimension larger than four) built out of the SM
fields, and endowed with the SM symmetries (Lorentz and gauge) and a power-counting scheme. In
particular, each n-dimensional operator is suppressed by n− 4 powers of a high energy scale Λ, so that
they could be interpreted as a perturbation to the low-energy theory, namely, the SM. At the lowest
order in the perturbative expansion, the only allowed dim-5 interaction is described by the Weinberg
operator [46]:

−LWeinberg =
1

2Λ

[
(ℓ0L)

cΦ̃∗
]
Cν

[
Φ̃†ℓ0L

]
+H.c. , (1.89)

where Cν is an ng×ng complex symmetric matrix. After spontaneous symmetry breaking, this operator
generates an effective Majorana mass term for neutrinos, namely,

−LWeinberg
⟨Φ⟩−−−−→ 1

2
(ν0L)

c
v2

2Λ
Cνν

0
L +H.c. =

1

2
(ν0L)

cMLν
0
L +H.c. , (1.90)

with ML ≡ v2

2ΛCν . The well-known seesaw mechanisms (type I, type II and type III) provide three
different tree-level realizations of the Weinberg operator. Similarly to the type I seesaw scenario presented
above, the Weinberg operator violates lepton number in two units, and the lepton flavor symmetry group
is broken as

Gℓ ≡ U(ng)ℓ × U(ng)e
Ye, Cν−−−−−−−→ Hℓ ≡ Z2 = {1,PLN} . (1.91)

The counting of physical dof is presented in Table 1.5. Comparing with Table 1.4, one can readily check
that the heavy neutrino masses, along with the moduli and phases of the complex orthogonal matrix in
the Casas-Ibarra parametrization [55], do not appear explicitly, as they are associated with the ultraviolet
(UV) scale and therefore leave no imprint on the low-energy theory.

Nparam dimGℓ dimHℓ Nphysical

Moduli n2g +
ng(ng+1)

2
2ng(ng−1)

2 0 2ng +
ng(ng−1)

2

Phases n2g +
ng(ng+1)

2
2ng(ng+1)

2 0
(ng−1)(ng−2)

2 + (ng − 1)

Total 2n2g + ng(ng + 1) 2n2g 0 ng(ng + 1)

Table 1.5: Physical parameters in the lepton Yukawa sector including the dim-5 Weinberg operator.

1.5 Weak CP violation

The CP transformation is physically interpreted as the interchange of particles and antiparticles together
with the reflection of all spatial dimensions. At a fundamental level, if a theory is not invariant under
CP transformations, it means that the interactions it describes differentiate between particles and an-
tiparticles, as well as between left and right. The weak interactions violate CP, as it was first observed
in hadronic kaon decays [57].

Focusing on the electroweak sector of the SM, while parity violation is evident from the different
transformation properties of left-handed and right-handed fields, the violation of the CP symmetry
emerges in a non-trivial way. We have checked that bidiagonalization of the mass matrices leads to
observable consequences in the W boson interactions with quarks, namely, the appearance of a unitary
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flavor mixing matrix that contains an irremovable phase. The latter is the source of all weak CP-violating
effects in the SM, as we proceed to explain.

In general, in order to determine whether CP is conserved or not in a given theory, one first has
to define the most general field transformations that can be physically interpreted as charge-parity
transformations according to our previous description, including any internal symmetry of the theory.
Then, one has to implement those transformations term by term in the Lagrangian. We conclude that
there is CP violation if there is not enough freedom in our transformations that allow us to fulfill the
restrictions imposed by all terms in the Lagrangian simultaneously.

Let us first consider the standard theory after spontaneous symmetry breaking in the mass eigenstate
basis. For diagonal mass matrices with non-degenerate eigenvalues, and CKM mixing matrix V emerging
in W boson interactions with quarks, one can check that [58]

Weak CP conservation ⇐⇒ V ∗
ij = ei(ξ+ξj−ξi)Vij , (1.92)

where ξ, ξi, and ξj are arbitrary phases included in the CP transformation properties of charged bosons,
up-type quarks, and down-type quarks, respectively. In general, these CP phases do not provide enough
freedom to satisfy the previous condition for all matrix elements in V , and thus CP violation could
arise from charged currents interactions in the quark sector. For ng = 2 generations, according to our
counting in Table 1.3, there is no physical phase left in the flavor mixing matrix, that is, CKM is real and
Eq. (1.92) is trivially satisfied, meaning that CP is conserved. This picture changes when we consider
ng = 3 generations. As we have shown before, there is an irremovable physical phase in the flavor
mixing matrix. Then, one can check that Eq. (1.92) cannot be fulfilled for all CKM elements, leading
to CP violation in the SM with three generations of quarks. This result earned Kobayashi and Maskawa
the Nobel Prize for the discovery of the origin of the broken symmetry which predicts the existence of
at least three families of quarks in nature [28]. On the other hand, it is clear that CP violation can
only arise in the quark sector, as there is no analogous mixing matrix in the charged current leptonic
interactions—provided that right-handed neutrinos are not included.

Alternatively, one can derive the conditions for CP conservation in the weak eigenstate basis after
spontaneous symmetry breaking [59], i.e., the basis where the Lagrangian of the theory is originally
written. We should recall that, in this basis, the gauge-fermion interactions are diagonal in flavor space
and the mass matrices are complex arbitrary matrices. In this case, the Yukawa sector imposes the
following necessary and sufficient conditions for CP conservation:

Weak CP conservation ⇐⇒ K†
QM

0
uKu = (M0

u)
∗

K†
QM

0
dKd = (M0

d )
∗

⇐⇒ K†
QHuKQ = H∗

u = HT
u

K†
QHdKQ = H∗

d = HT
d

, (1.93)

where Hu ≡ M0
uM

0†
u and Hd ≡ M0

dM
0†
d are Hermitian combinations of mass matrices, while KQ, Ku

and Kd are ng×ng unitary rotations in flavor space that mix the left-handed doublets, the right-handed
up-type singlets, and the right-handed down-type singlets, respectively. The latter are part of the most
general CP transformations of the quark fields. All in all, we learn that CP is conserved in the weak
interactions if and only if unitary matrices KQ, Ku, and Kd exist such that they satisfy Eq. (1.93). Since
the matrix KQ appears in both up-type and down-type quark sectors of Eq. (1.93), as a consequence
of W boson interactions connecting u0L and d0L, in general the previous conditions cannot be satisfied
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simultaneously, and thus CP invariance is not guaranteed. This is not the case in the lepton sector,
where we only deal with M0

e : one can always find unitary Kℓ and Ke such that K†
ℓM

0
eKe = (M0

e )
∗,

leading to CP conservation.

From Eq. (1.93), it is clear that the presence of complex Yukawa couplings, or equivalently mass
matrices, is not the only reason that leads to CP violation, but rather the simultaneous presence of
complex Yukawa couplings and left-handed charged currents.

1.5.1 Weak basis invariant conditions for CP conservation

In previous sections, we have argued that physical observables must be invariant under field redefinitions.
For the standard gauge theory, these correspond to WBT in Eq. (1.44), namely,

Q0
L = UQQ

′
L , u0R = Uuu

′
R , d0R = Udd

′
R , (1.94)

where we have omitted the corresponding transformations in the lepton sector for simplicity. Under
WBT, it is easy to see that the mass matrices transform as

M ′
u = U†

QMuUu , M ′
d = U†

QMdUd , (1.95)

and the Hermitian combinations Hu and Hd as

H ′
u = U†

QHuUQ , H ′
d = U†

QHdUQ . (1.96)

Remarkably, WBT contain enough freedom to bidiagonalize one of the mass matrices and make the
remaining one Hermitian. Therefore, we can single out two special bases that will prove useful for
subsequent calculations:

(i) M ′
u real diagonal non-negative, and M ′

d Hermitian,

M ′
u = diag(mu,mc,mt, . . . ) ,

M ′
d = V diag(md,ms,mb, . . . ) ,

=⇒ H ′
u = diag(m2

u,m
2
c ,m

2
t , . . . ) ,

H ′
d = V diag(m2

d,m
2
s,m

2
b , . . . )V

† ,
(1.97)

(ii) M ′
d real diagonal non-negative, and M ′

u Hermitian,

M ′
u = V †diag(mu,mc,mt, . . . ) ,

M ′
d = diag(md,ms,mb, . . . ) ,

=⇒ H ′
u = V †diag(m2

u,m
2
c ,m

2
t , . . . )V ,

H ′
d = diag(m2

d,m
2
s,m

2
b , . . . ) ,

(1.98)

where V is the CKM matrix.

By definition, weak basis invariant quantities cannot depend on the transformation matrices UQ, Uu,
and Ud. On that regard, functions of the Hermitian combinations Hu and Hd seem to be good candidates
to start with, as their transformation law in Eq. (1.96) only involves the matrix UQ. In particular, it is
enough to take the trace in both sides of Eq. (1.96) to construct our first weak basis invariants, namely,
tr(H ′

u) = tr(Hu) and tr(H ′
d) = tr(Hd). More generally, traces of polynomials with arbitrary powers of Hu

and Hd are invariant under WBT, hence physically meaningful and measurable. Then, it is convenient
to compute such quantities by choosing an appropriate basis, e.g., either of those presented in Eq. (1.97)
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or in Eq. (1.98). For instance, in this bases, it is straightforward to obtain

tr(Hp
u) = (m2

u)
p + (m2

c)
p + (m2

t )
p + . . . , tr(Hq

d) = (m2
d)
q + (m2

s)
q + (m2

b)
q + . . . (1.99)

In any case, our interest lies in deriving weak basis invariant conditions for CP conservation [59,60].
These are particularly useful for the study of CP violation as they help avoid potential confusion arising
from field redefinitions that may introduce spurious phases in the Lagrangian. Likewise, it is more
convenient and straightforward to express these conditions in terms of the non-diagonal mass matrices,
so that one does not have to care about the specific details concerning their diagonalization. On that
regard, one may consider Eq. (1.93) as a benchmark. Under WBT in Eqs. (1.95) and (1.96), it is easy
to check that the unitary matrices

K ′
Q ≡ UQKQU

T
Q , K ′

u ≡ UuKuU
T
u , K ′

d ≡ UdKdU
T
d , (1.100)

fulfill the conditions in Eq. (1.93) for M ′
u, M ′

d, H
′
u, and H ′

d. Since the unitary rotations KQ, Ku, and
Kd are not invariant under a WBT, these must be eliminated from our CP-invariance conditions. To
this aim, taking into account the right-hand side of Eq. (1.93), we obtain

K†
Q[Hu, Hd]KQ = −[Hu, Hd]

T , (1.101)

and more generally
K†
Q[Hu, Hd]

rKQ = (−1)r[Hu, Hd]
r T , (1.102)

for r arbitrary powers of the commutator [Hu, Hd]. Then, we can take the trace of both sides of Eq. (1.102)
to get rid of KQ, leading to

tr[Hu, Hd]
r
= 0 , for r odd . (1.103)

For r = 1, Eq. (1.103) does not provide any useful information, as the trace of a commutator is identically
zero by itself. Nevertheless, for r ≥ 3 this yields a necessary condition for CP conservation, which is
invariant under WBT and holds for an arbitrary number of generations ng. In particular, the simplest
non-trivial condition can be stated as:

For an arbitrary number of generations,

Weak CP conservation =⇒ tr[Hu, Hd]
3
= 0 , (1.104)

where

tr[Hu, Hd]
3
= 6i Im

[
tr
(
H2
uH

2
dHuHd

)]
= 6i

∑
i,k=u,c,t,...

∑
j,l=d,s,b,...

m4
im

2
km

4
jm

2
l ImQijkl . (1.105)

It is instructive to check the previous condition for two and three generations of quarks. On the one hand,
for ng = 2, the only possible quartet that can be constructed, Qudcs, is real due to the orthogonality
relations of the 2×2 CKM matrix, and thus Eq. (1.104) is satisfied. Alternatively, one may have realized
that, in general, the commutator [H1, H2]

2, with H1 and H2 arbitrary 2 × 2 Hermitian matrices, is
proportional to the identity matrix. Therefore, CP is a good symmetry of the Lagrangian with only two
quark generations.

On the other hand, for ng = 3 generations this is not the case anymore. It can be shown that
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tr[Hu, Hd]
3
= 0 is indeed a necessary and sufficient condition for CP invariance. Furthermore, by means

of the Cayley-Hamilton theorem, tr[Hu, Hd]
3
= 3det[Hu, Hd], since [Hu, Hd] is a traceless 3× 3 matrix.

Therefore:

For ng = 3 generations,

Weak CP conservation ⇐⇒ tr[Hu, Hd]
3
= 0 ⇐⇒ det[Hu, Hd] = 0 , (1.106)

where

tr[Hu, Hd]
3
= 6i (m2

u −m2
c)(m

2
u −m2

t )(m
2
c −m2

t )(m
2
d −m2

s)(m
2
d −m2

b)(m
2
s −m2

b)J , (1.107)

and det[Hu, Hd] =
1
3 tr[Hu, Hd]

3.

It is to be noticed that tr[Hu, Hd]
3 have been computed using Eq. (1.60), which accounts for the fact

that the imaginary parts of all quartets are equal to the Jarlskog invariant J up to a sign. Since in
the SM both up-type and down-type sectors are non-degenerate, there is CP violation if and only if the
Jarlskog invariant is different from zero. The requirement imposed in the masses is indeed related to the
Jarlskog being non-vanishing because, if there were a degenerate subsector, we could redefine the fields
by a unitary rotation in the subspace of the degeneracy, and thus we would have enough freedom to set
J = 0; in other words, we would be able to remove the remaining physical phase in the CKM, which
would be real—see Eq. (1.52).

Two final comments are in order. First, coming back to the geometrical interpretation of the Jarlskog,
it is now clear that the area of the unitary triangles is a measure of the amount of CP violation in the
SM. Second, one can check that the maximum possible value of the Jarlskog invariant is 1/(6

√
3) [61].

This, however, is not the case in the SM, where J ∼ O(10−5).

1.5.2 CP violation with massive neutrinos

As we have explained before, the inclusion of right-handed neutrinos in the SM matter content allows to
generate a mass term for them, which in turn leads to the appearance of a flavor mixing matrix in the
charged current interactions. Contrary to the pure SM framework, CP invariance is not guaranteed in
the lepton sector, and thus it is important to identify under which conditions CP is still a good symmetry
of the Lagrangian. In the Dirac neutrino scenario, the analysis proceeds analogously to that of the quark
sector. This situation changes in the Majorana neutrino scenario due to the presence of the additional
term in Eq. (1.83). In that case, one can check that

CP conservation
(Majorana neutrinos)

⇐⇒
K†
ℓM

0
νKν = (M0

ν )
∗

K†
ℓM

0
eKe = (M0

e )
∗

KT
ν MRKν =M∗

R

, (1.108)

where Kℓ, Ke and Kν are ng × ng unitary rotations in flavor space that mix the left-handed lepton
doublets, the right-handed charged lepton singlets, and the right-handed neutrino singlets, respectively.
Therefore, CP is conserved in the lepton interactions if and only if unitary matrices Kℓ, Ke, and Kν

exist such that they satisfy Eq. (1.108). For the purposes of subsequent chapters, it is sufficient to
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limit ourselves to this set of conditions, which capture the essential features relevant to our analyses. A
more comprehensive study of CP violation in the presence of neutrino masses can be found in [58] and
references therein.

1.6 What is beyond? The quest for New Physics

The SM has proven to be a consistent and predictive framework capable of describing all experimental
data to date, at least up to energies O(v). Among its many triumphs, we could mention the prediction
of the existence of the W± and Z bosons by the gauge symmetry, the charm quark required by the GIM
mechanism, or the Higgs boson emerging as a remnant of SSB. Despite its impressive success, several
open questions remain for which no compelling explanation exists within the SM. The following is a brief
overview of some of the most fascinating challenges we are currently confronted with.

Abundance of free parameters and unification—. Probably, one of the first indications of the SM not
being a fully satisfactory theory is the abundance of free parameters it contains. In the most simple
scenario, these include: three gauge couplings {gs, g, g′}, or equivalently, the two gauge boson masses
and the weak mixing angle, {MW ,MZ , θW }; two parameters arising from the scalar sector {µ2, λ}, which
can be traded for the Higgs boson mass and the scalar vev {Mh, v}; and the numerous parameters arising
from the fermion sector, namely, nine fermion masses, three mixing angles, and one complex phase—this
gives a total of 18 parameters, not including the hypercharges of the different fields. If we further specify
a mass generation mechanism for neutrinos, the number of parameters increases. For Dirac neutrinos,
one would have additionally three light neutrino masses, together with three new mixing angles and one
complex phase—hence, we are left with a total of 25 parameters. In the type I seesaw framework, six
neutrino masses, six mixing angles, and five complex phases add up as parameters of the theory—yielding
35 free parameters in total. Finally, taking into account the theoretical existence of CP violation in the
strong interactions, the QCD θ̄ parameter must be included in the previous list.

In addition, it is clear that the presence of three independent gauge couplings, each associated with
a different factor in the gauge group GSM in Eq. (1.2), falls short of offering a unified description of
the fundamental interactions. Remarkably, a unified framework may naturally account for the observed
pattern of charge quantization, namely, why all fundamental particles possess electric charges that are
integer multiples of e/3, which ultimately guarantees that atoms are electrically neutral.

Flavor puzzle—. Although the SM is extraordinarily accurate in predicting all observed flavor tran-
sitions, there is no fundamental principle that justifies the particle structure that emerges in the flavor
sector. The Yukawa couplings are introduced as arbitrary complex parameters whose values have to be
inferred from experiment, and there is no rationale to explain their hierarchical pattern or, equivalently,
of the fermion masses and mixings. In other words, the SM lacks a theory of flavor. In contrast to the
gauge interactions, which are fully determined by the gauge principle in terms of three O(1) coupling
constants, the flavor sector introduces the largest amount of free parameters to the theory, which span
several orders of magnitude. On the one hand, if we look into the fermion masses, the top quark mass
is about five orders of magnitude larger than the mass of the electron. The situation is even worse if
we take into account that neutrino masses are extremely small, eleven orders of magnitude (or more)
lighter than the top mass. On the other hand, regarding the fermion mixing patterns, the CKM matrix
in the quark sector is very close to the identity, with small off-diagonal elements suppressing the mixing
between different generations, as illustrated in Fig. 1.3a. The PMNS mixing in the lepton sector is, on the



28 1. The Standard Model and the quest for New Physics

contrary, homogeneous over different generations, as shown in Fig. 1.3b. Finally, despite all terrestrial
phenomena could be well explained in terms of (u, d, e−, νe), the fermion sector exhibits a non-minimal
structure in Nature: there are three exact replicas or generations which only differ by their masses—and
we certainly do not know yet who ordered that. All these questions, namely, the hierarchy of fermion
masses and mixings as well as the existence of three generations, constitute the SM flavor puzzle.

d s b
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t
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1 2 3

e
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Figure 1.3: Illustration of the hierarchical patterns of the fermion mixing matrices in the SM: (a) CKM
matrix, and (b) PMNS matrix. Darker colors correspond to larger mixing elements.

Neutrino masses—. As we have explained before, neutrino oscillation experiments [36, 37] have
established that neutrinos do have a mass, although they are extremely light. The SM framework
easily allows to accommodate neutrino masses by including right-handed neutrino fields, in both Dirac
and Majorana scenarios. Nevertheless, the concrete mass generation mechanism for neutrinos is still
unknown, and other related properties such as their Dirac or Majorana nature remain elusive.

Electroweak or Higgs hierarchy problem—. A Higgs boson mass (Mh ∼ 125 GeV) close to the EW scale
constitutes a self-consistency requirement of the theory—if the Higgs boson had been much heavier, its
self-couplings would have been too large in order for a perturbative expansion to be reliable. However,
the observed value appears difficult to reconcile with the fact that the tree-level mass is subject to
quadratically divergent quantum corrections from higher energy scales. This may be conflict with the
naturalness paradigm, since a priori fine-tuned cancellations would be required to explain the measured
value of the Higgs mass.

The fact that stabilizing the Higgs mass may force the scale of NP to lie not far above the EW scale
could, in turn, introduce additional tensions with flavor data. In particular, many models proposed to
address the Higgs hierarchy problem typically generate FCNC, as well as sizable contributions to electric
dipole moments (EDMs) and electroweak precision observables, all of which are tightly constrained by
experiment. A straightforward way to evade these bounds is to raise the NP scale, which, however, goes
in the opposite direction of what is required for stabilizing the Higgs sector. This tension is commonly
referred to as little hierarchy problem or new physics flavor puzzle, as it might point towards a highly
non-trivial or fine-tuned NP flavor structure.

Strong CP problem—. As we know from the weak interactions, CP is not a good symmetry of the
Lagrangian. In light of this, the QCD Lagrangian may include a term of the form

LQCD ⊃ Lθ = θQCD
gs

32π2
GµνA G̃Aµν , (1.109)
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where G̃Aµν ≡ ϵµνρσG
Aρσ/2 is the dual field strength tensor of the gluon, and θQCD is a free parameter.

One can then construct a single CP-violating phase in the strong sector that is invariant under quark
field redefinitions, namely,

θ̄ ≡ θQCD + arg [det(MuMd)] , (1.110)

where Mu and Md are the quark mass matrices. The θ̄ parameter is a physical observable, and stringent
bounds have been placed by measurements of the neutron EDM [62], roughly θ̄ ≲ 10−10. The strong CP
puzzle stems from the extremely small value of the θ̄ parameter.

Baryon Asymmetry of the Universe—. One of the most fundamental open questions in cosmology
and particle physics is why the Universe we observe is almost entirely made of matter structures, with
near total absence of antimatter, while the standard cosmological model predicts equal parts of both.
This scenario derives from a primordial matter-antimatter imbalance, known as Baryon Asymmetry of
the Universe (BAU), given by [63]

YB ≡ nB − nB̄
s

= (0.872± 0.004)× 10−10 , (1.111)

where nB (nB̄) is the number of baryon (antibaryons), and s is the entropy density. To generate this
primordial asymmetry, many baryogenesis models have been proposed in the literature. They all must
satisfy the Sakharov conditions [64]: (i) baryon number violation, (ii) C and CP violation, and (iii)
departure from thermal equilibrium. However, it is well-known that the amount of CP violation in the
SM, either from the weak or strong interactions, is not enough to trigger baryogenesis, and thus new
CP-violating sources are needed.

Dark sector—. Measurements of the Cosmic Microwave Background by the Planck satellite [63]
indicate that only about 16% of the total matter content of the Universe consists of ordinary baryonic
matter, while the remaining 84% must be attributed to a new form of dark matter that apparently only
manifests through its gravitational interactions. Even more striking is the fact that some form of dark
energy accounts for almost 70% of the energy density of the Universe and is responsible for its accelerated
expansion. The SM lacks any mechanism to explain either of these observations.

Anomalies—. Another source of motivation for physics beyond the SM arises from experimental
anomalies, that is, discrepancies between the measured values of certain observables and the correspond-
ing theoretical predictions in the SM. While some of these may ultimately stem from underestimated
systematic uncertainties or statistical fluctuations, persistent tensions can point toward NP effects. In
the flavor sector, several tensions emerge. At low energies, the Lepton Flavor Universality ratios RD
and RD∗ , involving b → cℓν transitions, show an enhancement of the τ rates over light charged leptons
decays of 3.14σ [65] with respect to the SM prediction. Similar deviations have been found in rare
decays such as B+ → K+νν, where a significance of 2.7σ above the SM expectation is reported [66].
At high energies, CMS has observed a global excess of 2.8σ in the lepton flavor violating decay S → µe

of a neutral scalar with an invariant mass of 146 GeV [67]. On the other hand, the so-called Cabibbo
angle anomaly, reflecting deviations from 3× 3 unitarity in the first row (and first column) of the CKM
matrix, is becoming significant at the 3σ level. These are just a few examples in this regard—for a
review, see [68–70]. Although no single measurement provides conclusive evidence for NP, the consistent
pattern of deviations across different processes and experiments might draw an interesting picture to be
addressed BSM.
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The aforementioned points reflect some of the most fundamental open questions in modern physics.
To this list, one must add the absence of a consistent quantum theory of gravity, the cosmological constant
problem—arguably the worst fine-tuning issue in physics—, or the finely tuned initial conditions at the
Big Bang that resulted in the flat, homogeneous, and isotropic Universe we observe.

At this stage, the need for New Physics beyond the Standard Model becomes clear. In the attempt
to identify the nature of such NP, one can generally adopt two complementary strategies. The first one
is a top-down approach, which consists in proposing a UV complete theory defined at the highest energy
scale that can naturally address all (or at least some) of the previous questions. Examples of this include
Grand Unified Theories (GUTs) and superstring theories. Another possibility is to follow a bottom-up
approach. In this case, the goal is to address specific shortcomings of the SM with particular focus on
the phenomenological implications near the EW scale. Typically, within the bottom-up approach the
field content is extended beyond minimality, giving rise to new particles that may be understood as
remnants of a more fundamental UV theory. In this thesis, we will adopt this second possibility, e.g., in
the context of multi-Higgs models, or vector-like quark extensions of the fermion sector. Alternatively,
in order to analyze the low-energy behavior of higher mass scales in a model-independent way, one could
rely on the EFT framework and, in particular, treat the SM as a low-energy EFT, dubbed SMEFT. We
will also explore some of its features in the context of spurion analyses.



2 An introduction to Hilbert Series

Hilbert series constitute a powerful and versatile tool with wide-ranging applications in particle physics.
They have proved particularly useful for counting degrees of freedom and enumerating group invariants
constructed from a specified set of building blocks, e.g., in the context of flavor physics [71, 72] and
neutrino mass models [73, 74], SMEFT [75–81], Higgs EFT [82], the QCD chiral Lagrangian [83], or
supersymmetric field theories [84–86], among many others. Furthermore, this technology has been applied
to analyze group covariants, that is, non-trivial representations of a symmetry group, in spurion analyses
within the Minimal Flavor Violation (MFV) paradigm [1,87]. Interestingly, Hilbert series have also been
employed to gain new insights into the identification of accidental symmetries in EFTs, as illustrated in
Ref. [6], where we present a first attempt at developing a systematic approach to this problem.

All in all, and for the purposes of chapter 4, we provide here an introduction to Hilbert series for
enumerating group invariants and covariants, with particular emphasis on how to compute them by means
of the Molien-Weyl formula, and how to extract information about the underlying algebraic structure of
invariants and covariants. Along the way, we highlight some relevant results from the math literature—
such as a theorem by Brion [88]—that are pertinent to our discussion. For a more comprehensive review
on this topic, we refer the reader to Ref. [87], from which we adopt the notation used throughout this
chapter.

2.1 Hilbert series for group invariants and covariants

In QFT, a Lagrangian is constructed from a given set of n building block fields, that we denote as

Φ = {Φ1,Φ2, . . . ,Φn} , (2.1)

where each Φi is a Grassmann-even (bosonic) or Grassmann-odd (fermionic) field component with no
further internal structure.1 Typically, the Lagrangian is invariant under some symmetry group G (gen-
erally, a product group), under which the building block fields transform as a linear representation (rep)
RΦ of dimension dimRΦ = n, namely,

Φ ∼ RΦ of G : Φ −→ Φ′ ≡ gRΦ
Φ , (2.2)

with gRΦ
the n× n non-singular matrix representing the element g ∈ G. Only G-invariant polynomials

in the field components are then allowed to be part of the Lagrangian of the theory. In general, we will
1We will not be concerned with derivative interactions in the Lagrangian; otherwise, field derivatives could be included

in the set of building blocks Φ.

31
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collectively denote all polynomials of degree k as

Φk ≡
{
Φk11 Φk22 · · ·Φknn , ki ∈ N /

n∑
i=1

ki = k

}
, (2.3)

such that each Φkii encodes all possible monomials of Φi. In the EFT framework, non-renormalizable
interactions are included in the Lagrangian, meaning that the total degree k in Eq. (2.3) could be
arbitrarily large. The only restriction comes for fermionic field components, since their anticommuting
nature imposes kf = 0, 1. On the contrary, bosonic fields fulfill commutation relations, and thus one
can consider arbitrary powers of its components. Since the RΦ is a linear representation, monomials of
degree k and, more generally, polynomials of degree k in the field components only get mixed among
themselves, forming a linear representation RΦk of G with dimension dimRΦk = nk.

At this point, one may ask how many invariants can be written at a given power k of the building
block fields. This information is encoded in a generating function or partition function known as Hilbert
series, which is defined as

HG,RΦ

Inv (q) ≡
∞∑
k=0

nInv(k)q
k , |q| < 1 , (2.4)

where nInv(k) gives the number of invariant polynomials at degree k, and q is a grading variable associated
to each field component in order to keep track of their powers.2 As we will check later, this grading
variable is required to have modulus |q| < 1, so that the Hilbert series converges—often, it can also be
summed into an analytical function with a closed form. More generally, one may be interested in the
number of covariants that transform as a certain irrep of the group. On that regard, we can extend the
definition in Eq. (2.4) to any goal irrep R under consideration:

HG,RΦ

R (q) ≡
∞∑
k=0

nR(k)q
k , |q| < 1 . (2.5)

The number nR(k) gives the multiplicity (number of repetitions) of the irrep R acting on a subspace of
Φk or, more precisely,

RΦk = nR(k)R ⊕ other irreps of G . (2.6)

Then, it is easy to see that the invariant or singlet representation R = Inv is just a particular case of
this more general scenario.

However, as it is common practice in particle physics, our set of building block fields Φ is typically
specified as a collection of m irreps ϕi, in such a way that RΦ forms a completely reducible representation
of G:

Φ = {ϕ1, ϕ2, . . . , ϕm} , RΦ =

m⊕
i=1

Rϕi
, (2.7)

with dimRϕi = ni and
∑m
i=1 ni = n. It is important to note that each ϕi groups together several field

components, with the same bosonic or fermionic statistics, that transform collectively under the irrep
Rϕi

. In particular, the representation matrix gRΦ
has a block-diagonal form, meaning that the different

subspaces ϕi transform independently under gRϕi
and do not get mixed among themselves. Then, one

could opt for a finer grading option, namely, to assign a different grading variable qi, with |qi| < 1, to each
irrep ϕi (same grading variable for all of its components). In that case, we can define the multi-graded

2Grading variables are always Grassmann-even numbers, regardless of whether they refer to bosonic or fermionic field
components.
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Hilbert series as

HG,RΦ

R (q1, . . . , qm) ≡
∞∑
k1=0

· · ·
∞∑

km=0

nR(k1, . . . , km)qk11 · · · qkmm , |qi| < 1 , (2.8)

and thus nR(k1, . . . , km) gives the multiplicity of the goal irrep R acting on the space ϕk11 · · ·ϕkmm , i.e.,
the space of polynomials of degree k =

∑m
i=1 km containing ki components of the irrep ϕi. Naturally, we

have
lim
qi→q

HG,RΦ

R (q1, . . . , qm) = HG,RΦ

R (q) . (2.9)

Finally, note that, in the pure fermionic scenario, the Hilbert series is truncated at degree kmax = dimRΦ,
and thus there is a finite number of invariants and covariants. In such cases, we rather have a finite
Hilbert polynomial instead of an infinite series.

2.2 The Molien-Weyl formula

Once we have defined the Hilbert series for group invariants and covariants, we are in good position to
introduce how to compute them in a systematic way. Among the various methods to compute Hilbert
series, the so-called Molien-Weyl formula [87] will be particularly useful for our purposes. It consists on
an integral over the group elements given by

HG,RΦ

R (q) =

∫
dµG(x)χ

∗
R(x)

mb∏
i=1

1

det
[
1− q gRϕi

(x)
]
(mf∏

i=1

det
[
1 + q gRϕi

(x)
])

, |q| < 1 , (2.10)

where q is our grading variable, and x is a set of variables parametrizing the elements in the group G.
Note also that gRϕi

(x) is the representation matrix of each irrep ϕi in RΦ, while 1 stands for the identity
matrix in the corresponding representation. Finally, mb is the number of bosonic irreps and mf the
number of fermionic irreps in the set of building block fields Φ. In general, the integral in Eq. (2.10)
should be carried out over all group elements in G. However, for connected Lie groups,3 this can be
restricted to an integral over the Cartan subgroup of G.4 Then, the integrand in the Molien-Weyl formula
is built out of the following three pieces.

(i) The (modified) Haar measure dµG[g(x)]. If G is a compact Lie group, this is the unique
normalized measure on G which remains invariant under left and right translations performed
by any fixed group element g̃. More precisely, when restricted to the Cartan subgroup, we are
actually dealing with a modified Haar measure with a non-trivial form. For further details on their
derivation, see the appendices in Ref. [79], where the specific form of the Haar measures for the
classical Lie groups is also provided.

(ii) The (Weyl) character χR[g(x)] of the goal irrep R. The character of a group element g(x) ∈ G

is the trace of its corresponding representation matrix, hence it depends on both the group element
g and the representation R. When G is a connected Lie group, any element of the group can
be related to an element of the Cartan subgroup by conjugation. Since the character function

3Connected Lie groups satisfy that any finite group transformation can be obtained as a continuous sequence of in-
finitesimal transformations generated by the associated Lie algebra.

4The Cartan subgroup of a Lie group G is that generated by its Cartan subalgebra, consisting of the maximal number
of mutually commuting Hermitian generators of the group.
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is invariant under group conjugation, we can restrict ourselves to the characters of the Cartan
subgroup, which are known as Weyl characters. An important result in group representation
theory is that, for compact continuous groups, the characters of a group element in two unitary
irreps are orthonormal upon integration over the Haar measure:5∫

dµG[g(x)]χ
∗
R1

[g(x)]χR2
[g(x)] = δR1R2

, (2.11)

where R1 and R2 are unitary irreps of G. Importantly, this orthonormality relation holds when we
consider instead the modified Haar measure and the Weyl characters over the Cartan subgroup.

(iii) The graded (Weyl) character of the polynomial ring r in the building block fields. As
we will develop later, all polynomials in the building block fields, including any degree k, form a
ring over the field of complex numbers C, that we denote as r = C[Φ]. The factors in parentheses
in Eq. (2.10) arise from the evaluation of the sum, for all k, of the character function in the
representation RΦk graded or multiplied by qk. Therefore, they encode a graded character over
the polynomial ring r in the building block fields—see [87] for details. It is to be noticed that
Eq. (2.10) can be easily extended to the multi-graded case by just assigning a different qi in the
determinant factor associated to each irrep ϕi.

In practical terms, the Molien-Weyl integration formula yields a contour integral over a set of r phase
variables zi(x), being r the rank of the group G, i.e., the number of Cartan generators. Then, each phase
variable zi can be integrated over the unit contour |zi| = 1 by means of Cauchy’s residue theorem. In this
regard, it is important to recall that |q| < 1 when identifying the poles within the unit circle. Aiming to
automate the different integrations, our Mathematica notebook HilbCalc � provides general functions
for computing each one of the aforementioned factors in the Molien-Weyl formula, and more importantly,
it packages them together to calculate the Hilbert series (either single-graded or multi-graded) for group
invariants or covariants restricted to the classical Lie groups SU(n), SO(n), Sp(n = 2r), and U(1) factors.
Finally, we should note that, if the goal representation R is a completely reducible representation of G,
i.e., R =

⊕
iRi with Ri an irrep of G, it is easy to check that

HG,RΦ

R (q) =
∑
i

HG,RΦ

Ri
(q) . (2.12)

All in all, the logic behind the Molien-Weyl formula is to make use of character orthogonality under
the Haar measure dµG(x) to extract the component of our interest irrep R in the graded character of the
polynomial ring r in the building block fields. Although we do not elaborate on the explicit demonstration
of the Molien-Weyl integration formula, this allows to obtain a closed form of the analytical function
that generates the Hilbert series in Eq. (2.5) when expanding in powers of the grading variable q.

2.3 Algebraic structure of group invariants: polynomial ring

As anticipated before, the set of all polynomials in the building block fields Φ with coefficients in C,
denoted as C[Φ], forms a polynomial ring r with the usual operations of addition and multiplication.
These operations are closed in C[Φ] and satisfy the following properties: (i) (C[Φ],+) is an abelian group,
(ii) multiplication is associative, and (iii) multiplication is distributive over addition. Furthermore, the

5Analogous results apply to discrete/finite groups.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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ring is commutative if all building blocks are bosonic. Similarly, it is straightforward to check that the
subset of invariant polynomials under the symmetry group G, denoted as C[Φ]G, is indeed a subring
rInv ⊂ r, since the previous operations are closed in C[Φ]G.

The literature on invariant theory contains many interesting findings. Below, we summarize a selection
of those that are particularly relevant to our subsequent analyses. We should point out that the following
results only apply for bosonic building blocks. Since this will indeed be our case study in chapter 4, we
will not address the fermionic scenario unless explicitly stated otherwise.

First, it is well-known that any G-invariant polynomial in the building block fields can be decomposed
in a unique way as

G-Inv Polynomial =
nS∑
i=0

pi(P1, . . . , PnP
)Si , (2.13)

that is, as a linear combination of secondary invariants {Si}nS
i=0, with S0 ≡ 1, with coefficients that

are polynomials in the set of primary invariants {Pi}nP
i=1. This means that, in principle, any power of

the primary invariants is needed to construct a G-invariant polynomial, while the secondary invariants
only enter linearly. This is called the Hironaka decomposition of the G-invariant polynomial. In our
previous notation, the number of secondary invariants is nS + 1, and the number of primary invariants
is nP . The latter is also known as the Krull dimension and coincides with the number of continuous
degrees of freedom in the theory. We should stress that there might be different choices for what we call
primary and secondary invariants, but once these are fixed, the Hironaka decomposition of a G-invariant
polynomial is indeed unique. Note also that the set of primary invariants forms, in turn, a subring,
rPInv ⊂ rInv, since addition and multiplication are closed in the subset of primary invariants.

On the other hand, it is also known that for a linear reductive group G—this includes simple6

compact Lie groups, U(1) abelian factors, finite groups, and their products—there exists a set of primary
and secondary invariants from which one can construct the Hironaka decomposition of any G-invariant
polynomial. In particular, the Hilbert series has a rational form given by

HG,RΦ

Inv (q) =
NInv(q)

D(q)


NInv(q) = 1 +

nS∑
i=1

qsi

D(q) =

nP∏
i=1

(1− qpi)

, (2.14)

where pi and si give the order in q of each primary and secondary invariant, respectively. It is then
clear that the number of factors in the denominator is nP , and thus corresponds to the number of dof in
the theory. We should emphasize that the Hilbert series in Eq. (2.14) does not identify the primary and
secondary invariants explicitly, but rather it encodes how many there are and their corresponding order
in q.

Finally, if G is a semisimple7 Lie group, besides having the form quoted in Eq. (2.14), the numerator
of the Hilbert series is palindromic, that is,

NInv(q) = qrNInv(q
−1) , (2.15)

where r is the highest power in NInv(q).
6A Lie algebra is said to be simple if it contains no non-trivial invariant subalgebras, which are defined by a subset of

generators that is closed under commutation with any element of the algebra.
7A Lie algebra is semisimple if it contains no non-trivial abelian invariant subalgebras.
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2.4 Algebraic structure of group covariants: module over a ring

Now we turn to the mathematical structure of group covariants transforming under a certain irrep R of G.
In contrast to the invariant representation, a general irrep R may have dimension greater than one. As a
result, group-covariant polynomials can be viewed as multi-component vectors that transform collectively
under R. The set of all rep-R covariant vectors built out of Φ, denoted as MG,RΦ

R , forms a module over
the ring of invariant polynomials, rInvMG,RΦ

R , with the usual operations of addition and multiplication.
This means: (i) (MG,RΦ

R ,+) is an abelian group, (ii) multiplication by an element in the ring yields
another rep-R covariant vector—this is why the elements in the ring must be invariant polynomials—,
(iii) multiplication is distributive over both vector addition and addition of invariants, and associative
with respect to multiplication of invariants, (iv) the identity element lies in the ring of invariants. Note
that if rInv were a field,8 then the module would in fact be a genuine vector space. Likewise, one could
alternatively define the module over the ring of primary invariants, namely, rPInvMG,RΦ

R .

Following Ref. [87], we proceed to outline the main definitions and properties of a module over a ring.

(i) (Finite) Generating set. This is defined as a (finite) set of vectors such that any vector in the
module can be written as a linear combination of them with coefficients in the ring. The existence
of a finite generating set is not guaranteed in general. A module is said to be finitely generated if
there exists a finite generating set.

(ii) Linear (in)dependence. A finite set of vectors is linearly independent if there exists no non-
trivial linear combination of them with coefficients in the ring that vanishes. Otherwise, the set is
linearly dependent.

(iii) Basis. Finite generating set of linearly independent vectors. It is important to emphasize that
even if a finite generating set exists, it may be linearly dependent. Since the ring of coefficients
does not contain an inverse under multiplication, such a set cannot, in general, be reduced to a
linearly independent one, and hence to a basis. Not all modules admit a basis; whenever they do,
these are called free modules.

(iv) Rank. The rank of a module is defined as the maximum number of linearly independent vectors.

Interestingly, Hilbert series encode valuable information about the structure of the module MG,RΦ

R

defined over different rings, namely, rInv or rPInv. In what follows, we summarize how this information
can be read out properly from the Hilbert series. As in the case of invariants, we restrict ourselves to
bosonic building blocks, since this will be the relevant scenario for the analyses in upcoming chapters.

First of all, we should point out that, when G is a linear reductive group, the modules rInvMG,RΦ

R

and rPInvMG,RΦ

R are finetely generated. In particular, the summed Hilbert series for the irrep R is also
a rational function [89]:

HG,RΦ

R (q) =
NR(q)

D(q)
, (2.16)

where the denominator D(q) is given in Eq. (2.14) and encodes the set of primary invariants. In contrast,
NR(q) is now a polynomial with both positive and negative integer coefficients. When we refer to

rPInvMG,RΦ

R , i.e., the module of rep-R covariants over the ring of primary invariants, the positive terms

8This would require the existence of an inverse under multiplication for all non-zero elements in the ring of invariants,
and commutativity of multiplication.
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in the numerator NR(q) contain the full generating set of the module, and inform us about their number
and order. Instead, negative terms represent redundancies in the generating set, that is, linear relations
among them. Consequently, the rank of the module rPInvMG,RΦ

R can be simply computed as

rank
(

rPInvMG,RΦ

R

)
= NR(q)

∣∣
q→1

. (2.17)

Nevertheless, for the purposes of chapter 4, we will be interested in determining how many indepen-
dent group covariants built out of a set of bosonic building blocks are present in rInvMG,RΦ

R , that is,
in the module of rep-R covariants over the full ring of invariants. In other words, we want to compute
the rank of this module. To this aim, one needs to consider two Hilbert series, namely, HG,RΦ

R (q) and
HG,RΦ

Inv (q). In particular, it can be shown—see [87] for details—that their ratio, evaluated at q = 1, yields
the rank of the module rInvMG,RΦ

R :

rank
(

rInvMG,RΦ

R

)
=

HG,RΦ

R (q)

HG,RΦ

Inv (q)

∣∣∣∣∣
q→1

. (2.18)

When G is a connected semisimple Lie group, this rank satisfies an upper bound given by

rank
(

rInvMG,RΦ

R

)
≤ dimR , (2.19)

being dimR the dimension of the goal irrep R. There is rank saturation when the equality is fulfilled,
meaning that the maximum number of linearly independent rep-R covariants equals the number of its
components. Remarkably, the math literature provides a powerful result known as Brion’s theorem
[88, 89], which establishes the following: let H ⊂ G be the unbroken subgroup when the building block
fields take a generic vev ⟨Φ⟩, the rank of the module rInvMG,RΦ

R is given by

rank
(

rInvMG,RΦ

R

)
= dimRH , (2.20)

where RH denotes the subspace of the goal irrep R that is left invariant by the elements in the subgroup
H ⊂ G. In other words, dimRH gives the number of invariant irreps in the branching rule of R for
G→ H. Then, the bound in Eq. (2.19) is evident, since dimRH ≤ dimR always holds. When H is the
trivial subgroup, it is clear than rank saturation will occur. However, if H is non-trivial, we might reach
rank saturation depending on the particular goal irrep R under consideration. We should stress that the
concept of saturation will be generalized in chapter 4.

To close this section, let us draw one final comment. In the context of spurion analysis, which will
be addressed in chapter 4, we are usually interested in evaluating the invariants constructed from a set
of building blocks on their specific numerical values or, said differently, on their vacuum expectation
values. Then, they reduce to ordinary complex numbers, and the ring of invariants becomes a field. As
a result, the notion of a module over a ring translates into that of a conventional vector space over the
field of complex numbers. Concepts such as basis and linear independence can then be treated as usual
in the language of particle physics. In particular, when there is rank saturation, it is possible to find a
basis in the vector space of covariants, and the rank of the module rank

(
rInvMG,RΦ

R

)
directly gives us

the number of independent components in rep-R covariants.
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2.5 Illustrative application to flavor physics

It might be instructive to illustrate some of the properties discussed above by applying the Hilbert series
technology to a familiar example: the quark flavor invariants in the SM. This was explored for the first
time in Refs. [71, 72], where the analysis was extended to the lepton sector, including neutrino masses
through the dim-5 Weinberg operator and within the type I seesaw framework. Here, we revisit some
of the results derived in those works. In doing so, we take the opportunity to present an alternative
approach to several topics discussed in Secs. 1.4 and 1.5 from chapter 1, such as the counting of physical
dof or the question of CP violation.

Let us consider the SM quark sector. As we know, the flavor sector is parametrized in its entirety by
two 3 × 3 Yukawa matrices Yu and Yd, together with their hermitian conjugates. Taking into account
the flavor symmetry transformations of the quark fields given in Eq. (1.44), the Yukawa couplings get
transformed as bifundamental representations in flavor space—see Eq. (1.95). The structure of flavor
invariants constructed from the Yukawa matrices, which constitute our bosonic building blocks, is then
encoded in the Hilbert series

HSM-quark
Inv (q) =

1 + q12

(1− q2)2(1− q4)3(1− q6)4(1− q8)
. (2.21)

In light of our previous discussion, the number of denominator factors indicates that there are 10 physical
dof, corresponding to 6 quark masses, 3 mixing angles, and 1 complex phase.9 In addition, from the
denominator we can also check that there are ten primary invariants, namely, two of order two, three
of order four, four of order six, and one of order eight; while the numerator reflects the presence of one
secondary invariant of order twelve. Following Ref. [71], we can choose as primary invariants

IP2,0 = tr(Hu) , IP0,2 = tr(Hd) , (2.22)

IP4,0 = tr
(
H2
u

)
, IP0,4 = tr

(
H2
d

)
, (2.23)

IP6,0 = tr
(
H3
u

)
, IP0,6 = tr

(
H3
d

)
, (2.24)

IP4,2 = tr
(
H2
uHd

)
, IP2,4 = tr

(
HuH

2
d

)
, (2.25)

IP2,2 = tr(HuHd) , IP4,4 = tr
(
H2
uH

2
d

)
, (2.26)

and the single secondary invariant as

IS6,6 = det[Hu, Hd] =
1

3
tr[Hu, Hd]

3

= 2i (m2
u −m2

c)(m
2
u −m2

t )(m
2
c −m2

t )(m
2
d −m2

s)(m
2
d −m2

b)(m
2
s −m2

b)J , (2.27)

which corresponds to the WB-invariant quantity presented in Eq. (1.107) encoding CP violation. As we
can check, all primary invariants are real since they correspond to the traces of hermitian matrices, and
thus they are CP-even. In contrast, the secondary invariant is pure imaginary and hence CP-odd. One
can check that its square, which is CP-even, can be written as a polynomial in the primary invariants.10

This is reflected in the Hilbert series by the absence of an O(q24) term in the numerator of Eq. (2.21).
Taking into account Eq. (2.13), and for a fixed choice of primary and secondary invariants, any polynomial

9The QCD θ̄ parameter does not arise in this context since we are including the anomalous axial U(1) factor in our
symmetry transformations.

10The relations among invariants are often called syzygies.
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that is invariant under the quark flavor symmetry group in Eq. (1.44), can be uniquely written as

p0(I
P
2,0 , . . . , I

P
4,4) + p1(I

P
2,0 , . . . , I

P
4,4)I

S
6,6 . (2.28)

As we have argued in previous chapters, physical parameters are, by definition, observable quantities,
and therefore they must be contained within WB-invariant quantities. In our current language, this
means that they are determined by the set of primary and secondary invariants. In particular, from
the CP-even primary invariants, one can extract the six quark masses, cos θij of the three CKM mixing
angles, and cos δ of the CKM complex phase. Note that, since the mixing angles θij are chosen to
lie in the first quadrant, they are completely determined at this point. This is not the case for the
complex phase δ, because an overall sign is missed. This remaining information is captured by the CP-
odd secondary invariant, which allows for the extraction of sin δ through the Jarlskog invariant J—see
Eq. (1.61). Remarkably, one may have realized that the emergence of CP violation is already determined
at the level of the CP-even primary invariants, consistent with the fact that the area of the unitarity
triangle is fully fixed by the lengths of its sides. The secondary invariant serves only to resolve a Z2

ambiguity in the definition of the unitarity triangle.
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3 Multi-Higgs-Doublet Models

We have seen before that the scalar sector of the SM is minimal, in the sense that it contains a single
scalar SU(2)L doublet. This naturally raises the question of whether an extension of the scalar sector
is possible in the same way as we have multiple generations of fermions. In this regard, one of the most
relevant theoretical constraints on the addition of new fundamental scalars comes from the ρ parameter.
At tree-level, the SM predicts ρ = 1, yielding the relation MW = cos θWMZ among gauge boson masses,
which is strongly supported by experimental data [23]. It is well-known that in SU(3)C×SU(2)L×U(1)Y

gauge theories with additional SU(2)L doublets with hypercharge Y = ±1/2 the tree-level value of the
ρ parameter is preserved. We will focus on this kind of scenario, namely, scalar extensions consisting of
multiple Higgs doublets based on the SM gauge group.

Setting aside the question of (non-)minimality, there are many other theoretical motivations to pursue
an enlarged scalar sector. For instance, the origin of neutrino masses in the context of the type II seesaw
mechanism is triggered by an SU(2)L triplet of scalars. Likewise, extensions of the scalar sector allow
for new sources of CP violation, either explicitly at the Lagrangian level, or spontaneously through the
vacuum structure. This is, of course, relevant to explain the origin of the matter-antimatter asymmetry
of the Universe within baryogenesis models. Also related to the question of CP violation, we encounter
the strong CP problem, for which a possible solution based on the global U(1) Peccei-Quinn symmetry
requires the presence of two Higgs doublets. On another avenue, the minimal supersymmetric extension
of the SM contains two scalar doublets in order to give masses to both up-type and down-type quarks,
as well as to ensure anomaly cancellation. Interestingly, it is known that some scalar extensions could
offer a dark matter candidate, such as the inert model with two Higgs doublets. Finally, we should stress
that extended scalar sectors generally lead to a rich phenomenology with many novel features that can
be tested at collider experiments, e.g., the appearance of new scalar bosons or FCNC. They could also
contribute to alleviate potential tensions arising in low-energy observables, such as leptonic g−2 [7,8,90].

Although there is a vast literature in extended scalar sectors, as anticipated before we will exclusively
focus on models based on the SU(3)C ×SU(2)L×U(1)Y gauge group including multiple Higgs doublets
and, as a more concrete scenario, in two-Higgs-doublet models (2HDMs). The purpose of this chapter is
to introduce the basic and necessary ingredients that will be relevant for our analyses in future chapters.
For more detailed and comprehensive reviews on extended Higgs sector, we refer to [58, 91, 92] and
references therein.

As a final remark, we should mention that there exist several alternative extensions of the scalar
sector, such as composite Higgs models, technicolor, or extra-dimensional frameworks, which we will
not consider here. Likewise, we do not focus on GUTs or supersymmetric models, that involve a more
elaborate theoretical framework.
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3.1 Multiple Higgs doublets

Starting from the SM gauge group, we consider n scalar fields Φa, with n > 1 and a = 1, . . . , n,
transforming as Φa ∼ (1,2, 1/2), that is, as SU(2)L doublets with hypercharge 1/2, written as

Φa =

(
ϕ+a

ϕ0a

)
. (3.1)

The most general renormalizable scalar Lagrangian reads

Lscalar = (DµΦa)
†(DµΦa)− V (Φa) , (3.2)

with covariant derivative defined in Eq. (1.22),1 and scalar potential given by

V (Φa) = YabΦ
†
aΦb + Zab,cd(Φ

†
aΦb)(Φ

†
cΦd) , (3.3)

where the sum over a, b, c, d is implicit, and parentheses indicate contraction of SU(2)L indices. One can
readily check that Zab,cd = Zcd,ab, and hermiticity of the potential imposes Yab = Y ∗

ba and Zab,cd = Z∗
ba,dc.

Taking this into account, the counting of real dof that are present in the most general scalar potential is
summarized in Table 3.1. The quadratic couplings Yab have dimensions of mass squared, while the quartic
couplings Zab,cd are dimensionless. The latter have to satisfy stability conditions to ensure boundedness
from below, as well as perturbative unitarity constraints [93,94].

Quadratic Quartic Total

Moduli n(n+1)
2

n2(n2+3)
4

n(n3+5n+2)
4

Phases n(n−1)
2

n2(n2−1)
4

n(n3+n−2)
4

Total n2 n2(n2+1)
2

n2(n2+3)
2

Table 3.1: Real parameters in the multi-Higgs-doublet model scalar potential.

Assuming neutrality of the vacuum in order to have the appropriate EWSB, we have

⟨Φa⟩ =
vae

iθa

√
2

(
0

1

)
. (3.4)

The parameters va ∈ R+ and θa ∈ [0, 2π) can be understood as the moduli and phases of complex vevs,
respectively. The former are constrained by

∑n
a=1 v

2
a = v2, with v ≃ 246 GeV as in the SM, since all

scalar doublets are coupled in the same way to electroweak gauge bosons. On the other hand, individual
phases have no physical meaning by themselves; in particular, one can always perform a U(1)Y gauge
transformation to set one of them equal to zero, say θ1 = 0.

The vacuum choice in Eq. (3.4) imposes additional constraints on the parameters of the potential
through the stationarity conditions, namely, that the vevs of the scalar fields must be an extremum of
the potential:

V (⟨Φ1⟩, . . . , ⟨Φn⟩) ≡ V (v1, . . . , vn, θ1, . . . , θn) , (3.5)
1Non-diagonal kinetic terms can be eliminated by means of a non-unitary rotation at any order of the perturbative

expansion.
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such that
∂v1V = · · · = ∂vnV = 0 , ∂θ1V = · · · = ∂θnV = 0 , (3.6)

where we have introduced the shorthand notation ∂xV ≡ ∂V
∂x . The lack of physical meaning of individual

phases is translated into
∑n
a=1 ∂θaV = 0 by construction, that is, regardless of whether each term is

individually zero. Therefore, we are left with 2n − 1 independent minimization conditions. For the
purposes of subsequent sections, it is convenient to introduce the n× n Hermitian matrix V defined by

Vab ≡
vavb
2
ei(θa−θb) , (3.7)

which is constructed from the vevs of the different Higgs doublets and satisfies Vab = V∗
ba.

Expansion of the fields around the selected vevs can be written as

Φa =
eiθa√
2

( √
2φ+

a

va + ρa + iηa

)
, (3.8)

where we have factored out the vacuum phase eiθa . It is clear that, besides the would-be Goldstone
bosons that are absorbed by the W± and Z bosons to gain a mass, there are n − 1 pairs of charged
scalars and 2n− 1 neutral states in a theory with n Higgs doublets. The mass terms contained in V are
of the form

−LMass = C⃗†M2
±C⃗ +

1

2
N⃗TM2

0 N⃗ , (3.9)

with C⃗† =
(
φ+
1 , . . . , φ

+
n

)
, N⃗T = (ρ1, . . . , ρn, η1, . . . , ηn), M2

± the n × n charged scalar mass matrix, and
M2

0 the 2n× 2n neutral scalar mass matrix. The elements of the mass matrices are computed as

(M2
±)ij =

[
∂2V

∂φ+
i ∂φ

−
j

]
, (3.10)

and

M2
0 =

(
M2
ρ M2

ρη

(M2
ρη)

T M2
η

)
, (3.11)

with
M2
ρ =

[
∂2V

∂ρi∂ρj

]
, M2

η =

[
∂2V

∂ηi∂ηj

]
, M2

ρη =

[
∂2V

∂ρi∂ηj

]
. (3.12)

The squared brackets indicate that second derivatives are evaluated at φ±
a , ρa, ηa → 0. Given that

M2
ρ = (M2

ρ )
T and M2

η = (M2
η )
T , it is clear that M2

0 is a symmetric matrix, while M2
± is Hermitian.

Finally, it is important to notice that, similarly to what happens with the different flavors in the
fermion sector, one is allowed to perform an n×n unitary rotation of the scalar doublets, which share the
same quantum numbers, that leaves the gauge-kinetic terms invariant. In particular, the transformation

Φa −→ Φ′
a ≡ UabΦb , (3.13)

with UU† = U†U = 1n×n, yields

Vab −→ V ′
ab ≡ UacVcdU∗

bd , (3.14)
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while the couplings in the scalar potential transform as

Yab −→ Y ′
ab ≡ UacYcdU

∗
bd , Zab,cd −→ Z ′

ab,cd ≡ UapUcrZpq,rsU
∗
bqU

∗
ds . (3.15)

The rotation in Eq. (3.13) can be incorporated into the definition of WBT presented before. As a
consequence, physically meaningful quantities must be invariant under such transformations in the scalar
space.

In the following, we continue our exploration of the basic features of multi-Higgs-doublet models
(MHDMs) focusing on their simplest realization: the 2HDM.

3.2 Two-Higgs-Doublet Models

Two-Higgs-doublet models were originally proposed by T. D. Lee [95,96] in 1973 in order to break T (time
reversal) and CP spontaneously, thereby placing the breaking of these discrete symmetries on the same
footing as the electroweak gauge symmetry breaking. Since then, 2HDMs have been extensively studied
in the literature [92], further motivated by the fact that the scalar sector of the minimal supersymmetric
SM includes two scalar doublets. In addition, it is well known that 2HDMs exhibit a rich and diverse
phenomenology, which we will explore in upcoming chapters.

The most general renormalizable potential constructed from two scalar doublets Φ1 and Φ2 reads

V (Φ1,Φ2) = µ2
11Φ

†
1Φ1 + µ2

22Φ
†
2Φ2 +

(
µ2
12Φ

†
1Φ2 +H.c.

)
+ λ1(Φ

†
1Φ1)

2 + λ2(Φ
†
2Φ2)

2 + 2λ3(Φ
†
1Φ1)(Φ

†
2Φ2) + 2λ4(Φ

†
1Φ2)(Φ

†
2Φ1)

+ λ5(Φ
†
1Φ2)

2 + λ6(Φ
†
1Φ1)(Φ

†
1Φ2) + λ7(Φ

†
2Φ2)(Φ

†
1Φ2) + H.c. , (3.16)

where {µ2
11, µ

2
22, λ1, λ2, λ3, λ4} are real, and {µ2

12, λ5, λ6, λ7} are in general complex. This gives a total
of fourteen real parameters, ten moduli and four phases, arising from the scalar potential. Nevertheless,
not all of them are physical, since an appropriate basis transformation allows one to remove unphysical
parameters, leaving only eleven real dof [97, 98]. The parameters in Eq. (3.16) are related to those in
Eq. (3.3) as

Y11 = µ2
11 , Y22 = µ2

22 , Y12 = µ2
12 , Y21 = µ2

21 = (µ2
12)

∗ , (3.17)

and

Z1111 = λ1 , Z2222 = λ2 , Z1122 = Z2211 = λ3 , Z1221 = Z2112 = λ4 ,

Z1212 = λ5 , Z2121 = λ∗5 , Z1112 = Z1211 = λ6/2 , Z1121 = Z2111 = λ∗6/2 ,

Z2212 = Z1222 = λ7/2 , Z2221 = Z2122 = λ∗7/2 .

(3.18)
In this framework, the scalar spectrum consists of three wbGBs, two physical charged scalars, and three
physical neutral states. On that regard, it is clear that the diagonalization of the Hermitian charged
scalar mass matrix in Eq. (3.9) is achieved through a unitary transformation, and thus we can use
the freedom in Eq. (3.13) to move into the basis where the charged scalars correspond to their mass
eigenstates. This basis transformation is of the form(

H1

H2

)
= Rβ

(
e−iθ1 0

0 e−iθ2

)(
Φ1

Φ2

)
, with Rβ =

(
cβ sβ

−sβ cβ

)
, (3.19)



3.2. Two-Higgs-Doublet Models 45

being cβ ≡ cosβ ≡ v1/v, sβ ≡ sinβ ≡ v2/v, and tβ ≡ tanβ = v2/v1, where β ∈ [0, π/2] without loss of
generality, and RβRTβ = RTβRβ = 12×2. Remarkably, in this basis only the doublet H1 has a vev, namely,

⟨H1⟩ =
v√
2

(
0

1

)
, ⟨H2⟩ =

(
0

0

)
, (3.20)

and the explicit degrees of freedom can be written as

H1 =
1√
2

( √
2G+

v +H0 + iG0

)
, H2 =

1√
2

( √
2H+

R0 + iI0

)
. (3.21)

where (
G+

H+

)
= Rβ

(
φ+
1

φ+
2

)
,

(
H0

R0

)
= Rβ

(
ρ1

ρ2

)
,

(
G0

I0

)
= Rβ

(
η1

η2

)
. (3.22)

It is straightforward to see that the spontaneous electroweak symmetry breaking is triggered by the vev
of the first Higgs doublet, which has the same form as in the SM. Consequently, in this basis, usually
called charged Higgs basis [99, 100] or Higgs basis [60, 101, 102], the fields G0 and G± can be readily
identified as the wbGBs. The scalar potential in the Higgs basis can be written as

V (H1, H2) =M2
11H

†
1H1 +M2

22H
†
2H2 +

(
M2

12H
†
1H2 +H.c.

)
+ Λ1(H

†
1H1)

2 + Λ2(H
†
2H2)

2 + 2Λ3(H
†
1H1)(H

†
2H2) + 2Λ4(H

†
1H2)(H

†
2H1)

+ Λ5(H
†
1H2)

2 + Λ6(H
†
1H1)(H

†
1H2) + Λ7(H

†
2H2)(H

†
1H2) + H.c. , (3.23)

with {M2
11,M

2
22,Λ1,Λ2,Λ3,Λ4} real, and {M2

12,Λ5,Λ6,Λ7} complex in general—these can be related
to the ones in Eq. (3.16) taking into account Eqs. (3.15) and (3.18). The mass terms for scalars are
contained in the quadratic part of the potential, and are of the form

V ⊃M2
H±H+H− +

1

2

(
H0 R0 I0

)
M2

0


H0

R0

I0

 , (3.24)

where M2
H± = M2

22 + v2Λ3 is the mass of physical charged scalars H±. In contrast, the neutral states
H0, R0, and I0 cannot be identified yet as the mass eigenstates. On that regard, the symmetric neutral
scalar mass matrix M2

0, given by

M2
0 =


2v2Λ1 v2ReΛ6 −v2ImΛ6

v2ReΛ6 M2
22 + v2(Λ3 + Λ4 +ReΛ5) −v2ImΛ5

−v2ImΛ6 −v2ImΛ5 M2
22 + v2(Λ3 + Λ4 − ReΛ5)

 , (3.25)

can be diagonalized through an orthogonal transformation R, with RRT = RTR = 13×3 and detR = 1,
as

RTM2
0R = diag(M2

h ,M
2
H ,M

2
A) , (3.26)
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in such a way that the physical scalars are given by
h

H

A

 = RT


H0

R0

I0

 . (3.27)

Note that if the parameters in the scalar potential are real, the matrix M2
0 is block-diagonal, and this

feature is, in turn, translated into the diagonalization matrix R. In this case, the physical states {h,H}
are linear combinations of {H0, R0}, while A = I0. As we shall see in Sec. 3.2.2, this scenario emerges
in the absence of CP violation in the scalar sector.

3.2.1 Yukawa sector

We proceed now to discuss the Yukawa sector of the 2HDM, restricting our analysis to the quark sector
for the sake of concreteness. The most general Yukawa interactions in the presence of two Higgs doublets
can be written as

−L quark
Y = Q0

L(Y
u
1 Φ̃1 + Y u2 Φ̃2)u

0
R +Q0

L

(
Y d1 Φ1 + Y d2 Φ2

)
d0R +H.c. , (3.28)

where Φ̃a ≡ ϵΦ∗
a = iσ2Φ∗

a as usual. In this case, we have two Yukawa matrices Y fa (a = 1, 2) in both up-
type and down-type sectors (f = u, d), which are ng×ng general complex matrices. Their interpretation
is more transparent in the Higgs basis, where we have

− v√
2
L quark

Y = Q0
L(M

0
uH̃1 +N0

uH̃2)u
0
R +Q0

L

(
M0
dH1 +N0

dH2

)
d0R +H.c. , (3.29)

with

M0
u =

v√
2
e−iθ1

(
cβY

u
1 + e−iθsβY

u
2

)
, M0

d =
v√
2
eiθ1

(
cβY

d
1 + eiθsβY

d
2

)
, (3.30)

N0
u =

v√
2
e−iθ1

(
−sβY u1 + e−iθcβY

u
2

)
, N0

d =
v√
2
eiθ1

(
−sβY d1 + eiθcβY

d
2

)
, (3.31)

and θ ≡ θ2 − θ1. It is then clear that M0
f correspond to non-diagonal fermion mass matrices, since they

are coupled to the only Higgs doublet that acquires a vev, that is, H1. Bidiagonalization of the mass
matrices proceeds in the same way as presented in Eqs. (1.46) and (1.47)—see App. B for details—,
leading to

U†
uL
M0
uUuR

=Mu = diag(mu,mc,mt, . . . ) , U†
dL
M0
dUdR =Md = diag(md,ms,mb, . . . ) , (3.32)

where UfL and UfR are ng ×ng unitary matrices, being V ≡ U†
uL
UdL the CKM unitary matrix. The key

difference with respect to the SM lies, of course, in the simultaneous presence of two Yukawa matrices Y fa
in each fermion sector f . While the unitary transformations UfL and UfR allow for the bidiagonalization
of the linear combination M0

f , they do not, in general, diagonalize the individual Yukawa matrices Y fa . As
a result, the additional combinations encoded in the N0

f matrices are not simultaneously diagonalized by
the same transformations, leading to the emergence of scalar flavor-changing neutral currents (SFCNC)
at tree-level. As we have just mentioned, these are controlled by non-diagonal Nf given by

U†
uL
N0
uUuR

= Nu , U†
dL
N0
dUdR = Nd . (3.33)
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The appearance of SFCNC is one of the most interesting features of MHDMs and, in particular, of
2HDMs. While offering novel phenomenological possibilities, such couplings are subject to stringent
experimental constraints. For instance, the flavor-changing coupling dsH in the down-type sector would
induce tree-level contributions to kaon mixing, whereas in the SM this process occurs only at the one-loop
level. In light of this, two broad classes of Yukawa sectors in 2HDMs have been extensively studied in
the literature, namely: (i) those that entirely forbid the presence of SFCNC, and (ii) those that allow
for SFCNC but keep them under control. In the following, we briefly introduce some of the most widely
studied realizations within each class.

Natural Flavor Conservation

The Natural Flavor Conservation (NFC) proposal was put forward in 1976 by Glashow and Weinberg
[103], and in 1977 by Paschos [104], to ensure the absence of tree-level FCNC in SU(2)L ×U(1)Y gauge
theories.2 They established that the necessary and sufficient conditions for this to happen are: (i) all
quarks with the same charge and helicity have the same value of the weak isospin T3, (ii) transform under
the same irrep of SU(2)L, and (iii) get their masses either through their couplings to a single neutral
Higgs field or through an SU(2)L invariant mass term. Since we already know that weak interactions
are chiral, rather than vector-like, an SU(2)L invariant mass term is dismissed. Therefore, given the SM
matter content in Eq. (1.30), with left-handed doublets and right-handed singlets, NFC implies that all
right-handed quarks must couple to precisely one Higgs doublet. The latter can only be achieved by
introducing additional discrete or continuous symmetries.

Different realizations of NFC based on a Z2 symmetry are summarized in Table 3.2, where we quote
the transformation properties of the right-handed fermions and the scalar doublets, including the lepton
sector for completeness. It is worth pointing out that the type II Yukawa interactions arise naturally
in both Peccei-Quinn models and supersymmetric frameworks, though as a consequence of a continuous
symmetry rather than a discrete one.

u0R d0R e0R Φ1 Φ2

Type I + + + − +

Type II + − − − +

Type X + + − − +

Type Y + − + − +

Table 3.2: Transformation properties of fermions and scalars under Z2 in 2HDMs with NFC. By con-
vention, right-handed up-type quarks always couple to Φ2. Notice that the Z2 symmetry is imposed in
the original weak basis of the theory. Type X and type Y scenarios are often called lepton-specific and
flipped models, respectively.

As an alternative to the NFC hypothesis, tree-level FCNC can be eliminated by requiring the Yukawa
matrices to be proportional to each other, i.e., Y f1 ∝ Y f2 . This leads to the so-called aligned 2HDM [105].
In fact, the four realizations of NFC listed in Table 3.2 can be recovered through specific choices of the
three proportionality constants in the aligned 2HDM.

2The term natural is used in this context to indicate validity for any choice of the parameters of the theory.
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Controlling tree-level SFCNC

Rather than imposing the complete absence of SFCNCs, one may consider scenarios in which they are
present but, at the same time, they are sufficiently suppressed to remain compatible with current ex-
perimental bounds. While raising the scalar mass scale to evade such constraints is certainly a viable
option, it may be preferable—especially from the standpoint of discovery prospects—to seek an alterna-
tive solution.

Among this class of models, one of the most popular proposals is the Cheng-Sher ansatz [106].
Inspired by the hierarchical pattern of fermion masses, one may take the couplings in ξij f̄ifjS to be
roughly proportional to the geometric mean of the masses of the two fermions normalized to the EW
vev, that is, ξij ∝ √

mimj/v, with coefficients of order one. In this way, the flavor-changing couplings
involving the light generations, which are subject to the most stringent experimental constraints, are
naturally suppressed by the smallness of the corresponding fermion masses.

Another interesting possibility to suppress SFCNC is given in Branco-Grimus-Lavoura models [107],
where the flavor-changing couplings of scalars to fermions are kept under control by combinations of small
off-diagonal CKM elements without introducing additional flavor parameters. Remarkably, these models
can be built upon symmetry considerations, so that the flavor-changing couplings are exact radiatively-
stable functions of the CKM. They constitute a particular realization of the MFV hypothesis [108,109],
which assumes that all flavor-violating effects at low energies arise from the Yukawa couplings, both in
the SM and BSM—the technical aspects of the MFV implementation will be discussed in chapter 4.
More recently, Branco-Grimus-Lavoura models have been generalized in [110].

3.2.2 CP violation

As previously mentioned, introducing multiple Higgs doublets allows for new sources of CP violation
to emerge from the scalar sector, either explicitly at the Lagrangian level or spontaneously from the
vacuum structure. In addition, new CP-violating effects may arise from the clash of the Yukawa and
scalar interactions. Before going into details, we should recall that in the SM the scalar sector is CP-
conserving, since all parameters in the scalar potential are real due to hermiticity and the vev of the
single scalar doublet can be made real by means of gauge transformations. Therefore, in the absence of
complex phases in the scalar sector, the Kobayashi–Maskawa phase in the CKM matrix stands as the
only source of CP violation in the SM. In the following, we shall see that this picture changes in the
presence of two scalar doublets.

Let us start by considering trivial CP transformation properties for fermions and scalars. This means
that the unitary rotations KQ, Ku and Kd in flavor space in Eq. (1.93) are set to the identity in the
CP transformations of the fermions fields, while the scalar doublets simply transform as Φa −→ Φ∗

a.
Then, CP invariance of the Lagrangian, together with hermiticity, implies that all Yukawa couplings and
parameters in the scalar potential must be real. In this way, CP is explicitly conserved at the Lagrangian
level. On the other hand, if the vevs of the scalar doublets are assumed to transform identically under
CP, it is clear that the vacuum configuration

⟨Φ1⟩ =
v1√
2

(
0

1

)
, ⟨Φ2⟩ =

v2e
iθ

√
2

(
0

1

)
, (3.34)

is not invariant, provided that the relative phase between the vevs of the two Higgs doublets θ ̸= 0, π.
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This leads to spontaneous CP violation (SCPV) in the 2HDM. The latter can be present even if the
Lagrangian of the theory is explicitly invariant under CP. Nevertheless, in those cases it is important to
ensure that the model still generates a complex CKM mixing matrix in agreement with experiment, as
was explored, e.g., in Ref. [111].

At this point, we should mention that a Z2-symmetric scalar sector, such as those arising in any of
the NFC implementations collected in Table 3.2, preserves CP invariance. The reason is rather simple:
the symmetry eliminates the complex parameters µ2

12, λ6 and λ7 from the scalar potential, while the
remaining λ5 can always be made real by an appropriate rephasing of the scalar fields without affecting
other parameters. In addition, it can be shown that SCPV cannot occur either once the Z2 symmetry
is imposed. However, CP violation can be restored allowing for soft symmetry-breaking terms in the
Lagrangian, that is, operators with mass dimension lower than four which are not invariant under the
symmetry. For our case at hand, this would mean Re(µ2

12) ̸= 0. In that way, one could have NFC and,
at the same time, incorporate additional sources of CP violation in the scalar sector.

Finally, let us comment on how CP violation manifests in the scalar mixing of Eq. (3.27). It is
clear that the neutral scalar H0, which resides in the SM-like Higgs doublet with a non-vanishing vev,
is CP-even, meaning that it remains invariant under CP transformations—in constrast, CP-odd scalars
change sign under CP. On the other hand, the fields R0 and I0 are, in general, admixtures of CP-even
and CP-odd states. If CP is conserved, then we are left with two CP-even states and one CP-odd state
that cannot mix. The neutral scalar mass matrix M2

0 is then block-diagonal and its diagonalization is
carried out through a block-diagonal rotation matrix R, yielding two CP-even {h,H} and one CP-odd
{A} neutral mass eigenstates. In particular, it is customary to introduce the parameter α as(

h

H

)
= RTα

(
ρ1

ρ2

)
, with Rα =

(
cα sα

−sα cα

)
, (3.35)

so that the rotation matrix R in Eqs. (3.26) and (3.27) is given by

R =


cos(α+ β) sin(α+ β) 0

− sin(α+ β) cos(α+ β) 0

0 0 1

 . (3.36)

This block-diagonal form of the scalar mixing makes CP conservation in the scalar sector manifest.

Weak basis invariant conditions

Similarly to what happens in the SM, the presence of irremovable complex phases in the Lagrangian
leads to an explicit violation of the CP symmetry. However, verifying this condition is not always
straightforward, as the freedom to perform field redefinitions may introduce or remove spurious phases
that do not correspond to genuine CP-violating effects. In light of this, it is desirable to formulate
WB-invariant conditions for CP conservation, as was done for the Yukawa sector of the SM in Sec. 1.5.
The extension of this method for any gauge theory involving scalars and fermions was addressed in [60].
Here, we reproduce the simplest WB-invariant quantities to determine whether CP is conserved in scalar
and scalar-fermion interactions. In general, all WB-invariants must be real for CP to be conserved.

When we include the unitary rotation of the scalar doublets in Eq. (3.13) into the definition of WBT,
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the Yukawa coupling matrices get transformed as

Y ui −→ (Y ui )
′ ≡ U∗

ijU
†
QY

u
j Uu , Y di −→ (Y di )

′ ≡ UijU
†
QY

d
j Ud , (3.37)

where i, j are indices in the scalar space, and UQ, Uu and Ud are the unitary transformations of fermions
in flavor space. One can easily get rid of the matrices Uu and Ud by defining the Hermitian combinations

Hu
ij ≡ Y ui Y

u†
j , Hd

ij ≡ Y di Y
d†
j , (3.38)

which transform as

Hu
ij −→ (Hu

ij)
′ ≡ U∗

ikUljU
†
QH

u
klUQ , Hd

ij −→ (Hd
ij)

′ ≡ UikU
∗
ljU

†
QH

d
klUQ . (3.39)

On the other hand, under WBT the matrix of scalar vevs Vij , and the parameters of the scalar potential
Yab and Zij,kl, change according to Eqs. (3.14) and (3.15). Then, if we take traces over flavor and scalar
indices, the resulting quantities are invariant under the WBT of both fermionic and scalar fields [60].

Scalar sector—. The analysis of CP invariance in the scalar sector requires to construct WB-invariant
quantities involving the vevs Vij , and the couplings Yij and Zij,kl. The most simple invariants that can
be complex are defined as [60,112]

J1 ≡ YijZjk,klVli , J2 ≡ VijYjkZki,lmVmnYnl , (3.40)

Therefore, the scalar potential and the vacuum configuration violate CP if either J1 or J2 are imaginary.
One can readily check this condition for 2HDMs by working in the Higgs basis, where the matrix of vevs
takes the simpler form V11 = v2/2, V22 = V12 = V21 = 0. We obtain

J1 = −v
4

4

(
2Λ2

1 + 2Λ1Λ4 +
|Λ6|2
2

+
Λ6Λ

∗
7

2

)
=⇒ Im J1 = −v

4

8
Im (Λ6Λ

∗
7) , (3.41)

J2 =
v8

4

(
Λ3
1 +

Λ1|Λ6|2
2

+
Λ∗
5Λ

2
6

4

)
=⇒ Im J2 =

v8

16
Im (Λ∗

5Λ
2
6) , (3.42)

where we have used the vacuum stability conditions M2
11 = −Λ1v

2 and M2
12 = −Λ6v

2/2. Therefore,
CP-violating effects in the scalar interactions arise from Im (Λ6Λ

∗
7) and Im (Λ∗

5Λ
2
6). Interestingly, it can

be shown that Im (Λ∗
5Λ

2
6) is non-vanishing if and only if all neutral scalars have non-degenerate masses

and all elements in the first row of the rotation matrix R in Eqs. (3.26) and (3.27) are non-zero [112,113].

Scalar and Yukawa interactions—. One could also construct WB-invariant conditions to test CP
violation in the clash between the scalar and Yukawa sectors. To this aim, the invariants should include
traces of the hermitian combinations defined in Eq. (3.38). In particular, one may have, for instance,

J3 ≡ VijYjk tr
(
Hd
ki

)
, J4 ≡ Vij tr

(
Hd
jk

)
Zki,lmVmn tr

(
Hd
nl

)
. (3.43)

These can be expressed in terms of fermion and neutral scalar masses, the elements of the rotation matrix
R, and the diagonal elements of the Yukawa couplings—see [58] for details. A non-vanishing imaginary
part of either J3 or J4 would signal CP violation in the clash between the scalar and Yukawa interactions.
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Feynman rules

Equivalently, one can verify whether CP is conserved by inspection of the Feynman rules of scalars [58].
In particular, it can be checked that CP violation is present in the scalar mixing if and only if any of
the following conditions is fulfilled: (i) all three physical neutral scalars Si (Si = h,H,A) couple to two
Z bosons as SiZµZµ, (ii) any pair of physical neutral scalars have a derivative interaction with the Z
boson of the form [Si∂

µSj −Sj∂
µSi]Zµ, (iii) any pair of physical neutral scalars exhibits simultaneously

both of the previous interactions, and (iv) all three physical neutral scalars couple to charged scalars
as SiH+H−. On the other hand, scalar-fermion interactions of the form Sf̄j(ajk + ibjkγ5)fk + H.c. (S
either neutral or charged) lead to CP violation if Re(ajkb∗jk) ̸= 0 [114].
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4 Most general EFTs from spurion analysis:

Hilbert Series and Minimal Flavor Violation

The SM provides a successful description of the three generations of quarks and leptons. As we have
developed in chapter 1, the flavor structure of quark interactions is fully parametrized by two 3 × 3

Yukawa matrices Yu and Yd or, equivalently, by the six quark masses and the CKM mixing. The
model features the GIM mechanism, where an approximate flavor symmetry leads to highly suppressed
FCNC. So far, all experimental probes of quark flavor transitions are in agreement with SM predictions,
although a few persistent “flavor anomalies” continue to motivate further investigation [70,115]. Likewise,
the spontaneous symmetry breaking sector—including both gauge and Higgs interactions—has shown
no signs of deviation from the SM picture.

In light of this, a very convenient framework to test the accurate validity of the SM is provided by
the SMEFT, where the Lagrangian is extended to include non-renormalizable interactions, i.e., effective
operators with mass dimension larger than four involving the SM fields and subject to the SM symmetries.
These non-renormalizable interactions, such as four-quark operators at mass dimension 6, generally
induce FCNC which would contradict experimental evidences [116].

The MFV [108, 109] hypothesis aims to characterize the class of theories in which FCNC generated
by higher-dimensional operators are suppressed by incorporating the GIM mechanism to the SMEFT. In
this approach, the Yukawa matrices Yu and Yd are treated as spurions, that is, as if they were space-time
independent fields, with well-defined transformation properties under the quark flavor symmetry group
in Eq. (1.44). In particular, given the transformation properties of the quarks with the same quantum
numbers, namely,

Q0
L −→ UQQ

0
L , u0R −→ Uu u

0
R , d0R −→ Ud d

0
R , (4.1)

with UQ ∈ U(3)Q, Uu ∈ U(3)u, Ud ∈ U(3)d, the quark flavor symmetry, which is explicitly broken by
the Yukawa couplings in the SM, can be formally preserved provided that the spurions transform as

Yu −→ UQ Yu U
†
u , Yd −→ UQ Yd U

†
d . (4.2)

Now, when it comes to higher-dimension operators in the SMEFT, the MFV strategy prescribes that
the operator coefficients be constructed as polynomials in the spurions Yu and Yd, in such a way that
they formally preserve the quark flavor symmetry. Given these constraints, a natural question arises:
how many genuinely independent flavor components of the coefficients can be built for a given operator
transforming in a specific irrep of the flavor group? In other words, does the MFV principle restrict the
operator coefficients to lie along specific directions in flavor space?

55
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To answer the above questions, a systematic investigation on spurion covariants was carried out in
Ref. [87]. In particular, the authors extended the Hilbert series technology [71–86] to analyze group
covariants, establishing that the number of linearly independent operators under a given irrep of the
flavor group Gf , denoted as “IrrepGf

” hereafter, is given by the rank of the module rInvMIrrepGf
. As we

have introduced in chapter 2, the latter can be computed by taking the ratio of two Hilbert series:

rank
(

rInvMIrrepGf

)
=

HIrrepGf
(q)

HInvGf
(q)

∣∣∣∣∣
q→1

, (4.3)

where “InvGf
” corresponds to the invariant irrep of the flavor group. In the context of MFV SMEFT,

Ref. [87] shows that every direction in the quark flavor space can indeed be fulfilled by the spurion
polynomials for any irrep of the quark flavor group, i.e., “(quark) MFV SMEFT = SMEFT”. This
phenomenon is called “saturation” in Ref. [87]. It is fairly nontrivial, as this is not guaranteed to hold for
any combinations of flavor groups and spurions. For example, if one considers a single Yukawa spurion
Yd transforming under the flavor subgroup U(3)Q × U(3)d, saturation is not reached. Interestingly, this
simplified setup reproduces one of the standard formulations of the MFV principle in the lepton sector:
in the minimal SMEFT scenario—assuming massless neutrinos—there is only one available Yukawa
coupling, Ye, which transforms as a bifundamental under U(3)ℓ × U(3)e.

In this chapter, we extend the concept of saturation discussed in Ref. [87] into a more general result,
formulated as a saturation theorem—see Eq. (4.10) below—, which applies to a broad class of EFTs
constructed from spurion analysis. As we will elaborate in Sec. 4.1, while the EFT constructed using
spurions does not necessarily reproduce the full structure of the original EFT, it does saturate a restricted
version of it, namely, the one constrained to be invariant under HS ⊂ Gf , defined as the subgroup that
leaves a generic vev of the spurions S unchanged:1

Gf
generic ⟨S⟩−−−−−−−−→ HS ⊂ Gf . (4.4)

In Sec. 4.2, we explore how the MFV principle can be implemented in the lepton sector, dubbed
Minimal Lepton Flavor Violation (MLFV). The latter is an interesting framework in its own right [109,
117–119], and its formulation is not a direct extension of the analysis in the quark sector. This is due
to the fact that neutrino masses may arise from various mechanisms, each implying a different flavor
structure, and hence distinct choices of flavor symmetry groups and spurions. We examine the four
MLFV scenarios summarized in Table 4.1, which encompass a range of possible origins for neutrino
mass generation. For each case, we employ Eq. (4.3) to determine the number of independent lepton
flavor covariant operators at mass dimension 6 in the spurion EFT, and verify the Saturation Theorem
introduced in Eq. (4.10). Additionally, for a selected subset of lepton flavor covariants, we provide
an explicit choice of linearly independent spurion polynomials, motivated by their phenomenological
applications.

We conclude and outline possible future directions in Sec. 4.3. Some of the Hilbert series obtained
within the different MLFV realizations are compiled in the publicly available Mathematica notebook
HilbCalc �. This notebook includes general functions for computing Haar measures, Weyl characters, and
Hilbert series of invariants and covariants of the classical Lie groups. These tools are readily applicable
to a broad range of related calculations. A comprehensive guide to using these functions is provided in
App. A.

1The subgroup HS is also referred to as the stabilizer subgroup, little group, or isotropy group, depending on context.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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4.1 Spurion analysis for EFTs: the Saturation Theorem

Before presenting the main results of this section, we begin by reviewing the standard procedure for
spurion analyses within the EFT framework in Sec. 4.1.1, which also serves to introduce the relevant
notation. We then formulate the Saturation Theorem in Sec. 4.1.2.

4.1.1 EFTs from spurion analysis

Consider an EFT defined by a set of dynamical fields ϕ(x) and a Lagrangian LEFT ([ϕ]).2 As usual,
its definition includes a power counting scheme and a set of imposed global and/or gauge symmetries.
In addition to these, we can consider a global symmetry Gf that is not imposed in the definition of
LEFT ([ϕ]), e.g., the flavor group in SMEFT. On that regard, in certain situations we may be interested
in keeping track of how Gf is broken within LEFT ([ϕ]), and a standard technique to do so is the spurion
analysis.

In this approach, one starts by examining the terms in LEFT ([ϕ]) that explicitly break Gf at its
low orders—typically the leading order, and sometimes also the next-to-leading order. The couplings λS
associated with these symmetry-breaking operators are then promoted to a set of non-dynamical spurion
fields S (or simply spurions):

λS −→ S . (4.5)

We then require S to transform under Gf in such a way that the symmetry is formally restored at the
low orders of LEFT ([ϕ]). In this framework, the Gf -violating couplings λS can be interpreted as the
vevs of the corresponding spurion fields, namely, λS = ⟨S⟩.

Next, we turn to higher-order interactions in the EFT involving the dynamical fields ϕ(x), their
derivatives, as well as the spurion fields S, arranged in such a way that the resulting terms are invariant
under Gf . These interactions are encoded in the Lagrangian

LEFT ([ϕ], S)
Gf , (4.6)

where the superscript indicates invariance under Gf . Finally, the EFT from spurion analysis is obtained
by replacing the spurion fields S by their vevs as

LEFT, Spurion ≡ LEFT ([ϕ], S)
Gf

∣∣∣
S=⟨S⟩=λS

. (4.7)

In this EFT, Gf invariance is formally preserved, with all breaking effects encoded in the vevs of the
spurion fields S. Therefore, this setup gives us control over the breaking of Gf .

Before moving on, we should note that promoting a particular Gf -violating coupling λS in the EFT
is a common way to introduce a spurion field, but it is not the only possibility. For example, in the
case of the QCD chiral Lagrangian, the mass spurion fields (and their transformation properties) are
motivated by the UV theory, that is, the QCD Lagrangian, rather than by promoting a coupling in the
chiral Lagrangian itself.

2The Lagrangian is a polynomial in ϕ(x) and their derivatives. Here, we use the shorthand [ϕ] = {ϕ, ∂µϕ, ∂µ∂νϕ, . . . }.
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4.1.2 The Saturation Theorem

To what extent is the EFT constructed from spurion analysis in Eq. (4.7) more constrained than the
original EFT? To answer this question, let us denote by HS the subgroup of Gf that remains unbroken
under a generic vev ⟨S⟩ of the spurion fields. Since all sources of Gf breaking in LEFT, Spurion originate
from the spurion vevs, either generic or special, LEFT, Spurion is guaranteed to respect the symmetry
imposed by HS , and thus it is contained in LEFT ([ϕ])

HS :

LEFT, Spurion ⊂ LEFT ([ϕ])
HS . (4.8)

This containing bound “⊂ ” means that the effective operators allowed in LEFT, Spurion are a subset of
the effective operators allowed in LEFT ([ϕ])

HS . Said differently, the linear space of Wilson coefficients
in LEFT, Spurion is a subspace of that in LEFT ([ϕ])

HS .

The main result of this chapter is formulated as a saturation theorem—the bound in Eq. (4.8) is
saturated when arbitrary powers of S are included in LEFT, Spurion and λS = ⟨S⟩ is a generic vev.

Saturation Theorem — Let HS be the subgroup of Gf that remains unbroken under a generic
vev of the spurion fields S:

Gf
generic ⟨S⟩−−−−−−−−→ HS ⊂ Gf . (4.9)

Then, the EFT from spurion analysis saturates the original EFT with HS imposed:

LEFT, Spurion ≡ LEFT ([ϕ], S)
Gf

∣∣∣
S=⟨S⟩=λS

∼= LEFT ([ϕ])
HS , (4.10)

when all powers of S are included in LEFT, Spurion and λS = ⟨S⟩ fulfills a generic vev.

The equivalence symbol “∼= ” in Eq. (4.10) means that the two EFTs have the same set of allowed effective
operators, i.e., LEFT, Spurion can reproduce the most general LEFT ([ϕ])

HS—their Wilson coefficients form
the same linear space.

Now let us demonstrate the Saturation Theorem in Eq. (4.10). The EFT from spurion analysis,
i.e., LEFT, Spurion constructed in Eq. (4.7), consists of a list of effective operators Qi[ϕ] built out of the
dynamical fields ϕ(x) and their derivatives, which are subject to the usual gauge and space-time symmetry
requirements and redundancies. Their corresponding Wilson coefficients Ci(S) are polynomials in the
spurion fields S, evaluated at their vevs ⟨S⟩ = λS . Each Wilson coefficient transforms under a given
irrep of Gf , denoted as “IrrepGf

”, such that the number of independent components is given by the rank
of the module rInvM

Gf , S
IrrepGf

, being rInv the ring of the Gf -invariant polynomials in S—see chapter 2 and
Ref. [87] for details. According to Brion’s theorem [88,89], this rank satisfies

rank

(
rInvM

Gf , S
IrrepGf

)
= dim

(
IrrepHS

Gf

)
, (4.11)

where IrrepHS

Gf
denotes the subspace of IrrepGf

that is invariant under HS . Hence dim
(
IrrepHS

Gf

)
gives

the number of HS-invariants (i.e., InvHS
) in the branching rule of IrrepGf

:

IrrepGf
= dim

(
IrrepHS

Gf

)
InvHS

⊕ non-invariant irreps of HS . (4.12)
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On the other hand, let us check the number of independent operators Qi[ϕ] in the EFT without spurions,
but restricted to HS invariance, i.e., LEFT ([ϕ])

HS . By construction, we are only retaining the compo-
nents of the Wilson coefficients accompanying invariant operators under HS , so the number precisely
agrees with the right-hand side of Eq. (4.11). Therefore, the two EFTs, LEFT, Spurion and LEFT ([ϕ])

HS ,
have the same set of allowed effective operators. This proves the Saturation Theorem in Eq. (4.10).

We should stress two important notes on the previous proof.

(i) Brion’s theorem [88,89] in Eq. (4.11) follows from a generic vev of the spurion fields ⟨S⟩. It is not
guaranteed that it also holds for a particular vev structure.

(ii) All powers of S should be considered in the construction of Ci(S) in LEFT, Spurion. With limited
powers of the spurions, we might not be able to generate the required IrrepGf

to formally preserve
Gf -invariance, and thus LEFT, Spurion could be more restrictive.

Before explicitly checking the Saturation Theorem within the MLFV paradigm, let us first illustrate
two extreme and simpler scenarios to better see its implications.

• Extreme scenario 1: All the spurion fields S are invariants under Gf . In this case, there is no
Gf breaking at all and we expect the EFT from spurion analysis to be equivalent with the original
EFT restricted to Gf invariance: LEFT, Spurion

∼= LEFT ([ϕ])
Gf . This scenario is consistent with

the Saturation Theorem in Eq. (4.10), because HS = Gf in this case.

• Extreme scenario 2: We have enough spurion fields S transforming non-trivially under Gf such
that HS = {e} (i.e., the identity element only). In this case, the Saturation Theorem in Eq. (4.10)
tells us that the EFT from spurion analysis is equivalent to the original EFT: LEFT, Spurion

∼=
LEFT ([ϕ]). This is in agreement with the reasonable expectation that, with so many spurions, one
is able to reconstruct any Ci(S) ∼ IrrepGf

required by Qi ([ϕ]) to preserve Gf -invariance, and thus
all operators that appear in the most general EFT LEFT ([ϕ]) can be retained. This is consistent
with the saturation discussed in Ref. [87]—it is a special case of our general Saturation Theorem
in Eq. (4.10).

In general, the EFT from spurion analysis, LEFT, Spurion, will be more restricted compared to the original
EFT, LEFT ([ϕ]), but not as restricted as imposing the full Gf on it:

LEFT ([ϕ])
Gf ⊂ LEFT, Spurion

∼= LEFT ([ϕ])
HS ⊂ LEFT ([ϕ]) . (4.13)

In other words, it is in between the two extreme scenarios discussed above, because the unbroken subgroup
HS ⊂ Gf is generically bigger than the trivial subgroup, and smaller than the full group Gf .

4.2 Minimal Lepton Flavor Violation

In this section, we discuss four possible implementations of the MLFV principle, which are summarized
in Table 4.1. We perform a spurion analysis that accounts for how certain couplings break the lepton
flavor groups GLf . We compute Hilbert series to study the group covariants, and use these to check, in
each case, the Saturation Theorem in Eq. (4.10). We begin with the SMEFT Cases I and II in Sec. 4.2.1,
and then turn to the νSMEFT Cases III and IV in Sec. 4.2.2. The details on the calculation of all Hilbert
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Case ϕ GLf S HS

I
SMEFT U(3)ℓ × U(3)e

Ye U(1)e × U(1)µ × U(1)τ

II Ye, C5 Z2 = {1, PLN}

III
νSMEFT U(3)ℓ × U(3)e × U(3)ν

Ye, Yν U(1)LN

IV Ye, Yν , MR Z2 = {1, PLN}

Table 4.1: MLFV implementations addressed in this section, differing in their content of dynamical fields
ϕ and spurion fields S. The SMEFT Cases I and II are discussed in Sec. 4.2.1. The νSMEFT Cases
III and IV, where the SMEFT is extended by adding three flavors of right-handed neutrinos ν that
transform as gauge singlets, are analyzed in Sec. 4.2.2. The latter include an additional U(3)ν factor in
the lepton flavor group GLf . In all cases, the set of spurion fields S implicitly includes the Hermitian
conjugates of the listed matrices. Besides the Yukawa couplings Ye and Yν , the coefficient of the dim-5
Weinberg operator, C5, and the Majorana mass term for right-handed neutrinos, MR, can be considered.
The subgroup of GLf that is left unbroken by a generic vev of S is indicated as HS . Among them, the
lepton parity is written as PLN = (−1)LN, being LN the total lepton number.

series presented in this section are available in our Mathematica notebook HilbCalc �, together with
other single-graded and additional multi-graded Hilbert series. Some of the single-graded results within
Case IV have been omitted from the main text and relegated to App. A.5.

Throughout this section we often use the same symbols for spurion fields, their generic vevs, and
their specific values from Lagrangian parameters, for the sake of readability and compactness. In any
case, the distinction can be easily inferred from the context.

4.2.1 SMEFT with lepton flavor group GLf = U(3)ℓ × U(3)e

We begin analyzing the SMEFT scenarios, in which the dynamical fields ϕ(x) are the SM fields:

ϕSM ∈
{
q, u, d, ℓ, e, H, GAµν , W

a
µν , Bµν

}
+
{
qc, uc, dc, ℓc, ec, H†, G̃Aµν , W̃

a
µν , B̃µν

}
, (4.14)

where we have adopted the Warsaw basis notation [120] and, in particular, drop the chirality indices L
and R for the fermionic fields, namely,

q = Q0
L , u = u0R , d = d0R , ℓ = ℓ0L , e = e0R . (4.15)

On the other hand, the charge conjugation on Dirac spinors is given by ψc = −iγ2ψ∗, such that the
charge conjugation matrix is C = iγ0γ2. Finally, G̃Aµν is the dual field strength tensor in SU(3)C , defined
as G̃Aµν ≡ ϵµνρσG

Aρσ/2, and analogously for SU(2)L and U(1)Y field strengths.

Within this scenario, the lepton flavor group is simply

GLf = U(3)ℓ × U(3)e , (4.16)

under which only ℓ and e, among the dynamical fields, transform:

ℓ −→ Uℓ ℓ , e −→ Ue e . (4.17)

At the leading order of LSMEFT, that is, LSM, the lepton flavor symmetry is broken by the Yukawa

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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matrices Ye and Y †
e :

LSM ⊃ −ℓ̄ Ye eH +H.c. (4.18)

These Yukawas will be treated as the spurion fields in the Case I listed in Table 4.1. Next, we will move
on to the Case II in Table 4.1, where we extend the set of spurion fields S to further include the coupling
matrix C5 (and its hermitian conjugate) of the dim-5 Weinberg operator in SMEFT [46], written as

L dim-5
SMEFT = −1

2

(
ℓc H̃∗)C5

(
H̃†ℓ

)
+H.c. =

1

2
ϵikϵjlHiHj

(
ℓTk iγ

2γ0 C5 ℓl
)
+H.c. , (4.19)

where H̃ ≡ iσ2H∗. Here i, j, k, l are SU(2)L indices, while flavor indices are omitted as in Eq. (4.18).
One can readily check that C5 is a symmetric matrix in flavor space. Taking into account Eq. (4.17), it
is straightforward to obtain the transformation law of the spurions Ye and C5 under the lepton flavor
group GLf = U(3)ℓ × U(3)e:

Ye −→ Uℓ Ye U
†
e , Ye ∼ (3, 3̄) with U(1)ℓ, e charges (+1,−1) , (4.20)

C5 −→ U∗
ℓ C5 U

†
ℓ , C5 ∼ (6̄,1) with U(1)ℓ, e charges (−2, 0) . (4.21)

Notice that only the symmetric component (3̄× 3̄)sym in the transformation law of C5 under SU(3)ℓ has
been retained since it is a symmetric tensor.

Case I: spurion analysis with SI = {Ye , Y †e }

Due to the smallness of neutrino masses, one may be interested in studying the class of theories that
are captured by the MLFV hypothesis in the massless neutrino limit. In these cases, and with the SM
matter content, the only spurions responsible for the breaking of GLf are the charged lepton Yukawas
SI = {Ye , Y †

e }. This is the Case I listed in Table 4.1. In order to verify the Saturation Theorem
in Sec. 4.1, we independently study the operators arising within the EFT Lagrangian from spurion
analysis—the left-hand side of Eq. (4.10)—and those arising in the HSI -restricted EFT Lagrangian—the
right-hand side of Eq. (4.10). For concreteness, we will focus on dim-6 operators in SMEFT and adopt
the Warsaw basis [120]. In this basis, the LN-preserving operators are those summarized in Table 4.10,
while the LN-violating operators [121] are collected in Table 4.11.

LSMEFT, SI
from spurion analysis—. In Tables 4.10 and 4.11, we show the irrep decompositions of

the Wilson coefficients under the lepton flavor group U(3)ℓ×U(3)e×U(3)ν , as required for the operators
to satisfy the MLFV criterion. Notice that the transformation properties under U(3)ν can be ignored
for Cases I and II.

Our aim is to count the different flavor structures that can contribute to the different MLFV SMEFT
operators, that is, to obtain how many independent flavor components exist for each Wilson coefficient
that transforms under a certain irrep of the lepton flavor group. As developed in [87], a systematic
approach to achieve this goal involves calculating the Hilbert series for each of the lepton flavor covariants.
Using the unified grading scheme

Ye ∼ q , Y †
e ∼ q , (4.22)

we obtain the following Hilbert series for the LN-preserving covariants in Table 4.10 (computed with our
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Mathematica notebook HilbCalc �):

H(1,1) =
1

D(q)
=

1

(1− q2) (1− q4) (1− q6)
, (4.23a)

H(3,3̄) =
1

D(q)
q
(
1 + q2 + q4

)
, (4.23b)

H(8,1) =
1

D(q)
q2
(
1 + q2

)
, (4.23c)

H(8,8) =
1

D(q)
q2
(
1 + 3q2 + 4q4 + 2q6

)
, (4.23d)

H(27,1) =
1

D(q)
q4
(
1 + q2 + q4

)
, (4.23e)

as well as
H(1,8) = H(8,1) , H(1,27) = H(27,1) . (4.24)

For the LN-violating covariants appearing in Table 4.11, the Hilbert series vanish:

H(3̄,1) = H(1,3̄) = 0 . (4.25)

As elaborated in Ref. [87], the number of linearly independent operators in a G-irrep is given by the rank
of the module rInvMIrrepG

, which can be computed by taking the ratio of two Hilbert series, as quoted
in Eq. (4.3). For our case at hand, one can readily obtain3

rank
(

rInvM(3,3̄)

)
= 3 , (4.26a)

rank
(

rInvM(8,1)

)
= rank

(
rInvM(1,8)

)
= 2 , (4.26b)

rank
(

rInvM(8,8)

)
= 10 , (4.26c)

rank
(

rInvM(27,1)

)
= rank

(
rInvM(1,27)

)
= 3 , (4.26d)

rank
(

rInvM(3̄,1)

)
= rank

(
rInvM(1,3̄)

)
= 0 . (4.26e)

Finally, in Tables 4.2 to 4.4, we provide (a choice of) linearly independent covariants for a few modules,
namely, rInvM(3,3̄), rInvM(8,1), and rInvM(1,8), where we have introduced the Hermitian combination
he ≡ Ye Y

†
e for convenience.4

q Ye

q3 heYe

q5 h2eYe

Table 4.2: Basis of the module rInvM(3,3̄) in Case I MLFV listed in Table 4.1. This module has rank 3,
as shown in Eq. (4.26a).

3Taking into account Eq. (2.12), it is clear that the rank of the module rInvMR, when R is a completely reducible
representation of G, can be computed as rank (rInvMR) =

∑
i rank

(
rInvMRi

)
, being Ri the different irreps in the block-

diagonal decomposition of R.
4It can be shown that these modules are free modules, and the linearly independent covariants presented in each table

actually form a basis of the module, that is, a complete set of linearly independent covariants that generate the module.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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q2 he

q4 h2e

Table 4.3: Basis of the module rInvM(8,1) in Case I MLFV listed in Table 4.1. This module has
rank 2, as shown in Eq. (4.26b). An overline denotes the traceless component of a matrix, i.e., A ≡
A− (1/3) tr(A) I3, with I3 the 3× 3 identity matrix.

q2 Y †
e Ye

q4 (Y †
e Ye )2

Table 4.4: Basis of the module rInvM(1,8) in Case I MLFV listed in Table 4.1. This module has
rank 2, as shown in Eq. (4.26b). An overline denotes the traceless component of a matrix, i.e., A ≡
A− (1/3) tr(A) I3, with I3 the 3× 3 identity matrix.

L
U(1)e×U(1)µ×U(1)τ
SMEFT with Lepton Flavor Universality Violation—. In order to check the Saturation

Theorem in Eq. (4.10) within this scenario, one has to work out the unbroken subgroup HSI
⊂ GLf by

a generic vev of SI = {Ye , Y †
e }. We have, for Case I in Table 4.1,

GLf = U(3)ℓ × U(3)e
⟨Ye , Y

†
e ⟩−−−−−−−−−→ HSI

= U(1)e × U(1)µ × U(1)τ , (4.27)

where U(1)e × U(1)µ × U(1)τ correspond to the three flavor lepton numbers, with U(1)τ being the
vectorial component of U(1)τL × U(1)τR , and similarly for e and µ. Imposing this symmetry results
in a theory with Lepton Flavor Universality Violation (LFUV), in which there are no flavor-changing
processes nor any lepton number violation. On the one hand, the LN-violating operators in Table 4.11 are
hence immediately ruled out. On the other hand, the LN-preserving operators in Table 4.10 are subject
to additional constraints on their lepton flavor structures, as summarized separately in Table 4.12, where
we also provide the resulting numbers of allowed operators. It is then straightforward to verify that these
numbers match the sum of the ranks of the modules listed in Eq. (4.26), confirming the saturation for
Case I MLFV in Table 4.1 at mass dimension 6:

LSMEFT, SI

∣∣∣
dim-6

∼= L
U(1)e×U(1)µ×U(1)τ
SMEFT

∣∣∣
dim-6

. (4.28)

Importantly, we must stress that the Saturation Theorem is not limited to this explicit verification, but
it applies to arbitrary mass dimensions in the SMEFT expansion.

Case II: spurion analysis with SII = {Ye , Y †e , C5, C
†
5}

If we stick to the SM matter content, neutrino masses can be generated through the dim-5 Weinberg
operator in Eq. (4.19). It is then interesting to study the MLFV SMEFT scenario in which the coefficient
of the dim-5 operator is also included into the set of spurions fields, namely, SII = {Ye , Y †

e , C5 , C
†
5}.5

This is the Case II listed in Table 4.1. We will verify the Saturation Theorem within this scenario
following a similar approach to that presented above.

LSMEFT, SII
from spurion analysis—. With the new set of spurions SII = {Ye , Y †

e , C5 , C
†
5}, we

compute again the Hilbert series for each lepton flavor covariant listed in Tables 4.10 and 4.11. Taking

5Note that C†
5 = C∗

5 , as the matrix of the dim-5 operator in Eq. (4.19) is symmetric.
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the unified grading scheme6

Ye ∼ q , Y †
e ∼ q , C5 ∼ q , C†

5 ∼ q , (4.29)

the Hilbert series of the LN-preserving covariants in Table 4.10 are given by

H(1,1) =
1

D(q)

1 + q6 + 2q8 + 4q10 + 8q12 + 7q14 + 9q16 + 10q18

+9q20 + 7q22 + 8q24 + 4q26 + 2q28 + q30 + q36

 , (4.30a)

H(3,3̄) =
1

D(q)
q


1 + 2q2 + 5q4 + 10q6 + 21q8 + 36q10 + 55q12

+72q14 + 86q16 + 90q18 + 86q20 + 72q22 + 55q24

+36q26 + 21q28 + 10q30 + 5q32 + 2q34 + q36

 , (4.30b)

H(8,1) =
1

D(q)
q2

2 + 5q2 + 9q4 + 19q6 + 32q8 + 47q10 + 65q12 + 77q14 + 80q16

+77q18 + 65q20 + 47q22 + 32q24 + 19q26 + 9q28 + 5q30 + 2q32

 , (4.30c)

H(1,8) =
1

D(q)
q2


1 + 2q2 + 4q4 + 10q6 + 21q8 + 35q10 + 53q12

+68q14 + 78q16 + 83q18 + 77q20 + 62q22 + 46q24

+29q26 + 13q28 + 6q30 + 3q32 + q34 + q36 − q40

 , (4.30d)

H(8,8) =
1

D(q)
q2


1 + 7q2 + 26q4 + 69q6 + 150q8 + 273q10 + 420q12

+563q14 + 664q16 + 689q18 + 634q20 + 515q22 + 362q24

+217q26 + 108q28 + 39q30 + 7q32 − 2q34 − 4q36 − 2q38

 , (4.30e)

H(27,1) =
1

D(q)
q2


1 + 7q2 + 21q4 + 52q6 + 98q8 + 164q10

+227q12 + 281q14 + 296q16 + 281q18 + 227q20

+164q22 + 98q24 + 52q26 + 21q28 + 7q30 + q32

 , (4.30f)

H(1,27) =
1

D(q)
q4


1 + 3q2 + 11q4 + 29q6 + 68q8 + 124q10 + 198q12

+263q14 + 312q16 + 314q18 + 281q20 + 209q22 + 133q24

+62q26 + 18q28 − 5q30 − 9q32 − 7q34 − 4q36 − 2q38 − q40

 , (4.30g)

where the denominator factor is

1

D(q)
=

1

(1− q2)
2
(1− q4)

3
(1− q6)

4
(1− q8)

2
(1− q10)

. (4.31)

For the LN-violating covariants in Table 4.11, the Hilbert series vanish:

H(3̄,1) = H(1,3̄) = 0 . (4.32)

Again, the number of independent operators is given by the rank of the corresponding module of flavor
covariants, which we can compute with the above Hilbert series using Eq. (4.3). In particular, we find
that the rank of a flavor irrep in Eq. (4.30) (LN-preserving) equals the dimension of that irrep, while the

6Multi-graded Hilbert series can be found in the Mathematica notebook HilbCalc �.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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rank of each irrep in Eq. (4.32) (LN-violating) vanishes:

rank
(

rInvMIrrepG

)
=

 dim(IrrepG) for IrrepG in Eq. (4.30) ,

0 for IrrepG in Eq. (4.32) .
(4.33)

L PLN

SMEFT with Lepton Parity Conservation—. Under a generic vev of the spurions SII = {Ye , Y †
e , C5 , C

†
5},

the lepton flavor group is broken to the lepton parity as

GLf = U(3)ℓ × U(3)e
⟨Ye , Y

†
e , C5 , C

†
5⟩−−−−−−−−−−−−−−→ HSII

= Z2 = {1,PLN} , (4.34)

with PLN = (−1)LN, since the dim-5 operator breaks the total lepton number by two units. Considering
the most general Lagrangian that respects this Z2 symmetry results in a theory, L PLN

SMEFT, with Charged
Lepton Flavor Violation (CLFV). The latter yields non-zero decay rates for processes such as µ → eγ.
More generally, the theory allows for LN-violating processes in even units of LN.

In terms of the dim-6 operators in SMEFT, the lepton parity does not place further restrictions on the
LN-preserving operators in Table 4.10, because it is a subgroup of U(1)LN. Consequently, all flavor com-
binations are allowed and the number of operators matches the dimension of the representation indicated
in Table 4.10. On the other hand, all LN-violating dim-6 operators in Table 4.11 are forbidden by the
lepton parity symmetry, as they all violate the total lepton number by one unit [122,123]. Therefore, it
is easy to see that the resulting number of dim-6 operators from imposing lepton parity precisely agree
with those from the ranks computed in Eq. (4.33):

LSMEFT, SII

∣∣∣
dim-6

∼= L PLN

SMEFT

∣∣∣
dim-6

. (4.35)

This verifies the Saturation Theorem in Eq. (4.10) at dim-6 for Case II MLFV in Table 4.1.

4.2.2 νSMEFT with lepton flavor group GLf = U(3)ℓ × U(3)e × U(3)ν

Now, we turn to the νSMEFT scenario, where the SMEFT field content is extended with three flavors
of right-handed neutrino fields ν that are singlets under the SM gauge group:

ϕνSMEFT ∈ {ϕSM , ν} . (4.36)

The flavor group in the leptonic sector is now extended to

GLf = U(3)ℓ × U(3)e × U(3)ν , (4.37)

with the following transformation law of the dynamical fields

ℓ −→ Uℓ ℓ , e −→ Ue e , ν −→ Uν ν . (4.38)

The GLf -violating couplings at the renormalizable level of the Lagrangian, LνSM, now include the
Yukawa couplings Ye, Yν , and the complex symmetric Majorana mass matrix MR for the right-handed
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neutrinos, written here as

LνSM ⊃ −1

2
ν̄ MR ν

c − ℓ̄ Ye eH − ℓ̄ Yν ν H̃ +H.c. (4.39)

For Case III in Table 4.1, we will only consider the Yukawa matrices Ye, Yν (and their hermitian conju-
gates) as spurion fields S. In this case, the total lepton number is conserved and the generation of lepton
masses is similar to that of the quarks. On the other hand, for Case IV in Table 4.1, we will further
include the Majorana mass MR (and its hermitian conjugate) in the set S. The transformation laws of
these spurions under GLf in Eq. (4.37) read

Ye −→ Uℓ Ye U
†
e , Ye ∼ (3, 3̄,1) with U(1)ℓ, e, ν charges (+1,−1, 0) , (4.40)

Yν −→ Uℓ Yν U
†
ν , Yν ∼ (3,1, 3̄) with U(1)ℓ, e, ν charges (+1, 0,−1) , (4.41)

MR −→ UνMR U
T
ν , MR ∼ (1,1,6) with U(1)ℓ, e, ν charges (0, 0,+2) . (4.42)

Notice that only the (3×3)sym symmetric component in the transformation law of MR has been retained
since it is a symmetric matrix.

Case III: spurion analysis with SIII = {Ye , Y †e , Yν , Y †ν }

First, we address Case III in Table 4.1, where the set of spurion fields responsible for the breaking of
GLf is given by SIII = {Ye , Y †

e , Yν , Y
†
ν }. Within this framework, it is possible to generate Dirac neutrino

masses from the Yukawa coupling Yν in Eq. (4.39). This case is in close parallelism with the quark sector
of SMEFT, to which all the results presented below apply upon the replacements Ye → Yd and Yν → Yu.

Since νSMEFT extends the SMEFT field content with three right-handed neutrino fields ν, it has
more dim-6 operators on top of those listed in Tables 4.10 and 4.11. The additional LN-preserving
operators are collected in Table 4.13, while the LN-violating ones are presented in Table 4.14. As in
the previous section, we will verify the Saturation Theorem by comparing the allowed number of dim-6
νSMEFT operators in the EFT from spurion analysis with respect to the HS-restricted EFT.

LνSMEFT, SIII from spurion analysis—. Using the unified grading scheme7

Ye ∼ q , Y †
e ∼ q , Yν ∼ q , Y †

ν ∼ q . (4.43)

we obtain the following Hilbert series for the LN-preserving covariants that appear in Tables 4.10 and 4.13:

H(1,1,1) =
1

D(q)

(
1 + q12

)
, (4.44a)

H(3,3̄,1) =
1

D(q)
q
(
1 + 2q2 + 4q4 + 4q6 + 4q8 + 2q10 + q12

)
, (4.44b)

H(1,3̄,3) =
1

D(q)
q2
(
1 + 2q2 + 4q4 + 4q6 + 4q8 + 2q10 + q12

)
, (4.44c)

H(3̄,3̄,3̄) =
1

D(q)
q2

1 + 4q2 + 9q4 + 14q6 + 15q8 + 12q10

+5q12 − 3q16 − 2q18 − q20

 , (4.44d)

7Multi-graded Hilbert series are gathered in our Mathematica notebook HilbCalc �.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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H(6,3̄,3̄) =
1

D(q)
q2

1 + 4q2 + 12q4 + 22q6 + 32q8 + 32q10 + 24q12

+8q14 − 4q16 − 10q18 − 8q20 − 4q22 − q24

 , (4.44e)

H(8,1,1) =
1

D(q)
2q2

(
1 + 2q2 + 2q4 + 2q6 + q8

)
, (4.44f)

H(1,8,1) =
1

D(q)
q2
(
1 + 2q2 + 3q4 + 4q6 + 4q8 + 2q10 + q12 − q16

)
, (4.44g)

H(8,8,1) =
1

D(q)
q2

1 + 6q2 + 17q4 + 30q6 + 39q8 + 38q10 + 24q12

+6q14 − 7q16 − 12q18 − 9q20 − 4q22 − q24

 , (4.44h)

H(1,8,8) =
1

D(q)
q4

2 + 8q2 + 19q4 + 32q6 + 40q8 + 36q10 + 21q12

+4q14 − 9q16 − 12q18 − 8q20 − 4q22 − q24

 , (4.44i)

H(27,1,1) =
1

D(q)
q4

3 + 8q2 + 17q4 + 20q6 + 19q8 + 8q10

−q12 − 8q14 − 7q16 − 4q18 − q20

 , (4.44j)

H(1,27,1) =
1

D(q)
q4

1 + 2q2 + 6q4 + 10q6 + 17q8 + 18q10 + 16q12

+6q14 − 2q16 − 8q18 − 7q20 − 4q22 − q24

 , (4.44k)

together with

H(3,1,3̄) = H(3̄,1,3) = H(3,3̄,1) , (4.45a)

H(1,1,8) = H(1,8,1) , (4.45b)

H(8,1,8) = H(8,8,1) , (4.45c)

H(1,1,27) = H(1,27,1) , (4.45d)

where the denominator factor is given by

1

D(q)
=

1

(1− q2)
2
(1− q4)

3
(1− q6)

4
(1− q8)

. (4.46)

For the LN-violating covariants appearing in Tables 4.11 and 4.14, the Hilbert series vanish:

H(3̄,1,1) = H(1,3̄,1) = H(1,1,3̄) = H(1,1,6) = 0 . (4.47)

As explained before, in order to obtain the number of independent flavor components of each Wilson
coefficient, we compute the rank of the corresponding modules by means of Eq. (4.3), and using the
Hilbert series quoted above. We find that the rank of a flavor irrep in Eqs. (4.44) and (4.45) (LN-
preserving) equals its dimension, while the rank of an irrep in Eq. (4.47) (LN-violating) vanishes:

rank
(

rInvMIrrepG

)
=

 dim(IrrepG) for IrrepG in Eqs. (4.44) and (4.45) ,

0 for IrrepG in Eq. (4.47) .
(4.48)

Finally, we provide (a choice of) linearly independent covariants for a few modules, namely, rInvM(3,3̄,1),
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rInvM(8,1,1), rInvM(3,1,3̄), rInvM(1,3,3̄), and rInvM(1,8,1), collected in Tables 4.5 to 4.9, where we have
introduced the Hermitian combination hν ≡ Yν Y

†
ν for convenience.8

q2 hν , he

q4 h2ν , h2e , hνhe +H.c.

q6 h2νhe +H.c. , hνh2e +H.c.

q8 h2νh
2
e +H.c.

Table 4.5: A linearly independent set of covariants in the module rInvM(8,1,1) in Case III MLFV listed
in Table 4.1. An overline denotes the traceless component of a matrix, i.e., A ≡ A− (1/3) tr(A) I3, with
I3 the 3× 3 identity matrix.

q Yν

q3 hν Yν , he Yν

q5 h2ν Yν , h2e Yν , (hνhe +H.c.)Yν

q7 (h2νhe +H.c.)Yν , (hνh
2
e +H.c.)Yν

q9 (h2νh
2
e +H.c.)Yν

Table 4.6: A linearly independent set of covariants in the module rInvM(3,1,3̄) in Case III MLFV listed
in Table 4.1.

q Ye

q3 hν Ye , he Ye

q5 h2ν Ye , h2e Ye , (hνhe +H.c.)Ye

q7 (h2νhe +H.c.)Ye , (hνh
2
e +H.c.)Ye

q9 (h2νh
2
e +H.c.)Ye

Table 4.7: A linearly independent set of covariants in the module rInvM(3,3̄,1) in Case III MLFV listed
in Table 4.1.

L
U(1)LN

νSMEFT with Lepton Number Conservation—. Similarly to the quark MFV scenario, the lepton
flavor group is broken to total lepton number once the Yukawa spurions in SIII = {Ye , Y †

e , Yν , Y
†
ν } adopt

a generic vev:

GLf = U(3)ℓ × U(3)e × U(3)ν
⟨Ye , Y

†
e , Yν , Y

†
ν ⟩−−−−−−−−−−−−−−→ HSIII = U(1)LN . (4.49)

The most general Lagrangian at mass dimension 6 preserving LN includes all flavor combinations in
Tables 4.10 and 4.13, but none of the operators in Tables 4.11 and 4.14. As a consequence, the number
of dim-6 operators invariant under U(1)LN exactly matches the ranks computed from the spurion analysis
in Eq. (4.48), leading to

LνSMEFT, SIII

∣∣∣
dim-6

∼= L
U(1)LN

νSMEFT

∣∣∣
dim-6

. (4.50)

This verifies the Saturation Theorem in Eq. (4.10) at mass dimension 6 for Case III MLFV in Table 4.1.
8Contrary to those in Tables 4.2 to 4.4, the linearly independent covariants here do not form a basis of the module,

because the modules are not free and they do not possess a basis.
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q2 Y †
ν Ye

q4 Y †
ν hν Ye , Y †

ν he Ye

q6 Y †
ν h

2
ν Ye , Y †

ν h
2
e Ye , Y †

ν (hνhe +H.c.)Ye

q8 Y †
ν (h

2
νhe +H.c.)Ye , Y †

ν (hνh
2
e +H.c.)Ye

q12 Y †
ν (h

2
νh

2
e +H.c.)Ye

Table 4.8: A linearly independent set of covariants in the module rInvM(1,3̄,3) in Case III MLFV listed
in Table 4.1.

q2 Y †
ν Yν

q4 Y †
ν hν Yν , Y †

ν he Yν

q6 Y †
ν h2e Yν , Y †

ν (hνhe +H.c.)Yν

q8 Y †
ν (h2νhe +H.c.)Yν , Y †

ν (hνh2e +H.c.)Yν

q12 Y †
ν (h2νh

2
e +H.c.)Yν

Table 4.9: A linearly independent set of covariants in the module rInvM(1,1,8) in Case III MLFV listed
in Table 4.1. An overline denotes the traceless component of a matrix, i.e., A ≡ A− (1/3) tr(A) I3, with
I3 the 3× 3 identity matrix.

Case IV: spurion analysis with SIV = {Ye , Y †e , Yν , Y †ν ,MR,M
†
R}

Since right-handed neutrinos are singlets under the SM gauge group, we are allowed to write a Majorana
mass term for them. Therefore, the most general renormalizable Lagrangian for the lepton sector with
three right-handed neutrinos includes all terms in Eq. (4.39). This motivates the study of MFLV with
spurions SIV = {Ye , Y †

e , Yν , Y
†
ν ,MR,M

†
R}. Let us verify the Saturation Theorem in Eq. (4.10) by

studying the dim-6 operators in Tables 4.10, 4.11, 4.13 and 4.14.

LνSMEFT, SIV
from spurion analysis—. With a unified grading scheme

Ye ∼ q , Y †
e ∼ q , Yν ∼ q , Y †

ν ∼ q , MR ∼ q , M†
R ∼ q , (4.51)

we have computed the Hilbert series for all the lepton flavor covariants listed in Tables 4.10, 4.11, 4.13
and 4.14. For instance, the Hilbert series for the invariants and the (1,1,6)-covariants read

H(1,1,1) =
1

D(q)



1 + q4 + 5q6 + 9q8 + 22q10 + 61q12 + 126q14

+273q16 + 552q18 + 1038q20 + 1880q22 + 3293q24 + 5441q26

+8712q28 + 13417q30 + 19867q32 + 28414q34 + 39351q36

+52604q38 + 68220q40 + 85783q42 + 104588q44 + 123852q46

+142559q48 + 159328q50 + 173201q52 + 183138q54 + 188232q56

+188232q58 + 183138q60 + 173201q62 + 159328q64 + 142559q66

+123852q68 + 104588q70 + 85783q72 + 68220q74 + 52604q76

+39351q78 + 28414q80 + 19867q82 + 13417q84 + 8712q86

+5441q88 + 3293q90 + 1880q92 + 1038q94 + 552q96 + 273q98

+126q100 + 61q102 + 22q104 + 9q106 + 5q108 + q110 + q114



, (4.52a)
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H(1,1,6) =
1

D(q)
q2



1 + 2q2 + 8q4 + 24q6 + 75q8 + 198q10 + 498q12

+1135q14 + 2434q16 + 4870q18 + 9247q20 + 16622q22

+28528q24 + 46754q26 + 73518q28 + 111013q30

+161467q32 + 226415q34 + 306716q36 + 401724q38

+509439q40 + 625911q42 + 745783q44 + 862182q46

+967716q48 + 1054864q50 + 1117120q52 + 1149544q54

+1149544q56 + 1117120q58 + 1054864q60 + 967716q62

+862182q64 + 745783q66 + 625911q68 + 509439q70

+401724q72 + 306716q74 + 226415q76 + 161467q78

+111013q80 + 73518q82 + 46754q84 + 28528q86

+16622q88 + 9247q90 + 4870q92 + 2434q94 + 1135q96

+498q98 + 198q100 + 75q102 + 24q104 + 8q106 + 2q108 + q110



, (4.52b)

where the denominator factor is given by

1

D(q)
=

1

(1− q2)
3
(1− q4)

4
(1− q6)

4
(1− q8)

2
(1− q10)

2
(1− q12)

3
(1− q14)

2
(1− q16)

. (4.53)

Since the Hilbert series in this MLFV scenario are lengthy, we relegate the remaining single-graded results
to App. A.5.9 With the Hilbert series given above and the ones collected in App. A.5, once again we
can make use of Eq. (4.3) to compute the ranks of the corresponding modules, which give us the number
of linearly independent operators in the EFT from spurion analysis. For LN-preserving operators in
Tables 4.10 and 4.13, the rank of each flavor irrep equals its dimension:

rank
(

rInvMIrrepG

)
= dim(IrrepG) for IrrepG in Tables 4.10 and 4.13 . (4.54)

For LN-violating operators in Tables 4.11 and 4.14, all ranks vanish except for (1,1,6):

rank
(

rInvM(1,1,6)

)
= 6 , (4.55a)

rank
(

rInvMIrrepG

)
= 0 for other IrrepG in Tables 4.11 and 4.14 . (4.55b)

L PLN

νSMEFT with Lepton Parity Conservation—. Under a generic vev of the set of spurion fields SIV =

{Ye , Y †
e , Yν , Y

†
ν ,MR,M

†
R}, the lepton flavor group breaks into the lepton parity as

GLf = U(3)ℓ × U(3)e × U(3)ν
⟨Ye , Y

†
e , Yν , Y

†
ν ,MR,M

†
R⟩−−−−−−−−−−−−−−−−−−−−→ HSIV

= Z2 = {1,PLN} , (4.56)

with PLN = (−1)LN as before. Similarly to the case in Eq. (4.34), the Majorana mass term for right-
handed neutrinos breaks LN by two units, and thus lepton parity is conserved.

The most general lepton parity-conserving νSMEFT Lagrangian includes all LN-preserving operators
in Tables 4.10 and 4.13. Regarding the LN-violating operators in Tables 4.11 and 4.14, most of them
are forbidden by the lepton parity PLN = (−1)LN symmetry, except the operator Qνννν in Table 4.14.
Comparing with the ranks of the modules obtained in Eqs. (4.54) and (4.55), one can check that

LνSMEFT, SIV

∣∣∣
dim-6

∼= L PLN

νSMEFT

∣∣∣
dim-6

. (4.57)

9Hilbert series with a two-variable grading scheme {Ye , Y †
e , Yν , Y

†
ν } ∼ q and {MR,M

†
R} ∼ p are also available for

selected covariants in HilbCalc �.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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This verifies the Saturation Theorem in Eq. (4.10) at mass dimension 6 for Case IV MLFV in Table 4.1.

4.3 Summary and outlook

In this chapter, we have formulated a saturation theorem—see Eq. (4.10)—that applies to general EFTs
constructed from a spurion analysis. When a set of spurion fields S is introduced to gain control over the
breaking of a global symmetry Gf in the EFT LEFT ([ϕ]), the resulting theory LEFT, Spurion saturates
the original one restricted to be invariant under the subgroup HS ⊂ Gf that remains unbroken by a
generic vev of the spurions ⟨S⟩:

LEFT, Spurion ≡ LEFT ([ϕ], S)
Gf

∣∣∣
S=⟨S⟩=λS

∼= LEFT ([ϕ])
HS , (4.58)

when all powers of S are included in LEFT, Spurion and λS = ⟨S⟩ is a generic vev. Here the equivalence
“∼= ” means that the two EFTs have the same set of allowed independent effective operators.

We have explored four distinct realizations of the MLFV principle, as outlined in Table 4.1, each
corresponding to a different origin of neutrino masses within the SMEFT and νSMEFT frameworks.
These scenarios serve as concrete tests to verify the Saturation Theorem at the lowest orders in the
EFT expansion. In particular, for each implementation of MLFV, we have analyzed the lepton flavor
covariants that contribute at dim-6. The number of linearly independent operators for each covariant
has been determined by computing the Hilbert series, and making use of Eq. (4.3). Additionally, for
selected flavor covariants, we explicitly provide a choice of linearly independent spurion polynomials that
could be useful in phenomenological studies.

The validity of the Saturation Theorem stated in Eq. (4.58) relies on allowing for arbitrary powers
of the spurion fields S in the construction of LEFT, Spurion. However, in many practical applications,
one typically restricts the analysis to spurion insertions up to a certain power. Under such condi-
tions, the resulting theory LEFT, Spurion may no longer saturate the full set of HS-invariant operators
in LEFT ([ϕ])

HS—the theory LEFT, Spurion with limited powers of S can be more restricted and hence
phenomenologically predictive. A well-motivated example is provided by MLFV scenarios, where the
Yukawa couplings Ye and Yν are extremely small, justifying a low-order expansion in these spurions.
Moreover, such truncations can occasionally lead to the emergence of accidental symmetries, and one
can exploit the method recently developed in [6] to check if any systematic patterns exist for this.

On the other hand, the Saturation Theorem in Eq. (4.58) only holds when the actual couplings
λS = ⟨S⟩ fulfill a generic vev. If this condition is not satisfied (for an extreme example, say, experimental
measurements suggest that λS = 0), then the residual symmetry may be larger than HS . In such
situations, a larger unbroken subgroup, denoted by HSpecial, can emerge, even when arbitrary powers of
S are included in the EFT construction:

HS ⊂ HSpecial ⊂ Gf . (4.59)

It would be worth investigating if saturation still occurs under these circumstances, that is, whether
Eq. (4.58) remains valid upon replacing HS with HSpecial. We leave a detailed analysis of this possibility
for future work.
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Here we have implemented the MLFV principle on the maximal lepton flavor groups, i.e., GLf, SMEFT =

U(3)ℓ × U(3)e for SMEFT, and GLf, νSMEFT = U(3)ℓ × U(3)e × U(3)ν for νSMEFT. An interesting di-
rection is to consider implementing the MLFV principle on a subgroup of these maximal lepton flavor
groups. For instance, in νSMEFT, a scenario in which the Majorana neutrino mass term is propor-
tional to the identity would break lepton number but preserve lepton flavor, leading us to consider
GLf = SU(3)ℓ × SU(3)e × SO(3)ν instead. This was studied in Ref. [109], and its extension to a local
symmetry in [126]. Another possibility is to consider the minimal massive neutrino scenario, where
one extends the SM field content with only two generations of right-handed neutrinos, resulting in
GLf = SU(3)ℓ × SU(3)e × SU(2)ν or SU(3)ℓ × SU(3)e × SO(2)ν .

Finally, we have developed a publicly available Mathematica code, HilbCalc �, that allows to com-
pute general Hilbert series for group invariants and covariants restricted to the classical Lie groups, as
explained in detail in App. A. We have applied this code in our MLFV study, but it is intended to be
readily accessible for interested readers to use in their own calculations.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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5 : ψ2H3 +H.c. SU(3)ℓ,e,ν

QeH (H†H)(ℓ̄perH) (3, 3̄,1)

QuH (H†H)(q̄purH̃) (1,1,1)

QdH (H†H)(q̄pdrH) (1,1,1)

6 : ψ2XH +H.c. SU(3)ℓ,e,ν

QeW (ℓ̄pσµνer)τIHW I
µν (3, 3̄,1)

QeB (ℓ̄pσµνer)HBµν (3, 3̄,1)

QuG (q̄pσµνTAur)H̃ GA
µν (1,1,1)

QuW (q̄pσµνur)τIH̃ W I
µν (1,1,1)

QuB (q̄pσµνur)H̃ Bµν (1,1,1)

QdG (q̄pσµνTAdr)HGA
µν (1,1,1)

QdW (q̄pσµνdr)τIHW I
µν (1,1,1)

QdB (q̄pσµνdr)H Bµν (1,1,1)

7 : ψ2H2D SU(3)ℓ,e,ν

Q
(1)
Hℓ (H†i

←→
D µH)(ℓ̄pγµℓr) (1⊕ 8,1,1)

Q
(3)
Hℓ (H†i

←→
D I

µH)(ℓ̄pτIγµℓr) (1⊕ 8,1,1)

QHe (H†i
←→
D µH)(ēpγµer) (1,1⊕ 8,1)

Q
(1)
Hq (H†i

←→
D µH)(q̄pγµqr) (1,1,1)

Q
(3)
Hq (H†i

←→
D I

µH)(q̄pτIγµqr) (1,1,1)

QHu (H†i
←→
D µH)(ūpγµur) (1,1,1)

QHd (H†i
←→
D µH)(d̄pγµdr) (1,1,1)

QHud + h.c. i(H̃†DµH)(ūpγµdr) (1,1,1)

8 : (L̄L)(L̄L) SU(3)ℓ,e,ν

Qℓℓ (ℓ̄pγµℓr)(ℓ̄sγµℓt) (1⊕ 1⊕ 8⊕ 8⊕ 27,1,1)

Q
(1)
qq (q̄pγµqr)(q̄sγµqt) (1,1,1)

Q
(3)
qq (q̄pγµτIqr)(q̄sγµτIqt) (1,1,1)

Q
(1)
ℓq (ℓ̄pγµℓr)(q̄sγµqt) (1⊕ 8,1,1)

Q
(3)
ℓq (ℓ̄pγµτIℓr)(q̄sγµτIqt) (1⊕ 8,1,1)

8 : (L̄L)(R̄R) SU(3)ℓ,e,ν

Qℓe (ℓ̄pγµℓr)(ēsγµet) (1⊕ 8,1⊕ 8,1)

Qℓu (ℓ̄pγµℓr)(ūsγµut) (1⊕ 8,1,1)

Qℓd (ℓ̄pγµℓr)(d̄sγµdt) (1⊕ 8,1,1)

Qqe (q̄pγµqr)(ēsγµet) (1,1⊕ 8,1)

Q
(1)
qu (q̄pγµqr)(ūsγµut) (1,1,1)

Q
(8)
qu (q̄pγµTAqr)(ūsγµTAut) (1,1,1)

Q
(1)
qd (q̄pγµqr)(d̄sγµdt) (1,1,1)

Q
(8)
qd (q̄pγµTAqr)(d̄sγµTAdt) (1,1,1)

8 : (R̄R)(R̄R) SU(3)ℓ,e,ν

Qee (ēpγµer)(ēsγµet) (1,1⊕ 8⊕ 27,1)

Quu (ūpγµur)(ūsγµut) (1,1,1)

Qdd (d̄pγµdr)(d̄sγµdt) (1,1,1)

Qeu (ēpγµer)(ūsγµut) (1,1⊕ 8,1)

Qed (ēpγµer)(d̄sγµdt) (1,1⊕ 8,1)

Q
(1)
ud (ūpγµur)(d̄sγµdt) (1,1,1)

Q
(8)
ud (ūpγµTAur)(d̄sγµTAdt) (1,1,1)

8 : (L̄R)(L̄R) + H.c. SU(3)ℓ,e,ν

Q
(1)
quqd (q̄jpur)ϵjk(q̄

k
s dt) (1,1,1)

Q
(8)
quqd (q̄jpT

Aur)ϵjk(q̄
k
sT

Adt) (1,1,1)

Q
(1)
ℓequ (ℓ̄jper)ϵjk(q̄

k
sut) (3, 3̄,1)

Q
(3)
ℓequ (ℓ̄jpσµνer)ϵjk(q̄

k
sσ

µνut) (3, 3̄,1)

8 : (L̄R)(R̄L) + H.c. SU(3)ℓ,e,ν

Qℓedq (ℓ̄jper)(d̄sqtj) (3, 3̄,1)

Table 4.10: Lepton and baryon number preserving fermionic operators in dim-6 SMEFT [120], together
with the corresponding spurious transformations of the Wilson coefficients under the non-abelian part
of the MLFV group, SU(3)ℓ,e,ν ≡ SU(3)ℓ × SU(3)e × SU(3)ν ⊂ GLf . Transformations under the U(1)
factors can be inferred from Eq. (4.38). Operators are organized into eight classes as in Ref. [124], with
classes 1-4 collecting bosonic operators not shown here. The subscripts p, r, s, t denote flavor indices.
Note that the SMEFT operators, by definition, do not involve right-handed neutrino fields ν, and hence
transform trivially under the SU(3)ν factor.
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LN- and BN-violating SU(3)ℓ,e,ν # invariants under lepton parity PLN

Qduq ϵαβγϵjk
[
(dαp )

TCuβr
][
(qγjs )TCℓkt

]
(3̄,1,1) 0

Qqqu ϵαβγϵjk
[
(qαj

p )TCqβkr

][
(uγs )

TCet
]

(1, 3̄,1) 0

Qqqq ϵαβγϵjnϵkm
[
(qαj

p )TCqβkr

][
(qγms )TCℓnt

]
(3̄,1,1) 0

Qduu ϵαβγ

[
(dαp )

TCuβr
][
(uγs )

TCet
]

(1, 3̄,1) 0

Table 4.11: Lepton and baryon number violating fermionic operators in dim-6 SMEFT [120,121], together
with the corresponding spurious transformations of the Wilson coefficients under the non-abelian part
of the MLFV group, SU(3)ℓ,e,ν ≡ SU(3)ℓ × SU(3)e × SU(3)ν ⊂ GLf . Transformations under the U(1)
factors can be inferred from Eq. (4.38). Here C = iγ0γ2 is the charge conjugation matrix. The subscripts
p, r, s, t denote flavor indices. Note that the SMEFT operators, by definition, do not involve right-handed
neutrino fields ν, and hence transform trivially under the SU(3)ν factor. All these operators violate the
total lepton number U(1)LN, as well as the lepton parity PLN ≡ (−1)LN.
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5 : ψ2H3 +H.c. Restriction #

QeH (H†H)(ℓ̄perH) p = r 3

QuH (H†H)(q̄purH̃) − 1

QdH (H†H)(q̄pdrH) − 1

6 : ψ2XH +H.c. Restriction #

QeW (ℓ̄pσµνer)τIHW I
µν p = r 3

QeB (ℓ̄pσµνer)HBµν p = r 3

QuG (q̄pσµνTAur)H̃ GA
µν − 1

QuW (q̄pσµνur)τIH̃ W I
µν − 1

QuB (q̄pσµνur)H̃ Bµν − 1

QdG (q̄pσµνTAdr)HGA
µν − 1

QdW (q̄pσµνdr)τIHW I
µν − 1

QdB (q̄pσµνdr)H Bµν − 1

7 : ψ2H2D Restriction #

Q
(1)
Hℓ (H†i

←→
D µH)(ℓ̄pγµℓr) p = r 3

Q
(3)
Hℓ (H†i

←→
D I

µH)(ℓ̄pτIγµℓr) p = r 3

QHe (H†i
←→
D µH)(ēpγµer) p = r 3

Q
(1)
Hq (H†i

←→
D µH)(q̄pγµqr) − 1

Q
(3)
Hq (H†i

←→
D I

µH)(q̄pτIγµqr) − 1

QHu (H†i
←→
D µH)(ūpγµur) − 1

QHd (H†i
←→
D µH)(d̄pγµdr) − 1

QHud + h.c. i(H̃†DµH)(ūpγµdr) − 1

8 : (L̄L)(L̄L) Restriction #

Qℓℓ (ℓ̄pγµℓr)(ℓ̄sγµℓt)
p = r ≥ s = t 6

p = t > s = r 3

Q
(1)
qq (q̄pγµqr)(q̄sγµqt) − 1

Q
(3)
qq (q̄pγµτIqr)(q̄sγµτIqt) − 1

Q
(1)
ℓq (ℓ̄pγµℓr)(q̄sγµqt) p = r 3

Q
(3)
ℓq (ℓ̄pγµτIℓr)(q̄sγµτIqt) p = r 3

8 : (L̄L)(R̄R) Restriction #

Qℓe (ℓ̄pγµℓr)(ēsγµet)
p = r, s = t 9

p = t ̸= s = r 6

Qℓu (ℓ̄pγµℓr)(ūsγµut) p = r 3

Qℓd (ℓ̄pγµℓr)(d̄sγµdt) p = r 3

Qqe (q̄pγµqr)(ēsγµet) p = r 3

Q
(1)
qu (q̄pγµqr)(ūsγµut) − 1

Q
(8)
qu (q̄pγµTAqr)(ūsγµTAut) − 1

Q
(1)
qd (q̄pγµqr)(d̄sγµdt) − 1

Q
(8)
qd (q̄pγµTAqr)(d̄sγµTAdt) − 1

8 : (R̄R)(R̄R) Restriction #

Qee (ēpγµer)(ēsγµet) p = r ≥ s = t 6

Quu (ūpγµur)(ūsγµut) − 1

Qdd (d̄pγµdr)(d̄sγµdt) − 1

Qeu (ēpγµer)(ūsγµut) p = r 3

Qed (ēpγµer)(d̄sγµdt) p = r 3

Q
(1)
ud (ūpγµur)(d̄sγµdt) − 1

Q
(8)
ud (ūpγµTAur)(d̄sγµTAdt) − 1

8 : (L̄R)(L̄R) + H.c. Restriction #

Q
(1)
quqd (q̄jpur)ϵjk(q̄

k
s dt) − 1

Q
(8)
quqd (q̄jpT

Aur)ϵjk(q̄
k
sT

Adt) − 1

Q
(1)
ℓequ (ℓ̄jper)ϵjk(q̄

k
sut) p = r 3

Q
(3)
ℓequ (ℓ̄jpσµνer)ϵjk(q̄

k
sσ

µνut) p = r 3

8 : (L̄R)(R̄L) + H.c. Restriction #

Qℓedq (ℓ̄jper)(d̄sqtj) p = r 3

Table 4.12: Restrictions from U(1)e × U(1)µ × U(1)τ invariance on the lepton and baryon number
preserving dim-6 SMEFT fermionic operators listed in Table 4.10. These operators generate processes
with LFUV, but no CLFV. We indicate the constraints on flavor indices p, r, s, t, as well as the resulting
total number of invariants under U(1)e × U(1)µ × U(1)τ . The symbol “− ” means that no restrictions
are imposed, and thus the resulting number of invariants equals the dimension of the representation.
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5 : ψ2H3 +H.c. SU(3)ℓ,e,ν

QℓνH (ℓ̄pνr)H̃(H†H) (3,1, 3̄)

6 : ψ2XH +H.c. SU(3)ℓ,e,ν

QνW (ℓ̄pσµννr)τIH̃W I
µν (3,1, 3̄)

QνB (ℓ̄pσµννr)H̃Bµν (3,1, 3̄)

7 : ψ2H2D SU(3)ℓ,e,ν

QHν (H†i
←→
D µH)(ν̄pγµνr) (1,1,1⊕ 8)

QHνe + h.c. i(H̃†DµH)(ν̄pγµer) (1, 3̄,3)

8 : (L̄L)(R̄R) SU(3)ℓ,e,ν

Qℓν (ℓ̄pγµℓr)(ν̄sγµνt) (1⊕ 8,1,1⊕ 8)

Qqν (q̄pγµqr)(ν̄sγµνt) (1,1,1⊕ 8)

8 : (R̄R)(R̄R) SU(3)ℓ,e,ν

Qνν (ν̄pγµνr)(ν̄sγµνt) (1,1,1⊕ 8⊕ 27)

Qeν (ēpγµer)(ν̄sγµνt) (1,1⊕ 8,1⊕ 8)

Quν (ūpγµur)(ν̄sγµνt) (1,1,1⊕ 8)

Qdν (d̄pγµdr)(ν̄sγµνt) (1,1,1⊕ 8)

Qduνe + h.c. (d̄pγµur)(ν̄sγµet) (1, 3̄,3)

8 : (L̄R)(L̄R) + H.c. SU(3)ℓ,e,ν

Qℓνℓe (ℓ̄jpνr)ϵjk(ℓ̄
k
set) (3̄⊕ 6, 3̄, 3̄)

Qℓνqd (ℓ̄jpνr)ϵjk(q̄
k
s dt) (3,1, 3̄)

Qℓdqν (ℓ̄jpdr)ϵjk(q̄
k
s νt) (3,1, 3̄)

8 : (L̄R)(R̄L) + H.c. SU(3)ℓ,e,ν

Qquνℓ (q̄pur)(ν̄sℓt) (3̄,1,3)

Table 4.13: Lepton and baryon number preserving dim-6 νSMEFT operators involving right-handed
neutrino fields ν [125], together with the corresponding spurious transformations of the Wilson coefficients
under the non-abelian part of the MLFV group, SU(3)ℓ,e,ν ≡ SU(3)ℓ × SU(3)e × SU(3)ν ⊂ GLf .
Transformations under the U(1) factors can be inferred from Eq. (4.38). The subscripts p, r, s, t denote
flavor indices.

LN-violating + H.c. SU(3)ℓ,e,ν # invariants under lepton parity PLN

Qνννν (νpCνr)(νsCνt) (1,1,6) 6

LN- and BN-violating + H.c. SU(3)ℓ,e,ν # invariants under lepton parity PLN

Qqqdν ϵαβγϵjk[(q
αj
p )TCqβkr ][(dγs )

TCνt] (1,1, 3̄) 0

Quddν ϵαβγ [(u
α
p )

TCdβr ][(d
γ
s )

TCνt] (1,1, 3̄) 0

Table 4.14: Lepton number violating dim-6 νSMEFT operators involving right-handed neutrino fields
ν [125], together with the corresponding spurious transformations of the Wilson coefficients under the
non-abelian part of the MLFV group, SU(3)ℓ,e,ν ≡ SU(3)ℓ×SU(3)e×SU(3)ν ⊂ GLf . Transformations
under the U(1) factors can be inferred from Eq. (4.38). Here C = iγ0γ2 is the charge conjugation matrix.
The subscripts p, r, s, t denote flavor indices. All these operators violate the total lepton number U(1)LN,
among which Qνννν preserves the lepton parity PLN ≡ (−1)LN.



5 Light states in multi-Higgs models

with spontaneous CP violation

The quest for New Physics phenomena, aiming to solve some of the open problems outlined in chapter 1,
usually involves the presence of new particles. Knowing their masses is undoubtedly of paramount
importance. In this endeavor, the interplay between theory and experiment, as in many other branches
of physics, can be mutually beneficial in obtaining the final answer. We do not need to go back very far in
time to find an excellent example, namely, the decades-long history of the Higgs boson that culminated
with its glorious discovery in 2012 [24, 25]. Before that moment arrived, there were already indirect
experimental hints [127], as well as a variety of theoretical arguments constraining the mass of the scalar
boson. Earlier works by Linde [128] and Weinberg [129] set a lower bound on the Higgs mass, order of a
few GeV, by requiring vacuum (meta)stability, i.e., the vacuum being a non-trivial (local) minimum of
the potential. On the other hand, upper bounds were anticipated by Dicus and Mathur [130], followed
by the classical papers of Lee, Quigg, and Thacker [93,94]. In these works, perturbative unitarity bounds
on tree-level 2 → 2 scattering amplitudes involving the longitudinal polarizations of gauge bosons (or,
equivalently, the would-be Goldstone bosons [131]) and scalar bosons were translated into an upper bound
on the Higgs quartic coupling and, consequently, to its mass—see Eq. (1.29). As mentioned earlier, the
existence of a relatively light Higgs boson in the TeV regime was mandatory for perturbation theory
to remain applicable to the weak interaction. Similar conclusions were reached by Veltman [132] when
computing radiative corrections from Higgs boson exchange. Later on, Ref. [133] also provided both
lower and upper bounds by requiring the vacuum to be an absolute (rather than local) minimum of the
perturbatively computed potential, as well as the quartic self-couplings of the Higgs particle to generate a
reliable perturbation series, respectively. In the context of GUTs, Ref. [134] set tighter bounds imposing
that the breakdown of perturbativity and vacuum instability do not develop up to the unification scale.
Alternatively, non-triviality of the renormalized quartic coupling served as well to place upper bounds on
the scalar mass [135]. All in all, today we know that the SM-like Higgs boson mass is of around 125 GeV,
so that this experimental data might be now used to extract information about the quartic coupling in
the scalar potential.

The very same question can be naturally raised in models with more than one Higgs doublet. An
important implication of perturbativity requirements on extended scalar sectors featuring spontaneous
electroweak symmetry breaking is the existence of a Higgs-like state whose mass cannot be much larger
than the EW scale—given by v ≃ 246 GeV—, as shown generically in [136, 137]. The case of 2HDMs,
first proposed by T. D. Lee [95, 96] with the appealing possibility to have SCPV, has received substan-
tial attention on that regard. Tree-level unitarity bounds on the new scalar masses have been set in
the framework of 2HDMs shaped by some symmetry—not of the CP type, but typically a Z2 discrete

77
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symmetry—in [138–142] as well as in more general scenarios in [143,144]. Furthermore, triviality bounds
were also addressed in [140]. Other possible scalar sectors such as the singlet extension or minimal
supersymmetric realizations were included in [139]. Complementarily, in models with multiple Higgs
particles, the scenario with new heavy scalars, i.e., scalars with masses much larger than v, was ad-
dressed generically in [145], and recently in [146,147] for multi-Higgs-doublet models in connection with
symmetries (again, not of the CP type). More precisely, Ref. [146] concluded that, in the absence of
small mixing angles and vanishing vevs, all soft symmetry breaking terms must be present in order to
have a decoupling regime in the scalar spectrum of MHDMs. Interestingly, Ref. [147] further proved
that such a regime is nevertheless accessible in MHDMs satisfying an exact symmetry if and only if the
vacuum is also invariant under the symmetry.

Our work is focused in MHDMs with SCPV, that is, described by a CP invariant Lagrangian together
with a CP non-invariant vacuum. We will simply refer to them as real MHDMs for reasons to become
clear later. A possible relationship between the CP properties of the vacuum and the scalar spectrum
might not be obvious, and was first suggested in [148]. Concerning real 2HDMs with SCPV, it was
realized in [111], and analyzed in detail in [149], that those perturbativity-based bounds on the masses
apply to all new scalars in the model, one charged and two neutral, in addition to the neutral Higgs-like
state—for some phenomenological implications, see [150]. The rationale behind is rather simple. With
spontaneous symmetry breaking, there are two types of mass terms in the 2HDM, either dimensionful
quadratic couplings or dimensionless quartic couplings multiplied by the square of the vevs. If the quartic
couplings are bounded by perturbativity requirements, masses much larger than v can only arise through
correspondingly large quadratic couplings. The crucial particularity of the real 2HDM with SCPV is the
fact that there are only three quadratic couplings, which is also the number of stationarity conditions
imposed on the scalar potential to ensure that the vacuum is an extremum. These stationarity conditions
can then be used to trade all three quadratic couplings for quartic couplings multiplied by the square
of the vevs. As a consequence, all mass terms are bounded through perturbativity requirements on
the quartic couplings. This outcome is indeed peculiar: rather than the generic expectation of having
at least one light scalar—the Higgs-like state—, perturbativity requirements bound the whole scalar
spectrum. This suggests a very interesting question: if instead of a real 2HDM with SCPV, one considers
a real MHDM with SCPV, could a similar mechanism be at play? The prospects on that respect are, a
priori, discouraging: the number of quadratic couplings grows with n2, while the number of stationarity
conditions only scales with n. Does this imply that all the masses of the new scalars can be much larger
than the EW scale?

The answer to this question, which stands as the main result of this chapter and our contribution
to the longstanding research effort in this area, is rather surprising [2]: for all n, the scalar spectrum
necessarily includes one charged and two neutral states (in addition to the neutral Higgs-like particle)
that must be light, that is, whose masses cannot be much larger than the EW scale once perturbativity
requirements are imposed on the quartic couplings.

In order to shed some light on this statement, this chapter is organized as follows. In Sec. 5.1, we
recall the basic ingredients of the real MHDM with SCPV that are relevant for the subsequent analysis.
Then, we carry out a numerical exercise that illustrates our main results in Sec. 5.2, and provide an
analytical justification in Sec. 5.3, briefly commenting on the phenomenological prospects. Finally, we
summarize our findings in Sec. 5.4.
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5.1 Real MHDMs with SCPV

The most general scalar potential involving n Higgs doublets Φa (a = 1, . . . , n), and invariant under the
trivial CP transformations of the scalar fields (Φa → Φ∗

a), can be conveniently written as

V (Φ1, . . . ,Φn) = V2 (Φ1, . . . ,Φn) + V4 (Φ1, . . . ,Φn) , (5.1)

where V2 represents the quadratic part of the potential given by

V2 (Φ1, . . . ,Φn) =

n∑
a=1

µ2
aΦ

†
aΦa +

n−1∑
a=1

n∑
b=a+1

µ2
abHab , (5.2)

and V4 contains quartic interactions of the form

V4 (Φ1, . . . ,Φn) =

n∑
a=1

λa
(
Φ†
aΦa

)2
+

n−1∑
a=1

n∑
b=a+1

λa,b
(
Φ†
aΦa

)
(Φ†

bΦb) +

n∑
a=1

n−1∑
b=1

n∑
c=b+1

λa,bc
(
Φ†
aΦa

)
Hbc

+

n−1∑
a=1

n∑
b=a+1

n−1∑
c=1

n∑
d=c+1

∣∣∣∣∣
(a,b)≤(c,d)

λab,cdHabHcd +

n−1∑
a=1

n∑
b=a+1

n−1∑
c=1

n∑
d=c+1

∣∣∣∣∣
(a,b)≤(c,d)

λAab,cdAabAcd . (5.3)

We have introduced the Hermitian and antihermitian bilinears

Hab =
1

2

(
Φ†
aΦb +Φ†

bΦa

)
, Aab =

1

2

(
Φ†
aΦb − Φ†

bΦa

)
, (5.4)

with a < b, that transform as Hab → Hab and Aab → −Aab under CP. In particular, the requirement
of CP conservation at the Lagrangian level implies that all quadratic couplings {µ2

a, µ
2
ab} in V2, as well

as all quartic couplings {λa, λa,b, λa,bc, λab,cd, λAab,cd} in V4 are real—hence real MHDMs. The ordering
(a, b) ≤ (c, d) in the last term of Eq. (5.3) stands for a < c and, in case a = c, then b < d. It is
important to remark that there are n quadratic couplings µ2

a, and n(n − 1)/2 couplings µ2
ab, giving a

total of n(n+ 1)/2 quadratic couplings.

Following the convention adopted in chapter 3, appropriate EWSB is triggered by

⟨Φa⟩ =
vae

iθa

√
2

(
0

1

)
, (5.5)

so that the expansion of the fields around their corresponding vev reads

Φa =
eiθa√
2

( √
2φ+

a

va + ρa + iηa

)
. (5.6)

We have va ∈ R+, θa ∈ [0, 2π), and
∑n
a=1 v

2
a = v2 ≃ (246 GeV)2. Individual phases have no physical

meaning by themselves: all CP violation arising from the vacuum is encoded in the phase differences
θab ≡ θa− θb. It is also clear that, besides the wbGBs, there are n−1 pairs of charged scalars and 2n−1

neutral states in a theory with n Higgs doublets.

We should recall that the stationarity conditions consist of requiring the vevs of the scalar doublets
to be an extremum of the potential:

V (⟨Φ1⟩, . . . , ⟨Φn⟩) ≡ V (v1, . . . , vn, θ1, . . . , θn) , (5.7)
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in such a way that
∂v1V = · · · = ∂vnV = 0 , ∂θ1V = · · · = ∂θnV = 0 , (5.8)

and where
∑n
a=1 ∂θaV = 0 by construction. Therefore, there are in total 2n−1 independent stationarity

conditions. Taking into account Eqs. (5.2) and (5.3), the derivatives in Eq. (5.8) read

∂viV = µ2
i vi +

1

2

n∑
j=i+1

µ2
ijvj cos θij +

1

2

i−1∑
j=1

µ2
jivj cos θji + [λ terms] , (5.9)

∂θiV = −1

2

n∑
j=i+1

µ2
ijvivj sin θij +

1

2

i−1∑
j=1

µ2
jivivj sin θji + [λ terms] . (5.10)

Notice that in both cases the first and second sums are not present when i = n or i = 1, respectively.
In order to be concise, we have not displayed the specific dependence on the quartic couplings, simply
denoted as [λ terms], since this will not be essential to derive our main results.

On the other hand, the elements of the scalar mass matrices in Eqs. (3.9) to (3.12) are given in this
scenario by

(M2
±)ij = µ2

jδji +
1

2
µ2
ije

iθijδi<j +
1

2
µ2
jie

−iθjiδi>j + [λ terms] , (5.11)

(M2
ρ )ij = µ2

jδji +
1

2
µ2
ij cos θijδi<j +

1

2
µ2
ji cos θjiδi>j + [λ terms] , (5.12)

(M2
η )ij = µ2

jδji +
1

2
µ2
ij cos θijδi<j +

1

2
µ2
ji cos θjiδi>j + [λ terms] , (5.13)

(M2
ρη)ij =

1

2
µ2
ij sin θijδi<j −

1

2
µ2
ji sin θjiδi>j + [λ terms] , (5.14)

where the δi<j (δi>j) symbol means that the corresponding term only contributes if i < j (i > j).

In Table 5.1, we collect the counting of the relevant ingredients for our analysis, namely, the number
of quadratic couplings and independent stationarity conditions for a given number of scalar doublets
n, particularizing for n = 2, . . . , 7. As already mentioned, for n = 2 both numbers match, and the
stationarity conditions can be used to trade all quadratic couplings for quartic couplings multiplied by
the squared of the vevs. For n > 2, one is quickly driven into an overabundance of quadratic couplings
with respect to stationarity conditions, showing that for n = 3 there is already one free quadratic
coupling, for n = 5 there are more quadratic couplings than pairs of charged scalars, and for n = 7

there are more free quadratic couplings than neutral scalars. One could expect that, beyond n = 2, the
remaining free quadratic couplings can lead to arbitrarily large new scalar masses, new meaning neither
the wbGBs nor the light Higgs-like state. As we first illustrate numerically and then address analytically,
that reasonable expectation is surprisingly misled.

5.2 Numerical analysis

For a given number n of scalar doublets (in particular, we explore the scenarios with n = 3, 5, 7), we
perform the following numerical exercise.

1. Use the stationarity conditions in Eq. (5.10) to trade all n−1 quadratic couplings µ2
1j (j = 2, . . . , n)

in terms of other quadratic µ2
ij (i = 2, . . . , n− 1, and j = i+ 1, . . . , n) and quartic parameters.

2. Use again the stationarity conditions in Eq. (5.10), together with the ones in Eq. (5.9), to trade
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Scalar doublets n 2 3 4 5 6 7

Quadratic n(n+1)
2 3 6 10 15 21 28

Stationarity 2n− 1 3 5 7 9 11 13

Free quadratic (n−1)(n−2)
2 0 1 3 6 10 15

Charged scalars 2(n− 1) 2×1 2×2 2×3 2×4 2×5 2×6

Neutral scalars 2n− 1 3 5 7 9 11 13

Table 5.1: Number of quadratic couplings, independent stationarity conditions, and physical charged
and neutral scalars (i.e., without considering the wbGBs) in a real MHDM with SCPV. The number of
free quadratic couplings that are left after imposing the stationarity conditions is also included. All the
results are given as a function of the number of scalar doublets n, and particularized for n = 2, . . . , 7.
The factors of 2 in orange emphasize that the physical charged scalars can be arranged in pairs with
common mass and opposite electric charge.

all n quadratic couplings µ2
j (j = 1, . . . , n) in terms of other quadratic µ2

ij (i = 2, . . . , n − 1, and
j = i+ 1, . . . , n) and quartic parameters.

3. We are left with (n−1)(n−2)/2 free quadratic couplings µ2
ij (i = 2, . . . , n−1, and j = i+1, . . . , n).

Generate random real values for them in the range [−kµ, kµ]× 1010 GeV2, considering separately
the cases kµ = 1, 4, 16.

4. Generate random real values for the quartic couplings in the range [−kλ, kλ], considering separately
the cases kλ = 1, 4, 16. Notice that we are in a regime where the quadratic couplings can be, in
general, much larger than the quartic couplings multiplied by the vevs. The latter, indeed, must
satisfy perturbative unitarity bounds.

5. Generate random real values for the moduli of the vevs vi (i = 1, . . . , n) in the range [0, 1] GeV,
and then rescale them collective to satisfy the constraint

∑n
i=1 v

2
i = v2 ≃ (246 GeV)2.

6. Generate random real values for the phases of the vevs θi (i = 1, . . . , n) in the range [0, 2π).

7. Compute µ2
1j (j = 2, . . . , n) and µ2

j (j = 1, . . . , n) using the previous numerical values, and check
if they lie in the range [−kµ, kµ]× 1010 GeV2. If this is not the case, go back to the first step and
repeat the procedure.

8. Compute the mass matrices M2
± and M2

0 .

9. Compute the eigenvalues of the mass matrices, ordering them according to their absolute values.
Notice that we do not require the eigenvalues to be non-negative (which would amount to requiring
that the vacuum be a local minimum), nor the quartic couplings to ensure boundedness from below
of the potential. As we will comment later, these are not required for the purposes of our analysis.

10. Repeat the whole procedure, O(106) times for n = 3 and O(103) for n = 7, and save the largest
result for each sorted eigenvalue in the mass matrices M2

± and M2
0 . The number of repetitions is

reasonably adapted to the cost of computing time, which grows non-linearly with n.

The results of our numerical analysis, namely, the maximum value of each sorted eigenvalue in the
mass matrices normalized to the electroweak vev v, are presented in Fig. 5.1 for charged scalars and in
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Fig. 5.2 for neutral scalars. For each case, the left and right panels show the dependence on kµ and kλ

for a fixed value of kλ and kµ, respectively. In turn, each panel is divided in three regions corresponding
to 3, 5, and 7HDMs. The key points to stress are the following.

(i) The wbGBs are represented by the points in red. Rather than the analytic zero eigenvalue, they
yield values as small as expected considering the finite numerical precision.

(ii) There is one charged light state, represented by the blue points in Fig. 5.1, whose mass cannot
exceed the EW scale v, is sensitive to kλ, and is insensitive to kµ.

(iii) There are three neutral light states, represented by the blue points in Fig. 5.2. In addition to the
expected Higgs-like state, two new neutral states emerge whose masses are close to the EW scale.
As before, they are sensitive to kλ, and insensitive to kµ.

(iv) The remaining n − 2 charged and 2n − 4 neutral scalars, represented by the points in brown, are
heavy, that is, their masses are much larger than the EW scale. Contrary to the previous cases,
they are sensitive to kµ and insensitive to kλ.

As a final comment, it is now clear why we could dispense of the additional physical requirements of
non-negative eigenvalues and boundedness from below of the potential: the results of our numerical
analysis hold in the physically meaningful subspace of the considered parameter space. One could have
proceed including the aforementioned physical requirements, but the boundedness from below constraint
on the quartic couplings for a generic number of doublets has no analytic answer in the literature, and the
required computing time would be unaffordable—we checked that just requiring non-negative eigenvalues
already has a very significant impact, with no apparent effect on the results of interest. All in all, the aim
of this numerical exploration is to illustrate the unexpected appearance of new light states with masses
tied to the EW scale. With this in mind, we now focus on providing an analytical justification for the
emergence of these unexpected states.
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Figure 5.1: Maximum eigenvalues of M2
± normalized to the electroweak scale v for n = 3, 5, 7 Higgs

doublets: (a) fixed kλ = 4, and (b) fixed kµ = 4. The numbers in parentheses indicate near-degeneracies
among different states.
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Figure 5.2: Maximum eigenvalues of M2
0 normalized to the electroweak scale v for n = 3, 5, 7 Higgs

doublets: (a) fixed kλ = 4, and (b) fixed kµ = 4. The numbers in parentheses indicate near-degeneracies
among different states.

5.3 Analytical approach

The obtention of the eigenvalues of the charged and neutral scalar mass matrices for an arbitrary number
of Higgs doublets is a task that cannot be carried out analytically. If that was the case, one would simply
check that, apart from the massless wbGBs and the Higgs-like scalar, there are one charged and two
neutral states that are light, i.e., with masses not exceeding O(v). Short of that kind of capacity,
we might be able to get more insight into the question assisted by the previous numerical exercise.
First, pushing the new scalar masses into a decoupling regime requires large quadratic couplings, that
is, much larger than v2. Second, the fact that in our numerical analysis the unexpected light states
have eigenvalues apparently insensitive to kµ suggests that these eigenvalues are independent of the
quadratic couplings. Therefore, considering the whole problem, both the stationarity conditions and the
mass matrices, without quartic couplings at all would imply that these unexpected states manifest as
eigenstates with eigenvalues equal to zero, i.e., null eigenvectors. That is indeed the case, and our way to
prove it goes as follows: (i) write down the mass matrices neglecting the quartic couplings, (ii) relate the
n×n charged mass matrix with the 2n×2n neutral mass matrix in such a way that we can just deal with
the charged mass matrix, and (iii) analyze the eigenvectors corresponding to the wbGBs as inspiration
to obtaining those associated to the new light states. Afterwards, one can then think about the inclusion
of the quartic couplings as a (degenerate) perturbation theory problem, where the contributions to the
entries of the mass matrices from the quartic couplings act as the perturbation. Consequently, the null
eigenvectors appearing in the reduced problem with only quadratic couplings will not yield scalars with
squared masses much larger than the λv2 perturbation.

In the absence of quartic couplings, the scalar potential in Eqs. (5.1) to (5.3) is simply V → V2.
Regarding the stationarity conditions in Eqs. (5.9) and (5.10), and the mass matrix elements in Eqs. (5.11)
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to (5.14), we just need to take [λ terms] → 0. In this regime, the mass matrices M2
± and M2

0 read

M2
± =


µ2
1

1
2µ

2
12e

iθ12 · · ·
1
2µ

2
12e

−iθ12 µ2
2 · · ·

...
...

. . .

µ2
n

 , M2
0 =

(
ReM2

± ImM2
±

−ImM2
± ReM2

±

)
, (5.15)

with
(
ReM2

±
)T

= ReM2
± and

(
ImM2

±
)T

= −ImM2
±. Crucially, M2

± and M2
0 are related in a simple way.

As a consequence, let us analyze what happens in general if there is a null eigenvector in the charged
mass matrix, that is, M2

± c⃗ = 0⃗n, with c⃗ ∈ Cn and 0⃗n the n-dimensional null vector. Expanding in real
and imaginary parts, one can readily obtain

ReM2
± Re c⃗− ImM2

± Im c⃗ = 0⃗n , ReM2
± Im c⃗+ ImM2

± Re c⃗ = 0⃗n . (5.16)

In matrix form, Eq. (5.16) yields

M2
0 r⃗1 = 0⃗2n , M2

0 r⃗2 = 0⃗2n , (5.17)

with

r⃗1 =

(
Re c⃗

−Im c⃗

)
, r⃗2 =

(
Im c⃗

Re c⃗

)
, (5.18)

and r⃗T1 · r⃗2 = 0. Therefore, once we identify one null eigenvector c⃗ of M2
±, we can immediately obtain

two null eigenvectors {r⃗1, r⃗2} of M2
0 .

On this regard, we already know one null eigenvector of M2
±, corresponding to the charged wbGB,

which is of the form
c⃗TG = (v1, . . . , vn) . (5.19)

In particular, it is straightforward to check that

M2
± c⃗G =


∂v1V2 − i 1

v1
∂θ1V2

...
∂vnV2 − i 1

vn
∂θnV2

 . (5.20)

Since all entries are expressed as a combination of the derivatives in the stationarity conditions, it is
clear that M2

± c⃗G = 0⃗n. The resulting null eigenvectors in M2
0 are thus

r⃗TG =
(
0⃗n, v1, . . . , vn

)
, r⃗Th =

(
v1, . . . , vn, 0⃗n

)
, (5.21)

that satisfy
M2

0 r⃗G = 0⃗2n , M2
0 r⃗h = 0⃗2n . (5.22)

The eigenvector r⃗G corresponds to the neutral wbGB and r⃗h to the Higgs-like scalar. The relevant
question to raise is: is there another null eigenvector of M2

±? If that is the case, it would account
precisely for the additional one charged and two neutral states with masses close to the electroweak scale
encountered in the numerical exploration. The answer, no wonder, is positive. Out of inspired guessing,
consider the complex vector

c⃗T =
(
ei2θ1v1, . . . , e

i2θnvn
)
. (5.23)
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One can readily obtain

M2
± c⃗ =


ei2θ1

(
∂v1V2 + i 1

v1
∂θ1V2

)
...

ei2θn
(
∂vnV2 + i 1

vn
∂θnV2

)
 . (5.24)

As in the previous case, the stationarity conditions make c⃗ a null eigenvector of M2
±. This leads to two

null eigenvectors of M2
0 :

r⃗T1 = (v1 cos 2θ1, . . . , vn cos 2θn,−v1 sin 2θ1, . . . ,−vn sin 2θn) ,
r⃗T2 = (v1 sin 2θ1, . . . , vn sin 2θn, v1 cos 2θ1, . . . , vn cos 2θn) ,

(5.25)

with
M2

0 r⃗1 = 0⃗2n , M2
0 r⃗2 = 0⃗2n . (5.26)

Although c⃗ and c⃗G are not orthogonal, and correspondingly {r⃗1, r⃗2} are not orthogonal to {r⃗G, r⃗h}, there
is no concern on that respect since one can always construct an orthonormal set of eigenvectors by means
of the Gram-Schmidt orthonormalization procedure.

So far, we have analyzed the mass matrices in the absence of quartic couplings, obtaining that,
besides the expected null eigenvectors of M2

± and M2
0 associated to the wbGBs and the Higgs-like scalar

particle, further null eigenvectors emerge, one of M2
± and two of M2

0 . One can now think about the
complete picture, including quartic couplings as a perturbation with respect to the previous analysis—it
is indeed degenerate perturbation theory that must be considered. Besides the wbGBs, which remain
massless, it is thus clear that out of the additional null eigenvectors of the “no-quartics” mass matrices,
c⃗ in Eq. (5.23), r⃗1 and r⃗2 in Eq. (5.25), and r⃗h in Eq. (5.22), one charged and three neutral scalars
get squared masses of order λv2. This means they are light : after imposing perturbative unitarity
constraints on the quartic couplings, their masses cannot be much larger than the electroweak scale,
exactly as observed in our illustrative numerical exercise. Of course, more light states might be present
when a regime other than µ2

a, µ
2
ab ≫ v2 is considered. The novel and relevant point from our study is

that with very few assumptions—a real MHDM with SCPV and bounded quartic couplings—, one can
establish that, unexpectedly and no matter the number of doublets n, at least three new scalars must
be light.

One might reasonably wonder whether the appearance of unexpected null eigenvectors is somehow
connected to the spontaneous breaking of a continuous symmetry. First, we should point out that for
the vacuum configuration given in Eq. (5.5), the CP-transformed vevs ⟨Φ∗

a⟩ = ⟨Φa⟩∗ satisfy

V (⟨Φ1⟩∗, . . . , ⟨Φn⟩∗) = V (⟨Φ1⟩, . . . , ⟨Φn⟩) , (5.27)

implying that ⟨Φ∗
a⟩ corresponds to a distinct candidate vacuum, obtained by applying a CP transforma-

tion to the original one. When the quartic couplings are neglected, the mass terms in V2 are independent
of the vevs. As a result, both the wbGBs associated with the original vacuum and those associated
with its CP-transformed counterpart correspond to massless eigenstates at this level. However, since no
additional continuous symmetry is spontaneously broken, the latter cannot be regarded as true wbGBs:
they acquire masses once the effects of V4 are taken into account. Their lightness is understood from the
fact that, within the approximation that considers V2 alone, they yield null mass eigenvalues just as the
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true wbGBs do.1

A source of concern is whether radiative corrections could modify the previous picture, potentially
inducing large shifts in the masses of the light scalar states. While a thorough analysis of this question lies
beyond the scope of the present analysis, some qualitative arguments can still be made. In particular,
since the one-loop effective scalar potential is independent of the specific vacuum configuration and
preserves CP invariance, it is reasonable to expect that the main conclusions drawn from the tree-level
analysis remain unchanged.

Finally, it is clear that the phenomenological implications of our result—e.g., discovery potential
at the LHC—deserve attention. This question is also beyond the scope of our analysis here for several
reasons. In general, there are three types of interactions involving these new scalars: (i) their interactions
with other scalars arising from the quartic couplings in the potential, (ii) their Yukawa interactions with
fermions, and (iii) their gauge interactions contained in the covariant derivative. Given the minimality
of our starting assumptions, there is still large freedom available to specify both the interactions among
the scalars and their couplings to fermions that precludes us from providing any concrete theoretical
prediction in that regard. The third type of interaction, involving scalars and gauge bosons, appears
a priori better suited if observables insensitive to the first two types of interactions were available.
However, knowing that scalars with masses close to the electroweak scale (the eigenvalues of the mass
matrices) might be present is not sufficient, but a better understanding of the states (the corresponding
eigenvectors) is necessary. Even in the regime where, apart from the necessarily light states, all other
scalars are much heavier, these eigenvectors—which define the mixings in the scalar sector—depend
critically on the quartic couplings. The situation would be even more involved if one is not in that regime
and there are more light states, and thus prevents our general approach from guaranteeing discovery
prospects. It is worth emphasizing that, within our analysis, there is no requirement for any of the light
mass eigenstates to resemble the SM-like Higgs boson—in other words, scalar alignment [151–153] is not
enforced. In general, the Higgs-like state can exhibit sizable mixing with the additional light scalars.
Experimental constraints, such as the measured signal strengths in processes like h→WW ∗, would place
strong limits on such mixings, thereby requiring some fine-tuning to ensure the presence of a SM-like
Higgs boson in the spectrum.

5.4 Summary

Extended scalar sectors, in particular MHDMs featuring spontaneous electroweak symmetry breaking,
necessarily include a Higgs-like state with a mass at the electroweak scale if perturbativity requirements
are imposed on the potential. Due to the presence of unconstrained dimensionful quadratic couplings,
one naive expectation is that, generically, all new scalars could be made arbitrarily heavy, with masses
much larger than the electroweak scale. We have analyzed the case of real MHDM with SCPV and find
that, contrary to such expectations and despite the abundance of free quadratic couplings, at least one
charged and two additional neutral states have masses that cannot be larger than the electroweak scale,
also due to perturbativity requirements on the quartic couplings in the potential. This feature seems
to be linked to the existence of an alternative candidate vacuum, with both classes of potential minima
related by a CP transformation. To what extent similar conclusions hold for other scalar potentials
remains an open question.

1The appearance of the ei2θi phases in Eq. (5.23) is merely an artifact of the expansion used in Eq. (5.6), where the
vacuum phase eiθa has been explicitly factored out.
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We lack a theoretical argument to forbid the presence of additional scalar particles beyond the
SM-like Higgs boson, although at the same time the absence of direct experimental evidence, and the
severe constraints imposed by flavor data, suggest that their masses may lie well beyond the currently
accessible energy scale. Our results in this chapter show that this scenario can be overcome under very
few assumptions, and thus we believe this opens up an exciting opportunity for further exploration, both
theoretically and experimentally.
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6 SCPV and flavor conservation with two Higgs

doublets: µ− τ symmetric lepton mixing

As we have explored in the previous chapter, MHDMs offer the possibility to break CP invariance from the
vacuum configuration, that is, of having SCPV [95,96]. At the same time, they are generally affected by
the presence of SFCNC at tree-level, which are severely constrained by experiment [116], hence requiring
a mechanism to guarantee their absence or, at least, keep them under control. The combination of these
two features could constitute an appealing motivation both from a theoretical and a phenomenological
point of view. However, in [154] Branco gave a strong argument for this not to be possible: for any
number of Higgs doublets and fermion generations, if CP is solely broken by the vacuum and SFCNC are
absent by means of the simultaneous bidiagonalization of all Yukawa couplings, the CKM mixing matrix
does not violate CP. The particular case of 2HDMs with NFC à la Glashow-Weinberg [103] was presented.
Later on, Refs. [155] and [156] found a way, and provided a counter-example, to evade Branco’s argument.
However, they ended up with a very specific structure for the CKM matrix: two rows or two columns
should have the same moduli. While the latter implementation is not phenomenologically viable in the
quark sector, we address the feasibility of this idea in the lepton sector of a 2HDM, where the PMNS
mixing matrix, as a consequence of the simultaneous requirement of SCPV and flavor conservation
presents a µ − τ symmetric [157] structure compatible with experiment. On that regard, one should
specify a mass generation mechanism for neutrinos, and therefore distinguish between their Dirac or
Majorana nature.

The structure of this chapter is the following. In Sec. 6.1, we recall some basic features of 2HDMs that
are relevant for our subsequent analysis. Then, in Sec. 6.2, we revisit the CP-conserving mixing argument
given by Branco in [154], and confront it to the counter-example presented in Refs. [155] and [156]. A
more general approach to the question is addressed in detail in Sec. 6.3. We present our minimal model
with Dirac neutrinos, together with a straightforward extension to a type I seesaw scenario, and discuss
some relevant phenomenological consequences in Sec. 6.4. Finally, we summarize our findings in Sec. 6.5.
We devote to App. D the analysis of the stability under renormalization group evolution (RGE) of the
Yukawa matrices, including extensions of the minimal model presented here.

6.1 Flavor Conservation in 2HDMs

As anticipated in Sec. 3.2.1, the Yukawa interactions of quarks with two Higgs doublets in an arbitrary
weak basis read

−L quark
Y = Q0

L(Y
u
1 Φ̃1 + Y u2 Φ̃2)u

0
R +Q0

L

(
Y d1 Φ1 + Y d2 Φ2

)
d0R +H.c. (6.1)
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Rotation into the Higgs basis [60,101,102] by means of the transformation in Eq. (3.19) leads to

− v√
2
L quark

Y = Q0
L(M

0
uH̃1 +N0

uH̃2)u
0
R +Q0

L

(
M0
dH1 +N0

dH2

)
d0R +H.c. , (6.2)

where the non-diagonal mass matrices are given by

M0
u =

v√
2
e−iθ1

(
cβY

u
1 + e−iθsβY

u
2

)
, M0

d =
v√
2
eiθ1

(
cβY

d
1 + eiθsβY

d
2

)
, (6.3)

and the additional scalar-fermion couplings are

N0
u =

v√
2
e−iθ1

(
−sβY u1 + e−iθcβY

u
2

)
, N0

d =
v√
2
eiθ1

(
−sβY d1 + eiθcβY

d
2

)
. (6.4)

with θ ≡ θ2 − θ1, and θi the complex phase of the vev of each doublet. The usual bidiagonalization
procedure—see App. B—allows us to bring M0

f (f = u, d) into a diagonal form. In particular, the
Hermitian combinations M0

fM
0†
f and M0†

f M
0
f get diagonalized as

U†
fL
M0
fM

0†
f UfL = diag(m2

f1 ,m
2
f2 ,m

2
f3) , U†

fR
M0†
f M

0
fUfR = diag(m2

f1 ,m
2
f2 ,m

2
f3) , (6.5)

with UfL and UfR the unitary 3 × 3 transformations of the quark fields, f0L = UfLfL and f0R = UfRfR,
to their mass basis.1 Consequently, the individual mass matrices transform as

U†
fL
M0
fUfR =Mf = diag(mf1 ,mf2 ,mf3) , (6.6)

where mfi are the real and positive fermion masses. However, the additional Yukawa couplings in
Eq. (6.4) are not, in general, bidiagonalized by the same transformations, and thus they encode dangerous
SFCNC that are severely constrained by experiment. Then, flavor conservation would require

Flavor Conservation ⇐⇒ U†
fL
N0
fUfR = Nf = diag(nf1 , nf2 , nf3) , (6.7)

with general complex nfi .

On the other hand, it is important to recall that invariance of the Lagrangian under standard CP
transformations [58] forces all Yukawa couplings and parameters in the scalar potential to be real. There-
fore, CP violation solely arises from the vacuum configuration provided that θ ̸= 0, π, i.e., there is SCPV.

6.2 Evading a CP-conserving fermion mixing

We begin by requiring that CP violation arises exclusively from the vacuum phase θ ̸= 0, π, and that all
Yukawa couplings Y fa are real.

Our second requirement is flavor conservation, that is, the absence of SFCNC at tree-level. On
that regard, the argument presented by Branco [154] works as follows. As previously mentioned, flavor
conservation stems from the simultaneous bidiagonalization of M0

f and N0
f or, equivalently, both Y f1

and Y f2 . Since the Yukawa matrices Y fa are real, the bidiagonalization procedure is carried out by real
1For concreteness, we stick here to three generations of fermions.
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orthogonal matrices, such that

OTfLY
f
a OfR = diag

(
yfa1, y

f
a2, y

f
a3

)
, yfai ∈ R+ =⇒ OTfLM

0
fOfR , O

T
fLN

0
fOfR diagonal . (6.8)

This leads to a CKM mixing of the form V = R†
uO

T
uL
OdLRd, with Rf diagonal rephasings: the CKM

matrix is essentially real, thus CP-conserving.

Although compelling, the previous argument can be surpassed. As shown in [155, 156], even if the
matrices Y fa are real, they can have complex conjugate eigenvalues and, consequently, they might not
necessarily be diagonalized with real orthogonal matrices. An illustrative example of this kind of scenario
was presented in [155], in the context of a 2HDM with four quark generations, where

Y ua = OT


yua1 0 0 0

0 yua2 0 0

0 0 ca sa

0 0 −sa ca

 , Y da = diag
(
yda1, y

d
a2, y

d
a3, y

d
a4

)
, (6.9)

being O a real orthogonal matrix, and Y fa = Y f∗a , as required by CP invariance. The crucial ingredient
are the 2× 2 blocks in Y ua , namely,

Bua =

(
ca sa

−sa ca

)
. (6.10)

There are several points that should be noticed in this regard.

(i) The combinations BuaBuTa and BuTa Bua (no sum over a) have two degenerate real eigenvalues c2a+s2a.
In particular, they satisfy BuaB

uT
a = BuTa Bua = (c2a + s2a) 12×2, where 12×2 is the 2 × 2 identity

matrix.

(ii) The individual matrices Bua have two complex conjugate eigenvalues ca ± isa, corresponding to
complex conjugate eigenvectors, and are unitarily diagonalized as2

U†
0B

u
aU0 =

(
ca + isa 0

0 ca − isa

)
, with U0 =

1√
2

(
1 1

i −i

)
. (6.11)

(iii) The unitary matrix U0 does not depend on the specific eigenvalues, and thus diagonalizes simulta-
neously both Bua blocks (a = 1, 2).

Turning to Y u1 and Y u2 , this implies that they are simultaneously and unitarily diagonalized:

Û†
uLY

u
a ÛuR = diag (yua1, y

u
a2, ca + isa, ca − isa) , (6.12)

with

ÛuL = OTU , ÛuR = U , U =

(
12×2 0

0 U0

)
. (6.13)

The diagonalization of the mass matrices involves additional diagonal rephasings in order to have real
mass terms. The resulting CKM mixing matrix, up to these diagonal rephasings, is given by

V̂ ≡ Û†
uLÛdL = U†O , (6.14)

2There is still freedom in U0, since a diagonal rephasing U0 → U0 × diag(eiα, eiβ) does not change Eq. (6.11).
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which satisfies V̂4i = V̂ ∗
3i =

1√
2
(O3i + iO4i), and thus the rephasing invariant relation

|V̂3i| = |V̂4i| , ∀ i . (6.15)

Although the CKM mixing is actually CP-violating, the particular structure reflected by Eq. (6.15) is
not phenomenologically viable. The implementation of this idea with three generations of quarks would
not be either: experimentally, two CKM elements in the same column cannot have the same modulus.
Likewise, we should emphasize that the Yukawa couplings in Eq. (6.9) are not enforced by a symmetry,
and thus the model is in principle not stable under RGE.

From the phenomenological point of view, this possibility remains open if one considers instead the
PMNS lepton mixing matrix. Before addressing this scenario in Sec. 6.4, we devote next section to
present a more general approach that might allow us to gain more insight into the question.

6.3 General approach

Aiming to evade the “CP-conserving mixing argument” provided in [154], one has to identify the condi-
tions under which the bidiagonalization—see App. B for details—of the Yukawa coupling matrices fails.
In a fermion sector f , with CP invariance assumed to hold at the Lagrangian level, this implies that the
matrices Y fa Y f Ta and Y f Ta Y fa have real degenerate eigenvalues. In turn, this allows for a simultaneous
unitary diagonalization of the Yukawa matrices that involves complex conjugate eigenvectors and leads
to a CP-violating mixing matrix.

We develop this question in detail and provide a more transparent understanding of the conclusions
reached in [156], clarifying in the process how the simultaneous unitary diagonalization of the Yukawa
matrices arises. For concreteness, we circumscribe our discussion to three generations of fermions. Fur-
thermore, since the key ingredient is the degeneracy of the eigenvalues of Y fa Y f Ta and Y f Ta Y fa , we discuss
separately the case of two degenerate eigenvalues, and the case of all three eigenvalues degenerate. Fi-
nally, we analyze the resulting structure of the fermion mixing matrix.

Two degenerate eigenvalues

Let us first consider that Y fa Y f Ta and Y f Ta Y fa have eigenvalues {(yfa1)2, (yfa2)2, (yfa2)2}, with (yfai)
2 ∈ R,

(yfai)
2 ≥ 0, and (yfa1)

2 ̸= (yfa2)
2. The previous symmetric combinations are diagonalized as

OTfLY
f
a Y

f T
a OfL = OTfRY

f T
a Y fa OfR = Df

a = diag
(
(yfa1)

2, (yfa2)
2, (yfa2)

2
)
, (6.16)

where OfL and OfR are real orthogonal matrices.3 Then, we can write down

Df
a = OTfLY

f
a Y

f T
a OfL =

(
OTfLY

f
a OfR

) (
OTfLY

f
a OfR

)T
= ∆f

a∆
f T
a −→ Df

a∆
f
a = ∆f

a∆
f T
a ∆f

a , (6.17)

Df
a = OTfRY

f T
a Y fa OfR =

(
OTfLY

f
a OfR

)T (
OTfLY

f
a OfR

)
= ∆f T

a ∆f
a −→ ∆f

aD
f
a = ∆f

a∆
f T
a ∆f

a , (6.18)

3This does not fix OfL/R
completely, since Eq. (6.16) is invariant under

OfL/R
−→ OfL/R

(
1 01×2

02×1 O2

)
, with O2 ∈ O(2,R) .
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where we have defined ∆f
a ≡ OTfLY

f
a OfR . Combining the right-hand side of Eqs. (6.17) and (6.18), it is

clear that
Df
a∆

f
a −∆f

aD
f
a = 0 −→

[(
Df
a

)
ii
−
(
Df
a

)
jj

] (
∆f
a

)
ij
= 0 . (6.19)

Assuming that (yfai)
2 ̸= 0, and taking into account the degeneracy between two of the eigenvalues in Df

a ,
Eq. (6.19) yields the following structure for ∆f

a :

∆f
a =

(
bfa 01×2

02×1 Bfa

)
. (6.20)

being Bfa a 2× 2 block. The left-hand side of Eqs. (6.17) and (6.18) fixes

(bfa)
2 = (yfa1)

2 , BfaB
f T
a = Bf Ta Bfa = (yfa2)

2 12×2 , (6.21)

meaning that (yfa2)
−1Bfa ∈ O(2,R). Choosing bfa = yfa1, we are left with Yukawa couplings Y fa of the

form

Y fa = yfa2 OfL

(
yfa1/y

f
a2 01×2

02×1 O2

)
OTfR , (6.22)

where yfai ∈ R, yfai ̸= 0, and O2 is a 2×2 real orthogonal matrix. This is the most general Y fa compatible
with Y fa Y f Ta and Y f Ta Y fa having two degenerate eigenvalues. The appearance of an orthogonal submatrix
is most important. There are two possible choices for O2 depending on the value of its determinant. On
the one hand, if O2 ∈ SO(2,R), that is, detO2 = +1, then it can be parametrized as

O2 ∈ SO(2,R) ⇐⇒ O2 =

(
cosα sinα

− sinα cosα

)
, α ∈ [0, 2π) . (6.23)

This matrix has complex conjugate eigenvalues e±iα corresponding to complex conjugate eigenvectors
v⃗± = 1√

2

(
1
±i
)
, with v⃗− = (v⃗+)

∗. Since they are orthonormal, the following unitary diagonalization exists

U†
0

(
cosα sinα

− sinα cosα

)
U0 = diag

(
eiα, e−iα

)
, with U0 =

1√
2

(
1 1

i −i

)
. (6.24)

Remarkably, the matrix U0 does not depend on the specific value of α: all SO(2,R) matrices are si-
multaneously diagonalizable. Therefore, the structure in Eq. (6.22) contains all the ingredients of the
counter-example presented in [155]. It is sufficient to realize that the 2 × 2 block in Eq. (6.10) can be
written as

Bua =
√
c2a + s2a

 ca√
c2a+s

2
a

sa√
c2a+s

2
a

−sa√
c2a+s

2
a

ca√
c2a+s

2
a

 , with
(
c2a + s2a

)−1/2
Bua ∈ SO(2,R) . (6.25)

On the other hand, orthogonal matrices O2 /∈ SO(2,R), that is, with detO2 = −1, are parametrized as

O2 /∈ SO(2,R) ⇐⇒ O2 =

(
cosα sinα

sinα − cosα

)
, α ∈ [0, 2π) . (6.26)

They have real eigenvalues ±1 and, although the degeneracy in Y fa Y f Ta and Y f Ta Y fa is still present, there
is no simultaneous unitary diagonalization such as Eq. (6.24).
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Three degenerate eigenvalues

Once we have stressed the important role of orthogonal matrices, the case of Y fa Y f Ta and Y f Ta Y fa with
all three degenerate eigenvalues, namely {(yfa1)2, (yfa1)2, (yfa1)2}, becomes almost straightforward. One
simply has

Y fa Y
f T
a = Y f Ta Y fa = (yfa1)

2 13×3 , (6.27)

meaning that (yfa1)
−1 Y fa ∈ O(3,R), with yfa1 ∈ R and yfa1 ̸= 0. All O(3,R) matrices have two complex

conjugate eigenvalues with corresponding complex conjugate eigenvectors, and a real unit eigenvalue
corresponding to a real eigenvector (a short reminder regarding the diagonalization of O(3,R) matrices is
provided in App. C). We emphasize two important points: (i) since the eigenvectors are orthonormal, a
unitary diagonalization of Y fa exists, and (ii) the eigenvectors do not depend on the specific eigenvalues,
and thus there are different O(3,R) matrices that can be unitarily diagonalized simultaneously. Therefore,
it is possible to construct counter-examples to the “CP-conserving mixing argument” extending the case
analyzed in [155] in a transparent manner via Y fa = yfa1O

f
a , with yfa1 ∈ R, Ofa ∈ O(3,R), and all Ofa

simultaneously diagonalizable unitarily.

In [155, 156] there is no mention to the intimate connection between degeneracies, the role of or-
thogonal matrices, the presence of complex conjugate eigenvalues corresponding to complex conjugate
eigenvectors, and a simultaneous unitary diagonalization. Our previous discussion makes it clear without
invalidating, of course, the results in these references.

Fermion mixing

Concerning the resulting fermion mixing matrices, the common feature that should be noticed in the
previous two cases, either Y fa Y f Ta having two or three degenerate eigenvalues, is the following. The
columns of the unitary matrix U that simultaneously diagonalizes all Y fa (that is, for all a), seen as
vectors, are {r⃗, v⃗+, v⃗−}, which constitutes an orthonormal set and, crucially, v⃗− = (v⃗+)

∗, while r⃗ is real.
Taking this into account, we end up with three different possible structures for the fermion mixing, up
to diagonal rephasings, depending on the choice of the couplings Y fa in each fermion sector f .

(i) Fermion mixing given by V̂ = U†O3, being O3 a 3× 3 real orthogonal matrix with column vectors
denoted by o⃗i. We obtain

V̂3i = v⃗+ · o⃗i = (v⃗− · o⃗i)∗ = V̂ ∗
2i =⇒ |V̂3i| = |V̂2i| , (6.28)

that is, the moduli of the second and third rows are equal, which is of course a rephasing-invariant
relation. Furthermore, this mixing matrix is CP-violating, as one can readily check by computing
J ̸= 0.

(ii) Fermion mixing given by V̂ = O3U . In this case,

V̂i3 = o⃗i · v⃗− = (o⃗i · v⃗+)∗ = V̂ ∗
i2 =⇒ |V̂i3| = |V̂i2| , (6.29)

such that there is equality of moduli in the second and third columns of the mixing matrix. The
latter is, again, CP-violating since J ̸= 0.

(iii) Fermion mixing given by V̂ = U†U ′, with U ′ an analogous unitary matrix with column vectors
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{r⃗ ′, v⃗ ′
+, v⃗

′
−}. The resulting V̂ satisfies

V̂ =


r⃗ · r⃗ ′ r⃗ · v⃗ ′

+ r⃗ · v⃗ ′
−

v⃗+ · r⃗ ′ v⃗+ · v⃗ ′
+ v⃗+ · v⃗ ′

−

v⃗− · r⃗ ′ v⃗− · v⃗ ′
+ v⃗− · v⃗ ′

−

 =⇒

V̂12 = V̂ ∗
13 , V̂21 = V̂ ∗

31 ,

V̂22 = V̂ ∗
33 , V̂23 = V̂ ∗

32 .
(6.30)

This particular structure is not phenomenologically viable neither for CKM nor for PMNS. Besides
the equality of moduli, the resulting mixing is CP-conserving [156], as J = 0.

Notice that starting with a different ordering of the columns of U , the equality of moduli of the elements
of V̂ would apply to the correspondingly permuted rows for case (i) or columns for case (ii). It is thus
clear how, in general, the basic ingredient underlying the particular example of Sec. 6.2 can yield a
mixing matrix with the same kind of specific property: equality of moduli in pairs of rows/columns. As
mentioned before, this property is ruled out in the quark sector, but not in the lepton sector, to which
we now turn our attention.

6.4 Lepton models

As we have just shown, in MHDMs the simultaneous requirement of neutral flavor conservation and
spontaneous CP breaking leads to an irreducibly complex unitary mixing matrix for which two rows or two
columns must have equal moduli. The latter structure is not feasible in the quark sector. Consequently,
one would need to relax one of the previous assumptions, namely, allow for SFCNC while keeping them
under control, in order to have SCPV and a complex CKM compatible with experiment, as done in [111].
Nevertheless, the idea can still work in the lepton sector. Lepton mixing inevitably requires to specify a
mechanism to generate neutrino masses. On that regard, we present a simple implementation with Dirac
neutrinos in Sec. 6.4.1, and extend it to the case of Majorana neutrinos in Sec. 6.4.2. Some relevant
phenomenological consequences concerning both neutrino and charged lepton interactions are discussed
in Sec. 6.4.3.

6.4.1 Dirac neutrinos

Let us introduce three right-handed neutrino fields ν0R which are singlets under the SM gauge group.
The Yukawa interactions of leptons with two Higgs doublets in an arbitrary weak basis read

−L lepton
Y = ℓ0L(Y

ν
1 Φ̃1 + Y ν2 Φ̃2)ν

0
R + ℓ0L

(
Y ℓ1Φ1 + Y ℓ2Φ2

)
e0R +H.c. , (6.31)

where the Yukawa matrices are of the form

Y νa = diag (yνa1, y
ν
a2, y

ν
a3) , Y ℓa = OℓL yℓa2


yℓa1/y

ℓ
a2 0 0

0 cosφa sinφa

0 − sinφa cosφa

OTℓR , (6.32)

with yfai ∈ R, φa ∈ [0, 2π), and OℓL/R
real orthogonal 3 × 3 matrices. It is then clear that L lepton

Y is
CP-invariant. Rotating the scalar doublets into the Higgs basis [60, 101, 102], the Yukawa interactions
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are written as

− v√
2
L lepton

Y = ℓ0L(M
0
ν H̃1 +N0

ν H̃2)ν
0
R + ℓ0L

(
M0
ℓH1 +N0

ℓH2

)
e0R +H.c. , (6.33)

with mass matrices

M0
ν =

v√
2
e−iθ1

(
cβY

ν
1 + sβe

−iθY ν2
)
, M0

ℓ =
v√
2
eiθ1

(
cβY

ℓ
1 + sβe

iθY ℓ2
)
, (6.34)

and additional Yukawa couplings

N0
ν =

v√
2
e−iθ1

(
−sβY ν1 + cβe

−iθY ν2
)
, N0

ℓ =
v√
2
eiθ1

(
−sβY ℓ1 + cβe

iθY ℓ2
)
. (6.35)

On the one hand, the neutrino mass matrix M0
ν and the couplings N0

ν are already diagonal, and only a
diagonal rephasing of the right-handed fields is required in order to have real neutrino masses. On the
other hand, the diagonalization of the charged lepton mass matrix M0

ℓ is carried out as

U†
ℓL
M0
ℓ UℓR =Mℓ = diag (me,mµ,mτ ) =

=
v√
2


|cβyℓ11 + sβy

ℓ
21e

iθ| 0 0

0 |cβyℓ12eiφ1 + sβy
ℓ
22e

iθeiφ2 | 0

0 0 |cβyℓ12e−iφ1 + sβy
ℓ
22e

iθe−iφ2 |

 ,

(6.36)

where

UℓL = OℓLU , UℓR = OℓRURℓR , U =


1 0 0

0 1√
2

1√
2

0 i√
2

−i√
2

 , (6.37)

with diagonal rephasing RℓR to ensure real diagonal elements given by4

RℓR = e−iθ1diag
(
e−iγ1 , e−iγ2 , e−iγ3

)

γ1 = arg

(
cβy

ℓ
11 + sβy

ℓ
21e

iθ
)
,

γ2 = arg
(
cβy

ℓ
12e

iφ1 + sβy
ℓ
22e

iθeiφ2
)
,

γ3 = arg
(
cβy

ℓ
12e

−iφ1 + sβy
ℓ
22e

iθe−iφ2
)
.

(6.38)

Similarly, Nℓ = U†
ℓL
N0
ℓ UℓR . It is important to notice that the couplings Nℓ are diagonal as well—there

is flavor conservation—, but not necessarily real, and this has potential implications for CP violation to
be addressed later. All in all, the resulting PMNS mixing matrix (up to rephasings) is

Û ≡ U†
ℓL
UνL = U†OTℓL , (6.39)

leading to the rephasing-invariant property

|Û2i| = |Û3i| , ∀ i . (6.40)

Therefore, the PMNS matrix exhibits a “µ− τ symmetry” [157]. An immediate consequence is that, in
the standard PDG parametrization [23,30], the atmospheric angle θ23 = π/4 and the Dirac CP-violating

4The diagonalization in Eq. (6.36) allows for an additional common rephasing of the lepton fields, namely, UℓL → UℓLRℓ

and UℓR → UℓRRℓ, with Rℓ = diag
(
eiδ1 , eiδ2 , eiδ3

)
.
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phase is δ = 3π/2. At the same time, there is enough parametric freedom in OℓL to fix the values of the
remaining parameters in agreement with experiment [49–51]. The following comments are in order.

(i) CP violation in the PMNS matrix is independent on the specific value of θ, as long as θ ̸= 0, π: the
Dirac CP phase is fixed to δ = 3π/2, in agreement with current global fits on neutrino oscillation
data.

(ii) Checking CP violation at the level of WB-invariants is crucial in this context. Translating Eq. (1.106)
to the lepton sector, it is straightforward to see that CP violation in the PMNS matrix requires
any pair of charged leptons or neutrinos to be non-degenerate. In particular, from Eq. (6.36), we
derive

mµ ̸= mτ ⇐⇒ cβsβy
ℓ
12y

ℓ
22 sin (φ2 − φ1) sin θ ̸= 0 . (6.41)

It is then clear that we must have two non-vanishing vevs, that is, cβsβ ̸= 0, with a relative complex
phase θ ̸= 0, π. Furthermore, we need both 2 × 2 orthogonal blocks to be present in Y ℓ1 and Y ℓ2 ,
i.e., yℓ12yℓ22 ̸= 0, and they must not be proportional, sin (φ2 − φ1) ̸= 0.

(iii) The choice of Yukawa coupling matrices in Eq. (6.32) is the only viable implementation in order to
generate a CP-violating PMNS mixing matrix with the requirements of SCPV and flavor conserva-
tion. Relations like Eq. (6.40) for other rows, or columns if one exchanges the roles Y νa ⇆ Y ℓa , are
not compatible with our current knowledge of the PMNS matrix [49–51]. On the other hand, if we
had considered couplings like Y ℓa in Eq. (6.32) for both neutrino and charged lepton sectors, equal-
ity of moduli would not extend to the whole row/column, but it would not be phenomenologically
acceptable either, and the resulting PMNS would be CP-conserving, contrary to the intended goal.

(iv) The diagonalization of the neutrino mass matrix has played no role in the obtention of the µ − τ

symmetric PMNS (we have indeed chosen diagonal Y νa couplings to start with).

(v) The resulting µ − τ symmetry in the PMNS mixing matrix does not derive from a fundamental
symmetry of the model. As discussed in App. D, this means that the minimal implementation
of the basic idea—combining SCPV, flavor conservation, and a CP-violating mixing—, is not
stable under one-loop RGE. Nevertheless, one-loop stability can be obtained within non-minimal
implementations.

Therefore, we have achieved our main goal: the Yukawa couplings in Eq. (6.32) together with SCPV
shape a model without SFCNC at tree-level, and where the PMNS matrix is not only CP-violating, but
also µ−τ symmetric and compatible with experiment. In App. D, we discuss the stability of this scenario
under RGE.

6.4.2 Majorana neutrinos — type I seesaw

Considering that the diagonalization of the neutrino mass matrix plays only a secondary role in our
previous Dirac neutrino model, it is natural and simple to extend this scenario with the inclusion of
Majorana mass terms for the right-handed neutrinos. These provide a rationale for the smallness of
neutrino masses at the cost of violating lepton number in two units. Aiming for simplicity, we introduce
diagonal Majorana mass terms as

−LMajorana =
1

2

[
(ν0R)

cMR ν
0
R + ν0RMR (ν0R)

c
]
, (6.42)
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where (ν0R)
c ≡ Cν0R

T
, and MR = diag (MR1,MR2,MR3), with MRi ∈ R. Given that MR is real, CP

conservation at the Lagrangian level is preserved—see Eq. (1.108). The mass term for neutrinos thus
reads

−L ν
mass =

1

2

(
(ν0L)

c ν0R

)
M∗

(
ν0L

(ν0R)
c

)
+H.c. , (6.43)

being

M =

(
0 M0

ν

(M0
ν )
T MR

)
. (6.44)

For the sake of clarity, let us introduce

µi ≡ (M0
ν )

∗
ii =

v√
2
eiθ1

(
cβy

ν
1i + sβy

ν
2ie

iθ
)
. (6.45)

With M0
ν and MR diagonal, the diagonalization of M can be carried out as

UTM∗ U =

(
mlight 03×3

03×3 mheavy

)
, (6.46)

where

U =

(
C S

−S∗ C

)(
Rν 03×3

03×3 13×3

) 
C = diag (cosα1, cosα2, cosα3) ,

S = diag
(
eiβ1 sinα1, e

iβ2 sinα2, e
iβ3 sinα3

)
,

Rν = i diag
(
eiβ1 , eiβ2 , eiβ3

)
,

(6.47)

and
tan 2αi = 2

|µi|
MRi

, βi = −arg (µi) . (6.48)

The resulting mlight and mheavy are 3× 3 real diagonal matrices given by

(mlight)ij = δij |µi| tanαi ≃ δij
|µi|2
MRi

, (mheavy)ij = δijMRi
tan 2αi
2 tanαi

≃ δijMRi . (6.49)

Assuming |µi| to have the same mass scale of charged leptons and quarks, such that |µi| ≪MRi, we are
left with three heavy neutrino states as well as three light neutrinos whose masses are suppressed by a
factor |µi|/MRi, as in the usual type I seesaw mechanism for neutrino mass generation—see Eq. (1.86).
The corresponding transformation of the neutrino fields reads

ν0L =
(
CRν S

)( νlightL

νheavyL

)
, ν0R =

(
−SR∗

ν C
)( (νlightL )c

(νheavyL )c

)
, (6.50)

Therefore, it is easy to see that light neutrinos are mostly ν0L, while heavy neutrinos are mostly ν0R. In
addition, one can check that the Dirac spinors νlight = νlightL + (νlightL )c and νheavy = νheavyL + (νheavyL )c

are indeed Majorana spinors since νlight = (νlight)c and νheavy = (νheavy)c. Finally, the 3 × 6 lepton
mixing matrix, up to diagonal rephasings of the charged lepton fields,5 is

Û3×6 = U†
ℓL

(
CRν S

)
, (6.51)

5The presence of Majorana mass terms do not allow for a common rephasing of left-handed and right-handed neutrino
fields.
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with UℓL in Eq. (6.37). The PMNS mixing, as it is usually defined, refers solely to the light neutrino
sector, namely, the 3× 3 matrix given by

Û = U†
ℓL
CRν . (6.52)

Deviations of 3× 3 unitarity in the light sector are thus controlled by small sinαi factors, and Majorana
phases can be read from Rν . As in the previous scenario with Dirac neutrinos, the resulting PMNS
mixing is CP-violating, and exhibits µ − τ symmetry—in fact, this property holds at the level of Û3×6

in Eq. (6.51). Regarding neutral flavor conservation, this is maintained in the charged lepton sector, but
SFCNC arise in the neutrino sector. The latter, together with other phenomenological implications, are
discussed in next section.

6.4.3 Phenomenological implications

Finally, we address some relevant phenomenological implications of the previous scenarios. We discuss
separately neutrino and charged lepton interactions.

Neutrino sector

In the Dirac neutrino case, both N0
ν and Nν are diagonal, and there are no SFCNC. Furthermore, if

M0
ν does not involve large cancellations, one reasonably has (Nν)ii ∼ mνi , and thus the additional

flavor-conserving Yukawa interactions of neutrinos appear to be safely negligible with a mνi

v ∼ 10−13

suppression factor.

Concerning the Majorana neutrinos of the seesaw scenario, it is important to recall that each of the
components in ν0L and ν0R is an admixture of one light and one heavy state, as quoted in Eq. (6.50),
being ν0L mostly light and ν0R mostly heavy. Since M0

ν and N0
ν are diagonal, couplings between different

pairs are absent. Consequently, the Yukawa interactions in the light-light and heavy-heavy sectors are
flavor-conserving and, in particular, they are suppressed by small factors sinαi. There are, nevertheless,
SFCNC involving one light and one heavy neutrino (one non-vanishing coupling for each independent
pair): since our concern lies with effects not at the large scale MRi

, we do not discuss them further.

As a final comment on the neutrino sector, while the original motivation—obtaining a CP-violating
PMNS mixing matrix when one requires that (i) the only source of CP violation is the vacuum state,
and that (ii) there are no SFCNC—fully applies in the Dirac neutrino case, this motivation is weakened
in the second scenario with Majorana neutrinos, since neutrino masses arise differently (they involve a
different diagonalization). However, it is remarkable that the most relevant features of the Dirac neutrino
case in Sec. 6.4.1, that is, a µ − τ symmetric PMNS and no SFCNC for charged leptons, are preserved
in the simple seesaw Majorana scenario of Sec. 6.4.2.
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Charged lepton sector

The most relevant sources of potential phenomenological concern are the flavor-conserving couplings of
the charged leptons in Nℓ. These are given by

ne ≡ (Nℓ)ee =
v2

2me

{
cβsβ

[
(yℓ21)

2 − (yℓ11)
2
]
+ yℓ11y

ℓ
21

(
c2β − s2β

)
cos θ + iyℓ11y

ℓ
21 sin θ

}
,

nµ ≡ (Nℓ)µµ =
v2

2mµ

{
cβsβ

[
(yℓ22)

2 − (yℓ12)
2
]
+ yℓ12y

ℓ
22(c

2
β − s2β) cos (θ + φ) + iyℓ12y

ℓ
22 sin (θ + φ)

}
,

nτ ≡ (Nℓ)ττ =
v2

2mτ

{
cβsβ

[
(yℓ22)

2 − (yℓ12)
2
]
+ yℓ12y

ℓ
22(c

2
β − s2β) cos (θ − φ) + iyℓ12y

ℓ
22 sin (θ − φ)

}
,

(6.53)

with φ ≡ φ2 − φ1, and where we have taken into account that, from Eq. (6.36),

2m2
e

v2
= c2β(y

ℓ
11)

2 + s2β(y
ℓ
21)

2 + 2cβsβy
ℓ
11y

ℓ
21 cos θ ,

2m2
µ

v2
= c2β(y

ℓ
12)

2 + s2β(y
ℓ
22)

2 + 2cβsβy
ℓ
12y

ℓ
22 cos (θ + φ) ,

2m2
τ

v2
= c2β(y

ℓ
12)

2 + s2β(y
ℓ
22)

2 + 2cβsβy
ℓ
12y

ℓ
22 cos (θ − φ) . (6.54)

The interactions of the charged leptons with the physical neutral scalars are of the form

LSℓℓ = −Sj ℓ̄
(
aℓj + ibℓjγ5

)
ℓ , (6.55)

with ℓ = e, µ, τ , and j = 1, 2, 3 corresponding to {S1, S2, S3} = {h,H,A}. The previous couplings read

aℓj = R1j
mℓ

v
+R2j

Re(nℓ)

v
−R3j

Im(nℓ)

v
, (6.56)

bℓj = R2j
Im(nℓ)

v
+R3j

Re(nℓ)

v
, (6.57)

where Rjk is the scalar mixing in Eqs. (3.26) and (3.27).

The observables that can be affected by the presence of the previous couplings and deserve some
attention are listed below.

• Signal strengths of the 125 GeV scalar boson in ℓ+ℓ− decays.

• Scalar resonances in pp → S → ℓ+ℓ−, with invariant mass of the lepton pair q2 ∼ M2
S . One

may also consider the production of charged scalars H± and their leptonic decays H+ → ℓ+ν and
H− → ℓ−ν̄, but they are controlled by the same couplings and the sensitivity is poorer.

• Precision observables sensitive to loops involving new scalars, such as the g− 2 of the electron and
the muon, the electron EDM, and µ→ eγ transitions. In App. E, we provide a detailed calculation
of scalar loop contributions to lepton dipole moments.

One could address them through a full numerical exploration of the parameter space of the model (which
in principle has enough parametric freedom to satisfy those constraints), but that is beyond the scope of
the present study—establishing that the model can be viable—, and would require, in addition, to specify
the quark sector. In any case, our analysis in Refs. [7, 8], may provide a satisfactory answer. There,
we considered a general flavor conserving 2HDM to address potential deviations from SM expectations
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in both g − 2 of the electron and the muon. The complete numerical analysis includes the Higgs signal
strengths and bounds on resonant production of new scalars as relevant constraints. In particular, they
are satisfied despite the fact that the Nℓ couplings required to obtain sizable contributions to (g − 2)e,µ

are much larger than the corresponding charged lepton masses—in addition, the scalar sector must be
close to the scalar alignment limit. Since here we do not necessarily require such values of the couplings,
no problem is to be expected from these observables. However, this might not be the case with the
electron EDM, de, as CP conservation is assumed in [7, 8], and the most recent experimental bound is
|de| < 4.1 × 10−30 e · cm = 2.1 × 10−16 e · GeV−1 at 90% CL [158]. Hence, let us briefly analyze the
neutral scalar contributions to this precision observable in some detail. These arise from one-loop and
two-loop (Barr-Zee) diagrams depicted in Fig. 6.1.

e e

γ

Sj

(a)

e e

Sj γ

f

γ

e

(b)

Figure 6.1: Neutral scalar loop contributions to the electron EDM: (a) one-loop, and (b) two-loop Barr-
Zee. The blue vertices represent the couplings of the electron to neutral scalars as given in Eqs. (6.55)
and (6.56). We distinguish in red the coupling of either a quark or a lepton to a neutral scalar in the
closed fermion loop of the Barr-Zee diagram.

On the one hand, with the couplings in Eq. (6.55), one-loop neutral scalar contributions to the
electron EDM in Fig. 6.1a—check App. E.1 for the full calculation—are given by

|δd(1)e | ≃ eme

8π2

∣∣∣∣∣∣
∑
j

aejb
e
j

M2
Sj

[
3

2
+ ln

(
m2
e

M2
Sj

)]∣∣∣∣∣∣ . (6.58)

As a simple numerical exercise, one can consider the contribution of a single neutral scalar with mass
MSj

= 500 GeV and couplings aeSj
= beSj

= 10(me/v). With these values, one obtains |δd(1), Sj
e | ≃

2.9×10−19 e ·GeV−1. It is thus clear that, even for a scalar Sj not too heavy that presents enhanced scalar
and pseudoscalar couplings aeSj

and beSj
with respect to the SM-like coupling me/v, the corresponding

contribution is not expected to be in conflict with the experimental bound on de.

On the other hand, for a given scalar Sj and fermion f , two-loop Barr-Zee diagrams in Fig. 6.1b
generate a contribution to the electron EDM of the form

|δd(2), (Sj , f)
e | = eα

8π3

Nf
CQ

2
f

mf

∣∣∣∣∣aejbfj f
(
m2
f

M2
Sj

)
+ beja

f
j g

(
m2
f

M2
Sj

)∣∣∣∣∣ , (6.59)

where Nf
C and Qf are the number of colors and the electric charge of fermion f , and the functions f(z)

and g(z) are given in App. E.3. Notice that one of the “small” electron Yukawa couplings is replaced
by the scalar or pseudoscalar couplings of the fermion f , which are analogous to the ones quoted in
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Eq. (6.55).6 With the previous values MSj
= 500 GeV, aej = bej = 10(me/v), and an internal top

quark f = t with couplings atj = btj = mt/v, we obtain |δd(2), (Sj , t)
e | ≃ 3 × 10−13 e · GeV−1, which is

incompatible with the experimental bound. From this rough estimate, it is clear that the electron EDM
is indeed a relevant constraint, and these illustrative values (considered simultaneously) are too naive
or generic: although not automatically granted, compatibility with experiment can be regained by a
combination of heavier scalars, smaller Yukawa couplings of the electron,7 smaller Yukawa couplings of
the top quark (presumably the dominant fermion contribution unless the bottom quark couplings are
much more enhanced), and even cancellations between the different scalar contributions. As an example,
let us consider the joint contribution of all three scalars with masses MS1

= MS2
= MS3

= 2 TeV,
with couplings to the electron and the top quark given by ne = (eiπ/4/20)me and nt = (eiπ/4/20)mt,
respectively, and non-vanishing scalar mixings R11 = 1 (corresponding to the scalar alignment limit),
R22 = R33 = cos θ23 and R23 = −R32 = sin θ23, with θ23 = 0.2. With these illustrative values, we obtain
|δd(2), (S1, t)

e + δd
(2), (S2, t)
e + δd

(2), (S3, t)
e | ≃ 1.5 × 10−16 e · GeV−1, in agreement with experiment. All in

all, one can readily see that the model remains viable, but the electron EDM plays an important role in
shaping the available parameter space.
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Figure 6.2: Scalar loop contributions to µ → eγ: (a) one-loop, and (b) two-loop Barr-Zee. The orange
vertices represent the couplings of the leptons to charged scalars. We distinguish in red the coupling of
either a quark or a lepton to the charged scalar in the closed fermion loop of the Barr-Zee diagram.

One might also worry about potentially dangerous contributions to µ→ eγ transitions such as those
in Fig. 6.2. For Dirac neutrinos, the smallness of neutrino masses and couplings (Nν)ii ∼ mνi safely
suppress µ→ eγ transitions. For Majorana neutrinos in the type I seesaw scenario presented in Sec. 6.4.2,
one might worry about the contributions coming from internal heavy neutrinos, which are mostly ν0R. One
expects again suppressed contributions from the large heavy neutrino masses in the one-loop diagrams
and, less transparently—see [159]—, from the heavy neutrino in the initial-to-final fermion line together
with the heavy W in the internal vector boson line. Nevertheless, although plausible, this does not
guarantee automatic agreement with experimental constraints on µ → eγ transitions, and similarly to
the case of the electron EDM, they can play a relevant role in constraining the parameter space in more
thorough phenomenological studies.

6The only relevant change for fermions with opposite sign weak isospin, i.e., neutrinos and up-type quarks, is that the
scalar mixing R3j → −R3j .

7Smaller Yukawa couplings are in fact to be expected since the couplings in Eq. (6.55) involve the interplay between the
real and imaginary parts of ne and the scalar mixings Rjk.
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6.5 Summary

In the context of 2HDM, we have analyzed how the simultaneous requirement of (i) SCPV and (ii) the
absence of SFCNC can lead to a fermion mixing matrix that violates CP, evading the argument given
in [154]. To this aim, the real Yukawa couplings must exhibit a very particular structure, as shown
in [155], satisfying two important conditions: (i) the symmetric combinations Y fa Y f Ta and Y f Ta Y fa have
real degenerate eigenvalues, and (ii) the corresponding Yukawa coupling Y fa presents complex conjugate
eigenvalues corresponding to complex conjugate eigenvectors, which are orthonormal and do not depend
on the specific eigenvalues. The latter allows for a simultaneous unitary diagonalization of all Y fa (a =

1, 2), and thus guarantees the absence of SFCNC. At the same time, the fact that the eigenvectors are
complex conjugate of one another forces the fermion mixing matrix to have two rows/columns of equal
moduli. Our analysis provides a general approach to the model presented in [155, 156], and emphasizes
the important role of orthogonal matrices together with their intimate connection with degeneracies,
complex eigenvalues, and a simultaneous unitary diagonalization of the Yukawa couplings. Although
the previous framework is not viable in the quark sector, we extend this idea to the lepton sector,
considering both Dirac and Majorana neutrinos (in a type I seesaw scenario). The resulting PMNS
mixing matrix, as a consequence of the simultaneous requirement of SCPV and the absence of SFCNC,
is µ − τ symmetric and compatible with current experimental data. Finally, we have discussed some
additional phenomenological implications, and argued that observables such as the electron EDM and
µ→ eγ transitions would play a fundamental role in constraining the parameter space of the model.
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7 CP violation in B meson mixing:

baryogenesis and upcoming searches

As developed in chapter 1, the phenomenon of CP violation in the SM is a consequence of the existence
of three generations of fermions, predicted by Kobayashi and Maskawa [28], and beautifully confirmed by
an array of measurements in the quark sector [23,116]. However, CP violation has not yet been observed
in all quark flavor transitions. In this chapter, we will focus on the yet-to-be-measured CP violation in
neutral B meson mixing.

Neutral B mesons are eigenstates of the strong and electromagnetic interactions with quark flavor
content Bq = b̄q and B̄q = bq̄, being q = d, s. Like kaons and D mesons, they are not mass eigenstates
once the weak interaction comes into play, but they form an ultradegenerate oscillating system Bq ↔ B̄q,
with ∆MBd

/MBd
≃ 10−13 and ∆MBs/MBs ≃ 10−12. In addition, we know that the actual mass

eigenstates are not eigenstates of CP, and that this symmetry is violated in meson-antimeson oscillations
at the level of 10−3 in both kaon and D meson systems. On the other hand, the SM predicts that the
amount of CP violation in B meson mixing is O(10−4−10−5) [160]:

Ad,SMSL ≃ −5× 10−4 [SM prediction] , (7.1)

As,SMSL ≃ +2× 10−5 [SM prediction] . (7.2)

Here, as it is common practice, AqSL quantifies CP violation in neutral B meson mixing, with SL standing
for “semileptonic”, which are the typical modes where these observables are searched for.

From the more theoretical point of view, the analysis of CP violation in neutral B meson oscillations
is appealing for two reasons.

(i) This is a highly suppressed phenomenon in the SM, meaning that, if it was measured, it would
constitute a clear signal of NP.

(ii) Since this type of CP violation arises in mixing, its effects are imprinted into any B meson decay,
and in particular into novel BSM decays ofB mesons. In this context, theB-mesogenesis mechanism
[161–163]—see also [164–170]—combined precisely these two features, namely, CP violation in
mixing and the existence of a new decay mode of B mesons into a baryon and a dark sector
antibaryon, aiming to generate both the observed matter-antimatter asymmetry as well as the dark
matter abundance in the early Universe. Notably, within this mechanism, the baryon asymmetry
of the Universe is directly proportional to the amount of CP violation in neutral B meson mixing,
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requiring in particular [163]:1

AqSL > +10−4 [required for baryogenesis] . (7.3)

Hence, the magnitude of CP violation in neutral B meson mixing could be a sensitive probe for many
NP scenarios that modify neutral meson mixing, and also be at the origin of the asymmetry between
matter and antimatter in the Universe. Unfortunately, it turns out that the CP asymmetry in the SM
falls short by about an order of magnitude—compare Eqs. (7.1) and (7.2) with Eq. (7.3)—to generate
the observed baryon asymmetry quoted in Eq. (1.111), thus requiring the presence of new CP-violating
sources in B meson oscillations.

The modification of B meson mixing and its CP-violating effects has been broadly addressed in the
literature in the context of NP models—see [172–181] for global analyses, and [182–198] for specific
models. Nevertheless, the extent to which these models can alter the amount of CP violation in B

mixing has not been recently analyzed. The latest detailed studies date from over a decade, when the D0
collaboration reported an anomalously large CP asymmetry involving both Bd and Bs decays [199–201].
After new measurements by LHCb, Belle and BaBar, it has become clear that global averages are
compatible with the absence of CP violation in neutral B meson mixing [65]:

Ad,Exp
SL = (−21± 17)× 10−4 [world average 2025] , (7.4)

As,Exp
SL = ( −6± 28)× 10−4 [world average 2025] . (7.5)

In this context, we believe there are three more reasons to explore this subject again.

(i) The LHC has provided many new measurements of CP-violating observables in the B meson sector,
which have implications for this type of models.

(ii) The CP asymmetries encoding the amount of CP violation in mixing will be measured with higher
precision at LHCb as well as in Belle II in the upcoming years.

(iii) NP models that can alter these CP asymmetries face many novel bounds from the LHC as a result
of the plethora of stringent searches for new phenomena, which in general require ΛNP > 1 TeV,
being ΛNP the NP energy scale.

All in all, our main goal in this chapter is to understand how large CP violation in neutral B meson
mixing can be. As previously mentioned, this is important in order to highlight what the relevance of
future measurements of this quantity at collider experiments is, its implications for BSM models (that
is, what sort of NP could be at play if a non-standard value is measured), and finally to understand
which conditions are needed BSM to generate a large enough CP asymmetry allowing for successful
B-mesogenesis.

To this aim, we consider three different scenarios. (i) Models where the main modification to B meson
mixing arises from contributions to the mass mixing Mq

12. These are the most standard modifications,
as Mq

12 mediates virtual transitions, and thus heavy particles inaccessible to the LHC could contribute
to it. (ii) NP models with additional vector-like quarks inducing deviations from 3 × 3 CKM unitarity.
The motivation for this type of extensions follows from the original purpose of introducing three quarks

1Recently, it has been pointed out that radiative decays and inverse decays of resonant vector mesons B∗
q ↔ Bq + γ

will act as to suppress the generation of the baryon asymmetry within B-mesogenesis, and probably one would need a
semileptonic asymmetry larger than in Eq. (7.3) [171].
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in the SM to allow for CP violation. In our case, we want to understand how they change the relevant
CP asymmetries. (iii) NP models that contribute to the decay width mixing Γq12. In principle, these
scenarios necessarily involve rather light states, and as we will check, they are highly constrained by
LHC searches and measurements of the meson mass differences.

Overall, our main conclusions are that upcoming measurements of CP violation in B mixing will not
be able to test the most generic NP models, and that the B-mesogenesis mechanism is to some extent
theoretically depreciated due to the difficulty to obtain large enough CP asymmetries BSM. A visual
description of these results is displayed in Fig. 7.8.

This chapter is structured as follows. In Sec. 7.1, we present an overview of neutral B meson systems
as well as the current status of the relevant mixing observables. In Sec. 7.2, we perform a global analysis
of NP models which affect the mass mixing. Then, in Sec. 7.3, we focus on the impact that deviations
of 3 × 3 CKM unitarity induced by the presence of vector-like quarks have on the CP asymmetries.
Sec. 7.5 is devoted to BSM scenarios that can also modify the decay mixing. In Sec. 7.6 we discuss our
results and compare them with the minimal requirements needed for successful B-mesogenesis as well as
upcoming sensitivities from LHCb and Belle II. Finally, we draw our conclusions in Sec. 7.7. We refer
the practitioners to App. F. There we discuss in depth the effective 2×2 Hamiltonian for Bq – B̄q meson
systems and review the SM calculation of the mixing parameters in App. F.1. We also include a fully
detailed computation of the novel contributions arising in vector-like quark models in App. F.2.

7.1 Neutral Bq – B̄q meson mixing

In this section, we revisit the fundamental concepts related to the phenomenon of neutral B meson
oscillations. Furthermore, we compare the SM prediction with the latest experimental results on the
mixing observables that are of interest for the subsequent analyses.

7.1.1 General framework and experimental status

The mesons Bq = b̄q and B̄q = bq̄, with q = d, s, are eigenstates of the strong and electromagnetic inter-
actions with opposite flavor content. Once the weak interaction is considered, they both mix and decay
to other states. In the Weisskopf-Wigner approximation [202,203], the time evolution of a superposition
of neutral B mesons,

|ψ(t)⟩ = a(t)|Bq⟩+ b(t)|B̄q⟩ , (7.6)

with t measured in the rest frame of the Bq – B̄q system, is controlled by the Hamiltonian

Hq =Mq − i
Γq

2
=

(
Mq

11 − iΓq11/2 Mq
12 − iΓq12/2

Mq
21 − iΓq21/2 Mq

22 − iΓq22/2

)
, (7.7)

that is,

Hq|ψ(t)⟩ = i
d

dt
|ψ(t)⟩ , |ψ(t)⟩ = exp(−iHqt)|ψ(0)⟩ , (7.8)

with Mq =Mq† and Γq = Γq†. The Hamiltonian is not diagonal in the {|Bq⟩, |B̄q⟩} basis, meaning that
neutral B mesons will oscillate, i.e., have a time-dependent varying flavor content in terms of Bq and
B̄q. Furthermore, CPT invariance, which is assumed hereafter, leads to Mq

11 =Mq
22 and Γq11 = Γq22.

The off-diagonal elements are precisely the ones responsible for the Bq ↔ B̄q transitions in two
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possible ways: (i) through intermediate virtual (off-shell) states encoded in the mass mixing Mq
12, or (ii)

through intermediate real (on-shell) states related to the decay width mixing Γq12. For further details on
the physical meaning of these quantities and their relation to the underlying fundamental interactions,
see App. F. The mass and decay width differences between the heavy (H) and light (L) eigenstates of
the Hamiltonian can be expressed,2 up to O(|Γq12/Mq

12|2), as

∆Mq ≡Mq
H −Mq

L ≃ 2|Mq
12| , (7.9)

∆Γq ≡ ΓqL − ΓqH ≃ 2|Γq12| cosϕq12 , (7.10)

where
ϕq12 ≡ arg

(
−M

q
12

Γq12

)
. (7.11)

This relative phase is directly related to the phenomenon of CP violation in B meson mixing, which
will translate into a deviation of Γq12/M

q
12 from being a real quantity. In particular, ϕq12 emerges in the

computation of CP asymmetries involving flavor-specific decays characterized by a final state f such that
Bq ↛ f̄ and B̄q ↛ f (i.e., Bq cannot decay into f̄ and B̄q cannot decay into f), and ⟨f |T |Bq⟩ = ⟨f̄ |T |B̄q⟩,
where T is the transition matrix describing the underlying fundamental interactions that control these
processes. In particular, one can consider the semileptonic decay modes Bq → Xℓ+νℓ and B̄q → Xℓ−ν̄ℓ,
where the charge of the final state lepton projects the flavor content of the B meson at the time of decay
(the ∆F = ∆Q rule of charged current weak interactions).3 In those cases, the semileptonic asymmetries
are defined as

AqSL ≡ Γ(B̄q(t) → f)− Γ(Bq(t) → f̄)

Γ(B̄q(t) → f) + Γ(Bq(t) → f̄)
. (7.12)

Notice that, in the previous equation, we have explicitly included the time dependence of the meson
states to make clear that, although they are produced as a Bq (B̄q) meson at the initial time, they may
oscillate into a B̄q (Bq) and then decay to f̄ (f). Therefore, the semileptonic asymmetries are actually
measuring the difference between the probability of B̄q mixing into Bq, and Bq mixing into B̄q, that is,
CP violation in mixing. Furthermore, it is interesting to remark that a positive value of AqSL indicates
that it is more likely that a B̄q oscillates into a Bq than the other way around, which is precisely the
scenario where the B-mesogenesis mechanism can generate the observed BAU. Taking into account the
time evolution of B mesons, it is straightforward to check that, up to O(|Γq12/Mq

12|2),

AqSL = Im

(
Γq12
Mq

12

)
=

∣∣∣∣ Γq12Mq
12

∣∣∣∣ sinϕq12 , (7.13)

so that a signal of CP violation in mixing, i.e., AqSL ̸= 0, is due to a non-vanishing imaginary part of the
ratio Γq12/M

q
12. For completeness, we point out that, up to O(|Γq12/Mq

12|2), one also has

∆Γq
∆Mq

= −Re

(
Γq12
Mq

12

)
=

∣∣∣∣ Γq12Mq
12

∣∣∣∣ cosϕq12 . (7.14)

All in all, we have related the three relevant observables for the study of Bq – B̄q meson mixing with
the parameters |Mq

12|, |Γq12| and ϕq12. The most recent experimental measurements of these quantities
2The eigenvalues of Hq are µqH =Mq

H − i(Γ
q
H/2) and µqL =Mq

L − i(Γ
q
L/2), with Mq

H ,M
q
L,Γ

q
H ,Γ

q
L ∈ R, and Mq

H > Mq
L

by definition. Notice the flipped H ⇆ L convention in ∆Γq with respect to ∆Mq , commonly used in the literature and in
agreement with the PDG notation [23].

3The b̄ quark of the Bq meson decays into a positive charged lepton by emitting a W+ boson.
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are [65]:

∆MExp
d = 0.5069(19) ps−1 , ∆MExp

s = 17.766(6) ps−1 , (7.15)

∆ΓExp
d

ΓExp
d

= 0.001(10) , ∆ΓExp
s = 0.0781(35) ps−1 , (7.16)

Ad,Exp
SL = (−21± 17)× 10−4 , As,Exp

SL = (−6± 28)× 10−4 , (7.17)

with a correlation coefficient for the semileptonic asymmetries of ρ(Ad,Exp
SL , As,Exp

SL ) = −0.054. Notice
that the latter are still compatible with zero. The projected 1σ sensitivities δAqSL for the semileptonic
asymmetries from LHCb and Belle II, according to [163,204–206], are the following:

δAsSL = 10× 10−4 [LHCb (23 fb−1)− 2025] , (7.18)

δAsSL = 3× 10−4 [LHCb (300 fb−1)− 2040] , (7.19)

δAdSL = 8× 10−4 [LHCb (23 fb−1)− 2025] , (7.20)

δAdSL = 2× 10−4 [LHCb (300 fb−1)− 2040] , (7.21)

δAdSL = 5× 10−4 [Belle II (50 ab−1)− 2035] , (7.22)

where the year is set based on the expected date at which such luminosity will be collected. We should
point out that, despite the impressive sensitivity of a few parts in 10−4 that will be reached at the end
of the HL-LHC era, this is still far from saturating the current theoretical uncertainties within the SM,
as we will check later. Looking forward ahead, it is expected that FCC-ee [207] will be able to measure
these asymmetries with high precision. Although no dedicated final sensitivity studies are available yet,
it has been suggested [208] that FCC-ee could achieve a sensitivity at the level of a few parts in 10−5 for
AsSL, and hence capable of testing the SM prediction.

7.1.2 The Standard Model prediction for the mixing observables

In the SM, the transitions B̄q ↔ Bq occur at a fundamental level via box diagrams with W boson
exchange, as depicted in Fig. 7.1—see App. F.1 for details.

b

b̄q̄

q

B̄q Bq

u, c, t

ū, c̄, t̄

W− W+

b

b̄q̄

q

B̄q Bq

W−

W+

u, c, t ū, c̄, t̄

Figure 7.1: SM box diagrams mediating Bq – B̄q mixing.

On the one hand, Mq,SM
12 arises from the dispersive part of these diagrams and is dominated by the

virtual top quark contribution [58,209]:

Mq,SM
12 =

G2
FM

2
W

12π2
(λtbq)

2S0(xt)MBqf
2
Bq
BBq η̂B , (7.23)

with GF the Fermi constant, and MW the mass of the W boson. We will be using the shorthand
λαbq ≡ VαbV

∗
αq for the corresponding combination of CKM elements and xα ≡ m2

α/M
2
W . The Inami-Lim
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function S0(x) [210] is given by

S0(x) =
x

(1− x)2

[
1− 11x

4
+
x2

4
− 3x2 lnx

2(1− x)

]
, (7.24)

and is evaluated at xt = m̄2
t (m̄t)/M

2
W , where m̄t(m̄t) is the top quark mass in the MS scheme [211],

yielding S0(xt) ≃ 2.29. The parameter MBq
is the common mass of the Bq and B̄q mesons under the

strong and electromagnetic interactions. Non-perturbative QCD and hadronization effects are encoded
in the product f2Bq

BBq (m̄b), where fBq is the Bq meson decay constant and BBq (m̄b) the bag parameter
evaluated at the m̄b scale. These two parameters have to be determined using non-perturbative methods
such as lattice QCD [212,213] or QCD sum rules [214–216]. In this sense, we should point out that, for
the purpose of our analysis, we find more transparent to follow the lattice results from [212] in order to
take a particular value of the previous product in both Bd and Bs systems together with their correlation.
We note that the semileptonic asymmetries are not particularly sensitive to these parameters and, as
such, choosing any other set would not impact significantly our results and final conclusions. We also
refer to [217] for an updated discussion on the various calculations of Bq meson parameters from the
lattice and future prospects. Finally, the factor η̂B [218] includes two-loop perturbative QCD corrections
and is chosen to be renormalization scale and scheme independent. It accounts for the running from the
m̄t scale to the m̄b scale.4 In App. F.1.1, we provide further details on the calculation of Mq,SM

12 .

The mixing phenomenon in Bq meson systems is triggered dominantly by the mass difference between
the heavy and light eigenstates, that is, ∆Mq. The oscillations are considerably faster for Bs mesons
(around 35 times faster) than for Bd mesons. This is due to the hierarchy |Vts| ≫ |Vtd| between the
CKM elements appearing in the result for Mq,SM

12 . The most recent SM prediction for the meson mass
differences reads [160]:

∆MSM
d = 0.535± 0.021 ps−1 , ∆MSM

s = 18.23± 0.63 ps−1 . (7.25)

The connection with the rephasing-invariant angles β and βs of the unitarity triangles corresponding
to the Bd and Bs systems—see Fig. 1.1—is most important. Their definition, as introduced in chapter 1,
is given by

β ≡ arg

(
−VcdV

∗
cb

VtdV ∗
tb

)
, βs ≡ arg

(
− VtsV

∗
tb

VcsV ∗
cb

)
. (7.26)

These control the time-dependent CP asymmetries, SJ/ΨKS
≃ −ηJ/ΨKS

sin 2β and SJ/ΨΦ ≃ ηJ/ΨΦ sin 2βs

(ηf is the CP eigenvalue of the final state f), in the gold-plated modes5 Bd → J/ΨKS and Bs → J/ΨΦ

due to the interference between the decays with and without mixing. As we can see, the latter have a
clear theoretical interpretation in terms of the angles of the unitarity triangles, although this remains
true when only tree-level contributions to the decays are considered (and CP violation in kaon mixing
is neglected in Bd → J/ΨKS). On that regard, gluon penguin exchange diagrams can also arise in the
SM giving a contribution of order 1◦ [222–231], which is at the level of the current experimental pre-
cision [65, 232, 233], hence will be determinant if one considers the expected experimental sensitivity at
LHCb [204] and Belle II [205]. Therefore, the so-called “penguin pollution” must be taken into account
in order not to misidentify potential NP effects. In this sense, we conveniently write the SM prediction

4An alternative choice for the product of the two-loop perturbative QCD correction factor times the bag parameter
can be found in the literature, namely, η̂BBBq = ηBB̂Bq . On the left hand side, all renormalization scale and scheme
dependence enters on the bag parameter BBq , while, on the right hand side, it is translated into ηB . The second possibility
is used, for instance, by the Flavor Lattice Averaging Group (FLAG) [219].

5The gold-plated modes [220, 221] correspond to decays into CP eigenstates common to Bq and B̄q that occur at
tree-level. In those cases, hadronic effects cancel in the ratio of the decay amplitudes of Bq → f and B̄q → f .



7.1. Neutral Bq – B̄q meson mixing 111

for the phases controlling the time-dependent CP asymmetries as:

ϕSMd = 2β + ϕSM,pengd , (7.27)

ϕSMs = −2βs + ϕSM,pengs . (7.28)

The first angle on the right-hand side of Eqs. (7.27) and (7.28) arises from the argument of Mq,SM
12

normalized to the relative phase between the tree-level decays Bd → J/ΨKS or Bs → J/ΨΦ and their
corresponding CP-conjugate processes B̄d → J/ΨKS or B̄s → J/ΨΦ. In particular, we have

2β = arg(Md,SM
12 )− 2 arg(VcbV

∗
cd) , (7.29)

−2βs = arg(Ms,SM
12 )− 2 arg(VcbV

∗
cs) . (7.30)

The parametrization of the CKM matrix can be chosen in such a way that the second term on the
right-hand side vanishes—see, e.g., Eq. (1.75).

On the other hand, the theoretical determination of Γq,SM12 is much more challenging. It arises from
the absorptive part of box diagrams in Fig. 7.1 with real intermediate up and charm quarks. The way
to proceed with the computation consists of performing a first Operator Product Expansion (OPE)
where all degrees of freedom heavier than the b quark are integrated out (similarly to the Mq,SM

12 case).
Then, a second OPE in inverse powers of the heavy b quark mass, the so-called Heavy Quark Expansion
(HQE) [234], is carried out. Consequently, this procedure yields Γq,SM12 as a power series in 1/mb,6 being
mb the mass of the b quark, where each term is the product of a perturbative Wilson coefficient and a
non-perturbative matrix element between the Bq and B̄q meson states. In turn, the Wilson coefficients
may receive QCD corrections at higher orders in the strong coupling αs. On that respect, contributions at
O(αs) [235–238] and O(α2

s) [239–243] have been computed for the 1/m3
b power, while only leading order

terms in QCD are known for 1/m4
b [244] and 1/m5

b [245] powers. Regarding non-perturbative calculations,
the hadronic scale fixed by the matrix elements, Λ, is naively expected to be of the order of ΛQCD, but its
specific value must be extracted individually for each term. As previously commented, non-perturbative
matrix elements of dim-6 operators are computed in the framework of lattice QCD [212, 213] or QCD
sum rules [214–216]. More recently, a novel determination of matrix elements of dim-7 operators was
achieved in [246]. In App. F.1.2, details on the computation of Γq,SM12 at the lowest order in the HQE and
QCD corrections can be found. The latest update of the SM prediction for the decay width differences
of B mesons is given by [160]

∆ΓSM
d = (2.7± 0.4)× 10−3 ps−1 , ∆ΓSM

s = (9.1± 1.5)× 10−2 ps−1 . (7.31)

In any case, we are mostly interested in the ratio Γq,SM12 /Mq,SM
12 , which can be expressed as

Γq,SM12

Mq,SM
12

= −
(λcbq)

2Γq,cc12 + 2λcbqλ
u
bqΓ

q,uc
12 + (λubq)

2Γq,uu12

(λtbq)
2M̃q,SM

12

, (7.32)

where M̃q,SM
12 contains the CKM-independent part of Mq,SM

12 , and Γq,SM12 has been decomposed into
different CKM structures coming from uu, uc and cc quark contributions. The latter have very similar

6In the case of Γq
12, the HQE starts at order 1/m3

b .
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size, that is, Γq,cc12 ≃ Γq,uc12 ≃ Γq,uu12 [247]. Defining the coefficients

cq = − Γq,cc12

M̃q,SM
12

, aq = 2
Γq,uc12 − Γq,cc12

M̃q,SM
12

, bq =
2Γq,uc12 − Γq,cc12 − Γq,uu12

M̃q,SM
12

, (7.33)

and applying 3× 3 CKM unitarity in the form λubq + λcbq + λtbq = 0, one obtains

Γq,SM12

Mq,SM
12

= cq +

(
λubq
λtbq

)
aq +

(
λubq
λtbq

)2

bq . (7.34)

The numerical values of the coefficients cq, aq and bq extracted from [179] are

cd = (−49.5± 8.5)× 10−4 , cs = (−48.0± 8.3)× 10−4 , (7.35)

ad = (11.7± 1.3)× 10−4 , as = (12.3± 1.4)× 10−4 , (7.36)

bd = (0.24± 0.06)× 10−4 , bs = (0.79± 0.12)× 10−4 , (7.37)

for the Bd and Bs systems, in accordance with the fact that Γq,cc12 ≃ Γq,uc12 ≃ Γq,uu12 . At this point, it
is justified to neglect terms of O(|Γq12/Mq

12|2) in the expressions for the relevant mixing observables,
since |Γq12/Mq

12| ∼ 5 × 10−3 in the SM.7 There is a strong hierarchy in the numerical values, namely,
|cq| > aq ≫ bq, due to the GIM suppression affecting aq and bq, which vanish in the limit mc → mu.
Furthermore, the terms proportional to aq and bq in Eq. (7.34) are CKM-suppressed, with

λubq
λtbq

=

1.7× 10−2 − 4.2× 10−1 i , q = d ,

−8.8× 10−3 + 1.8× 10−2 i , q = s ,
(7.38)

(
λubq
λtbq

)2

=

−1.8× 10−1 − 1.5× 10−2 i , q = d ,

−2.5× 10−4 − 3.2× 10−4 i , q = s .
(7.39)

It is then clear that the real part of the previous ratio is dominated by the real cq contribution, while
for the imaginary part only the term proportional to aq contributes significantly. In particular, given
that ad and as are of the same order, the hierarchy in the values of the semileptonic asymmetries in
each system is determined by the fact that the imaginary part of λubq/λ

t
bq is around 20 times larger in

the Bd sector than in the Bs sector, having both opposite sign. The latest update from [160] on the SM
prediction for the semileptonic asymmetries reads

Ad,SMSL = (−5.1± 0.5)× 10−4 , (7.40)

As,SMSL = (0.22± 0.02)× 10−4 . (7.41)

All in all, the semileptonic asymmetries in the SM are small, with room for variation at the 10% level,
and fully compatible with the current experimental results. Comparing Eq. (7.17) with Eqs. (7.40)
and (7.41), one can readily check that the experimental uncertainty is about 3 times larger than the
corresponding SM central value in the Bd system, and 130 times larger in the Bs system. This means
that there is a priori ample room to accommodate NP effects affecting the semileptonic asymmetries,
thus providing new sources of CP violation in B meson mixing.

In summary, there are two ingredients that suppress the imaginary part of the ratio Γq,SM12 /Mq,SM
12

7More precisely, corrections to the mixing observables are of O((1/8)|Γq
12/M

q
12|2 sin2 ϕ

q
12), that is, O(10−8) for Bd and

O(10−11) for Bs in the SM, thus completely negligible given the current experimental precision.
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and, in particular, that align the phases of Γq,SM12 and Mq,SM
12 : (i) the dominant top contribution in

Mq,SM
12 , and (ii) 3 × 3 CKM unitarity and GIM cancellation. Aiming to analyze how this suppression

can be evaded BSM, we explore different frameworks in the following. In Sec. 7.2, we adopt a model-
independent approach to scenarios where only Mq

12 is modified. In Sec. 7.3, the inclusion of vector-like
quark singlets is considered. Finally, modifications of Γq12 are addressed in Sec. 7.5.

7.2 Aq
SL with heavy New Physics affecting M q

12

First of all, we consider the possibility of heavy NP affecting Bq – B̄q oscillations. The effects of short-
distance contributions can be addressed in the EFT framework through higher dimension operators built
out of SM light fields (below the mb scale). On the one hand, in the context of perturbation theory in the
weak interactions, Mq

12 corresponds to ∆B = 2 transitions through intermediate virtual states. These
arise at the one-loop level in the SM and they are CKM-suppressed, so that Mq

12 could be a sensitive
probe to elucidate heavy NP effects which might compete with the corresponding SM contribution. On
the other hand, Γq12 corresponds to two ∆B = 1 transitions through an intermediate real state that is
common to both Bq and B̄q mesons. ∆B = 1 transitions arise at tree-level in the SM, so that if NP
entered also at tree-level, its effects would be in any case suppressed with respect to the SM by powers of
(MW /ΛNP)

2, being ΛNP the NP scale. Therefore, it seems reasonable to neglect heavy NP contributions
in Γq12 at first instance and circumscribe its effects to Mq

12.

In this context, we consider a general model-independent modification of Mq
12, such that it could be

the benchmark to analyze a great variety of models including, e.g., leptoquarks [186, 187, 189], a heavy
Z ′ [189, 196, 197], 2HDMs [183, 188, 190, 191], axion-like particles [192, 198], supersymmetric models
[167, 193], dark sector particles [194], or SU(2)L triplets of heavy gauge bosons [195], among other
extensions. We should point out that although previous analyses addressing the impact of NP in B

meson mixing have been performed in the literature in a similar fashion—see, e.g., [173–181, 185]—, we
rather focus our attention on the question of how large AqSL can be. On that regard, modifications of these
quantities triggered the attention from the theoretical particle physics community some time ago due
to the anomalous value of the like-sign dimuon asymmetry reported by the D0 Collaboration [199–201].
Now, we are also encouraged by the fact that the potential size of the semileptonic asymmetries might
play a relevant role in generating the observed matter-antimatter asymmetry in the Universe [161].
Finally, it might be convenient to revisit these analyses in light of the most recent experimental data,
such as the latest results presented by LHCb concerning the phases that control CP violation in the
interference between mixing and decay of B mesons [232,233].

Following previous studies [176,179], we can write down

Mq
12 =Mq,SM

12 ∆q =Mq,SM
12 |∆q|eiϕ

∆
q , (7.42)

Γq12 = Γq,SM12 , (7.43)

ϕq12 = ϕq,SM12 + ϕ∆q , (7.44)

being |∆q| and ϕ∆q the modulus and the phase of the complex number ∆q that parametrizes the modifica-
tion of Mq

12 with respect to the SM.8 It is clear that the absence of NP translates into (|∆q|, ϕ∆q ) = (1, 0).
In EFT framework, ∆q can be understood as a modification of the Wilson coefficient accompanying the

8Other authors [178,180,181] opt to parametrize the deviation of the pure NP contribution with respect to the SM, that
is, the ratio Mq,NP

12 /Mq,SM
12 . It is straightforward to relate both parametrizations as Mq

12/M
q,SM
12 = 1 +Mq,NP

12 /Mq,SM
12 .
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dim-6 operator that contributes to Mq,SM
12 . In this way, the mixing observables are modified according

to

∆Mq = 2|Mq,SM
12 ||∆q| = ∆MSM

q |∆q| , (7.45)

∆Γq = 2|Γq,SM12 | cos (ϕq,SM12 + ϕ∆q ) = ∆ΓSM
q cosϕ∆q −∆MSM

q Aq,SMSL sinϕ∆q , (7.46)

AqSL =
1

|∆q|

∣∣∣∣ Γq,SM12

Mq,SM
12

∣∣∣∣ sin (ϕq,SM12 + ϕ∆q ) =
1

|∆q|

[
Aq,SMSL cosϕ∆q +

(
∆ΓSM

q

∆MSM
q

)
sinϕ∆q

]
. (7.47)

The phase controlling the time-dependent CP asymmetries gets modified as

ϕq = ϕSMq + ϕ∆q , (7.48)

where ϕSMq is given in Eqs. (7.27) and (7.28). In Eq. (7.48), we are assuming that NP does not enter
in tree-level decays nor through penguin topologies, while Eq. (7.47) highlights the strong correlation
between AqSL and ϕ∆q .

Aiming to understand how large the semileptonic asymmetries can be within this scenario, we perform
a global fit to constrain all independent parameters: {|∆d|, |∆s|, ϕ∆d , ϕ∆s , f2Bd

BBd
, f2Bs

BBs
, θ12, θ13, θ23, δ},

being θij and δ the three rotation angles and the complex phase of the 3×3 unitary CKM matrix. Without
loss of generality, one can restrict the angles to lie in the first quadrant provided that the phase is allowed
to be free. In particular, we adopt the Chau-Keung parameterization [30] used by the PDG [23]. The
set of relevant constraints includes the following.

• B meson mass differences ∆Md and ∆Ms. The combination of all available measurements is
summarized in [65], and given in Eq. (7.15). These are extraordinary well measured observables,
with uncertainties well below 1%.

• CP-violating phases arising in the interference between mixing and decay of B mesons. These
can be measured in different decay channels governed by the quark level transition b → cc̄s. On
the one hand, sinϕd is obtained from the analysis of final states such as J/ΨKS/L, Ψ(2S)KS , or
χc1KS . On the other hand, ϕs is extracted using final states like J/ΨΦ, Ψ(2S)Φ, or D+

s D
−
s . LHCb

has recently published the most precise single measurements of sinϕd [232] and ϕs [233] using the
decays Bd → Ψ(→ ℓ+ℓ−)KS(→ π+π−) and Bs → J/Ψ(→ µ+µ−)K+K−, respectively. A detailed
breakdown of the different determinations of the CP-violating phases can be found in Refs. [65]
and [23]. Here, we use the average including the latest results from LHCb, namely,9

sinϕExp
d = 0.709± 0.011 , (7.49)

ϕExp
s = −0.052± 0.013 . (7.50)

As previously commented, one should care about the contributions coming from penguin diagrams
when implementing this constraint. The penguin pollution in the SM is estimated to be of order 1◦

(∼ 0.017 rad), while NP penguins are much less constrained. In this sense, we add in quadrature
the potential size of penguin topologies and the experimental uncertainty in the measurement of the
previous mixing-induced CP phases, and treat the result as a total uncertainty for this constraint.
Our limited knowledge on the penguin effects, and even more on the NP penguin contributions

9For online updates of these quantities, we refer to the HFLAV webpage, and the PDG Live results.

https://hflav.web.cern.ch/
https://pdglive.lbl.gov/Viewer.action
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(that depend on the specific model), should be appropriately covered in this way. One may also
worry about the channel dependence of the penguin pollution,10 since we are actually taking an
experimental average over different decay modes where the mixing-induced CP phases have been
measured. An analysis of different decay channels besides the gold-plated ones has been carried
out, e.g., in [223, 225], where the penguin effects are expected to be of order 1◦ as well. Hence,
these further effects are also accommodated within our approach.

• Lattice QCD results for the products f2Bd
BBd

and f2Bs
BBs , together with their correlation, are

taken from [212]:

f2Bd
BBd

(m̄b) = 0.0342(29)(7)GeV2 , (7.51)

f2Bs
BBs

(m̄b) = 0.0498(30)(10)GeV2 , (7.52)

ρ(f2Bd
BBd

, f2Bs
BBs) = 0.968 , (7.53)

where the first number in parentheses is the “total error” accounting for all statistical and systematic
uncertainties in the lattice simulation, and the second number in parentheses corresponds to the
“charm sea error”. We add these two contributions in quadrature.

• CKM entries |Vud|, |Vus|, |Vub|, |Vcb| and the angle γ ≡ arg(−VudVcbV ∗
ubV

∗
cd). As we will highlight

later in next section, in the context of vector-like quark extensions it is crucial to further include
the |Vtb| constraint, and thus we quote its value in the list below. The experimental values reported
by the PDG [23] are:

|Vud| = 0.97367± 0.00032 , (7.54)

|Vus| = 0.22431± 0.00085 , (7.55)

|Vub| = (3.82± 0.20)× 10−3 , (7.56)

|Vcb| = (41.1± 1.2)× 10−3 , (7.57)

|Vtb| = 1.010± 0.027 , (7.58)

γ = (65.7± 3.0)◦ . (7.59)

One may worry about the longstanding discrepancy between the inclusive and exclusive determina-
tions of |Vcb| and |Vub|, which reach the level of ∼ 3σ and ≲ 2σ, respectively. More precisely, they are
given by |Vcb|incl = (42.2±0.5)×10−3, |Vcb|excl = (39.8±0.6)×10−3, |Vub|incl = (4.13±0.26)×10−3,
and |Vub|excl = (3.67 ± 0.15) × 10−3, with inclusive measurements being generally larger than the
exclusive ones. As we will check later, the use of the average values in Eqs. (7.56) and (7.57) or
the incl./excl. measurements of these quantities would not change our conclusions, and thus in the
following we stick to the combined results recommended by the PDG.

• B meson decay width differences ∆Γd and ∆Γs [65], as given in Eq. (7.16).

• Semileptonic asymmetries AdSL and AsSL [65] in Eq. (7.17). They are measured in flavor-specific
decay modes such as Bq → D

(∗)−
q µ+νX.

10In particular, the penguin pollution encodes non-perturbative hadronic effects involving the initial and final states of
the transition amplitude. Other factors such as the polarization of the final state particles might also have an impact on
this estimation, as it happens for instance in the gold-plated mode Bs → J/ΨΦ. A more extensive explanation can be
found in [179].
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• Parameters cq, aq, and bq in Eqs. (7.35) to (7.37) entering the ratio Γq12/M
q
12. It is worth mentioning

that their uncertainties are “theoretical”. We explore two extreme options: (i) allowing them to
vary freely within the range given by the central values plus/minus the uncertainties, and (ii) fixing
them to their central values. The results obtained with one or the other option differ at a negligible
level. A more realistic approach would allow them to vary in a correlated manner, but since the
extreme options make essentially no difference, that more realistic approach cannot neither.

Other input parameters used in the analysis are given in Table 7.1.

Parameter Value Units Reference

GF 1.1663788(6)× 10−5 GeV−2 [23]

η̂B 0.84 1 [218]

MW 80.377(12) GeV [23]

m̄t(m̄t) 161.98(75) GeV [248]

MBd
5.27963(20) GeV [23]

MBs 5.36691(11) GeV [23]

Table 7.1: Input parameters.

The previous constraints are implemented in terms of Gaussian likelihoods or equivalent χ2 terms
(except for the parameters cq, aq, and bq, as mentioned before). The global χ2 is sampled via Markov
chain Monte Carlo techniques in order to represent the relevant regions for the different parameters and
observables.

Our results are summarized in Fig. 7.2, where we present the allowed regions in the AsSL–AdSL plane.
In particular, at 68% CL, we have

AdSL|w/ peng = (−9.1± 3.6)× 10−4 , (7.60)

AsSL|w/ peng = (−0.04± 1.21)× 10−4 , (7.61)

ρ(AdSL, A
s
SL)|w/ peng = −0.113 , (7.62)

including the penguin pollution, and

AdSL|w/o peng = (−9.4± 3.2)× 10−4 , (7.63)

AsSL|w/o peng = (−0.01± 0.83)× 10−4 , (7.64)

ρ(AdSL, A
s
SL)|w/o peng = −0.110 , (7.65)

if penguins effects are ignored. Both results are fully compatible with the SM prediction at 95% CL,
and compatible with zero within 1σ in the Bs system and less than 3σ in the Bd system. We can
check that the potential size of the semileptonic asymmetries, as allowed by current data, is O(10−3)

for AdSL and O(10−4) for AsSL, which are still below the projected sensitivity at LHCb with 23 fb−1,
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Figure 7.2: Allowed regions for AdSL and AsSL with heavy NP solely affecting Mq
12. All contours are

shown at 95% CL (2D-∆χ2 = 5.99), together with the corresponding best fit point. In the left panel,
the pink ellipse represents the current experimental world averages for the semileptonic asymmetries
measurements as of 2025, while the ellipses in orange project the future expected sensitivity at LHCb
with 23 fb−1, and Belle II with 50 ab−1 of collected data. The blue and red contours show the results of
our analysis within the scenario presented in Sec. 7.2, corresponding to the case where SM gluon penguin
contributions have been included or neglected, respectively. The point in black is the SM prediction,
whose uncertainties are not visible in these axes. In the right panel, we provide the detail of our results
along with the projected sensitivities at LHCb (23 fb−1) and Belle II (50 ab−1), and, in addition, at
LHCb with 300 fb−1 of collected data.

and Belle II with 50 ab−1 of collected data. Only LHCb at 300 fb−1 is expected to effectively constrain
the allowed range for AdSL, as it is shown in Fig. 7.2. The vanishing correlation coefficient between the
semileptonic asymmetries in our analyses traces back to the absence of correlation in the measurements
of the mixing-induced CP phases that constrain the parameters ϕ∆q in Bd and Bs meson systems.

For completeness, we provide in the following the values of the parameters |∆q| and ϕ∆q that modify
the modulus and the phase of Mq,SM

12 in this scenario:

|∆d|w/ peng = 0.98+0.10
−0.07 , ϕ∆d |w/ peng = −0.071+0.058

−0.057 , (7.66)

|∆s|w/ peng = 1.00+0.06
−0.04 , ϕ∆s |w/ peng = −0.004+0.025

−0.027 , (7.67)

and

|∆d|w/o peng = 0.90+0.13
−0.07 , ϕ∆d |w/o peng = −0.055+0.048

−0.059 , (7.68)

|∆s|w/o peng = 0.92+0.10
−0.05 , ϕ∆s |w/o peng = −0.006+0.018

−0.019 . (7.69)

On the one hand, the parameters |∆q| are close to their SM value with uncertainties of O(10%), as
one could have expected from the agreement between the measurements and the SM prediction of the
meson mass differences ∆Mq. Therefore, they do not contribute substantially to enhance the values of
the semileptonic asymmetries with respect to the SM. On the other hand, despite the small values of
ϕ∆s , they can enhance AsSL at the 10−4 level. In the case of AdSL, the phases ϕ∆d could be large enough to
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saturate the experimental lower bound expected from Belle II (50 ab−1).

The previous results have been obtained considering the average experimental values of |Vcb| and |Vub|
provided by the PDG. On that regard, aiming to maximize the values of the semileptonic asymmetries,
we could have used instead the exclusive determination of |Vcb| together with the inclusive determination
of |Vub|, as this choice would allow for larger values of the angles β and βs in the corresponding unitarity
triangles, and thus for the asymmetries—see Eq. (7.47). Ignoring the fact that using the exclusive
measurements in one case and the inclusive ones in the other might be in some sense inconsistent, we
have checked that this would imply a shift in the central values of the asymmetries, in particular to
larger negative values of AdSL and larger positive values of AsSL, without altering the ranges of variation
driven by the corresponding uncertainties. Although this means that a small region of the parameters
could actually be tested by upcoming measurements at Belle II (50 ab−1), our conclusions in terms of
compatibility with the B-mesogenesis mechanism do not change, as we will check later.

7.3 Aq
SL with non-unitary CKM mixing

We consider in this section models where the SM quark content is extended through the inclusion of
“vector-like” quarks.11 These “exotic fermions” naturally arise in a number of theoretically top-down
motivated scenarios such as GUTs [249, 250], extra-dimensional models [251], or composite Higgs mod-
els [252]. From a bottom-up perspective, models with vector-like quarks provide an interestingly rich
phenomenology [253–261]. We will focus on the simplest cases within that large class of models, that is,
models with either one up-type or one down-type quark singlet (to be referred in the following as UVLQ
and DVLQ, respectively), since they already introduce the modifications of interest. Two important
features are present in these models.

(i) The CKM matrix is not anymore 3 × 3 unitary, but part of larger unitary matrix. In the UVLQ
case, CKM is 4 × 3, while in DVLQ models, CKM is 3 × 4. Notably, in both cases CKM mixing
is embedded in a 4 × 4 unitary matrix. Just for illustration, although we do not consider such a
scenario, adding simultaneously one up-type and one down-type vector-like quark singlets, CKM
would be 4× 4 and would be embedded in a larger 5× 5 unitary matrix.

(ii) In UVLQ scenario, there are tree-level Z-FCNC in the up quark sector, but not in the down quark
sector. On the contrary, in the DVLQ case, there are tree-level Z-FCNC in the down quark sector,
but not in the up quark sector. For illustration again, with both one up-type and one down-type
vector-like quark singlets, tree-level Z-FCNC are present in both the up and down quark sectors.

Focusing on Bd and Bs neutral meson mixings, there are novel contributions to the mixing parameters.

(i) Contributions to Mq
12. In UVLQ models, they correspond to additional SM-like box diagrams, as

those in Fig. 7.1, including the new up-type quark T in the loop. These contributions depend on
the mass mT and the combinations VTbV ∗

Tq of the enlarged CKM matrix. More precisely, we obtain

Mq,UVLQ
12

Mq,SM-like
12

= 1 +
λTbq
λtbq

CUVLQ
1 (xt, xT )

S0(xt)
+

(
λTbq
λtbq

)2
CUVLQ

2 (xT )

S0(xt)
, (7.70)

11“Vector-like” meaning that new left-handed and right-handed fields are added together, with the same SU(2)L assign-
ment, and thus they are harmless from the point of view of anomaly cancellations.
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where
CUVLQ

1 (xt, xT ) = 2S0(xt, xT ) , CUVLQ
2 (xT ) = S0(xT ) , (7.71)

On the other hand, in the DVLQ case, the new contributions involve tree-level flavor-changing
neutral vertices, as illustrated in Fig. 7.3, that depend on the 3× 3 unitarity violations (DL)qb =

VubV
∗
uq + VcbV

∗
cq + VtbV

∗
tq ̸= 0, but not on the mass of the new down-type quark. In particular, we

find
Mq,DVLQ

12

Mq,SM-like
12

= 1 +
(DL)qb
λtbq

CDVLQ
1 (xt)

S0(xt)
+

(
(DL)qb
λtbq

)2
CDVLQ

2

S0(xt)
, (7.72)

where

CDVLQ
1 (xt) = −4Y (xt), CDVLQ

2 =
2
√
2π2

GFM2
W

, (7.73)

and the Inami-Lim function given by

Y (x) =
x

4(x− 1)

[
x− 4 +

3x lnx

x− 1

]
. (7.74)

The factor Mq,SM-like
12 denotes the SM-like contribution quoted in Eq. (7.23), although one could

expect different values for the CKM elements since 3 × 3 unitarity does not hold within these
scenarios. A detailed breakdown of the calculation of the different contributions is provided in
Apps. F.2.1 and F.2.2.

(ii) Contributions to Γq12. There are no new contributions in the UVLQ scenario, contrary to the DVLQ
case, where new contributions involving one or two Z flavor-changing vertices are present. These
new contributions in the DVLQ case are nevertheless negligible, as we will discuss later.

All in all, the inclusion of vector-like quarks provides two ingredients—a non 3× 3 unitary CKM matrix
together with new contributions to Mq

12—that have the potential to induce a significant misalignment of
Γq12/M

q
12 with respect to the SM.

b
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Figure 7.3: Tree-level and one-loop diagrams contributing to Bq – B̄q mixing in DVLQ models. The red
vertex corresponds to the flavor-changing coupling Zd̄idj generated in this type of models. The blob in
gray represents all possible flavor-changing one-loop topologies arising from the exchange of one or two W
bosons, including those where the Z couples directly to one of the external lines. In this case, the other
topologies where the red vertex and the gray blob exchange positions are not shown, but appropriately
included in the calculations—see App. F.2.2 for details.

The analyses within this scenario are conducted in the same way as those of Sec. 7.2 with the following
changes. Since the CKM matrix is not 3 × 3 unitary but part of a larger 4 × 4 unitary matrix in both
UVLQ and DVLQ analyses, rather than the 4 parameters required in Sec. 7.2 to describe CKM mixing, 5
additional parameters are needed, namely, 3 new mixing angles {θ14, θ24, θ34}, and 2 new phases {δ14, δ24}
in a PDG-like parametrization. In this way, the extended CKM matrix (4 × 3 in the UVLQ case, and
3× 4 in the DVLQ case), together with the Z tree-level flavor-changing couplings are properly covered.

It is to be mentioned that, in the DVLQ scenario, we ignore the mass of the new down-type quark
since it does not enter the quantities of interest, that is, Γq12 and Mq

12. In the UVLQ case, the mass of
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the new up-type quark mT is, on the contrary, very relevant. The results shown in Fig. 7.4 correspond to
mT = 1.6 TeV. This value is chosen to avoid direct lower bounds [262,263].12 We have also checked that
for values of mT ∈ [1.6, 5] TeV, the range of potential enhancement of the asymmetries AqSL is unchanged.
Concerning the penguin pollution discussed in Sec. 7.2, we only consider in this section analyses that
include it, without further mention.

There is an important aspect of our analyses that deserves clarification. For both UVLQ and DVLQ
scenarios, we consider the same set of constraints discussed in Sec. 7.2, and used in the model-independent
analyses presented there. In principle, this set could be extended to include other relevant constraints
(e.g., Bq rare decays, electroweak precision data and oblique parameters, kaon mixing observables, rare
kaon decays, etc., to name a few), if we were to perform detailed phenomenological analyses of these
scenarios. We stick to the constraints of Sec. 7.2 since that is not our goal. As a consequence, the results
obtained in this section, in particular the ranges in AdSL and AsSL, come with a qualification. It is not
guaranteed that the full range of variation of AdSL and AsSL would be allowed if additional constraints
were to be included. What is guaranteed, however, is that values of AdSL and AsSL outside the allowed
regions emerging from the analyses cannot be accommodated in any case in these scenarios. Since the
regions that we have obtained are already very limited, further constraining them would not change
our conclusions in terms of their testability in upcoming measurements at LHCb and Belle II, and their
compatibility with the B-mesogenesis mechanism, as we will check later.

Furthermore, we have explored the size of the 3 × 3 unitarity deviations that our analyses allow
for, finding, in the DVLQ case |(DL)db| < 5 × 10−4 and |(DL)sb| < 2 × 10−3, while in the UVLQ case
|λTbd| < 10−3 and |λTbs| < 5 × 10−3. Since part of these ranges can indeed be in conflict with other
constraints not included, we have also analyzed the minimal sizes of these 3 × 3 unitarity deviations
required to produce the full range of variation of AdSL and AsSL. We find |(DL)db| ∼ 2 × 10−4 and
|(DL)sb| ∼ 5×10−4 in the DVLQ case, and |λTbd| ∼ 4×10−4 and |λTbs| ∼ 8×10−4 in UVLQ models. These
values appear to be sufficiently safe from the point of view of other Bd and Bs related constraints [261]
not considered here. As a bonus, it is also clear from the values of these 3× 3 unitarity deviations that
the new contributions to Γq12 in the DVLQ scenario mentioned before are much suppressed with respect
to the usual ones: |(DL)db| ≪ |λubd|, |λcbd| ∼ O(λ3) and |(DL)sb| ≤ |λubs| ∼ O(λ4) ≪ |λcbs| ∼ O(λ2), with
λ ≃ 0.23 in the Wolfenstein parametrization of CKM.

As a last comment concerning the constraints, the one on |Vtb| deserves some attention. When
CKM is assumed to be 3 × 3 unitary—as in Sec. 7.2—, the constraints on |Vcb| and |Vub| already force
|Vtb| = 1−O(λ4) with an uncertainty of O(λ6), while the uncertainty in the experimental determination
of |Vtb| is (numerically) in the O(λ2) to O(λ3) ballpark. This means that the role of this constraint when
3× 3 unitarity is assumed is irrelevant. However, that is not the case anymore when CKM is not 3× 3

but part of a larger unitary matrix, since unitarity bounds the moduli of the elements of that extended
matrix beyond the third row and column.

The main result of this section is shown in Fig. 7.4. As in Fig. 7.2 in Sec. 7.2, the allowed region for
the semileptonic asymmetries in the AdSL–AsSL plane is shown, together with the experimental projected
sensitivities. For comparison, the allowed region obtained in the analysis of Sec. 7.2, the NP 3× 3 case,
is also displayed. One can observe that the enhancements of AdSL and AsSL in these simple scenarios are
similar to the ones achieved in Sec. 7.2, with values of AdSL at the 10−3 level, values of AsSL at the 10−4

12We should point out, however, that such direct bounds typically assume patterns of decays, including dominance of
decays into the third quark generation, that do not necessarily hold, and thus they are not absolute and could be evaded.
In any case, we play safe setting mT = 1.6 TeV.
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level, and a small correlation. More precisely, we obtain

AdSL = (−8.0± 2.9)× 10−4 , (7.75)

AsSL = (−0.08± 0.97)× 10−4 , (7.76)

ρ(AdSL, A
s
SL) = −0.094 , (7.77)

in UVLQ models, and

AdSL = (−10.3± 2.9)× 10−4 , (7.78)

AsSL = (−0.47± 0.96)× 10−4 , (7.79)

ρ(AdSL, A
s
SL) = −0.101 , (7.80)

in DVLQ extensions. At a finer level of detail, one may notice that these regions, although similar, are
both slightly smaller than in the NP 3×3 case, covering practically the same region in AsSL but a smaller
one in AdSL. In addition, there is a small shift of around ∼ 2 × 10−4 in the central value of AdSL in the
UVLQ case with respect to the DVLQ scenario.

Figure 7.4: Allowed regions for AdSL and AsSL within vector-like quark singlet extensions. All contours
are shown at 95% CL (2D-∆χ2 = 5.99), together with the corresponding best fit point. The pink and
green contours correspond to UVLQ and DVLQ models, respectively. In blue, we further include the
result of our previous analysis with heavy NP affecting Mq

12 for comparison. All results are obtained
including the penguin pollution as discussed in Sec. 7.2.

7.4 Enhancements of Aq
SL in detail

Once we have analyzed the enhancements of AdSL and AsSL that can be obtained with heavy NP solely
affecting Mq

12, as well as in vector-like quark extensions triggering deviations of CKM unitarity, it is
interesting to understand how these enhancements are actually achieved. While the physically mean-
ingful, rephasing-invariant observables are the semileptonic asymmetries themselves, our goal is to de-
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termine whether their potential enhancement originates from modifications to Mq
12, Γq12, or both. At

first glance, such an analysis might appear somewhat meaningless, as the moduli of these quantities are
rephasing-invariant, but not their arguments. However, the following discussion should be understood
as an exploration of how much variation is permitted within the parametric freedom available in each
scenario. Although this exercise is, strictly speaking, carried out within a fixed phase convention, it may
still offer useful insights into the mechanisms driving the main results. Our strategy is the following.

We first perform a SM analysis using the same set of constraints applied in the previous studies.
From this, we extract the best fit values of the CKM parameters, the lattice inputs f2Bd

BBd
and f2Bs

BBs
,

as well as the parameters cq, aq, bq, that enter the expression for Γq12.
13 Using these inputs, we compute

reference SM values of the mixing amplitudes, denoted as Γq,SM0

12 and Mq,SM0

12 . Then, we consider the
ratios Γq12/Γ

q,SM0

12 and Mq
12/M

q,SM0

12 , with Γq12 and Mq
12 in the corresponding BSM scenario, so that we

can read out the room for variation that each scenario allows with respect to a SM reference value. For
completeness, the same analysis is also done for the “SM itself”. The relevant results are depicted in
Fig. 7.5, where we have only included the results of DVLQ models in the context of vector-like quark
scenarios since the results for the UVLQ case do not differ significantly.

Before going into details, let us first recall some basic implications of 3× 3 CKM unitarity. In the bd
sector, the unitarity triangle is defined by the relation λtbd+ λcbd+ λubd = 0, with all three sides of similar
size O(λ3), as shown in Fig. 1.1a. On the other hand, the unitarity triangle in the bs sector is determined
by λtbs+λ

c
bs+λ

u
bs = 0, where λtbs ∼ O(λ2), λcbs ∼ O(λ2) and λubs ∼ O(λ4), that is, the triangle is squashed,

as one can check in Fig. 1.1b. In terms of the room for variation allowed by tree-level dominated data
(moduli of the first two rows in the CKM and the angle γ), the bd triangle allows for larger absolute
deformations (in particular the O(1) relative phase between λtbd and λcbd, that is, β) than the bs triangle
can allow for (in particular the O(λ2) relative phase between λtbs and λcbs, that is, βs).

We have

Γq12

Γq,SM0

12

= −
Γq,uc12 (λcbq + λubq)

2 + (Γq,cc12 − Γq,uc12 )(λcbq)
2 + (Γq,uu12 − Γq,uc12 )(λubq)

2

Γq,SM0

12

, (7.81)

with Γq,cc12 ≃ Γq,uc12 ≃ Γq,uu12 , as mentioned in Sec. 7.1, in such a way that the first term gives the leading
contribution in both Bd and Bs systems. When 3×3 CKM unitarity holds, this can be readily identified
as Γq,uc12 (λtbq)

2. The point is that its phase, within the parametric freedom allowed by the CKM, has
O(1) room for variation in the Bd system while only O(λ2) room for variation in the Bs system. At the
level of the semileptonic asymmetries, this variation is matched by a dominant contribution to Mq

12 that
is proportional to (λtbq)

2, leading to the expected SM regions shown in Fig. 7.5.

Bd system

The results for the Bd system are presented in Figs. 7.5a and 7.5b. The span of the SM region, essentially
due to the uncertainties in the experimental constraints, is below the ±0.1 level in both arg(Γd12/Γ

d,SM0

12 )

and arg(Md
12/M

d,SM0

12 ). Most importantly, that region is aligned with the diagonal arg(Γd12/Γ
d,SM0

12 ) =

arg(Md
12/M

d,SM0

12 ), further illustrating the reduced range of variation of AdSL within the SM. Beyond
the SM, it is interesting to notice that the allowed regions in the NP 3 × 3 case displayed in Fig. 7.5a,

13Regarding the parameters cq , aq , and bq , since the SM fit is insensitive to them—in the considered ranges, their profile
likelihoods are simply flat—, there is no reason for consider their best fit values, and hence we choose to take the central
values in Eqs. (7.35) to (7.37). In any case, the following results would be essentially unchanged if we had used best fit
values instead.
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(a) (b)

(c) (d)

Figure 7.5: Allowed regions in the arg(Mq
12/M

q,SM0

12 ) vs. arg(Γq12/Γ
q,SM0

12 ) plane regarding the analyses of
Secs. 7.2 and 7.3: (a) Bd system, NP 3× 3 scenario, (b) Bd system, DVLQ scenario, (c) Bs system, NP
3 × 3 scenario, (d) Bs system, DVLQ scenario. The SM region, as discussed in the text, is depicted in
gray. Dashed isocontours of the semileptonic asymmetries are included for reference: they are represented
assuming |Mq

12/M
q,SM0

12 | = |Γq12/Γq,SM0

12 | = 1. Note the change of scale in the horizontal axis from the
upper panels to the lower ones.
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and in the DVLQ case in Fig. 7.5b, are rather similar: arg(Md
12/M

d,SM0

12 ) essentially spans the same
range as in the SM, while arg(Γd12/Γ

d,SM0

12 ) covers a much wider range. This is somehow unexpected.
Fig. 7.5a suggests that, in the NP 3× 3 case, the freedom introduced by the new parameter ϕ∆d in Md

12

does not enlarge the room for variation of arg(Md
12) itself, but instead it allows for a sizable variation

of arg(Γd12), triggering the enhancement of AdSL. The reason is that arg(Γd12/Γ
d,SM0

12 ) varies as much as
tree-level CKM data allows for, while the freedom in ϕ∆d is used to put “in place” arg(Md

12) in order
to satisfy the Bd → J/ΨKS CP asymmetry constraint, which is quite restrictive. On the other hand,
observing Fig. 7.5b, it seems that a similar argument applies for the enhancement of AdSL in the DVLQ
(and UVLQ) scenario, with the role of ϕ∆d played by the new contributions to Md

12.

Bs system

Turning to the Bs system, the SM allowed region displayed in Figs. 7.5c and 7.5d looks tiny, in line with
the expectations discussed before. Beyond the SM, the situation differs significantly from that of the Bd
system, and is not similar in the NP 3× 3 case and the VLQ models.

On the one hand, within the NP 3 × 3 scenario, although there is some room for variation in
arg(Γs12/Γ

s,SM0

12 ) at the 10−2 level, the key feature is the larger freedom in arg(Ms
12/M

s,SM0

12 ). In contrast
to the Bd system, the constraint from the CP asymmetry in Bs → J/ΨΦ is much weaker, allowing the
phase ϕ∆s to induce variations in arg(Ms

12/M
s,SM0

12 ) at the ±0.05 level.

In the DVLQ scenario presented in Fig. 7.5d, apart from the effect on arg(Ms
12/M

s,SM0

12 ), we also
observe sizable deviations in arg(Γs12/Γ

s,SM0

12 ) of comparable magnitude. However, the allowed region
does not exhibit a simple elliptical shape, suggesting a more intricate behavior: deviations from 3 × 3

CKM unitarity not only introduce new contributions to Ms
12, but also misalign Γs12 with respect to the

SM. What becomes clear is that deviations in Ms
12, in Γs12, or both, are possible and can contribute to

an enhancement of AsSL.

As a final comment, regarding the moduli |Mq
12/M

q,SM0

12 | and |Γq12/Γq,SM0

12 |, we obtain

|Md
12/M

d,SM0

12 | = 1.00± 0.01 ,

|Γd12/Γd,SM0

12 | = 1.00± 0.15 ,

|Ms
12/M

s,SM0

12 | = 1.000± 0.001 ,

|Γs12/Γs,SM0

12 | = 1.00± 0.08 .

(7.82)

For |Mq
12/M

q,SM0

12 |, the results align with expectations based on the measured values of ∆Mq. In contrast,
|Γq12/Γq,SM0

12 | exhibits a larger degree of variation O(10%). Nevertheless, such variation alone can only
induce a corresponding O(10%) change in AdSL and AsSL with respect to their SM predictions. This
underscores that the potential for sizable enhancements of the semileptonic asymmetries lies primarily
in the arguments of Mq

12 and Γq12, rather than in their moduli.

7.5 Aq
SL with modifications to Γq12

Finally, we explore scenarios which could also generate new contributions to Γq12, focusing on its impact
on AqSL. This idea was explored before in a range of models after the anomalously large asymmetries
reported by D0 more than a decade ago—see [199–201] for the measurements, and [172, 182–185] for
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several phenomenological studies.

In general, we should remark that any time we write a diagram that mediates neutral B meson
mixing, we always get a contribution to Mq

12 (off-shell) and, in principle, also to Γq12 (on-shell), although
the latter is not always guaranteed. That is, one cannot modify Γq12 without affecting Mq

12. We also
know that the new contributions to Mq

12 are strongly constrained by the measurements of the meson
mass differences, and thus small deviations with respect to its SM value are expected. This, in turn,
has an impact on the potential size of the new contributions to Γq12. Furthermore, the existence of LHC
bounds on colorful mediators generically impose ΛNP ≳ 1 TeV. Therefore, a priori this is not the most
favorable scenario for our ultimate purpose of enhancing the values of the semileptonic asymmetries,
since the ratio Γq12/M

q
12 typically scales as Γq12/M

q
12 ∼ m2

b/m
2
virtual, which would require rather light

NP. Although this is a very general argument that might be surpassed in more tuned BSM scenarios, it
anticipates that the present task is, at least, very challenging from the point of view of model building.

To address this question we opt for two avenues. First, we review existing studies in the literature
that explore various possible common final states for the Bq and B̄q mesons, thus with the potential
to modify Γq12. Second, we explicitly calculate how large the semileptonic asymmetries can be within
the minimal realization of the B-mesogenesis paradigm, which contains a color-triplet scalar mediating
Bq – B̄q mixing and, in particular, modifying Γq12.

7.5.1 Possible decay channels contributing to Γq12

It has been known for a while that there are not many possible channels that can accommodate substantial
modifications to Γq12. The viable options as of 2010 were [172]: (i) b → uiūjq decays (ui = u, c), (ii)
b→ τ τ̄s decays, and (iii) decays including invisible particles in the final state. Overall, they were viable
because for case (i) substantial BSM effects could hide within large hadronic uncertainties, and modes (ii)
and (iii) involve particles that are hard to detect so that large branching fractions could still be allowed.
The current status for each case is different, and here we provide a summary and reinterpretation of
recent works for options (i) and (ii). In next section, we will provide specific examples for cases (i) and
(iii) within the B-mesogenesis framework.

Modifying Γq12 with b→ uiūjq decays at the EFT level

Recent global analyses of effective operators that can modify b→ uiūjq decays include [247,264–267]. In
full generality, 20 combinations of ∆B = 1 operators (ūiΓb)(ūjΓq) can be constructed with the quarks
in different color and Lorentz structures encoded in Γ. Out of those, most of them cannot lead to
significant contributions to Γq12 because, rather generically, they also substantially contribute radiatively
to rare processes in the SM, such as b → qγ and b → qℓℓ decays—see, e.g., [264] for their relationship,
and [268–270] for recent global analyses of these modes. On the one hand, among the different operators
investigated in [264–266], color-rearranged structures of the form Qd,cc1 = (c̄βγ

µPLbα)(d̄αγµPLcβ), being
α, β color indices, can generate an effect that saturates the current experimental limit on AdSL, namely,
|AdSL| ≲ 2× 10−3. On the other hand, Γs12 is strongly dominated by b→ cc̄s decays, but in this scenario
operators of the type Qs,cc1 are severely constrained by b→ sγ, while color-singlet operators of the type
Qs,cc2 = (c̄αγ

µPLbα)(s̄βγµPLcβ) can also reach values of |AsSL| ≲ 2× 10−3.
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Modifying Γq12 with b→ τ τ̄s decays at the EFT level

The recent global analysis in [271] addressed the current status of all possible effective operators that can
significantly contribute to Γs12 through b → τ τ̄s decays—see also [175]. Although in [271] the authors
restricted themselves to real Wilson coefficients, their results can be extended to show that in the presence
of complex Wilson coefficients one could have |AsSL| ≲ 10−3, again a rather large number.14

Modifying Γq12 within UV complete models

The previous studies worked in terms of effective ∆B = 1 operators involving light states (below the
mb scale), whose Wilson coefficients are appropriately constrained by all relevant observables, including,
in particular, the meson mass differences ∆Mq that are generated through ∆B = 2 transitions. As
discussed in the introduction of this section, it is crucial to check that contributions to ∆Mq controlled
by heavier states do not spoil the agreement between the experimental measurement and the SM. To
understand this observation, it is illustrative to think, for instance, in the SM case: as ∆MSM

q is top-
dominated, in an effective theory such as those proposed in the previous studies this contribution would
be missed. Therefore, we include in this section a review of some UV completions capable of generating
the aforementioned ∆B = 1 operators in order to check the actual enhancement of AqSL one is able to
achieve.

Recent examples of UV models featuring ∆B = 1 operators include Ref. [273] for type (i) operators,
and Ref. [274] for operators of the type (ii). Taking the parameter space in [273] at face value, the
authors report that AsSL could be as large as AsSL = −4 × 10−5, and hence only a factor of two larger
than the SM prediction in Eq. (7.41), and roughly 50 times smaller than what appears to be allowed
when considering only ∆B = 1 operators. Regarding type (ii) operators, the UV complete model that
realizes potentially large b→ τ τ̄s transitions in [274] would allow for contributions AsSL ≲ 10−5, again a
rather small number and comparable to the effects one can find by solely modifying the phase of Mq

12.

Therefore, although this does not constitute an exhaustive list of UV completions, it generically
highlights that, indeed, in UV theories that could potentially induce modifications to Γq12 it is not easy
to find large values of the CP asymmetries. The reasons are rather simple: (i) the contribution of
Γq12 appears from tree-level decays and mediators of these interactions are generically constrained to
have M ≳ 1 TeV from LHC searches, leading to very suppressed contributions to Γq12, and (ii) new
contributions to Mq

12 must survive the stringent constraints placed by the meson mass differences.

To complete this section, in what follows, we consider the minimal scenario capable of triggering
B-mesogenesis in order to check whether it can lead to substantially large CP asymmetries. This is
motivated because it can contribute both to ∆B = 2 transitions as well as to ∆B = 1 operators of the
type (i) b→ uiūjq, and those of the type (iii) involving a new invisible particle.

7.5.2 Minimal B-mesogenesis contributions to Γq12

Before going into the details of our analyses, let us provide a brief overview of how the B-mesogenesis
mechanism [161, 163] operates. We start with a massive scalar particle that decays, out of thermal
equilibrium, into bb̄ pairs, late enough so that the Universe is cool enough for b quarks to hadronize.

14Notice that the case of b → τ τ̄d is significantly more constrained than that of b → τ τ̄s because Br(Bd → τ τ̄) <
2.3×10−3 while Br(Bs → τ τ̄) < 6.8×10−3 at 90% CL [272]. Thus, there appears to be more room for b→ τ τ̄s transitions
as compared to b→ τ τ̄d ones, although a dedicated study is not currently available in the literature.
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Then, as we already know, neutral B mesons exhibit CP-violating oscillations. Finally, in order to violate
baryon number, the authors proposed a new decay mode of B mesons into a dark sector antibaryon ψ,
a visible baryon, and any number of light mesons. The key point is that dark matter is charged under
baryon number, so that the total baryon number of the Universe is conserved, and the last Sakharov
condition is relaxed into an apparent violation of baryon number in the visible sector. Therefore, if B̄q
mesons are more likely to oscillate into Bq mesons, which implies a positive semileptonic asymmetry, we
will get an excess of baryons in the visible sector that is exactly compensated by an excess of antibaryons
in the dark sector. As previously mentioned, within this framework, the primordial baryon asymmetry
is related to collider observables, namely, the branching ratio of the new B meson decay mode, as well
as the semileptonic asymmetries. More precisely, in order to have successful baryogenesis we need: (i)
at least one of the asymmetries to be positive, and (ii) given the existing upper bounds on the new
branching ratio, they have to be larger than 10−4, i.e., roughly an order of magnitude larger than the
SM prediction.

The minimal realization of this mechanism [161, 163] involves a scalar boson Y , transforming as
Y ∼ (3,1,−1/3) under the SM gauge group and triggering the novel decay mode of B mesons, as well
as a Dirac dark sector antibaryon ψ.15 The most general renormalizable interaction Lagrangian reads

−L−1/3 =

3∑
i,j=1

yuidjY
∗ūiRd

c
jR +

3∑
k=1

yψdkY d
c
kRψ̄ +H.c. , (7.83)

where yuidj and yψdk represent (complex) coupling constants, and f c = Cf̄T , as usual.16 It is to be
stressed that, while Y features a coupling to two quarks, once we impose baryon number conservation
through B(ψ) = −1 and B(Y ) = −2/3, proton decay is evaded by kinematics if mψ > mp −me.

As already mentioned, the above interactions would generate new contributions to both Γq12 and Mq
12.

On that regard, we can conveniently write

AqSL = Im

(
Γq,SM12 + Γq,NP

12

Mq,SM
12 +Mq,NP

12

)
≃ Im

(
Γq,SM12

Mq,SM
12 +Mq,NP

12

)
+ Im

(
Γq,NP
12

Mq,SM
12

)
, (7.84)

where in the last step we have neglected the contribution Mq,NP
12 in the second term as it can be at most

10% of the SM. One should notice that the first term is precisely the one that we have explored in a
model-independent way in Sec. 7.2. We can further split the purely NP contributions as

Γq,NP
12 = Γq,NP

12 (ψ) + Γq,NP
12 (��ψ) , Mq,NP

12 =Mq,NP
12 (ψ) +Mq,NP

12 (��ψ) , (7.85)

depending on whether they involve the ψ mediation or not. In the following, we will focus on quantifying
the contributions to the semileptonic asymmetries generated by Γq,NP

12 .

Modifying Γq12 with semi-invisible b→ ψψ̄q decays

The ψ fermion and Y boson mediate the transition amplitudes shown in Fig. 7.6. They contribute to
Mq

12, but also to Γq12 via b → ψψ̄q decays provided that mψ < mb/2 +mq. In this kinematical regime,
15Not to be confused with the J/Ψ hadronic resonance.
16We should point out that there exists an alternative version of the model where the scalar boson Y has hypercharge

2/3. Nevertheless, we expect even smaller contributions to Γq
12 in that scenario—see [163] for a phenomenological study.
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Figure 7.6: Box diagrams triggering Bq – B̄q mixing from ψ–Y mediation.

and considering mq = 0, direct computation leads to

Γq,NP
12 (ψ) = −

f2Bq
MBq

256π

(yψqy
∗
ψb)

2m2
b

M4
Y

(
1− 2

3

m2
ψ

m2
b

)√
1− 4

m2
ψ

m2
b

, (7.86)

and

Mq,NP
12 (ψ) =

f2Bq
MBq

384π2

(yψqy
∗
ψb)

2

M2
Y

G(xψY ) , (7.87)

with xψY = m2
ψ/M

2
Y , and

G(x) =
1 + x

(1− x)2
+

2x lnx

(1− x)3
. (7.88)

For the relevant range of parameters, G ∼ 1. Furthermore, it is to be mentioned that we are working in
the vacuum insertion approximation (VIA), i.e., BBq

= 1.

From our previous analyses, we know that any NP contribution to Mq
12 is bounded to be at most

∼ 10% of the SM one, as we can check from Eqs. (7.66) and (7.67). Taking into account the result quoted
in Eq. (7.87), one can derive the following upper bounds on the products of yψdk couplings:

|yψdy∗ψb| ≲ 0.01× MY

500 GeV
, |yψsy∗ψb| ≲ 0.05× MY

500 GeV
, (7.89)

which have been normalized considering that MY > 500 GeV is the most conservative limit from direct
LHC searches on pair-produced Y resonances [275–278].17 In light of these constraints, the NP contribu-
tion from the last term in Eq. (7.84), involving ψ exchange and considering the most favorable scenario
where arg

(
Γq,NP
12 /Mq,SM

12

)
= ±π/2, is bounded to be

|Aq,NP
SL (ψ)| ≲ 4× 10−5

(
500 GeV

MY

)2

. (7.90)

These contributions to the semileptonic asymmetries are smaller than the ones coming from Mq,NP
12 in

Eq. (7.84), as one can check from Eqs. (7.60) and (7.61).

Modifying Γq12 with b→ uiūjq decays

The scalar boson Y can also mediate a transition amplitude introducing the quark-quark coupling in
Eq. (7.83) through the box diagrams depicted in Fig. 7.7. Working in the VIA by setting BBq

= 1, these

17More restrictive LHC bounds on MY may apply from single resonant production and decays into jets plus missing
energy. We refer to [163] for a detailed assessment of these bounds.
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Figure 7.7: Box diagrams triggering Bq – B̄q mixing from ui–Y/W mediation.
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and
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where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2xy is the Källen function, and
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J ij1 =
xiW (xiW − 4) lnxiY

(xiW − 1)(xiY − 1)(xiW − xjW )
+

xjW (xjW − 4) lnxjY
(xjW − 1)(xjY − 1)(xjW − xiW )

− 3 lnxWY

(xiW − 1)(xjW − 1)(xWY − 1)
, (7.94)

J ij2 =
1

(xiY − 1)(xjY − 1)
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x2iY lnxiY
(xiY − xjY )(xiY − 1)2

+
x2jY lnxjY

(xjY − xiY )(xjY − 1)2
, (7.95)

with the usual definition xαβ = m2
α/m

2
β . On the one hand, the functions Hij

1 and Hij
2 are of O(1):

Huu
1 ≃ 1 , Hcc

1 ≃ −0.6 , Huc
1 = Hcu

1 ≃ −0.8 , (7.96)

Huu
2 ≃ 2 , Hcc

2 ≃ 2.41 , Huc
2 = Hcu

2 ≃ 2.16 . (7.97)

On the other hand, the functions J ij1 and J ij2 are numerically of O(1− 10). A rough approximation for
the latter reads

J ii1 ≃

−6 ln
(
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MY

)
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−2 ln
(
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MY

)
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3
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(
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)
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(
mj

MY

)
, J ij2 ≃ −1 . (7.98)

Our results coincide with those computed in [163,279] within the same framework.
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From Eq. (7.91), one can check that Γq12 will be dominated by the b → cc̄q channel. In contrast, if
one reasonably assumes that yiq ≲ O(10−1), then Mq

12 will be top-dominated. Consequently, the ratio
Γq12/M

q
12 will be highly suppressed, as will the semileptonic asymmetries. In order to maximize the size

of AqSL, let us consider a more favorable (and tuned) scenario where only the b→ cc̄q channel contributes
both to Mq

12 and Γq12. In that case, the dominant contribution to Mq,NP
12 arises from the second term in

Eq. (7.92). Requiring again that |Mq,NP
12 | does not exceed more than 10% of the SM one—see Eqs. (7.66)

and (7.67)—, we find

|ycdy∗cb| ≲ 0.01× MY

500 GeV
, |ycsy∗cb| ≲ 0.05× MY

500 GeV
. (7.99)

Similarly to what has been done before, noting that at least MY > 500 GeV from LHC searches, and
taking arg

(
Γq,NP
12 /Mq,SM

12

)
= ±π/2 to maximize the imaginary part of the ratio, we obtain

|Aq,NP
SL (��ψ)| ≲ 10−4 . (7.100)

This means that even in the best case scenario where only the cc̄ channel dominates both Γq12 andMq
12, the

new contributions to AqSL generated by the Γq,NP
12 are small. This results from the strong bounds placed

by the ∆Mq constraint on the new contributions to Mq
12—see Eq. (7.99)—, and from LHC constraints

on the mass of the new color-triplet scalar mediator—at least, MY > 500 GeV. For completeness, we
have checked that using b→ uc̄q, b→ cūq, and b→ uūq decays leads to even smaller asymmetries than
the ones quoted in Eq. (7.100).

Therefore, we conclude that, in the absence of fine-tuning, the maximum values of the semileptonic
asymmetries within the minimal realization of the B-mesogenesis mechanism are mainly dominated by
the ∼ 1◦ phase that the color-triplet scalar boson could induce to Mq

12, and not by the novel contributions
to Γq12. This means that the same limits we found in Sec. 7.2 for generic heavy NP scenarios that only
modify the phase and magnitude of Mq

12 still apply, i.e., the semileptonic asymmetries cannot be larger
than those in Eqs. (7.60) and (7.61). An exception to this conclusion may arise in the following case:
there are large contributions to Γq12 from a given channel, say b → cc̄q, but the contributions from this
channel to Mq

12 are compensated by those from a different channel with opposite sign, say from the top.
Then, ∆Mq would still be in agreement with the SM prediction. While this is in principle possible, it is
finely tuned as it requires very specific phases and hierarchies of coupling constants. The lesson we learn
is thus clear: it is in general very difficult to generate large semileptonic asymmetries BSM, meaning
that, if a non-standard value of these observables were measured, it would point to a very specific pattern
of NP.

In this context, let us finally comment on two additional options that have been invoked in the
literature to enlarge the CP asymmetries with light new particles. Ref. [184] considered a new hidden
pseudoscalar that mixes with Bq and B̄q. In order for the CP asymmetries to be enlarged this new state
should have a mass M ≃ MBq

and very specific decay modes. Alternatively, Ref. [280] considered the
contributions from a very light Z ′ with MZ′ ≲ MBq

. Significant enhancements of the CP asymmetries
can be obtained by considering only bq couplings, but the necessary presence of other types of interactions
are likely to strongly constrain this possibility—see [281].
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7.6 Implications for B-mesogenesis and future searches

Having performed global analyses to explore the magnitude of the semileptonic CP asymmetries in
neutral B meson mixing within (i) heavy NP scenarios modifying the mass mixing in Sec. 7.2, (ii)
scenarios featuring vector-like quarks that lead to a non-unitary CKM in Sec. 7.3, and (iii) scenarios
modifying decay width mixing Γq12 in Sec. 7.5, we are now in good position to compare our findings
with the expected experimental sensitivity for these quantities from LHCb and Belle II in Eqs. (7.18)
to (7.22), and with their minimum required value for a successful B-mesogenesis.

As anticipated before, in the B-mesogenesis framework [161–163] the amount of CP violation in
neutral B meson mixing is directly proportional to the BAU. In particular, a minimal requirement is
that [163]18

AqSL > +10−4 . (7.101)

Importantly, at least one of the asymmetries must be positive because we live in a Universe dominated
by matter. The prediction for the baryon asymmetry does depend upon the sign and magnitude of both
AdSL and AsSL (as each meson system oscillates at a different rate and they are produced in different
numbers in the early Universe), but also upon the branching ratio of the new decay mode of a B

meson into a dark sector antibaryon, a visible baryon, and any number of light mesons, that is, Br(B →
baryon+ψ+mesons). These two parameters are strongly correlated, with the latter constrained by direct
searches at B factories [282–284] and from a recast of old searches at LEP [163]—see also [285–288] for
refined theoretical predictions. While these bounds depend upon the ψ mass, a rather global conservative
constraint is Br ≲ 1% for mψ ∼ 1 GeV. For heavier ψ masses and depending on the particular flavor
combination that dominates in Eq. (7.83), the bound can actually be more restrictive, namely, Br <

(0.01− 1)%. The smaller this branching ratio, the larger the CP asymmetries must be in magnitude to
account for the observed BAU.

We depict the parameter space studied in [163] in Fig. 7.8. Here we illustrate the AdSL–AsSL plane (in
logarithmic scale), highlighting in red the region of the parameter space where B-mesogenesis generates
the observed baryon asymmetry according to [163]. In addition, we show in orange the current exper-
imental world averages, the projected sensitivities from LHCb and Belle II, and most importantly the
allowed regions we have obtained for the scenario where Mq

12 is modified by heavy NP. We exclusively
include this case because, as we have checked in the previous sections, scenarios with a non-unitary CKM
or UV complete models that could modify Γq12 cannot lead to larger CP asymmetries. In light of this,
Fig. 7.8 allows us to state two of our key results.

(i) New measurements of the semileptonic asymmetries at LHCb and Belle II are not expected to test
the most generic NP scenarios. All models that we have considered feature smaller asymmetries
than their future sensitivity. This covers any BSM scenario that modifies mass mixing Mq

12, sce-
narios including vector-like quarks with a non-unitary CKM, and non-tuned UV complete models
which can also contribute to decay width mixing Γq12. The only scenarios that could generate large
asymmetries are those that introduce substantial modifications to Γq12 while also requiring finely
tuned contributions to Mq

12 to evade the stringent constraints from ∆Mq.

(ii) The small CP asymmetries that can be obtained BSM place the B-mesogenesis mechanism in theo-
retical tension. As shown in red, the mechanism requires positive and rather large CP asymmetries

18See also footnote 1.
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in order to explain the matter-antimatter asymmetry of the Universe. However, only the region
with AsSL ≃ (1 − 5) × 10−4 and AdSL ≃ Ad,SMSL can be theoretically achieved from a generic con-
tribution to Mq

12. In the rest of the parameter space, and in the absence of tuning, there is no
BSM scenario explored in our study which can lead to the required CP asymmetries to trigger
baryogenesis. We note that, while Br < 1% is a rather conservative constraint on the new decay
mode B → baryon + ψ +mesons, in many regions of the parameter space this bound is stronger,
and thus the tension is even larger.
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Figure 7.8: Semileptonic asymmetries for the Bd and Bs systems in logarithmic scale. In orange we show
the experimentally allowed regions at 95% CL (2D-∆χ2 = 5.99) as of 2025—Eq. (7.17)—, and in dashed
orange the expected sensitivity from LHCb—Eqs. (7.18) and (7.20)—and Belle II—Eq. (7.22)—assuming
that their measurements are centered at the SM prediction—Eqs. (7.40) and (7.41). In red we highlight
the region of the parameter space identified in [163] in which the baryon asymmetry can be explained
through the B-mesogenesis mechanism [161–163]. The dashed red lines correspond to isocontours of
Br(B → baryon + ψ + mesons). Only the region of parameter space with Br < 0.01 is shown since
larger branching ratios are conservatively excluded: depending upon other parameters, the constraints
can reach up to Br < 10−4. The dashed gray line is one of the main results of our study and highlights
the values of the semileptonic asymmetries that heavy NP models contributing to Mq

12 can generate
according to Eqs. (7.60) and (7.61). We see that the overlap between the red and the gray dashed
regions is small, which implies that the B-mesogenesis mechanism is in tension, as it would require that
B mesons posses an inclusive O(1%) branching ratio into a baryon, any number of light mesons, and
missing energy. As discussed in Sec. 7.5, we finally note that semileptonic asymmetries larger than those
contained in the gray contour might be obtained in tuned scenarios where Γq12 is modified.
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7.7 Summary

In this chapter, we have addressed in detail how large CP violation in neutral B meson mixing could be
beyond the SM. This is motivated by the intimate link with baryogenesis in the B-mesogenesis frame-
work, for which the SM prediction falls short by roughly an order magnitude, as well as the important
constraints that the B factories and the LHC have placed over the Bd and Bs mixing parameters.

To this aim, we have first considered in Sec. 7.2 a very general scenario where heavy NP solely
affects the mass mixing Mq

12. In particular, we have followed a model-independent approach allowing the
modulus and phase of Md

12 and Ms
12 to vary. Our global analysis of these quantities and the CKM mixing

matrix including all relevant flavor data, specially the constraints from the meson mass differences and
mixing-induced CP-violating phases, produce 68% CL results for the semileptonic asymmetries given by

AdSL|w/ peng = (−9.1± 3.6)× 10−4 , (7.102)

AsSL|w/ peng = (−0.04± 1.21)× 10−4 , (7.103)

ρ(AdSL, A
s
SL)|w/ peng = −0.113 . (7.104)

Effectively, these results are driven in part by the ∼ 1◦ precision measurements of mixing-induced CP
violation constraining the phase of Md

12 and Ms
12, and partly from the allowed freedom in the CKM

parameters.

In Sec. 7.3, we have studied the scenario in which the inclusion of one up-type or one down-type
vector-like quark singlet leads to a non-unitary CKM matrix. This is motivated because one of the
ingredients that suppresses CP violation in B meson mixing in the SM is precisely the unitarity of the
CKM matrix. Our results from an enlarged global CKM fit show that these scenarios can produce similar
CP asymmetries to the ones in Eq. (7.102), but not larger in magnitude. The main reasons why the CP
asymmetries are not substantially larger stem from the fact that the allowed deviations of 3 × 3 CKM
unitarity are small, and up-type vector-like quarks are constrained to be rather heavy by direct searches,
thus unable to generate large effects on the relation between Γq12 and Mq

12.

Finally, in Sec. 7.5 we have explored scenarios that can also alter the decay width mixing Γq12. While
at first sight it appears that, in an EFT built out of ∆B = 1 operators that contribute to Γq12, the CP
asymmetries could be large, the actual results in UV complete models show that the resulting contribution
to the CP asymmetries from Γq12 ends up being significantly smaller than those in Eq. (7.102). Likewise,
we have presented the first full calculation of the CP asymmetries within the minimal realization of
B-mesogenesis in Sec. 7.5.2. The overall difficulty in obtaining large contributions to AqSL from Γq12 in
a UV complete model is due to several reasons. First, one cannot ignore the new contributions to Mq

12,
whose modulus should be within ∼ 10% of the SM value and its phase within 1◦, as required by the
meson mass differences and the mixing-induced CP violation constraints, respectively. These have, in
turn, an impact on the potential size of Γq12. Second, the LHC sets very strong constraints on the mass
of the NP mediators, Mheavy, hence further suppressing the effects on Γq12. Third, the ratio Γq12/M

q
12

typically scales as Γq12/M
q
12 ∼ m2

b/M
2
heavy, which clearly limits the enhancements one can achieve for the

semileptonic asymmetries.

Finally, in Sec. 7.6 we have put our results in context by comparing these findings with the expected
sensitivity at LHCb and Belle II regarding CP violation in B meson mixing. Our main results are
summarized in Fig. 7.8, highlighting that: (i) we do not expect upcoming measurements of the CP
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asymmetries to test any of the NP models we have considered in this study (unless significant tunings
are present), and (ii) the B-mesogenesis mechanism is in theoretical tension. The latter stems from
the rather large and positive CP asymmetries needed for the mechanism to be successful, which are
difficult to feature BSM. The only region of parameter space that could be covered is the one with
AsSL ≃ (1 − 5) × 10−4 and AdSL ≃ Ad,SMSL . Remarkably, in this region of the parameter space B mesons
should have a rather large branching ratio (0.2 − 1%) into a visible baryon, missing energy, and any
number of light mesons. While this represents a strong requirement, it makes the mechanism even
more predictive, and we note that its minimal realization could actually incorporate the two necessary
ingredients for baryogenesis: the required amount of CP violation in mixing (from the triplet scalar
contributions to Ms

12), as well as the required branching ratio for the new decay mode.

Overall, we find that it appears challenging to significantly enlarge CP violation in the mixing of
neutral B mesons beyond the SM. This has implications both for the interpretation of future LHCb and
Belle II measurements of the semileptonic asymmetries as well as for the B-mesogenesis mechanism, as
mentioned before. Despite the rich ongoing flavor physics program at LHC and Belle II, we expect our
results not to be significantly altered in the next 5–10 years. The reason is that the ranges of the CP
asymmetries found in Eq. (7.102) are primarily driven by the measurements of the phase of Mq

12 from
time-dependent CP asymmetries. The latter, ϕd and ϕs, have been measured with ∼ 1◦ precision, which
is precisely the expected size of the SM penguin pollution, and thus contain irreducible uncertainties at
first sight.

The quest for New Physics beyond the Standard Model continues, but our study highlights that it
is likely not to be found for the most generic models through upcoming measurements of CP violation
in B meson mixing. Very high precision measurements of these asymmetries at a future Tera-Z factory
such as FCC-ee [207,208] or finely tuned contributions to B meson mixing may change this picture.
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Conclusions

Throughout the history of particle physics, the flavor sector has often played a relevant role in anticipating
the existence of new dynamics beyond the current understanding of the time. Major examples include
he prediction of the charm quark, as required by the GIM mechanism for the suppression of FCNC, or
the postulation of a third quark generation to account for CP violation within the Kobayashi-Maskawa
paradigm. On the other hand, the discovery of the Higgs boson, while being the last piece of confirmation
of the SM, it underscored the need for a deeper understanding of the scalar sector.

This thesis presents our research on the flavor and the scalar sectors beyond the SM, with special
emphasis on the related phenomenon of CP violation. Following a bottom-up approach, we are mostly
interested in investigating the phenomenological implications of different NP scenarios.

We begin by formulating a Saturation Theorem for EFTs constructed from spurion analysis. When
a set of spurion fields S is introduced to organize the breaking of a global symmetry Gf in an EFT
LEFT ([ϕ]), the resulting EFT LEFT, Spurion saturates (or reproduces) the original one restricted to be
invariant under HS ⊂ Gf , being HS the unbroken subgroup under a generic vev of the spurions ⟨S⟩.
More precisely, we have

LEFT, Spurion ≡ LEFT ([ϕ], S)
Gf

∣∣∣
S=⟨S⟩=λS

∼= LEFT ([ϕ])
HS , (7.105)

where “∼= ” means that the two EFTs have the same set of allowed independent effective operators.
Importantly, all powers of S should be included in LEFT, Spurion and λS = ⟨S⟩ must fulfill a generic vev.
Regarding the latter, it would be interesting to explore in a future work if our Saturation Theorem is
still valid when the vev of the spurion fields presents a specific structure rather than being completely
generic, as in that case the unbroken subgroup will be presumably larger.

As a relevant case study in flavor physics, we have considered four implementations of the MFV
hypothesis in the lepton sector, summarized in Table 7.2, which stem from different neutrino mass
generation mechanisms. In particular, we have explicitly checked the Saturation Theorem at mass
dimension 6 in the EFT expansion, although it holds for higher dimension operators. In this task, we
have developed a publicly available Mathematica notebook, HilbCalc �, for the computation of single-
graded and multi-graded Hilbert series restricted to the classical Lie groups.

Turning to model building, we have investigated extensions of the scalar sector, based on the SM
gauge group, that include several Higgs doublets. First, we examine the intriguing relation between the
scalar mass spectrum and the CP properties of the vacuum in real MHDMs, that is, when CP invariance is
imposed in the scalar potential but it is spontaneously broken by the vacuum. Naively, one would expect
that, for a sufficiently large number of scalar doublets, the overabundance of dimensionful quadratic
couplings in the scalar potential would lead to a regime with arbitrary heavy scalars, i.e., with masses
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that could be much larger than the EW scale. Rather unexpectedly, we find that, once perturbativity
requirements are imposed on the quartic couplings of the potential, there must be at least one charged
scalar and two neutral scalars—besides the wbGBs and the Higgs-like state—, whose masses are close
to the EW scale. This feature seems to be related to the existence of an alternative candidate vacuum
that is obtained from the original one by means of a CP transformation. The question of whether this
conclusion extends to other scalar potentials remains to be answered. Likewise, it would be interesting
to address in detail the discovery prospects of these new light states within a more complete framework
where the Yukawa and gauge interactions are also specified.

We continue exploring the appealing possibility of having SCPV in two-Higgs-doublet models where
neutral flavor conservation is also imposed, that is, where FCNC are completely absent at tree-level. A
major obstacle to the viability of this model is that the orthogonal bidiagonalization of the real Yukawa
couplings—as imposed by CP invariance at the Lagrangian level—leads to a real CKM matrix [154]. How-
ever, the latter can be evaded when the Yukawa matrices exhibit a particular structure—see Eq. (6.32)—,
that fulfills two important conditions [155, 156]: (i) the symmetric combinations Y fa Y f Ta and Y f Ta Y fa

have real degenerate eigenvalues, and (ii) the corresponding Yukawa matrix Y fa have complex conjugate
eigenvalues corresponding to complex conjugate eigenvectors, which are orthonormal and independent of
the specific eigenvalues. This allows for a simultaneous unitary diagonalization of all Y fa (a = 1, 2), which
guarantees the absence of SFCNC. Importantly, the fact that the eigenvectors are complex conjugate of
one another leads to a fermion mixing matrix where two rows or two columns have equal moduli. While
it is clear that this particular structure is ruled out in the quark sector, it remains an interesting open
possibility in the lepton sector: the PMNS mixing matrix is CP-violating and µ− τ symmetric. At this
point, additional experimental constraints such as the electron EDM and the rare decay µ → eγ are
expected to play a key role in constraining the parameter space of the model.

On another avenue, we have analyzed to which extent CP is violated in neutral B meson mixing
within different BSM scenarios. One of the main motivations for this study is its direct connection to
the baryon asymmetry of the Universe within the B-mesogenesis framework. In particular, we have
considered: (i) the effects of heavy NP in the mass mixing Mq

12 following a model-independent approach,
(ii) the implications of 3 × 3 CKM unitarity deviations in vector-like quark singlet extensions of the
fermion sector, and (iii) the role of new contributions to the decay width mixing Γq12.

Within the first scenario, based on a general modification of Mq
12, we obtain enhancements of the

semileptonic asymmetries at the 10−3 level for the Bd system, and 10−4 for the Bs system:

AdSL = (−9.1± 3.6)× 10−4 , AsSL = (−0.04± 1.21)× 10−4 , (7.106)

mainly driven by the O(1◦) phases controlling CP violation in the interference between mixing and decay.
Similar results are obtained in extensions of the fermion sector including one up-type or one down-type
vector-like quark singlet, which induce deviations of 3 × 3 CKM unitarity. Finally, we find that NP
models where Γq12 is also modified lead to much smaller enhancements of the semileptonic asymmetries
in realistic UV completions, e.g., the minimal realization of the B-mesogenesis mechanism.

These results have been compared with the expected sensitivity at LHCb and Belle II in the measure-
ments of CP violation in B meson mixing. From Fig. 7.8, it is clear that: (i) we do not expect upcoming
measurements of the CP asymmetries to probe new regions of the parameter space (unless substantial
fine-tunings are involved), and (ii) the B-mesogenesis mechanism is placed in tension. The latter stems
from the overall difficulty to generate sufficiently large values of the semileptonic asymmetries BSM.
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The only viable region of the parameter space appears to be AsSL ≃ (1 − 5) × 10−4 and AdSL ≃ Ad,SMSL .
Importantly, in this region B mesons should have a rather large branching ratio (0.2− 1%) into a visible
baryon, missing energy, and any number of light mesons. Therefore, our analysis highlights that NP
is not likely to be found for the most generic models through upcoming measurements of CP violation
in B meson mixing, although this picture may change in future high precision measurements of these
asymmetries at a Tera-Z factory such as FCC-ee. Conversely, if a non-standard signal were detected in
these observables, it would certainly point toward a highly non-trivial NP structure.

Finally, it is important to highlight that the flavor and scalar sectors, as well as the phenomenon of
CP violation, sit at the core of numerous fundamental questions that remain to be answered. Although
this thesis has focused on a limited set of well-motivated NP scenarios in this context, many other
interesting possibilities exist that deserve thorough investigation. Looking ahead, the high-precision era
we are entering at experiments such as LHCb, Belle II, and future facilities will be crucial for uncovering
potential deviations from the SM. At the same time, theoretical research will be essential to guide and
interpret experimental progress. This thesis represents our specific contribution to a field with many
challenges ahead, but with great potential for unexpected discoveries in the not-so-distant future.



142



Resumen de la tesis

Sabor, Higgses y Violación de CP

El campo de la física de sabor constituye una ventana única para la exploración de Nueva Física (NP)
más allá del Modelo Estándar (SM). Su alta sensibilidad a correcciones virtuales de estados más pesados,
directamente fuera del alcance de los colisionadores actuales, impone algunas de las restricciones más
fuertes sobre los diferentes modelos de NP. Esto último, enmarcado dentro de la era de alta precisión
en la que nos adentramos con experimentos dedicados como LHCb o Belle II, hace que el análisis de
desintegraciones raras, oscilaciones de mesones neutros, y otros observables sensibles a la violación de
la simetría Carga-Paridad (CP) cobren una gran relevancia y se conviertan en una herramienta espe-
cialmente poderosa tanto para el descubrimiento indirecto de NP como para la puesta a prueba de la
estructura de sabor del SM.

Por otra parte, el descubrimiento del bosón de Higgs en el año 2012 relanzó el estudio detallado
del sector escalar, el cual se ha convertido en una tarea central en la física de altas energías hasta la
fecha. Si bien el SM contiene un único doblete de Higgs, responsable de la generación de masas de los
bosones de gauge y las partículas materiales a través de la rotura espontánea de la simetría electrodébil,
existen fuertes motivaciones teóricas para considerar sectores escalares extendidos. Es bien sabido que
éstos pueden ofrecer una fenomenología variada no muy alejada de la escala electrodébil, incluyendo,
entre otros efectos, la existencia de nuevos escalares neutros y cargados. Al mismo tiempo, resulta
esencial confrontar dichos modelos con los datos que proporciona la física de sabor, por ejemplo, aquéllos
relacionados con la presencia de corrientes neutras con cambio de sabor.

Finalmente, conviene recordar que la violación de la simetría CP constituye un ingrediente clave
para entender por qué la gran mayoría de estructuras que componen nuestro Universo están hechas de
materia en lugar de antimateria. Esta observación deriva de una ligera asimetría entre la cantidad de
materia y antimateria en el Universo primitivo, conocida como asimetría bariónica primordial. Para
entender su origen dinámicamente, se proponen los conocidos como modelos de bariogénesis. Todos ellos
deben satisfacer las condiciones establecidas por Sakharov, a saber: (i) violación del número bariónico,
(ii) violación de C y CP, y (iii) ausencia de equilibrio térmico. En el marco del SM, la única fuente
de violación de CP es la fase compleja presente en la matriz de Cabibbo-Kobayashi-Maskawa (CKM)
responsable de los procesos con cambio de sabor, la cual resulta insuficiente para explicar la bariogénesis.
Por lo tanto, nuevas fuentes de violación de CP más allá del SM son necesarias. Éstas pueden surgir
de forma explícita (a nivel del Lagrangiano) o espontánea (a través de la configuración del vacío de la
teoría). En este sentido, diferentes extensiones del sector de Higgs permiten esta última posibilidad,
estableciendo un vínculo directo entre la dinámica escalar y el origen fundamental de la violación de CP.
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Con todo, el análisis y entendimiento del sector de sabor, el sector escalar y la violación de CP más
allá del SM, y concretamente la conexión que se establece entre ellos, es una labor fundamental para el
campo de la física de partículas. La presente tesis se centra en el estudio de estos tres temas, Sabor,
Higgses y Violación de CP, poniendo especial énfasis en algunas de sus implicaciones fenomenológicas.

Objetivos

Tal y como acabamos de mencionar, esta tesis se centra en explorar el sector de sabor y el sector escalar,
así como posibles fuentes de violación de la simetría CP, en el marco de diferentes modelos de NP más
allá del SM. Nuestro trabajo se estructura en torno a cuatro artículos de investigación cuyos objetivos
principales pasamos a detallar.

En el capítulo 4, analizamos las Teorías Efectivas de Campos (EFTs) más generales que pueden
construirse en el contexto de un análisis con espuriones. En particular, en este terreno se encuentran los
modelos que implementan la hipótesis de Violación Mínima de Sabor (MFV), la cual consiste en asumir
que la única fuente de ruptura de la simetría de sabor a bajas energías, tanto en el SM como en modelos
de NP, son los acoplamientos de Yukawa. Utilizando la tecnología de las series de Hilbert, establecemos
un criterio claro para determinar cuál es la teoría efectiva más general en este escenario.

A continuación, nos centramos en el estudio de modelos concretos de NP: extensiones del sector
escalar con múltiples dobletes de Higgs basadas en el grupo de gauge del SM. En primer lugar, en el
capítulo 5, analizamos la interesante conexión entre el espectro de masas de los modelos que preservan
la invariancia CP a nivel del Lagrangiano en el sector escalar y las propiedades de CP del vacío.

Más adelante, el capítulo 6 vuelve a centrarse en la violación espontánea de CP, aunque esta vez
en el contexto de los modelos con sólo dos dobletes de Higgs donde se impone la conservación del
sabor. Concretamente, examinamos las implicaciones fenomenológicas del requirimento simultáneo de:
(i) la rotura espontánea de la simetría CP, (ii) la ausencia de corrientes neutras escalares que cambien
el sabor, y (iii) la generación de una mezcla fermiónica que viole CP, en concordancia con los datos
experimentales.

Finalmente, en el capítulo 7 tratamos de cuantificar cuán grande puede ser la violación de CP en la
mezcla de mesones B dentro de diferentes escenarios de NP más allá del SM. Dicho análisis está motivado
por la relación directa que se establece con la asimetría bariónica primordial en el mecanismo de B-
mesogénesis. Entre los escenarios de NP considerados, se incluyen las extensiones del sector fermiónico
con quarks vectoriales que se transforman como singletes bajo el grupo de gauge del SM. Estos últimos
plantean la interesante posibilidad de introducir desviaciones con respecto a la unitariedad 3 × 3 en la
matriz CKM. Asimismo, en este capítulo buscamos establecer si las futuras búsquedas de violación de
CP en la mezcla de mesones B, tanto en LHCb como en Belle II, serán capaces de probar nuevas regiones
del espacio de parámetros.

Antes de profundizar en los detalles de nuestra investigación, los tres primeros capítulos de esta
tesis contienen una introducción teórica autocontenida a los diferentes marcos de trabajo que se utilizan
en los capítulos subsiguientes. En primer lugar, el capítulo 1 repasa los fundamentos básicos del SM,
con especial atención en su estructura de sabor y el origen de la violación de CP en el paradigma de
CKM. En el capítulo 2, presentamos los aspectos técnicos de las series de Hilbert, junto con un conjunto
seleccionado de resultados matemáticos que serán relevantes para nuestros análisis, como por ejemplo
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la fórmula de Molien-Weyl y el teorema de Brion. Las características principales de los modelos con
múltiples dobletes de Higgs y, en particular, los modelos con dos dobletes de Higgs, se recogen en el
capítulo 3.

Esfuerzo especial se ha dedicado a la preparación de un conjunto de apéndices que incluyen cálculos
detallados y explicaciones complementarias omitidas en el texto principal. En concreto, el apéndice A
contiene una guía de usuario de nuestro cuaderno de Mathematica HilbCalc �, el cual permite el cálculo
automatizado de series de Hilbert restringidas a los grupos de Lie clásicos. Los apéndices B, C y D
recogen los detalles del proceso de bidiagonalización unitaria, la diagonalización de matrices ortogonales
O(3,R) y la evolución bajo el grupo de renormalización de las matrices de Yukawa, respectivamente,
los cuales resultan relevantes para el capítulo 6. Finalmente, los apéndices E y F contienen cálculos
detallados de las contribuciones de escalares a un bucle a los momentos dipolares leptónicos, así como
de las diferentes contribuciones a la mezcla de mesones B en los modelos considerados en el capítulo 7.

Metodología

Esta tesis se basa en el uso de un conjunto de herramientas teóricas y computacionales orientadas al
análisis de diferentes escenarios de NP más allá del SM. En este sentido, combinamos un enfoque basado
en modelos concretos de NP con estrategias más generales que no requiren de la especificación del modelo
en cuestión.

Por un lado, el formalismo de las teorías efectivas de campos permite capturar los efectos de una
amplia gama de modelos completos en el ultravioleta (UV) a escalas de energía más bajas y sin necesidad
de concretar sus características particulares. En este contexto, destacamos la teoría efectiva del SM
(SMEFT), en la que se incluyen operadores de dimensión mayor que cuatro construidos a partir de
los campos del SM y respetando sus simetrías gauge. Dicho marco teórico, es utilizado en los análisis
con espuriones que implementan la hipótesis de MFV. Este tipo de análisis resulta, a su vez, útil para
controlar los efectos de ruptura de una cierta simetría global en el Lagrangiano.

Por otra parte, hacemos uso extensivo de la teoría de representación de grupos, así como de la
tecnología de las series de Hilbert. También se emplean resultados matemáticos de interés, como la
fórmula de Molien-Weyl y el teorema de Brion. Cabe destacar que, como parte de esta tesis, hemos
desarrollado un código en Mathematica de acceso público, HilbCalc �, para el cálculo automatizado de
series de Hilbert restringidas a los grupos de Lie clásicos SU(n), SO(n), Sp(n) y factores U(1).

Complementando el enfoque general ofrecido por las EFTs, exploramos modelos específicos de NP in-
cluyendo, por ejemplo, los modelos con múltiples dobletes de Higgs y las extensiones del sector fermiónico
con quarks vectoriales de tipo singlete. Este enfoque dependiente del modelo nos permite investigar en
detalle la fenomenología asociada—existencia de nuevos bosones escalares, corrientes neutras con cambio
de sabor, o violación espontánea de CP—en un marco completamente definido.

Dada la naturaleza teórica de este proyecto de tesis, se hace uso de las técnicas usuales de Teoría
Cuántica de Campos, como son la teoría de perturbaciones y el cálculo de amplitudes a nivel árbol y a
un bucle. Nuestros cálculos analíticos se apoyan en herramientas computacionales como Mathematica,
que permiten llevar a cabo las evaluaciones numéricas pertinentes.

Finalmente, con el fin de evaluar la viabilidad de los modelos de NP propuestos, realizamos análisis
estadísticos de naturaleza frecuentista. En particular, las restricciones experimentales relevantes se im-

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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plementan mediante procedimientos estándar de minimización de la función χ2. Para la exploración de
espacios de parámetros multidimensionales se recurre a los métodos de Monte Carlo basados en cadenas
de Markov. Todas estas técnicas nos permiten identificar las regiones del espacio de parámetros del
modelo que resultan compatibles con las medidas existentes, así como prever la sensibilidad de futuras
búsquedas experimentales.

Resultados

La búsqueda de Nueva Física más allá del Modelo Estándar

El SM ha demostrado ser un marco teórico tremendamente exitoso a la hora de describir todos los re-
sultados experimentales en física de partículas obtenidos hasta la fecha, al menos a la escala de energía
electrodébil. No obstante, es bien sabido que éste no proporciona una respuesta satisfactoria, o directa-
mente no es capaz de abordar, varias cuestiones fundamentales en diferentes frentes. Entre los problemas
más relevantes que permanecen sin resolver pueden destacarse los siguientes.

En primer lugar, la gran cantidad de parámetros libres presentes en el SM pone de manifiesto que
éste se encuentra lejos de ser una teoría definitiva de las interacciones entre partículas elementales. En
su versión mínima, es decir, ignorando las masas de los neutrinos, hay un total de 19 parámetros libres.
Si, además, especificamos un mecanismo para la generación de masa de los neutrinos, este número puede
ascender hasta 26 en el caso de neutrinos de Dirac, o incluso hasta 36 dentro del modelo de balancín de
tipo I. Relacionado con el número de parámetros libres, se encuentra el hecho de que el grupo de simetría
gauge SU(3)C × SU(2)L × U(1)Y es más bien complejo y, en particular, introduce tres acoplamientos
independientes correspondientes a cada uno de los factores del grupo. De nuevo, esta descripción queda
lejos de ser un marco unificado de las interacciones fundamentales.

Dentro del conjunto de parámetros libres, se puede comprobar que la inmensa mayoría proviene
del sector de sabor. De hecho, en rigor, el SM no está provisto de una teoría del sabor, sino que los
acoplamientos de Yukawa se introducen como números complejos arbitrarios que deben determinarse
experimentalmente. Sorprendentemente, dichos acoplamientos abarcan varios órdenes de magnitud, lo
cual resulta poco natural—por ejemplo, existe una diferencia de cinco órdenes de magnitud entre el
acoplamiento de Yukawa del quark top y el del electrón. Además, las masas y mezclas de los fermiones
responden a un patrón jerarquizado cuyo origen se desconoce: éste es el conocido como problema del
sabor. Del mismo modo, no existe una explicación para la existencia de tres (y sólo tres) generaciones
de fermiones o, dicho de otro modo, no entendemos por qué la Naturaleza se manifiesta de una forma no
mínima en este sector.

Como se ha mencionado anteriormente, es importante incorporar un mecanismo de generación de
masas para los neutrinos, tal y como indican de manera inequívoca los experimentos de oscilaciones. Al
mismo tiempo, dicho mecanismo debe tener en cuenta que las masas de los neutrinos son extremadamente
pequeñas en comparación con el leptón cargado más ligero, es decir, el electrón.

Por otro lado, el sector escalar también plantea cuestiones teóricas profundas como la estabilización
de la masa del bosón de Higgs. Las correcciones cuánticas de orden superior por parte de escalas de
energía más altas introducen una contribución a la masa del Higgs que diverge cuadráticamente. Dado
que el bosón escalar observado en el LHC tiene una masa Mh ∼ 125 GeV, a priori debería existir una
importante cancelación de las contribuciones de orden superior, lo cual se considera antinatural. Éste es
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el denominado problema de jerarquía electrodébil o del Higgs. La existencia de NP no muy alejada de la
escala electrodébil podría aliviar este problema, aunque, al mismo tiempo, las restricciones experimentales
provenientes de la física del sabor descartarían esta posibilidad. Esta contraposición genera un pequeño
problema de jerarquía.

Otro problema teórico que suscita gran interés es el llamado problema de CP fuerte. La evidencia
experimental en las interacciones débiles nos muestra que CP no es una buena simetría de la Naturaleza.
Por tanto, no hay nada que impida incluir un parámetro que viole CP, θ̄, en el Lagrangiano de las
interacciones fuertes. Sin embargo, a pesar de su legítima existencia teórica, las medidas del momento
dipolar eléctrico del neutrón restringen este parámetro a valores extremadamente pequeños, a saber,
θ̄ ≲ 10−10.

Tal y como anticipábamos anteriormente, la violación de la simetría CP está relacionada con una de
las preguntas más fundamentales en física de partículas y cosmología: ¿cuál es el origen de la asimetría
materia-antimateria en el Universo? La cantidad de violación de CP proporcionada por el SM, incluyendo
tanto la interacción débil como la fuerte, no es suficiente. Es decir, son necesarias nuevas fuentes de
violación de CP más allá del SM.

Otro problema en el ámbito cosmológico es el entendimiento del sector oscuro. Por un lado, existe
evidencia sólida de la existencia de una nueva forma de materia oscura que, aparentemente, sólo se
manifiesta a través de su interacción gravitatoria, pero representa el 26% del contenido energético del
Universo—muy por encima de la contribución de la materia bariónica ordinaria. Por otro lado, casi un
70% de la densidad de energía corresponde a cierto tipo de energía oscura responsable de la expansión
acelerada del Universo. El SM no ofrece siquiera un candidato a materia oscura.

En definitiva, existen numerosos frentes abiertos que el SM no puede abordar, lo cual hace evidente
la necesidad de NP. En este contexto, nos centramos en analizar las implicaciones fenomenológicas que se
desprenden del sector de sabor y el sector escalar en diferentes modelos de NP, prestando especial atención
al fenómeno de violación de CP. Para ello, hacemos uso de distintos marcos de trabajo y herramientas
teóricas que pasamos a describir.

El método de las series de Hilbert

Las series de Hilbert constituyen una poderosa herramienta con un amplio rango de aplicaciones en física
de partículas. En nuestro caso, utilizamos este método en el contexto de un análisis con espuriones en
EFTs y, más concretamente, dentro del paradigma de MFV.

Dado un conjunto de campos fundamentales Φ que transforman bajo una cierta representación RΦ

del grupo de simetría G, es posible contabilizar el número de invariantes que pueden construirse a una
determinada potencia de los campos mediante una función de partición conocida como serie de Hilbert.
Ésta viene dada por la expresión

HG,RΦ

Inv (q) ≡
∞∑
k=0

nInv(k)q
k , |q| < 1 , (7.107)

donde nInv(k) es el número de polinomios invariantes de grado k que pueden construirse a partir de los
campos, y q es una variable de graduación asociada a cada uno de ellos, la cual permite hacer seguimiento
de sus potencias. Es importante destacar que la variable de graduación debe satisfacer la condición |q| < 1

con tal de que la serie de Hilbert converja.
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Asimismo, este método puede extenderse fácilmente para otros covariantes del grupo de simetría, es
decir, para representaciones irreducibles (irreps) de G distintas a la trivial. De forma similar, se tiene
que

HG,RΦ

R (q) ≡
∞∑
k=0

nR(k)q
k , |q| < 1 , (7.108)

lo cual constituye una generalización de la ecuación (7.107)—de hecho, la serie de Hilbert para invariantes
corresponde al caso particular R = Inv.

Entre las distintas posibilidades existentes en la literatura, la fórmula de Molien-Weyl nos permite
calcular la serie de Hilbert en términos de una integral de contorno que puede resolverse aplicando el
teorema de Cauchy. Una vez resuelta, basta con expandir en potencias de q para obtener los diferentes
términos de la serie de Hilbert. En caso de tener un conjunto de campos exclusivamente bosónicos, la
fórmula de Molien-Weyl se escribe como

HG,RΦ

R (q) =

∫
dµG(x)χ

∗
R(x)

1

det[1− q gRΦ(x)]
, |q| < 1 . (7.109)

Los distintos elementos que aparecen bajo el signo integral son: la variable de graduación q, la medida de
Haar dµG(x) del grupoG, el carácter χR(x) de la representación objetivo R, la matriz de la representación
gRΦ

, y un conjunto de variables x que parametrizan los elementos del grupo.

Modelos con múltiples dobletes de Higgs

Algunos de los problemas para los cuales el SM no ofrece una respuesta satisfactoria pueden abordarse a
través de diferentes extensiones del sector escalar, como ocurre con la estabilización del sector de Higgs
en modelos supersimétricos, el origen de la masa de los neutrinos en el mecanismo de balancín de tipo
II, o el problema de CP fuerte a través de la solución de Peccei-Quinn. Además, dichas extensiones
suelen ofrecer una fenomenología variada relacionada con la dinámica en el sector de sabor, en muchos
casos contribuyendo a reducir posibles tensiones entre el SM y los datos experimentales. En nuestro
caso, nos centramos en modelos que incluyen múltiples dobletes de Higgs, y realizaciones particulares
con únicamente dos dobletes, como extensiones del sector escalar basadas en el grupo gauge del SM.

El potencial escalar más general en presencia de n dobletes de Higgs puede escribirse como

V (Φ1, . . . ,Φn) = YabΦ
†
aΦb + Zab,cd(Φ

†
aΦb)(Φ

†
cΦd) , (7.110)

donde Yab son acoplamientos cuadráticos con dimensión de energía al cuadrado, y Zab,cd son acoplamien-
tos cuárticos adimensionales. Es fácil comprobar que Zab,cd = Zcd,ab, mientras que la hermiticidad del
potencial implica que Yab = Y ∗

ba y Zab,cd = Z∗
ba,dc. Teniendo esto en cuenta, el recuento de parámetros

reales presentes en los acoplamientos del potencial escalar se presenta en la tabla 3.1 para un número
arbitrario de dobletes de Higgs.

El mínimo del potencial viene dado por el valor esperado en el vacío (vev) de los dobletes escalares.
Suponiendo que el vacío conserva la carga eléctrica y desencadena correctamente la ruptura de la simetría
electrodébil, se tiene que

⟨Φa⟩ =
vae

iθa

√
2

(
0

1

)
, (7.111)

donde va ∈ R+ y θa ∈ [0, 2π), con la condición
∑n
a=1 v

2
a = v2 ≈ (246 GeV)2. La estabilidad del vacío
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requiere que éste sea un extremo del potencial, es decir,

V (⟨Φ1⟩, . . . , ⟨Φn⟩) ≡ V (v1, . . . , vn, θ1, . . . , θn) , (7.112)

tal que
∂v1V = · · · = ∂vnV = 0 , ∂θ1V = · · · = ∂θnV = 0 . (7.113)

Es importante señalar que las fases individuales θa no tienen significado físico por sí mismas, lo cual se
pone de manifiesto a través de la condición

∑n
a=1 ∂θaV = 0, con independencia de que cada término

se anule por separado. Por tanto, existen 2n − 1 condiciones de minimización independientes. De
forma general, éstas permiten expresar un subconjunto de acoplamientos cuadráticos en términos de los
cuárticos, lo cual permite establecer cotas superiores sobre las masas de los nuevos escalares.

En lo que se refiere a la violación de CP originada en el sector escalar, la invariancia bajo las
transformaciones estándar de CP de los campos impone que todos los acoplamientos en el potencial
sean reales. No obstante, esto no asegura completamente la invariancia CP, ya que esta simetría puede
romperse espontáneamente a través de la configuración del vacío. En concreto, la violación espontánea
de CP se debe a la presencia de fases relativas entre los vevs de los diferentes dobletes escalares.

Pasamos ahora a introducir las interacciones de Yukawa entre los dobletes escalares y los fermiones.
Para mayor claridad y concreción, desarrollamos este punto en el contexto de los modelos con sólo dos
dobletes de Higgs y centrándonos en el sector de quarks. Así pues, los acoplamientos de Yukawa vienen
dados por

−L quark
Y = Q0

L(Y
u
1 Φ̃1 + Y u2 Φ̃2)u

0
R +Q0

L

(
Y d1 Φ1 + Y d2 Φ2

)
d0R +H.c. , (7.114)

donde Φ̃a ≡ ϵΦ∗
a = iσ2Φ∗

a. Como podemos observar, en este caso contamos con dos matrices de Yukawa
Y fa (a = 1, 2) en cada sector (f = u, d), a diferencia de lo que ocurre en el SM. Su interpretación es más
transparente en la denominada base de Higgs, definida por(

H1

H2

)
= Rβ

(
e−iθ1 0

0 e−iθ2

)(
Φ1

Φ2

)
, con Rβ =

(
cβ sβ

−sβ cβ

)
, (7.115)

donde cβ ≡ cosβ ≡ v1/v, sβ ≡ sinβ ≡ v2/v, tβ ≡ tanβ = v2/v1, y con β ∈ [0, π/2] sin pérdida de
generalidad. En esta base, tan solo el doblete escalar H1 adquiere un vev, v, por lo que éste presenta la
misma forma que el doblete escalar del SM. Las interacciones de Yukawa toman la forma

− v√
2
L quark

Y = Q0
L(M

0
uH̃1 +N0

uH̃2)u
0
R +Q0

L

(
M0
dH1 +N0

dH2

)
d0R +H.c. , (7.116)

con

M0
u =

v√
2
e−iθ1

(
cβY

u
1 + e−iθsβY

u
2

)
, M0

d =
v√
2
eiθ1

(
cβY

d
1 + eiθsβY

d
2

)
, (7.117)

N0
u =

v√
2
e−iθ1

(
−sβY u1 + e−iθcβY

u
2

)
, N0

d =
v√
2
eiθ1

(
−sβY d1 + eiθcβY

d
2

)
, (7.118)

y θ ≡ θ2 − θ1. Así pues, queda claro que las matrices M0
f corresponden a las matrices de masa fer-

miónicas no diagonales, al estar acopladas al único doblete escalar que adquiere un vev. Éstas pueden
diagonalizarse mediante el procedimiento habitual de bidiagonalización unitaria. Ahora bien, las mis-
mas transformaciones unitarias no diagonalizan, en general, los términos adicionales N0

f , permitiendo la
aparición de corrientes neutras escalares con cambio de sabor a nivel árbol. Dadas las fuertes restric-
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ciones experimentales sobre este tipo de interacciones, se hace necesario evitar su aparición o, al menos,
mantenerlas bajo control. Entre la primera clase de modelos, encontramos aquéllos que implementan la
Conservación Natural del Sabor (NFC) à la Glashow-Weinberg-Paschos, donde se incluyen los modelos
con dos dobletes de Higgs con una simetría Z2 presentados en la tabla 3.2, entre otros. Por otro lado,
encontramos una segunda clase de modelos en los que sí se permite la aparición de corrientes neutras
con cambio de sabor siempre y cuando su intensidad se mantenga bajo control, como es el caso de la
propuesta de Cheng-Sher, o los modelos de Branco-Grimus-Lavoura en el marco de MFV.

Por último, conviene señalar que la invariancia de las interacciones de Yukawa bajo las transforma-
ciones estándar de CP, implica que los acoplamientos de Yukawa son reales. En esos casos, es importante
asegurar, no obstante, que la matriz de mezcla fermiónica viole CP, tal y como establecen los datos
experimentales.

EFTs más generales en un análisis con espuriones: el Teorema de Saturación

En el capítulo 4, derivamos un teorema de saturación que permite determinar cuál es la EFT más general
que puede construirse a partir de un conjunto de espuriones S.

De forma general, una EFT viene definida por un conjunto de campos dinámicos ϕ(x) y sus derivadas,
un conjunto de simetrías globales y/o gauge, y una expansión en serie de potencias que involucra una
escala de energía superior Λ. El Lagrangiano de la EFT, LEFT ([ϕ]), contiene entonces todos los oper-
adores que puedan construirse a partir de los campos y respeten las simetrías impuestas, de tal forma
que los operadores de dimensión mayor que cuatro queden suprimidos por el correspondiente número de
potencias de Λ.

Por otra parte, en un análisis con espuriones, se empieza identificando los operadores de menor dimen-
sión que violen una cierta simetría global Gf no impuesta originalmente en LEFT ([ϕ]). A continuación,
los acoplamientos λS de dichos operadores pasan a tratarse como campos espuriónicos (no dinámicos)
S con las propiedades adecuadas de transformación bajo Gf que permitan restaurar la simetría a los
órdenes más bajos de la EFT. En este sentido, los acoplamientos que originalmente rompían la simetría
Gf pueden interpretarse como los vevs de los campos espuriónicos, es decir, λS = ⟨S⟩. A partir de
aquí, los operadores de mayor dimensión se construyen teniendo en cuenta los campos dinámicos ϕ(x),
con coeficientes construidos a partir los campos espuriónicos S para garantizar la invariancia bajo Gf .
Finalmente, la EFT resultante del análisis con espuriones se define evaluando los campos espuriónicos
en sus correspondientes vevs:

LEFT, Spurion ≡ LEFT ([ϕ], S)
Gf

∣∣∣
S=⟨S⟩=λS

. (7.119)

Nuestro Teorema de Saturación establece que la EFT con espuriones satura (o reproduce) la EFT
original restringida a ser invariante bajo HS ⊂ Gf , siendo HS el subgrupo de transformaciones que dejan
invariante un vev genérico de los espuriones λS = ⟨S⟩:

LEFT, Spurion ≡ LEFT ([ϕ], S)
Gf

∣∣∣
S=⟨S⟩=λS

∼= LEFT ([ϕ])
HS , (7.120)

donde se admiten todas las potencias de S en LEFT, Spurion. Conviene señalar que la equivalencia “∼= ”
significa que ambas EFTs contienen el mismo conjunto de operadores efectivos independientes.

Una vez formulado el Teorema de Saturación, hemos comprobado su validez en las cuatro imple-
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Caso ϕ GLf S HS

I
SMEFT U(3)ℓ × U(3)e

Ye U(1)e × U(1)µ × U(1)τ

II Ye, C5 Z2 = {1, PLN}

III
νSMEFT U(3)ℓ × U(3)e × U(3)ν

Ye, Yν U(1)LN

IV Ye, Yν , MR Z2 = {1, PLN}

Table 7.2: Implementaciones de MLFV analizadas en el capítulo 4.

mentaciones del principio de Violación Mínima de Sabor Leptónico (MLFV), recogidas en la tabla 7.2,
al orden más bajo de la expansión EFT (dimensión 6). Cada uno de los casos considerados da cuenta de
un mecanismo de generación de masa diferente para los neutrinos en la SMEFT y la νSMEFT (donde
se incluyen neutrinos dextrógiros). En particular, encontramos que

Caso I: LSMEFT, SI

∣∣∣
dim-6

∼= L
U(1)e×U(1)µ×U(1)τ
SMEFT

∣∣∣
dim-6

, (7.121)

Caso II: LSMEFT, SII

∣∣∣
dim-6

∼= L PLN

SMEFT

∣∣∣
dim-6

, (7.122)

Caso III: LνSMEFT, SIII

∣∣∣
dim-6

∼= L
U(1)LN

νSMEFT

∣∣∣
dim-6

, (7.123)

Caso IV: LνSMEFT, SIV

∣∣∣
dim-6

∼= L PLN

νSMEFT

∣∣∣
dim-6

, (7.124)

para operadores de dimensión 6. En cualquier caso, el Teorema de Saturación se cumple para todos los
órdenes de la expansión en la EFT.

Estados ligeros en modelos con múltiples dobletes de Higgs y violación espontánea de CP

En el capítulo 5, trabajamos en el marco de los modelos con múltiples dobletes de Higgs. En concreto,
asumimos que CP es una simetría exacta del Lagrangiano en el sector escalar, la cual es rota espon-
táneamente por la configuración del vacío. Aunque la conexión entre las propiedades de CP del vacío
y el espectro de masas de los escalares no es evidente en un primer momento, nuestro análisis refleja
un resultado inesperado: para cualquier número de dobletes de Higgs, y una vez se imponen las restric-
ciones de perturbatividad en los acoplamientos cuárticos del potencial, debe existir al menos un escalar
cargado y dos escalares neutros—más allá del bosón de Higgs de 125 GeV y los que serían los bosones
de Goldstone—cuyas masas están próximas a la escala electrodébil. Veámoslo con algo más de detalle.

Tras la ruptura espontánea de la simetría electrodébil, el potencial escalar genera dos tipos de con-
tribuciones a los términos de masa de los escalares: las que provienen de los acoplamientos cuadráticos
con dimensiones de masa (al cuadrado), y aquéllas que involucran los acoplamientos cuárticos multiplica-
dos por los vevs (al cuadrado) de los escalares. Dado que los acoplamientos cuárticos están restringidos
por condiciones de perturbatividad, valores de las masas muy por encima de la escala electrodébil sólo
pueden originarse a partir de términos cuadráticos grandes. Sin embargo, las condiciones de estabilidad
del vacío en la ecuación (7.113) permiten expresar algunos de los acoplamientos cuadráticos en términos
de los cuárticos, estableciendo así una cota superior sobre las masas de los escalares. Así pues, uno podría
pensar que esta última restricción podría eludirse en modelos que contengan muchos dobletes de Higgs:
mientras que el número de términos cuadráticos independientes crece cuadráticamente con el número de
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dobletes n, el número de condiciones de estacionariedad del vacío únicamente crece linealmente—véase la
tabla 5.1. Por tanto, podríamos esperar que, para n suficientemente grande, todos los escalares pudieran
ser arbitrariamente pesados.

Los resultados de nuestro análisis numérico, presentados en las figuras 5.1 y 5.2, muestran que esta
expectativa razonable no se cumple en modelos con múltiples dobletes de Higgs donde se impone la
invariancia CP en el potencial escalar—acoplamientos reales—, pero el vacío rompe espontáneamente
esta simetría. Por un lado, los puntos azules en las figuras 5.1 y 5.2 indican, respectivamente, la presencia
de un estado cargado ligero y dos escalares neutros—además del bosón de Higgs observado—cuyas masas
no están muy alejadas de la escala electrodébil. Por otro lado, los que serían los bosones de Goldstone
sin masa corresponden a los puntos en rojo, mientras que los restantes n− 2 escalares cargados y 2n− 4

escalares neutros vienen dados por las líneas marrones, pudiendo tener masas mucho mayores que la
escala electrodébil.

Con tal de obtener un enfoque analítico de este resultado, hemos examinado un escenario simplificado
en el que los acoplamientos cuadráticos se consideran mucho mayores que la escala electrodébil, por lo que
podemos despreciar los acoplamientos cuárticos. En este contexto, encontramos que los estados escalares
ligeros que emergen en el anterior análisis numérico se manifiestan, efectivamente, como autoestados con
autovalores nulos.

Este resultado inesperado parece estar relacionado con la existencia de un vacío físicamente equiva-
lente al original, ambos relacionados mediante una transformación de CP. No obstante, en qué medida
estas conclusiones pueden extrapolarse a otros potenciales escalares es una cuestión a explorar en el
futuro.

Violación espontánea de CP y conservación del sabor con dos dobletes de Higgs: matriz
PMNS con simetría µ− τ

En el capítulo 6, dentro del marco de los modelos con dos dobletes de Higgs, hemos analizado las
implicaciones fenomenológicas que surgen del requerimiento simultáneo de: (i) un origen espontáneo de
la violación de CP, (ii) la ausencia de corrientes neutras escalares con cambio de sabor, y (iii) la generación
de una matriz de mezcla fermiónica (en las corrientes cargadas) que viole CP y sea compatible con los
datos experimentales.

En nuestro estudio, hemos comprobado que estas tres condiciones se cumplen simultáneamente cuando
los acomplamientos de Yukawa satisfacen: (i) las combinaciones simétricas Y fa Y f Ta y Y f Ta Y fa , ya sea en
el sector “up” o en el sector “down”, tienen autovalores reales y degenerados, y (ii) la matriz Y fa tiene
autovalores complejo conjugados asociados a autovectores complejo conjugados entre sí, los cuales son
ortonormales e independientes de los valores específicos de sus autovalores. Esto garantiza la diagonal-
ización unitaria simultánea de todas las Y fa (a = 1, 2), eliminando así las corrientes neutras con cambio
de sabor a nivel árbol. Además, el hecho de que los autovalores sean el uno complejo conjugado del otro
conduce a una matriz de mezcla con dos filas o columnas de módulos idénticos. En este sentido, si bien
esta configuración resulta fenomenológicamente inviable en el sector de quarks, puede implementarse exi-
tosamente en el sector leptónico tanto para neutrinos de Dirac como neutrinos de Majorana en el modelo
de balancín de tipo I. Como resultado, la matriz de Pontecorvo-Maki-Nakagawa-Sakata (PMNS) posee
la simetría µ − τ (su segunda y tercera filas tienen el mismo módulo) y es compatible con las medidas
experimentales actuales. En cualquier caso, conviene señalar que observables como el momento dipolar
eléctrico del electrón o la desintegración µ → eγ juegan un papel importante a la hora de establecer el
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espacio de parámetros permitidos del modelo.

La violación de CP en la mezcla de mesones B podría ser insuficiente para la bariogénesis

En el capítulo 7, hemos investigado cuán grande puede ser la violación de CP en la mezcla de mesones
neutros Bd y Bs más allá del SM. En concreto, la cantidad de violación de CP queda reflejada a través
de las asimetrías semileptónicas de CP. Dado que se trata de un fenómeno altamente suprimido en el
SM—tiene lugar a un bucle—, éste constituye una prueba sensible para la detección de NP. Asimismo, la
violación de CP en la mezcla de mesones B se puede relacionar directamente con la asimetría bariónica
primordial a través del mecanismo de B-mesogénesis.

Con tal de responder a esta cuestión, adoptamos en primer lugar un enfoque independiente del
modelo en el que la NP pesada modifica exclusivamente la mezcla de masas Mq

12 (q = d, s) en el sistema
de mesones Bq. Del análisis global que incluye todas las restricciones experimentales relevantes se
desprenden los siguientes resultados:

AdSL = (−9.1± 3.6)× 10−4 , AsSL = (−0.04± 1.21)× 10−4 , (7.125)

determinados principalmente por las medidas precisas de la fase de violación de CP en la interferencia
entre mezcla y desintegración, O(1◦), que restringen la fase de Mq

12.

En segundo lugar, consideramos escenarios que incluyen quarks vectoriales de tipo singlete, los cuales
inducen desviaciones respecto a la unitariedad 3×3 de la matriz CKM. Dichos modelos resultan de interés
ya que uno de los ingredientes que conduce a pequeñas asimetrías de CP en el SM es, precisamente, la
unitariedad de CKM. En cualquier caso, encontramos resultados muy similares al escenario general
anterior.

En tercer lugar, examinamos varios escenarios que permiten incluir modificaciones en la mezcla de
desintegración Γq12. Aunque en principio dichas contribuciones podrían llegar a ser grandes, permitiendo
obtener grandes valores de las asimetrías de CP, esto no ocurre cuando se consideran modelos UV
completos debido a las fuertes restricciones impuestas por las medidas de las diferencias de masas de los
mesones, las cotas inferiores altas sobre la masa de los mediadores provenientes del LHC, y la relación
Γq12/M

q
12 ∼ m2

b/M
2
pesada.

A la luz de los resultados obtenidos, concluimos que la dificultad general para generar valores grandes
de las asimetrías semileptónicas más allá del SM pone en tensión el mecanismo de B-mesogénesis. En
particular, sólo una pequeña región donde AsSL ≃ (1− 5)× 10−4 y AdSL ≃ Ad,SMSL es todavía viable.

Finalmente, analizamos las perspectivas de las próximas medidas de las asimetrías de CP en LHCb (23
fb−1) y Belle II (50 ab−1), concluyendo que ninguno de los escenarios de NP considerados—en ausencia
de ajustes finos de los parámetros del modelo—podrá ser probado en un futuro próximo.

Conclusiones

La investigación desarrollada en el marco de esta tesis recoge resultados originales relacionados con el
sector de sabor y el sector escalar más allá del SM, con especial atención en la violación de la simetría
CP, tanto desde el punto de vista teórico como fenomenológico. Nuestro trabajo analiza una variedad
de escenarios de NP más allá del SM que incluyen el paradigma de MFV, extensiones del sector escalar
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con múltiples dobletes de Higgs, la ruptura espontánea de CP a partir del vacío, y nuevas fuentes de
violación de CP en la mezcla de mesones B, entre otros.

Con este objetivo, hemos combinado tanto métodos analíticos como numéricos que resultan esenciales
para llevar a cabo los cálculos de interés y delimitar el espacio de parámetros permitidos de los modelos
considerados. Más allá de los resultados específicos antes presentados, esta tesis proporciona herramientas
que esperamos sean útiles para la comunidad científica, como nuestro código de acceso público HilbCalc
�.

Finalmente, es importante señalar que los sectores de sabor y escalar son el origen de numerosas
preguntas que todavía hoy buscan una respuesta a nivel fundamental. Aunque esta tesis se ha centrado en
un conjunto limitado de escenarios de NP bien motivados, existen muchas otras posibilidades interesantes
que merecen una investigación profunda y detallada. De cara al futuro, la era de alta precisión en la que
nos adentramos con experimentos como LHCb, Belle II y futuras instalaciones, será crucial para descubrir
posibles desviaciones respecto al SM. Al mismo tiempo, la investigación teórica será indispensable para
guiar e interpretar los avances experimentales. Esta tesis representa nuestra contribución particular a un
campo que plantea un futuro desafiante, pero que todavía alberga un gran potencial para descubrimientos
inesperados en un futuro no demasiado lejano.

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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A Computing Hilbert Series with HilbCalc

In this appendix, we provide an introductory guide on how to use our Mathematica notebook HilbCalc
� to calculate a general Hilbert series (either single-graded or multi-graded) for group invariants and
covariants restricted to the classical Lie groups SU(n), SO(n), Sp(n = 2r), and U(1) abelian factors.

Suppose that we have a set of spurion fields Φ, which form a representation of a symmetry group G,
and we are interested in its polynomials. In particular, given each irrep of G, denoted “IrrepG” below,
we would like to know how many of them can be made by Φ polynomials. This is encoded in the Hilbert
series HG,Φ

IrrepG
. It has several inputs to take:

• The group G, which is a product group in general.

• The G-irrep of interest, i.e., the goal IrrepG.

• The spurions Φ, which we will refer to as “building block fields”. They are assigned grading variables
to keep track of their powers in the polynomials. Each G-irrep component of Φ can be assigned a
distinct grading variable.

The key formula underlying the calculation of a Hilbert series for group invariants and covariants is the
Molien-Weyl formula [87]:

HG,Φ
IrrepG

(q) =

∫
dµG(x)χ

∗
IrrepG

(x)χrΦ
(q, x) , with |q| < 1 . (A.1)

The integrand consists of three factors:

(i) The Haar measure dµG(x).

(ii) The Weyl character χ∗
IrrepG

(x) of the goal IrrepG.

(iii) The graded Weyl character χrΦ
(q, x) of the polynomial ring rΦ in the building block

fields.

As explained in chapter 2, the Molien-Weyl formula makes use of character orthogonality under the Haar
measure dµG(x) to extract the component of our interest IrrepG in the graded character χrΦ(q, x) of the
polynomial ring rΦ in the building block fields.

Our Mathematica notebook HilbCalc � provides general functions for calculating each of the above
three factors, packaging them together to calculate the Hilbert series for a general set of group invariants
or covariants that is asked by the user. In what follows, we navigate through it to explain how to use
it for computing each of these three factors: Haar measures in App. A.1, Weyl characters in App. A.2,
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graded characters of polynomial rings in App. A.3, and finally their combination in the Molien-Weyl
formula in App. A.4. In App. A.5, we include the remaining Hilbert series for our MLFV Case IV in
Sec. 4.2.2, that have been computed using HilbCalc �.

We highlight that a more comprehensive list of demonstration examples are provided in the notebook.
It also collects a more complete list of the Hilbert series for the four cases of MLFV implementations
discussed in Sec. 4.2.

A.1 Haar measure calculations

A Haar measure dµG(x) is parametrized by r phase variables, x = {x1, · · · , xr}, where r is the rank of
the group G. In the Molien-Weyl formula in Eq. (A.1), each phase variable xi is integrated over the
contour of the unit circle. To compute a Haar measure with HilbCalc, one simply uses the function
HaarGroup as

In[1]:= HaarGroup[gp,chvars]

As indicated above, two input arguments are required:

• gp is a Symbol that specifies the group G among U1, SUn, SOn, or Spn, where n is an integer. For
instance, one can type SU3, SO7, Sp10, and so on.

• chvars is a List that contains the r variables parametrizing the Haar measure, e.g., {x1,x2} for
a group with rank r = 2.

Let us compute a simple example—the Haar measure of SU(3):

In[2]:= HaarGroup[SU3,{x1,x2}]

Out[2]=

(
1- 1

x1x22

)(
1- 1

x21x2

)(
1- x1

x2

)(
1- x2

x1

)(
1-x21x2

)(
1-x1x22

)
6x1x2

In case the integrand in the Molien-Weyl formula is symmetric under the Weyl group, the Haar measures
can be further simplified or reduced. To get the reduced version of the Haar measures, one can use the
function HaarReducedGroup instead as

In[3]:= HaarReducedGroup[SU3,{x1,x2}]

Out[3]=

(
1- x1

x2

)(
1-x21x2

)(
1-x1x22

)
x1x2

To deal with a product group G = G1 ×G2 × · · · ×Gk, one uses the following two extended functions

In[4]:= HaarProductGroup[gplist,chvarsGps]

In[5]:= HaarReducedProductGroup[gplist,chvarsGps]

with input arguments given by

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants
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• gplist is a List of gp, e.g., {SU3,U1}.

• chvarsGps is a List of chvars, such as {{x1,x2},{x}}.

Taking SU(3)× U(1) as an example, one can readily check that

In[6]:= HaarReducedProductGroup[{SU3,U1},{{x1,x2},{x}}]

Out[6]=

(
1- x1

x2

)(
1-x21x2

)(
1-x1x22

)
x x1x2

A.2 Weyl character calculations

The Weyl character χIrrepG
(x) depends on the irrep specified. In HilbCalc, we use the highest weight

vectors to label irreps of a Lie algebra. We provide auxiliary functions to automatically translate between
a highest weight vector and the Dynkin labels of an irrep, as the latter are also frequently used for referring
to an irrep. Furthermore, we also provide a function for computing the dimension of irreps. For user
convenience, we include a function that generates a table summarizing the Dynkin labels, dimensions,
and highest weight vectors for the irreps of a given group, up to a specified maximum Dynkin label.
These auxiliary functions are

In[7]:= DynkinLabelsFromIrrephwt[gp, irrephwt]

In[8]:= IrrephwtFromDynkinLabels[gp, dynkinlabels]

In[9]:= DimIrrephwt[gp, irrephwt]

In[10]:= IrrepTableGroup[gp, maxdynkinlabel]

In all cases, the first input argument gp specifies the group of interest, as explained in App. A.1. In
addition, a second argument is required, as we explain below.

• irrephwt is a List of r components, being r the rank of the group. Taking SU(3) for example, we
have {1,0} for the fundamental irrep, {1,1} for the antifundamental, and {2,1} for the adjoint.1

• dynkinlabels is a List of r non-negative Integers.

• maxdynkinlabel is a non-negative Integer that that sets the maximum value for each component
of the Dynkin labels of the irreps included in the table.

As an illustrative example, one can check the conversion from highest weight vector to Dynkin labels,
and viceversa, for the adjoint irrep of SU(3):

In[11]:= DynkinLabelsFromIrrephwt[SU3,{2,1}]
1For SU(n = r + 1) groups, we embed the weight lattice in the (r + 1)-dimensional space, such that the components of

the weight vectors are all integers. The (r + 1)-th component of a highest weight vector is zero, and we can view it as a
vector with r components, as in the SU(3) examples given above. With this convention, for a given SU(n = r + 1) irrep,
there is a convenient map between its highest weight vector and its Young diagram—the k-th component of irrephwt gives
the number of boxes in the k-th row of the Young diagram.
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Out[11]= {1,1}

In[12]:= IrrephwtFromDynkinLabels[SU3,{1,1}]

Out[12]= {2,1}

One can also generate a table of the SU(3) irreps with Dynkin labels smaller than 2:

In[13]:= IrrepTableGroup[SU3,2]

Out[13]=

Summary of SU3 irreps

Dynkin Label Dimension Highest weight vector

{0, 0} 1 {0, 0}
{0, 1} 3 {1, 1}
{0, 2} 6 {2, 2}
{1, 0} 3 {1, 0}
{1, 1} 8 {2, 1}
{1, 2} 15 {3, 2}
{2, 0} 6 {2, 0}
{2, 1} 15 {3, 1}
{2, 2} 27 {4, 2}

With the irrep convention established, one can compute a Weyl character with the function

In[14]:= WeylChGroup[gp, chvars, irrephwt]

for a single group, and

In[15]:= WeylChProductGroup[gplist, chvarsGps, irrephwtGps]

for product groups, where irrephwtGps is a List of irrephwt, such as {{1,0},{+1}}. Coming back to
our previous SU(3)×U(1) example, the Weyl character for the fundamental irrep with charge +1 reads

In[16]:= WeylChProductGroup[{SU3,U1},{{x1,x2},{x}}, {{1,0},{+1}}]

Out[16]= x x1 +
x

x1x2
+ x x2

A.3 Graded character of the polynomial ring in the building

block fields

The remaining piece of the integrand in the Molien-Weyl formula, namely, χrΦ
(q, x), is the graded

character of the polynomial ring in a set of building block fields BBFlist. It is a List of BBF, and each
BBF is a List with the following three components.

• BBF[[1]] is a Symbol referring to the grading variable of the building block field, e.g., ϕ or q.
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• BBF[[2]] is an Integer that takes values 0 or 1 for Grassmann-even and Grassmann-odd fields,
respectively.

• BBF[[3]] has the format of the irrephwtGps presented before, which is a List of highest weight
vectors irrephwt.

Then, the graded character of a polynomial ring in a given set of building block fields can be readily
computed for a single group or a product group by using

In[17]:= GradedRingChGroup[gp, chvars, BBFlist]

In[18]:= GradedRingChProductGroup[gplist, chvarsGps, BBFlist]

Let us consider our recurrent example SU(3) × U(1) from bosonic fundamental ϕ with charge +1 and
antifundamental ϕd with charge -1. The graded character of the polynomial ring is given by

In[19]:= ϕBBF = {ϕ, 0, {{1,0}, {+1}}};

ϕdBBF = {ϕd, 0, {{1,1}, {-1}}};

GradedRingChProductGroup[{SU3,U1},{{x1,x2},{x}},{ϕBBF,ϕdBBF}]

Out[19]=
1(

1-xx1ϕ
)(

1- xϕ
x1x2

)(
1-xx2ϕ

)(
1- ϕd

xx1

)(
1- ϕd

xx2

)(
1- x1x2ϕd

x

)

A.4 Hilbert series evaluations

Finally, we present the main functions of HilbCalc. These are

In[20]:= HilbertSeriesBBFGRCh[gplist, chvarsGps, irrephwtGps, BBFgrch]

In[21]:= HilbertSeriesBBFlist[gplist, chvarsGps, irrephwtGps, BBFlist]

The sole difference between these two functions is in their last input argument. The former requires to
take the graded character of the polynomial ring BBFgrch computed separately as an input; the latter
directly takes the list of building block fields BBFlist as an input. One should notice that the input
argument irrephwtGps here refers to the goal irrep for which we are computing the Hilbert—it is not
about the irreps of the building block fields.

It is instructive to present a simple example computation to clearly illustrate the different calls of our
main functions—the multi-graded Hilbert series for SU(3) invariants made out of bosonic fundamental
ϕ and antifundamental ϕd. We have

In[22]:= gplist = {SU3}

chvarsGps = {{x1,x2}}

irrephwtGps = {{0,0}}

ϕBBF = {ϕ, 0, {{1,0}}}

ϕdBBF = {ϕd, 0, {{1,1}}}

BBFlist = {ϕBBF, ϕdBBF}

BBFGRCh = GradedRingChProductGroup[gplistchvarsGpsBBFlist]
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where the last line uses the function explained in App. A.3 to compute the graded character BBFgrch of
the polynomial ring in ϕ and ϕd. After evaluating the above entries, we can call the two main functions:

In[23]:= HilbertSeriesBBFGRCh[gplist,chvarsGps,irrephwtGps,BBFGRCh]

In[23]:= HilbertSeriesBBFlist[gplist,chvarsGps,irrephwtGps,BBFlist]

They both yield

Out[23]= -
1

-1+ϕϕd

Although the second main function is clearly more direct, the first one might be useful when we are
given a fixed set of building block fields and want to compute the Hilbert series for different goal irreps,
as encountered in the case of calculating the MLFV Hilbert series.

A.5 More Hilbert series for spurions SIV = {Ye , Y †
e , Yν , Y

†
ν ,MR,M

†
R}

Some single-graded Hilbert series for the MLFV Case IV in Table 4.1 have already been presented in
Sec. 4.2.2. Those that correspond to the remaining relevant covariants read:

H(3,3̄,1) =
1

D(q)
q



1 + 2q2 + 6q4 + 17q6 + 49q8

+134q10 + 350q12 + 840q14 + 1884q16 + 3945q18

+7804q20 + 14617q22 + 26075q24 + 44374q26 + 72312q28

+113032q30 + 169916q32 + 246022q34 + 343750q36 + 464054q38

+606096q40 + 766599q42 + 939899q44 + 1117832q46 + 1290454q48

+1446692q50 + 1575652q52 + 1667681q54 + 1715623q56 + 1715623q58

+1667681q60 + 1575652q62 + 1446692q64 + 1290454q66 + 1117832q68

+939899q70 + 766599q72 + 606096q74 + 464054q76 + 343750q78

+246022q80 + 169916q82 + 113032q84 + 72312q86 + 44374q88

+26075q90 + 14617q92 + 7804q94 + 3945q96 + 1884q98

+840q100 + 350q102 + 134q104 + 49q106 + 17q108

+6q110 + 2q112 + q114



, (A.2a)

H(3,1,3̄) =
1

D(q)
q



1 + 3q2 + 10q4 + 29q6 + 85q8

+227q10 + 565q12 + 1301q14 + 2808q16 + 5694q18

+10927q20 + 19911q22 + 34597q24 + 57471q26 + 91526q28

+140038q30 + 206279q32 + 293018q34 + 401993q36 + 533306q38

+684938q40 + 852425q42 + 1028814q44 + 1204999q46 + 1370374q48

+1513873q50 + 1625094q52 + 1695561q54 + 1719690q56 + 1695561q58

+1625094q60 + 1513873q62 + 1370374q64 + 1204999q66 + 1028814q68

+852425q70 + 684938q72 + 533306q74 + 401993q76 + 293018q78

+206279q80 + 140038q82 + 91526q84 + 57471q86 + 34597q88

+19911q90 + 10927q92 + 5694q94 + 2808q96 + 1301q98

+565q100 + 227q102 + 85q104 + 29q106 + 10q108

+3q110 + q112



, (A.2b)
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H(1,3̄,3) =
1

D(q)
q2



1 + 3q2 + 10q4 + 29q6 + 85q8

+227q10 + 565q12 + 1301q14 + 2808q16 + 5694q18

+10927q20 + 19911q22 + 34597q24 + 57471q26 + 91526q28

+140038q30 + 206279q32 + 293018q34 + 401993q36 + 533306q38

+684938q40 + 852425q42 + 1028814q44 + 1204999q46 + 1370374q48

+1513873q50 + 1625094q52 + 1695561q54 + 1719690q56 + 1695561q58

+1625094q60 + 1513873q62 + 1370374q64 + 1204999q66 + 1028814q68

+852425q70 + 684938q72 + 533306q74 + 401993q76 + 293018q78

+206279q80 + 140038q82 + 91526q84 + 57471q86 + 34597q88

+19911q90 + 10927q92 + 5694q94 + 2808q96 + 1301q98

+565q100 + 227q102 + 85q104 + 29q106 + 10q108

+3q110 + q112



, (A.2c)

H(3̄,3̄,3̄) =
1

D(q)
q2



1 + 5q2 + 18q4 + 60q6 + 187q8

+534q10 + 1391q12 + 3326q14 + 7385q16 + 15337q18

+30005q20 + 55565q22 + 97839q24 + 164360q26 + 264230q28

+407535q30 + 604396q32 + 863519q34 + 1190500q36 + 1585985q38

+2044114q40 + 2551484q42 + 3087009q44 + 3622873q46 + 4126606q48

+4564184q50 + 4903632q52 + 5118801q54 + 5192510q56 + 5118801q58

+4903632q60 + 4564184q62 + 4126606q64 + 3622873q66 + 3087009q68

+2551484q70 + 2044114q72 + 1585985q74 + 1190500q76 + 863519q78

+604396q80 + 407535q82 + 264230q84 + 164360q86 + 97839q88

+55565q90 + 30005q92 + 15337q94 + 7385q96 + 3326q98

+1391q100 + 534q102 + 187q104 + 60q106 + 18q108

+5q110 + q112



, (A.2d)

H(6,3̄,3̄) =
1

D(q)
q2



1 + 5q2 + 22q4 + 79q6 + 263q8

+789q10 + 2153q12 + 5362q14 + 12317q16 + 26332q18

+52792q20 + 99846q22 + 179004q24 + 305426q26 + 497663q28

+776610q30 + 1163530q32 + 1677151q34 + 2330050q36 + 3124799q38

+4050510q40 + 5080558q42 + 6172107q44 + 7267977q46 + 8300935q48

+9200124q50 + 9898773q52 + 10342078q54 + 10494032q56 + 10342078q58

+9898773q60 + 9200124q62 + 8300935q64 + 7267977q66 + 6172107q68

+5080558q70 + 4050510q72 + 3124799q74 + 2330050q76 + 1677151q78

+1163530q80 + 776610q82 + 497663q84 + 305426q86 + 179004q88

+99846q90 + 52792q92 + 26332q94 + 12317q96 + 5362q98

+2153q100 + 789q102 + 263q104 + 79q106 + 22q108

+5q110 + q112



, (A.2e)
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H(8,1,1) =
1

D(q)
q2



2 + 5q2 + 12q4 + 40q6 + 112q8

+289q10 + 714q12 + 1611q14 + 3393q16 + 6766q18

+12737q20 + 22782q22 + 38933q24 + 63600q26 + 99615q28

+150049q30 + 217608q32 + 304399q34 + 411450q36 + 537876q38

+680816q40 + 835311q42 + 993980q44 + 1147895q46 + 1287364q48

+1402451q50 + 1484543q52 + 1527391q54 + 1527391q56 + 1484543q58

+1402451q60 + 1287364q62 + 1147895q64 + 993980q66 + 835311q68

+680816q70 + 537876q72 + 411450q74 + 304399q76 + 217608q78

+150049q80 + 99615q82 + 63600q84 + 38933q86 + 22782q88

+12737q90 + 6766q92 + 3393q94 + 1611q96 + 714q98

+289q100 + 112q102 + 40q104 + 12q106 + 5q108

+2q110



, (A.2f)

H(1,8,1) =
1

D(q)
q2



1 + 2q2 + 5q4 + 17q6 + 48q8

+129q10 + 341q12 + 818q14 + 1823q16 + 3819q18

+7531q20 + 14065q22 + 25037q24 + 42494q26 + 69019q28

+107591q30 + 161204q32 + 232605q34 + 323883q36 + 435640q38

+566745q40 + 713995q42 + 871679q44 + 1032049q46 + 1185866q48

+1322840q50 + 1433093q52 + 1508353q54 + 1542422q56 + 1532485q58

+1479449q60 + 1387420q62 + 1263554q64 + 1117253q66 + 958504q68

+797340q70 + 642747q72 + 501508q74 + 378271q76 + 275530q78

+193418q80 + 130565q82 + 84618q84 + 52445q86 + 30957q88

+17363q90 + 9176q92 + 4511q94 + 2065q96 + 846q98

+288q100 + 77q102 + 8q104 − 12q106 − 5q108

−3q110 − 3q112 − q118



, (A.2g)

H(1,1,8) =
1

D(q)
q2



2 + 6q2 + 17q4 + 55q6 + 147q8

+362q10 + 855q12 + 1866q14 + 3828q16 + 7470q18

+13812q20 + 24335q22 + 41056q24 + 66350q26 + 102994q28

+153978q30 + 221909q32 + 308789q34 + 415557q36 + 541264q38

+683030q40 + 835922q42 + 992658q44 + 1144473q46 + 1281880q48

+1395164q50 + 1475916q52 + 1518049q54 + 1518049q56 + 1475916q58

+1395164q60 + 1281880q62 + 1144473q64 + 992658q66 + 835922q68

+683030q70 + 541264q72 + 415557q74 + 308789q76 + 221909q78

+153978q80 + 102994q82 + 66350q84 + 41056q86 + 24335q88

+13812q90 + 7470q92 + 3828q94 + 1866q96 + 855q98

+362q100 + 147q102 + 55q104 + 17q106 + 6q108 + 2q110



, (A.2h)
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H(8,8,1) =
1

D(q)
q2



1 + 6q2 + 21q4 + 66q6 + 211q8

+642q10 + 1794q12 + 4605q14 + 10879q16 + 23850q18

+48978q20 + 94762q22 + 173526q24 + 302042q26 + 501409q28

+796121q30 + 1212242q32 + 1774100q34 + 2500075q36 + 3398116q38

+4461005q40 + 5662924q42 + 6958390q44 + 8283152q46 + 9558406q48

+10698365q50 + 11619006q52 + 12247840q54 + 12533352q56 + 12451260q58

+12007813q60 + 11239510q62 + 10207802q64 + 8991266q66 + 7676604q68

+6348371q70 + 5080394q72 + 3930093q74 + 2934908q76 + 2112248q78

+1462265q80 + 971443q82 + 617446q84 + 374142q86 + 215164q88

+116692q90 + 59222q92 + 27807q94 + 11827q96 + 4402q98

+1324q100 + 223q102 − 60q104 − 73q106 − 44q108 − 19q110

−6q112 − 4q114 − 2q116



, (A.2i)

H(8,1,8) =
1

D(q)
q2



1 + 11q2 + 53q4 + 192q6 + 618q8

+1765q10 + 4531q12 + 10692q14 + 23397q16 + 47841q18

+92146q20 + 168024q22 + 291252q24 + 481825q26 + 763013q28

+1159515q30 + 1694813q32 + 2387110q34 + 3244911q36 + 4263103q38

+5419291q40 + 6672187q42 + 7962912q44 + 9218234q46 + 10356836q48

+11298070q50 + 11970601q52 + 12321008q54 + 12321008q56 + 11970601q58

+11298070q60 + 10356836q62 + 9218234q64 + 7962912q66 + 6672187q68

+5419291q70 + 4263103q72 + 3244911q74 + 2387110q76 + 1694813q78

+1159515q80 + 763013q82 + 481825q84 + 291252q86 + 168024q88

+92146q90 + 47841q92 + 23397q94 + 10692q96 + 4531q98

+1765q100 + 618q102 + 192q104 + 53q106 + 11q108 + q110



, (A.2j)

H(1,8,8) =
1

D(q)
q4



3 + 17q2 + 68q4 + 241q6 + 748q8

+2072q10 + 5239q12 + 12196q14 + 26370q16 + 53445q18

+102130q20 + 184889q22 + 318496q24 + 523840q26 + 824951q28

+1247143q30 + 1813728q32 + 2541921q34 + 3438559q36 + 4495578q38

+5686764q40 + 6966845q42 + 8272540q44 + 9526785q46 + 10646058q48

+11548761q50 + 12164637q52 + 12443893q54 + 12363141q56 + 11928468q58

+11175185q60 + 10162800q62 + 8967543q64 + 7673690q66 + 6363636q68

+5109663q70 + 3968445q72 + 2977438q74 + 2154635q76 + 1501165q78

+1004704q80 + 644098q82 + 394197q84 + 229314q86 + 126009q88

+64902q90 + 30976q92 + 13413q94 + 5088q96 + 1558q98

+261q100 − 90q102 − 115q104 − 77q106 − 38q108

−14q110 − 6q112 − 2q114



, (A.2k)
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H(27,1,1) =
1

D(q)
q4



3 + 11q2 + 43q4 + 144q6 + 450q8

+1247q10 + 3160q12 + 7309q14 + 15717q16 + 31534q18

+59603q20 + 106489q22 + 180873q24 + 292898q26 + 453886q28

+674573q30 + 963970q32 + 1326706q34 + 1761692q36 + 2259769q38

+2803593q40 + 3367158q42 + 3918081q44 + 4419761q46 + 4835781q48

+5133621q50 + 5289064q52 + 5289064q54 + 5133621q56 + 4835781q58

+4419761q60 + 3918081q62 + 3367158q64 + 2803593q66 + 2259769q68

+1761692q70 + 1326706q72 + 963970q74 + 674573q76 + 453886q78

+292898q80 + 180873q82 + 106489q84 + 59603q86 + 31534q88

+15717q90 + 7309q92 + 3160q94 + 1247q96 + 450q98

+144q100 + 43q102 + 11q104 + 3q106



, (A.2l)

H(1,27,1) =
1

D(q)
q4



1 + 2q2 + 8q4 + 26q6 + 86q8

+261q10 + 751q12 + 1953q14 + 4694q16 + 10414q18

+21637q20 + 42206q22 + 77874q24 + 136246q26 + 227110q28

+361556q30 + 551490q32 + 807563q34 + 1137804q36 + 1544738q38

+2024038q40 + 2562314q42 + 3137396q44 + 3718391q46 + 4268636q48

+4748621q50 + 5120979q52 + 5354610q54 + 5429035q56 + 5337006q58

+5085679q60 + 4695810q62 + 4198772q64 + 3632883q66 + 3038298q68

+2453038q70 + 1908536q72 + 1427889q74 + 1024161q76 + 701624q78

+456541q80 + 280052q82 + 159908q84 + 83269q86 + 37831q88

+13366q90 + 1777q92 − 2554q94 − 3363q96 − 2760q98 − 1858q100

−1084q102 − 562q104 − 258q106 − 106q108 − 40q110

−15q112 − 5q114 − 2q116 − q118



, (A.2m)

H(1,1,27) =
1

D(q)
q2



1 + 7q2 + 26q4 + 95q6 + 290q8

+809q10 + 2029q12 + 4728q14 + 10214q16 + 20735q18

+39649q20 + 71948q22 + 124208q24 + 204900q26 + 323684q28

+491100q30 + 716847q32 + 1008738q34 + 1370233q36 + 1799319q38

+2286404q40 + 2814348q42 + 3358130q44 + 3887064q46 + 4366822q48

+4763465q50 + 5046825q52 + 5194518q54 + 5194518q56 + 5046825q58

+4763465q60 + 4366822q62 + 3887064q64 + 3358130q66 + 2814348q68

+2286404q70 + 1799319q72 + 1370233q74 + 1008738q76 + 716847q78

+491100q80 + 323684q82 + 204900q84 + 124208q86 + 71948q88

+39649q90 + 20735q92 + 10214q94 + 4728q96 + 2029q98

+809q100 + 290q102 + 95q104 + 26q106 + 7q108 + q110



, (A.2n)

where the denominator factor is given by

1

D(q)
=

1

(1− q2)
3
(1− q4)

4
(1− q6)

4
(1− q8)

2
(1− q10)

2
(1− q12)

3
(1− q14)

2
(1− q16)

. (A.3)



B Unitary bidiagonalization

Any arbitrary complex matrix can be diagonalized by means of two different unitary transformations,
acting on the left and on the right, with real and positive eigenvalues. This procedure is known as unitary
bidiagonalization.

Let M be an arbitrary complex matrix. The Hermitian combinations MM† and M†M are diago-
nalized through unitary transformations UL and UR, respectively. Their eigenvalues are real (due to
hermiticity) and non-negative, since

u⃗†MM†u⃗ = λu⃗ u⃗
† · u⃗ = λu⃗ ∥u⃗∥2 = λu⃗

u⃗†MM†u⃗ =
∥∥M†u⃗

∥∥2 ≥ 0

}
λu⃗ ≥ 0 , (B.1)

v⃗†M†Mv⃗ = λv⃗ v⃗
† · v⃗ = λv⃗ ∥v⃗∥2 = λv⃗

v⃗†M†Mv⃗ = ∥Mv⃗∥2 ≥ 0

}
λv⃗ ≥ 0 , (B.2)

where u⃗ and v⃗ are (normalized) eigenvectors of MM† and M†M with eigenvalues λu⃗ and λv⃗, respectively.
As both MM† and M†M share the same characteristic polynomial, they have common real and non-
negative eigenvalues, which we can simply denote as m2

i . Therefore, we can write

U†
LMM†UL = U†

RM
†MUR = D = diag

(
m2

1,m
2
2, . . .

)
, m2

i ∈ R , m2
i ≥ 0 . (B.3)

From the previous line, we obtain

D = U†
LMM†UL =

(
U†
LMUR

)(
U†
LMUR

)†
= M̂DM̂

†
D −→ DM̂D = M̂DM̂

†
DM̂D , (B.4)

D = U†
RM

†MUR =
(
U†
LMUR

)† (
U†
LMUR

)
= M̂†

DM̂D −→ M̂DD = M̂DM̂
†
DM̂D , (B.5)

where we have defined M̂D ≡ U†
LMUR, yielding

DM̂D − M̂DD = 0 −→ (Dii −Djj)
(
M̂D

)
ij
= 0 . (B.6)

Assuming that the elements of D are all different and non-vanishing, Eq. (B.6) implies that
(
M̂D

)
ij
= 0

for i ̸= j, that is, M̂D is also a diagonal matrix with
(
M̂D

)
ii
= mi e

iφi , being mi ∈ R+. Taking into

account the definition of M̂D, we are left with

U†
LMUR = CMD =MDC , (B.7)

where MD ≡ diag (m1,m2, . . . ) and C ≡ diag
(
eiφ1 , eiφ2 , . . .

)
. An additional diagonal rephasing is
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required in order to remove the phases in C.

Similarly, it is straightforward to apply this procedure to an arbitrary real matrix M . In this case,
the symmetric combinations MMT and MTM are diagonalized through orthogonal transformations OL
and OR, respectively, as

OTLMMTOL = OTRM
TMOR = D = diag

(
m2

1,m
2
2, . . .

)
, m2

i ∈ R , m2
i ≥ 0 , (B.8)

thus leading to
OTLMOR =MD = diag (m1,m2, . . . ) , mi ∈ R+ . (B.9)

Notice that no additional diagonal rephasing is left in the real scenario.

Let us finally stress that two important assumptions have been made in the previous argument,
namely, that the combinations MM† (MMT ) and M†M (MTM) have (i) non-degenerate, and (ii)
non-vanishing eigenvalues.



C Orthogonal matrices O(3,R)

Matrices O ∈ SO(3,R) can be parametrized as O = eαA, with α ∈ [0, 2π) and A a normalized real
antisymmetric matrix of the form

A =


0 n̂3 −n̂2

−n̂3 0 n̂1

n̂2 −n̂1 0

 , n̂j ∈ R , n̂21 + n̂22 + n̂23 = 1 . (C.1)

It is easy to check that the eigenvalues of A and their corresponding normalized eigenvectors are

λ0 = 0 , v⃗T0 = (n̂1, n̂2, n̂3) = (sinϑ cosφ, sinϑ sinφ, cosϑ) , (C.2)

λ+ = i , v⃗T+ =
1√
2
(− cosϑ cosφ+ i sinφ,− cosϑ sinφ− i cosφ, sinϑ) , (C.3)

λ− = −i , v⃗− = (v⃗+)
∗ , (C.4)

where, for convenience, we have parametrized the real unit vector (n̂1, n̂2, n̂3) using spherical coordinates.
Since the eigenvectors {v⃗0, v⃗+, v⃗−} are orthonormal,1 A is diagonalized with a unitary transformation U
as

U†AU = diag(0, i,−i) , with U =


↑ ↑ ↑
v⃗0 v⃗+ v⃗−

↓ ↓ ↓

 . (C.5)

Then, the eigenvalues of O = eαA are {1, eiα, e−iα}, with corresponding eigenvectors {v⃗0, v⃗+, v⃗−} given
above. Its unitary diagonalization reads

U†OU = diag(1, eiα, e−iα) . (C.6)

Geometrically, O represents a rotation of angle α in R3 along the direction (n̂1, n̂2, n̂3)—in terms of A,
one has the compact expression O = 1 +A sinα+A2(1− cosα).

From the previous construction, it is clear that the eigenvectors of O do not depend on α, meaning that
O1 = exp(α1A) and O2 = exp(α2A), with α1 ̸= α2 and the same A in Eq. (C.1), can be simultaneously
diagonalized by the same unitary transformation.

Finally, note also that, if O′ ∈ O(3,R) with detO′ = −1, i.e., O′ /∈ SO(3,R), the previous discussion
applies straightforwardly taking into account that −O′ ∈ SO(3,R).

1This is guaranteed since v⃗j (j = 0,±) are eigenvectors of the real symmetric (semipositive definite) matrix ATA.
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D Renormalization Group Evolution

The particular structure of the Yukawa matrices of the model presented in chapter 6, and consequently,
the µ− τ symmetric character of the PMNS mixing, does not derive from an imposed symmetry in the
Lagrangian. Hence, it is important to analyze how this picture is changed under one-loop renormalization
group evolution, with particular focus on: (i) the potential appearance of SFCNC at one-loop, (ii) the
possibility to avoid SFCNC, while maintaining the essential ingredients of the model, if we depart from
its minimal implementation with only two Higgs doublets.

The one-loop renormalization group equations of the lepton Yukawa couplings are

DY ℓa = cℓY
ℓ
a +

n∑
j=1

[
3 tr
(
Y ℓaY

ℓ†
j + Y ν†a Y νj

)
+ tr

(
Y ℓaY

ℓ†
j + Y ν†a Y νj

)]
Y ℓj

+

n∑
j=1

[
−2Y νj Y

ν†
a Y ℓj + Y ℓaY

ℓ†
j Y ℓj +

1

2
Y νj Y

ν†
j Y ℓa +

1

2
Y ℓj Y

ℓ†
j Y ℓa

]
, (D.1)

DY νa = cνY
ν
a +

n∑
j=1

[
3 tr
(
Y νa Y

ℓ†
j + Y ν†a Y νj

)
+ tr

(
Y ℓaY

ℓ†
j + Y ν†a Y νj

)]
Y νj

+

n∑
j=1

[
−2Y ℓj Y

ℓ†

a Y νj + Y νa Y
ν†
j Y νj +

1

2
Y ℓj Y

ℓ†
j Y νa +

1

2
Y νj Y

ν†
j Y νa

]
, (D.2)

where cℓ and cν are linear combinations of the squared of the gauge couplings {gs, g, g′}, the number of
Higgs doublets is n, and D ≡ 16π2 d

d lnµ , with µ the energy scale.

From Eqs. (D.1) and (D.2), it is clear that SFCNC arise through one-loop RGE: if flavor conservation
is imposed at some scale µFC, one would expect SFCNC at a scale µ proportional to ln(µ/µFC), which
might be sufficient to keep them under control. One can readily check that, indeed, the terms that
introduce deviations from flavor conservation involve the products of three Yukawa matrices in the
second line of Eqs. (D.1) and (D.2). However, the terms Y ℓaY

ℓ†
j Y ℓj and Y ℓj Y

ℓ†
j Y ℓa have the same structure

as Y ℓa in Eq. (6.32), and thus are simultaneously diagonalized unitarily, while the terms Y νa Y
ν†
j Y νj and

Y νj Y
ν†
j Y νa are diagonal like Y νa . Therefore, these pieces do not generate SFCNC at one-loop. On the

contrary, from the point of view of flavor conservation, the potential source of concern are the terms
Y νj Y

ν†
a Y ℓj and Y νj Y

ν†
j Y ℓa in Eq. (D.1), as well as Y ℓj Y ℓ†a Y νj and Y ℓj Y

ℓ†
j Y νa in Eq. (D.2). On the one hand,

one can get rid of the terms Y νj Y ν†a Y ℓj and Y ℓj Y
ℓ†
a Y νj if no Higgs doublet couples simultaneously to e0R

and ν0R. On the other hand, the latter condition does not eliminate the terms Y νj Y
ν†
j Y ℓa and Y ℓj Y

ℓ†
j Y νa .

In fact, since the combinations Y νj Y
ν†
j and Y ℓj Y

ℓ†
j are guaranteed to be non-vanishing, one would need

them to be proportional to the identity matrix in order to avoid the appearance of SFCNC.

Let us consider an example scenario with five Higgs doublets and Dirac neutrinos where SFCNC
do not arise through RGE, the only source of CP violation is the vacuum, and the PMNS matrix is
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174 D. Renormalization Group Evolution

CP-violating. In this model, the real Yukawa couplings read

ℓ sector: Y ℓ1 = λ1Oℓ1 , Y ℓ2 = λ2Oℓ2 , Y ℓj = 0 (j = 3, 4, 5) , (D.3)

ν sector: Y νj = 0 (j = 1, 2) , Y ν3 = OTν diag(y, 0, 0) , Y ν4 = OTν diag(0, y, 0) , Y ν5 = OTν diag(0, 0, y) ,

(D.4)

where Oℓ1, Oℓ2, Oν ∈ O(3,R), and Oℓ1, Oℓ2 have the same set of eigenvectors, but different eigenvalues.
The vevs of the scalar doublets Φa (a = 3, 4, 5) need to be chosen in such a way that mν1 = yv3/

√
2,

mν2 = yv4/
√
2, and mν3 = yv5/

√
2 (hence, the hierarchy between the vevs of the Higgs doublets is

responsible of the ordering of light neutrino masses). In this way, we obtain

5∑
j=1

Y νj Y
ν†
a Y ℓj = 0 ,

5∑
j=1

Y ℓj Y
ℓ†
a Y νj = 0 , (D.5)

5∑
j=1

Y νj Y
ν†
j =

5∑
j=1

Y ν†j Y νj = y213×3 , (D.6)

5∑
j=1

Y ℓj Y
ℓ†
j =

5∑
j=1

Y ℓ†j Y ℓj = (λ21 + λ22)13×3 , (D.7)

so that both Y ℓa and DY ℓa , as well as Y νa and DY νa , are simultaneously diagonalizable: SFCNC do not
arise through one-loop RGE.



E Scalar loop contributions to (g − 2)ℓ and ℓEDM

In this appendix, we provide detailed steps on the computation of one-loop diagrams mediated by neutral
and charged scalars that contribute to the g − 2 and EDM of lepton ℓ. For completeness, the results
arising from the relevant two-loop Barr-Zee diagrams are also presented without further derivation. We
consider a flavor-conserving scenario where the scalar-fermion couplings are diagonal in flavor space, that
is, they do not mix fermions of different generations. The interaction Lagrangian for leptons reads

Lℓ = −Sℓ̄
(
aℓS + ibℓSγ5

)
ℓ− C−ℓ̄

(
aℓC + ibℓCγ5

)
ν − C+ν̄

(
aℓ∗C + ibℓ∗C γ5

)
ℓ , with aℓS , b

ℓ
S ∈ R . (E.1)

The magnetic and electric dipole moments of lepton ℓ are two of the quantities characterizing its
interaction with an external electromagnetic field. This is described through the diagram

γ

ℓ ℓ
= (−iηeeQℓ) ū(p+ q)Γµ(q)u(p) , (E.2)

where the vertex function Γµ(q) can be written in terms of Lorentz-invariant form factors [289] as

Γµ(q) = γµFE(q
2) + i

σµνqν
2mℓ

FM (q2) +
σµνqν
2mℓ

γ5FD(q
2) +

q2γµ − qµ/q

m2
ℓ

γ5FA(q
2) , (E.3)

encoding all higher-order corrections to the process ℓ−(p) γ(q) → ℓ−(p + q). The momentum of the
incoming photon line is q, and the external lepton states satisfy the on-shell conditions p2 = (p+q)2 = m2

ℓ ,
with mℓ the physical (pole) mass. The amplitude in Eq. (E.2), hereafter denoted iMµ, should be further
contracted with the corresponding polarization vector of the incoming photon ϵµ(q) to obtain the full
amplitude of the process. The prefactor contains the physical electric charge e (with α = e2/(4π) from
QED), Qℓ = −1 for the lepton particle, and ηe = ±1 depending on the sign convention used for the
U(1)QED covariant derivative [17].

Regarding the vertex function, the first term in Eq. (E.3) contributes to the renormalization of the
electric charge, fixed by the condition FE(0) = 1, while FA(0) is the unphysical anapole moment that
can be absorbed into four-fermion operators. The form factors FM (0) and FD(0) evaluated at q2 = 0

define the anomalous magnetic moment aℓ and the electric dipole moment dℓ of the lepton:

aℓ ≡
(g − 2)ℓ

2
= FM (0) , dℓ = −eQℓ

FD(0)

2mℓ
. (E.4)
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In the following, we explicitly compute the one-loop contributions generated by the neutral and
charged scalar interactions in Eq. (E.1) to the anomalous magnetic moment of the lepton {δa(1), Sℓ , δa

(1), C
ℓ },

as well as its electric dipole moment {δd(1), Sℓ , δd
(1), C
ℓ }. These arise from the diagrams in Figs. E.1a

and E.1b. For the sake of clarity, our choice for the momentum flow is specified in Figs. E.2a and E.2b.
In addition, the relevant two-loop Barr-Zee diagram is shown in Fig. E.1c. Notice that, in the latter,
the loop connected to the external photon line involves any charged fermion f , not necessarily a lepton,
which are coupled to neutral scalars with analogous interactions to the ones quoted in Eq. (E.1).

ℓ ℓ

γ

S

(a)

ℓ ℓ

γ

ν

C− C−

(b)

ℓ ℓ

S γ

f

γ

ℓ

(c)

Figure E.1: Scalar loop contributions to (g − 2)ℓ and ℓEDM: (a) one-loop diagram mediated by a
neutral scalar, (b) one-loop diagram mediated by charged scalars, and (c) two-loop diagram of Barr-Zee
type. The blue and orange vertices represent the couplings of the lepton to neutral and charged scalars,
respectively, as given in Eq. (E.1). We distinguish in red the coupling of either a quark or a lepton to a
neutral scalar in the closed fermion loop of the Barr-Zee diagram.

p p + q

q

k

p + k p + q + k

(a)

p

q

p− k p + q − k

k
p + q

(b)

Figure E.2: Momentum flow assignments in scalar one-loop contributions to (g − 2)ℓ and ℓEDM: (a)
diagram mediated by a neutral scalar, and (b) diagram mediated by charged scalars.
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E.1 One-loop neutral scalar contributions

The amplitude associated to diagram in Fig. E.2a reads

iMµ
S =

∫
ddk

(2π)d

[
ū(p+ q)(−i)

(
aℓS + ibℓSγ5

) i(/p+ /q + /k +mℓ)

(p+ q + k)2 −m2
ℓ

(−iηeeQℓγµ)

× i(/p+ /k +mℓ)

(p+ k)2 −m2
ℓ

(−i)
(
aℓS + ibℓSγ5

)
u(p)

]
i

k2 −M2
S

= ηeeQℓ ū(p+ q)

{∫
ddk

(2π)d
(aℓS + ibℓSγ5)(/p+ /q + /k +mℓ)γ

µ(/p+ /k +mℓ)(a
ℓ
S + ibℓSγ5)

(k2 −M2
S) [(p+ k)2 −m2

ℓ ] [(p+ q + k)2 −m2
ℓ ]

}
u(p)

= ηeeQℓ ū(p+ q)

{∫
ddk

(2π)d
Nµ
S

DS

}
u(p) , (E.5)

where we have defined

Nµ
S = (aℓS + ibℓSγ5)(/p+ /q + /k +mℓ)γ

µ(/p+ /k +mℓ)(a
ℓ
S + ibℓSγ5) , (E.6)

DS = (k2 −M2
S)
[
(p+ k)2 −m2

ℓ

] [
(p+ q + k)2 −m2

ℓ

]
. (E.7)

The spinorial structure of the numerator in Eq. (E.6) can be reduced using the equations of motion for
spinors

ū(p+ q)(/p+ /q) = mℓū(p+ q) , /pu(p) = mℓu(p) , (E.8)

together with the Dirac algebra relations

{γµ, γν} = 2ηµν = 2diag(1,−1,−1,−1) , {γµ, γ5} = 0 , (γ5)
2 = 1 . (E.9)

Acting on the left with ū(p+ q) and on the right with u(p), we obtain

ū(p+ q)(aℓS + ibℓSγ5)(/p+ /q + /k +mℓ) = ū(p+ q)
[
2mℓa

ℓ
S + (aℓS + ibℓSγ5)/k

]
, (E.10)

(/p+ /k +mℓ)(a
ℓ
S + ibℓSγ5)u(p) =

[
2mℓa

ℓ
S + /k(aℓS + ibℓSγ5)

]
u(p) , (E.11)

yielding

ū(p+ q)Nµ
Su(p) = ū

[
2mℓa

ℓ
S + (aℓS + ibℓSγ5)/k

]
γµ
[
2mℓa

ℓ
S + /k(aℓS + ibℓSγ5)

]
u

= ū
[
(2mℓa

ℓ
S)

2γµ + (aℓS + ibℓSγ5)/kγ
µ/k(aℓS + ibℓSγ5) + 4mℓa

ℓ
Sk

µ(aℓS + ibℓSγ5)
]
u

= ū
{[
(2mℓa

ℓ
S)

2 − k2
(
(aℓS)

2 + (bℓS)
2
)]
γµ + 2

[
(aℓS)

2 + (bℓS)
2
]
/kkµ + 4mℓa

ℓ
Sk

µ(aℓS + ibℓSγ5)
}
u ,

(E.12)

where we have used {γµ, /k} = 2kµ and /k2 = k2. The first term in brackets, proportional to γµ, contributes
to the renormalization of the electric charge. As our concern relies exclusively on the contributions to
the lepton dipole moments, we will assiduously ignore this type of structure in the next steps. Thus, we
simply have

ū(p+ q)Nµ
Su(p) = ū(p+ q)

(
αℓS/kk

µ + βℓSk
µ
)
u(p) , (E.13)

with
αℓS = 2

[
(aℓS)

2 + (bℓS)
2
]
, βℓS = 4mℓa

ℓ
S(a

ℓ
S + ibℓSγ5) . (E.14)
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On the other hand, it is convenient to express the denominator in Eq. (E.7) making use of the Feynman
parametrization [10], i.e.,

1

A1A2A3
=

∫ 1

0

dx1dx2dx3δ(x1 + x2 + x3 − 1)
2

(x1A1 + x2A2 + x3A3)
3 . (E.15)

In our case, defining

A1 = k2 −M2
S , A2 = (p+ k)2 −m2

ℓ , A3 = (p+ q + k)2 −m2
ℓ , (E.16)

we are left with

x1A1 + x2A2 + x3A3 = x1k
2 + x2(p+ k)2 + x3(p+ q + k)2 − x1M

2
S − (x2 + x3)m

2
ℓ

= (x1 + x2 + x3)k
2 + 2k · [x2p+ x3(p+ q)]− x1M

2
S , (E.17)

where we have taken into account the on-shell conditions p2 = (p+ q)2 = m2
ℓ . The integration over one

of the Feynman parameters, say x1, can be done straightforwardly due to the presence of the Dirac delta
function, leading to

1

DS
=

∫ 1

0

dx2

∫ 1−x2

0

dx3
2

{k2 + 2k · [x2p+ x3(p+ q)]− (1− x2 − x3)M2
S}

3 . (E.18)

Therefore, the loop integral in Eq. (E.5) is translated into

Iµ =

∫
ddk

(2π)d

∫ 1

0

dx2

∫ 1−x2

0

dx3
2
(
αℓS/kk

µ + βℓSk
µ
)

{k2 + 2k · [x2p+ x3(p+ q)]− (1− x2 − x3)M2
S}

3 . (E.19)

At this point, we apply the variable change

l = k + x2p+ x3(p+ q) , (E.20)

such that

l2 = k2 + 2k · [x2p+ x3(p+ q)] + [x2p+ x3(p+ q)]
2

= k2 + 2k · [x2p+ x3(p+ q)] + x22m
2
ℓ + x23m

2
ℓ + 2x2x3(m

2
ℓ + p · q)

= k2 + 2k · [x2p+ x3(p+ q)] + (x2 + x3)
2m2

ℓ − x2x3q
2 , (E.21)

where in the second-to-last step we have used that q2 = −2(p · q). In this way, the denominator in
Eq. (E.19) only depends quadratically in the loop momentum l. Thus, if we define

∆2 = (x2 + x3)
2m2

ℓ + (1− x2 − x3)M
2
S − x2x3q

2 , (E.22)

after variable change the loop integral will read

Iµ =

∫
ddl

(2π)d

∫ 1

0

dx2

∫ 1−x2

0

dx3
2Nµ

S

(l2 −∆2)
3 , (E.23)

with

Nµ
S = αℓS

[
/l − x2/p− x3(/p+ /q)

]
[l − x2p− x3(p+ q)]

µ
+ βℓS [l − x2p− x3(p+ q)]

µ
. (E.24)
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It is easy to see that the terms containing odd powers of l in the numerator Nµ
S vanish under integration.

Furthermore, the structure /l lµ gives rise to a contribution proportional to γµ by Lorentz covariance, and
thus it is involved in the renormalization of the electric charge. Finally, using the Dirac equations for
spinors in Eq. (E.8), we can trade

ū(p+ q)
[
x2/p+ x3(/p+ /q)

]
u(p) = mℓ(x2 + x3)ū(p+ q)u(p) , (E.25)

yielding

Iµ =

∫
ddl

(2π)d

∫ 1

0

dx2

∫ 1−x2

0

dx3
2
[
αℓSmℓ(x2 + x3)− βℓS

]
[x2p+ x3(p+ q)]

µ

(l2 −∆2)
3 . (E.26)

The integration over loop momentum in d = 4 dimensions is convergent, and is given by [10]∫
d4l

(2π)4
1

(l2 −∆2)
3 = − i

(4π)2
1

2∆2
, (E.27)

such that

Iµ = − i

(4π)2

∫ 1

0

dx2

∫ 1−x2

0

dx3

[
αℓSmℓ(x2 + x3)− βℓS

]
[x2p+ x3(p+ q)]

µ

(x2 + x3)2m2
ℓ + (1− x2 − x3)M2

S − x2x3q2
. (E.28)

One may notice that the denominator in Eq. (E.28) together with the first factor in the numerator are
symmetric under the exchange x2 ↔ x3. Let us collectively call this piece S(x2, x3), which obviously
satisfies that S(x2, x3) = S(x3, x2). We can conveniently write∫ 1

0

dx2

∫ 1−x2

0

dx3S(x2, x3) [x2p+ x3(p+ q)]
µ

=

∫ 1

0

dx2

∫ 1−x2

0

dx3S(x2, x3)
[x2p+ x3(p+ q)]

µ

2
+

∫ 1

0

dx3

∫ 1−x3

0

dx2S(x3, x2)
[x3p+ x2(p+ q)]

µ

2
.

(E.29)

where we have exchanged x2 ↔ x3 in the second term. Then, taking into account that S(x2, x3) =

S(x3, x2) and that the integration domain satisfies∫ 1

0

dx3

∫ 1−x3

0

dx2 =

∫ 1

0

dx2

∫ 1−x2

0

dx3 , (E.30)

the integral reduces to

Iµ = − i

(4π)2
(2p+ q)µ

2

∫ 1

0

dx2

∫ 1−x2

0

dx3
αℓSmℓ(x2 + x3)

2 − βℓS(x2 + x3)

(x2 + x3)2m2
ℓ + (1− x2 − x3)M2

S − x2x3q2
. (E.31)

Our next step consists of applying the change of variables defined by

y = x2 + x3 , z = x2 − x3 , dx2dx3 =
1

2
dydz , with y ∈ [0, 1] , z ∈ [−y,+y] . (E.32)

This leads to

Iµ = − i

(4π)2
(2p+ q)µ

4

∫ 1

0

dy

∫ +y

−y
dz

αℓSmℓy
2 − βℓSy

m2
ℓy

2 + (1− y)M2
S + (z2 − y2)q2/4

. (E.33)
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As the dipole moments are measured at energies q2 ≪ m2
ℓ , we set now q2 = 0. Then, the integration

over z can be easily done, and we are left with

Iµ = − i

(4π)2
(2p+ q)µ

2m2
ℓ

[
αℓSmℓI3(x)− βℓSI2(x)

]
, (E.34)

where we have defined

I2(x) =

∫ 1

0

dy
y2

y2 + (1− y)/x
, I3(x) =

∫ 1

0

dy
y3

y2 + (1− y)/x
, (E.35)

with x = m2
ℓ/M

2
S . The details on the computation of these integrals will be addressed later. Meanwhile,

let us simply quote the result of their evaluation:

I2(x) = 1 +
1− 2x

2x
√
1− 4x

ln

(
1 +

√
1− 4x

1−
√
1− 4x

)
+

1

2x
lnx

= x

(
−3

2
− lnx

)
+ x2

(
−16

3
− 4 lnx

)
+O(x3) , (E.36)

I3(x) =
1

2
+

1

x
+

1− 3x

2x2
√
1− 4x

ln

(
1 +

√
1− 4x

1−
√
1− 4x

)
+

1− x

2x2
lnx

= x

(
−11

6
− lnx

)
+ x2

(
−89

12
− 5 lnx

)
+O(x3) . (E.37)

After integration, the amplitude iMµ
S reads

iMµ
S = ηeeQℓ

−i
(4π)2

(2p+ q)µ

2m2
ℓ

ū(p+ q)
[
αℓSmℓI3(x)− βℓSI2(x)

]
u(p)

= −iηeeQℓ
(2p+ q)µ

2m2
ℓ

1

8π2
ū(p+ q)

{
(aℓS)

2 [I3(x)− 2I2(x)] + (bℓS)
2I3(x)− i2aℓSb

ℓ
SI2(x)γ5

}
u(p) ,

(E.38)

where in the last step we have taken into account our definitions of αℓS and βℓS in Eq. (E.14), and arranged
separately the scalar and pseudoscalar currents as each of them will generate a separate contribution to
aℓ and dℓ, respectively. The latter can be made clear by means of the Gordon identities:

(2p+ q)µūf1(p+ q)uf2(p) = (mf1 +mf2)ūf1(p+ q)γµuf2(p)− ūf1(p+ q)iσµνqνuf2(p) , (E.39)

(2p+ q)µūf1(p+ q)γ5uf2(p) = (mf1 −mf2)ūf1(p+ q)γµγ5uf2(p)− ūf1(p+ q)iσµνqνγ5uf2(p) , (E.40)

for two different fermions f1 and f2. In our case, f1 = f2, and thus we obtain

iMµ
S =− iηeeQℓ

[
ū(p+ q)i

σµνqν
2mℓ

u(p)

]
1

8π2

{
(aℓS)

2 [2I2(x)− I3(x)]− (bℓS)
2I3(x)

}
− iηeeQℓ [ū(p+ q)σµνqνγ5u(p)]

{
− 1

8π2

aℓSb
ℓ
S

mℓ
I2(x)

}
. (E.41)

Comparing with Eqs. (E.2) and (E.3), it is straightforward to identify

FM (0) =
1

8π2

{
(aℓS)

2 [2I2(x)− I3(x)]− (bℓS)
2I3(x)

}
,

FD(0)

2mℓ
= − 1

8π2

aℓSb
ℓ
S

mℓ
I2(x) . (E.42)
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Therefore, the one-loop contributions of a neutral scalar S to the lepton dipole moments defined in
Eq. (E.4) are given by

δa
(1), S
ℓ =

1

8π2

{
(aℓS)

2

[
2I2

(
m2
ℓ

M2
S

)
− I3

(
m2
ℓ

M2
S

)]
− (bℓS)

2I3

(
m2
ℓ

M2
S

)}
, (E.43)

δd
(1), S
ℓ =

eQℓ
8π2

aℓSb
ℓ
S

mℓ
I2

(
m2
ℓ

M2
S

)
. (E.44)

In what follows, we provide the details on the computation of the integrals I2(x) and I3(x) in Eq. (E.35).

Computing I2(x) and I3(x)

The integral I2(x) can be readily solved by decomposing the integrand in simple fractions, that is,

y2

y2 + (1− y)/x
= 1 +

a+
y − y+

+
a−

y − y−
, (E.45)

where
a± = ± y2±

y − y±
, y± =

1±
√
1− 4x

2x
, (E.46)

being y± the roots of the denominator in the integrand. In this form, it is straightforward to evaluate
the integral over y as

I2(x) = 1 +
1

y+ − y−

[
y2+ ln

(
y+ − 1

y+

)
− y2− ln

(
y− − 1

y+

)]
, (E.47)

such that, substituting the values of y±, we obtain

I2(x) = 1 +
1− 2x

2x
√
1− 4x

ln

(
1 +

√
1− 4x

1−
√
1− 4x

)
+

1

2x
lnx . (E.48)

In order to solve the integral I3(x), we can make use of the previous decomposition by noticing that

y3

y2 + (1− y)/x
= y +

a+y

y − y+
+

a−y

y − y−
= y + a+ + a− +

a+y+
y − y+

+
a−y−
y − y−

. (E.49)

Again, the evaluation of the integral can be done straightforwardly:

I3(x) =
1

2
+ y+ + y− +

1

y+ − y−

[
y3+ ln

(
y+ − 1

y+

)
− y3− ln

(
y− − 1

y+

)]
, (E.50)

leading to

I3(x) =
1

2
+

1

x
+

1− 3x

2x2
√
1− 4x

ln

(
1 +

√
1− 4x

1−
√
1− 4x

)
+

1− x

2x2
lnx . (E.51)
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E.2 One-loop charged scalar contributions

From Fig. E.2b, one can write down the amplitude

iMµ
C =

∫
ddk

(2π)d

[
ū(p+ q)(−i)(aℓC + ibℓCγ5)

i(/k +mν)

k2 −m2
ν

(−i)(aℓ∗C + ibℓ∗C γ5)u(p)

]
× (−i)ηeeQℓ(2p+ q − 2k)µ

i

(p+ q − k)2 −M2
C

i

(p− k)2 −M2
C

= ηeeQℓ ū(p+ q)

{∫
ddk

(2π)d
(2p+ q − 2k)µ(aℓC + ibℓCγ5)(/k +mν)(a

ℓ∗
C + ibℓ∗C γ5)

(k2 −m2
ν)[(p+ q − k)2 −M2

C ][(p− k)2 −M2
C ]

}
u(p)

= ηeeQℓ ū(p+ q)

{∫
ddk

(2π)d
Nµ
C

DC

}
u(p) , (E.52)

where we have defined

Nµ
C ≡ (2p+ q − 2k)µ(aℓC + ibℓCγ5)(/k +mν)(a

ℓ∗
C + ibℓ∗C γ5) , (E.53)

DC ≡ (k2 −m2
ν)[(p+ q − k)2 −M2

C ][(p− k)2 −M2
C ] . (E.54)

Using Eqs. (E.8) and (E.9), the numerator Nµ
C can be reduced as

Nµ
C = Aµ +Bµνkν + Cνk

µkν , (E.55)

with

Aµ ≡ (2p+ q)µmν

[
|aℓC |2 − |bℓC |2 + i2Re(aℓCb

ℓ∗
C )γ5

]
, (E.56)

Bµν ≡ (2p+ q)µγν
[
|aℓC |2 + |bℓC |2 − 2Im(aℓCb

ℓ∗
C )γ5

]
− 2gµνmν

[
|aℓC |2 − |bℓC |2 + i2Re(aℓCb

ℓ∗
C )γ5

]
, (E.57)

Cν ≡ −2γν
[
|aℓC |2 + |bℓC |2 − 2Im(aℓCb

ℓ∗
C )γ5

]
, (E.58)

in such a way that we have singled out the dependence on the loop momentum k for later convenience.

On the other hand, we introduce the Feynman parametrization in Eq. (E.15), with

A1 = k2 −m2
ν , A2 = (p+ q − k)2 −M2

C , A3 = (p− k)2 −M2
C , (E.59)

to express the denominator DC as

1

DC
=

∫ 1

0

dx2

∫ 1−x2

0

dx3
2

{k2 − 2k · [x2(p+ q) + x3p]− (x2 + x3)(M2
C −m2

ℓ)− (1− x2 − x3)m2
ν}

3 ,

(E.60)
where we have taken into account the on-shell conditions p2 = (p+ q)2 = m2

ℓ , and already integrated out
the variable x1.

Therefore, our loop integral in Eq. (E.52) reads

Iµ =

∫
ddk

(2π)d

∫ 1

0

dx2

∫ 1−x2

0

dx3
2 (Aµ +Bµνkν + Cνk

µkν)

{k2 − 2k · [x2(p+ q) + x3p]− (x2 + x3)(M2
C −m2

ℓ)− (1− x2 − x3)m2
ν}

3 .

(E.61)
At this point, we apply the change of variable

l = k − x2(p+ q)− x3p , (E.62)
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such that
l2 = k2 − 2k · [x2(p+ q) + x3p] + (x2 + x3)

2m2
ℓ − x2x3q

2 , (E.63)

with q2 = −2(p · q) after applying the on-shell conditions of the external charged lepton state. This
leaves us with

Iµ =

∫
ddl

(2π)d

∫ 1

0

dx2

∫ 1−x2

0

dx3
2Nµ

C

(l2 −∆2)
3 , (E.64)

defining, as usual,

∆2 ≡ (x2 + x3)
2m2

ℓ + (x2 + x3)(M
2
C −m2

ℓ) + (1− x2 − x3)m
2
ν − x2x3q

2 , (E.65)

and

Nµ
C = Aµ +Bµν [l + x2(p+ q) + x3p]ν + Cν [l + x2(p+ q) + x3p]

µ[l + x2(p+ q) + x3p]
ν . (E.66)

It is clear that the terms proportional to an odd number of powers of l vanish under integration over
loop momentum. On the other hand, by Lorentz covariance, the structure lµlν in the integrand yields
a contribution proportional to the metric tensor gµν , which in turn leads to Cµ ∝ γµ, γµγ5. These
structures do not contribute to the form factors related to the lepton dipole moments, and thus we will
simply drop them from the computation—we will assiduously do so in other steps of the calculation. All
in all, we are left with

Iµ =

∫
ddl

(2π)d

∫ 1

0

dx2

∫ 1−x2

0

dx3
2 {Aµ +Bµν [x2(p+ q) + x3p]ν + Cν [x2(p+ q) + x3p]

µ[x2(p+ q) + x3p]
ν}

(l2 −∆2)
3 .

(E.67)
Now we can use the external spinors in order to express the last two contributions in the numerator as

ū(p+ q)Bµν [x2(p+ q) + x3p]νu(p) =

= ū(p+ q)


(2p+ q)µ(x2 + x3)mℓ

(
|aℓC |2 + |bℓC |2

)
−2(2p+ q)µ(x2 − x3)mℓIm(aℓCb

ℓ∗
C )γ5

−2[x2(p+ q) + x3p]
µmν

(
|aℓC |2 − |bℓC |2 + i2Re(aℓCb

ℓ∗
C )γ5

)
u(p) , (E.68)

and

ū(p+ q)Cν [x2(p+ q) + x3p]
µ[x2(p+ q) + x3p]

νu(p) =

= ū(p+ q)

(
−2[x2(p+ q) + x3p]

µ(x2 + x3)mℓ

(
|aℓC |2 + |bℓC |2

)
+4[x2(p+ q) + x3p]

µ(x2 − x3)mℓIm(aℓCb
ℓ∗
C )γ5

)
u(p) . (E.69)

Summing up all terms we obtain

Nµ
C = (2p+ q)µ

(
mν

(
|aℓC |2 − |bℓC |2 + i2Re(aℓCb

ℓ∗
C )γ5

)
+ (x2 + x3)mℓ

(
|aℓC |2 + |bℓC |2

)
−2(x2 − x3)mℓIm(aℓCb

ℓ∗
C )γ5

)

+ [x2(p+ q) + x3p]
µ

(
−2mν

(
|aℓC |2 − |bℓC |2 + i2Re(aℓCb

ℓ∗
C )γ5

)
− 2(x2 + x3)mℓ

(
|aℓC |2 + |bℓC |2

)
+4(x2 − x3)mℓIm(aℓCb

ℓ∗
C )γ5

)
,

(E.70)

On the other hand, the integration over loop momentum l is convergent in d = 4 dimensions. Then,
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using the result in Eq. (E.27), we obtain

Iµ = − i

(4π)2

∫ 1

0

dx2

∫ 1−x2

0

dx3
Nµ
C

(x2 + x3)2m2
ℓ + (x2 + x3)(M2

C −m2
ν) + (1− x2 − x3)m2

ν − x2x3q2
.

(E.71)
Similarly to what has been done in Eqs. (E.29) and (E.30) for the computation of the neutral scalar
contribution, it is convenient to symmetrize the integrand in the remaining Feynman parameters (x2, x3).
After this process is carried out, the numerator in the loop integral takes the form

Nµ
C = (2p+ q)µ(1− x2 − x3)

{
mν

(
|aℓC |2 − |bℓC |2 + i2Re(aℓCb

ℓ∗
C )γ5

)
+ (x2 + x3)mℓ

(
|aℓC |2 + |bℓC |2

)}
+ 2qµ(x2 − x3)

2mℓIm(aℓCb
ℓ∗
C )γ5 . (E.72)

The second line in the numerator, containing the Lorentz structure qµγ5, contributes to other form
factors different from the ones related to the dipole moments, and thus we can drop this term. If we
further perform the change of variables proposed in Eq. (E.32), we can write down

Iµ = − i

(4π)2
(2p+ q)µ

2

∫ 1

0

dy

∫ +y

−y
dz

(1− y)
{
mν

(
|aℓC |2 − |bℓC |2 + i2Re(aℓCb

ℓ∗
C )γ5

)
+ ymℓ

(
|aℓC |2 + |bℓC |2

)}
y2m2

ℓ + y(M2
C −m2

ℓ) + (1− y)m2
ν + (z2 − y2)q2/4

.

(E.73)
Once we set q2 = 0, the integral over z can be done straightforwardly. Then, we can write down

Iµ = − i

(4π)2
(2p+ q)µ

2m2
ℓ

(
2mℓ

(
|aℓC |2 + |bℓC |2

)
J2(x, xν) + 2mν

(
|aℓC |2 − |bℓC |2

)
J1(x, xν)

+4mνRe(a
ℓ
Cb

ℓ∗
C )iγ5J1(x, xν)

)
, (E.74)

where x ≡ m2
ℓ/M

2
C , xν ≡ m2

ν/m
2
ℓ , and

J1(x, xν) =

∫ 1

0

dy
y2(1− y)

y2 + y 1−x
x + (1− y)xν

, J2(x, xν) =

∫ 1

0

dy
y(1− y)

y2 + y 1−x
x + (1− y)xν

. (E.75)

It is easy to check that the first line in parentheses in Eq. (E.74) gives a contribution to the magnetic
dipole moment of lepton ℓ, while the second line in parentheses generates a contribution to its electric
dipole moment. This is more transparent when we make use of the Gordon identities in Eq. (E.39). The
total amplitude can then be written as

iMµ
C =− iηeeQℓ

[
ū(p+ q)i

σµνqν
2mℓ

u(p)

]{
− 1

8π2

( (
|aℓC |2 + |bℓC |2

)
J2(x, xν)

+xν
(
|aℓC |2 − |bℓC |2

)
J1(x, xν)

)}
(E.76)

− iηeeQℓ [ū(p+ q)σµνqνγ5u(p)]

{
1

8π2

xν
mℓ

Re(aℓCb
ℓ∗
C )J1(x, xν)

}
. (E.77)

Comparing with Eqs. (E.2) and (E.3), one can readily identify

FM (0) = − 1

8π2

[(
|aℓC |2 + |bℓC |2

)
J2(x, xν) + xν

(
|aℓC |2 − |bℓC |2

)
J1(x, xν)

]
, (E.78)

FD(0)

2mℓ
=

1

8π2

xν
mℓ

Re(aℓCb
ℓ∗
C )J1(x, xν) , (E.79)

Therefore, the one-loop contribution of charged scalars C± to the lepton dipole moments in Eq. (E.4) is
given by

δa
(1), C
ℓ = − 1

8π2

[(
|aℓC |2 + |bℓC |2

)
J2(x, xν) + xν

(
|aℓC |2 − |bℓC |2

)
J1(x, xν)

]
, (E.80)
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δd
(1), C
ℓ = −eQℓ

8π2

xν
mℓ

Re(aℓCb
ℓ∗
C )J1(x, xν) . (E.81)

In the limit of massless neutrinos, i.e., xν → 0, the contribution to the electric dipole moment vanishes,
but there remains a contribution to the magnetic dipole moment. Within this scenario, the only relevant
integral is J2(x, 0), namely,

J2(x, 0) =

∫ 1

0

dy
y(1− y)

y + 1−x
x

. (E.82)

This can be easily solved by noticing that the integrand can be expressed as

y(1− y)

y + a
= 1 + a− y − a(1 + a)

y + a
, with a ≡ 1− x

x
. (E.83)

Then, it is straightforward to obtain

H(x) ≡ J2(x, 0) = −1

2
+

1

x
+

1− x

x2
ln(1− x)

=
x

6
+
x2

12
+O(x3) , (E.84)

leaving us with
δa

(1), C
ℓ = − 1

8π2

(
|aℓC |2 + |bℓC |2

)
H(x) . (E.85)

E.3 Two-loop Barr-Zee contributions

The relevant two-loop contributions for our analysis arise from Barr-Zee diagrams of the class depicted
in Fig. E.1c. As previously commented, the closed fermion loop includes all possible charged states f ,
not necessarily leptons, whose interaction with a neutral scalar S is given by

LSff = −Sf̄
(
afS + ibfSγ5

)
f , with afS , b

f
S ∈ R , (E.86)

analogous to the lepton sector quoted in Eq. (E.1). The corresponding two-loop contribution to the
dipole moments of lepton ℓ reads [159,290]

δa
(2), S
ℓ = −

∑
f

α

4π3

m2
ℓ

m2
f

Nf
CQ

2
f

[
afSa

ℓ
Sf

(
m2
f

M2
S

)
− bfSb

ℓ
Sg

(
m2
f

M2
S

)]
, (E.87)

δd
(2), S
ℓ =

∑
f

eα

8π3

Nf
CQ

2
f

mf

[
aℓSb

f
Sf

(
m2
f

M2
S

)
+ bℓSa

f
Sg

(
m2
f

M2
S

)]
, (E.88)

where Nf
C is the number of colors of fermion f , and

f(z) =
z

2

∫ 1

0

dx
1− 2x(1− x)

x(1− x)− z
ln

[
x(1− x)

z

]
, (E.89)

g(z) =
z

2

∫ 1

0

dx
1

x(1− x)− z
ln

[
x(1− x)

z

]
. (E.90)

For a complete review of two-loop diagrams (both Barr-Zee and non-Barr-Zee) contributing to the
anomalous magnetic moment in the context of 2HDMs, see [291]. Electric dipole moments in 2HDMs
are reviewed in [290].
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F Neutral Bq – B̄q meson mixing calculations

This appendix is devoted to a detailed derivation of the theoretical results presented in chapter 7 regarding
neutral Bq – B̄q meson mixing. First, we address the computation of the relevant mixing matrix elements
in the SM in App. F.1, and then present the novel contributions arising in models that include vector-like
quarks in App. F.2.

F.1 Standard Model calculation

The theoretical determination of the mass mixing Mq,SM
12 and the decay width mixing Γq,SM12 controlling

neutral Bq – B̄q mesons oscillations is broadly addressed in the literature. However, different choices
regarding the definition of the relevant matrix elements and normalization factors are usually encoun-
tered. In light of this, we believe it might be useful for the reader to settle down which convention we
have adopted and compare with other references in order to avoid potential confusion on that regard.
Furthermore, we take the opportunity to provide additional details on the technical aspects and the
physical meaning of the different approximations used in the calculations, which are performed in a
general Rξ-gauge.

As introduced in chapter 7, Mq
12 and Γq12 are the off-diagonal elements of the 2 × 2 Hamiltonian in

Eq. (7.7), which acts on the Hilbert space of the {|Bq⟩, |B̄q⟩} mesons and controls their time evolution.
The effects of the underlying fundamental physics can be encoded into the matrix elements of the
Hamiltonian Hq using the framework of perturbation theory, in particular:

Mq
12 = ⟨Bq|HW |B̄q⟩+

∑
n

P
⟨Bq|HW |n⟩⟨n|HW |B̄q⟩

MBq
− En

+ . . . , (F.1)

Γq12 = 2π
∑
n

δ(MBq
− En)⟨Bq|HW |n⟩⟨n|HW |B̄q⟩+ . . . , (F.2)

where the summation over the n states does not include the Bq and B̄q mesons themselves, and P stands
for “principal part”. In the SM, it is clear that HW denotes the standard weak interactions, which play the
role of the perturbation in the previous expansion and are responsible for the flavor-changing transitions
we are interested in. Likewise, it is important to remark that Eqs. (F.1) and (F.2) are obtained using
a non-covariant normalization of the states, that is, ⟨p⃗|p⃗ ′⟩ = (2π)3δ(3)(p⃗ − p⃗ ′), and they are usually
written in this way in the literature [58, 292]. In this work, we are adopting a covariant (relativistic)
normalization—see, e.g., [11] for a review—, ⟨p⃗|p⃗ ′⟩ = 2Ep⃗ (2π)

3δ(3)(p⃗ − p⃗ ′) ≡ ∆p⃗p⃗ ′ ; therefore, at some
point one has to correct the previous equations with a factor (2MBq )

−1, since we are considering the
mesons to be in their rest frame.
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F.1.1 Mass mixing M q,SM
12
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Figure F.1: Set I of box diagrams triggering neutral Bq (q = d, s) meson mixing through the exchange
of W± gauge bosons and G± Goldstone bosons: (a) W−W+ contribution, (b) W−G+ contribution, (c)
G−W+ contribution, and (d) G−G+ contribution.
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Figure F.2: Set II of box diagrams triggering neutral Bq (q = d, s) meson mixing through the exchange
of W± gauge bosons and G± Goldstone bosons: (a) W−W+ contribution, (b) W−G+ contribution, (c)
G−W+ contribution, and (d) G−G+ contribution.
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Figure F.3: Momentum flow assignments in box diagrams triggering neutral Bq (q = d, s) meson mixing:
(a) set I, and (b) set II. The indices αi (i = 1, . . . , 4) and βi (i = 1, 2) are the color indices of the quark
fields.

Let us first analyze the contributions to Mq,SM
12 . It is clear that the first order term of the perturbative

expansion in Eq. (F.1) represents a ∆B = 2 transition, namely, B̄q → Bq. The leading contribution
mediating this process arises at fourth order in the weak coupling, O(g4), through the two sets of
box diagrams depicted in Figs. F.1 and F.2. The latter involve the exchange of virtual (off-shell) up-
type quarks and W bosons. In addition, since we choose to work in an Rξ-gauge, one must include the
contributions from the corresponding charged Goldstone bosons. This first order term in the perturbative
expansion of Mq,SM

12 is usually referred to as short distance contribution because ∆t ∼ (∆E)−1 =

(M −mb)
−1 ≪ Λ−1

QCD (being M =MW ,mt), i.e., the time scale of the interaction is much smaller than
the characteristic scale of strong interactions. All in all, it is important to remark that Mq,SM

12 is sensitive
to heavy virtual particles running in the loop, and thus to potential heavy NP effects.

On the other hand, the second order term in Eq. (F.1) corresponds to two ∆B = 1 transitions
involving low-mass (on-shell) intermediate states that are common to both Bq and B̄q mesons, and thus
they represent long distance contributions. These are further suppressed by MBq

∼ mb and will be
neglected in the computation of Mq,SM

12 .
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Once the one-loop integrals are performed, one can insert the resulting local H∆B=2
dis,eff into the per-

turbative expansion and compute Mq,SM
12 . The details of the strong interactions that bind the quarks

together into the meson states will be appropriately encoded in the relevant matrix elements of the
effective dim-6 local operator involving the quark fields. Note that the subscript “dis” in the effective
Hamiltonian states for dispersive, as Mq,SM

12 arises from the real part of the box diagrams.

As previously mentioned, there are two sets of contributing diagrams, depending on whether the
external quarks legs are connected from the initial-to-final state as in Fig. F.1, or among themselves in
the initial or final states as in Fig. F.2. Our choice for the momentum flow is illustrated in Fig. F.3,
where we have also included the color indices indices of the quarks fields. A simplifying assumption
can be carried out when computing the dispersive part of the box diagrams, namely, taking the limit
of massless external particles and zero external momenta. The latter approximation is justified because
the relevant contribution to the one-loop integral lies around the interval centered at k2 ∼M2 (being M
the largest scale in the box, i.e., mt or MW for the SM case), which is a much larger energy scale than
the one associated to the external states (p21 = p23 = m2

q and p22 = p24 = m2
b). With all these ingredients,

and focusing on the set I of diagrams represented in Fig. F.1, the SM amplitude can be written as

iMI =
∑
β1,β2

δα1β2
δα2β1

δα3β1
δα4β2

(
i
g√
2

)4

×
∑

i,j=u,c,t

λibqλ
j
bq

∫
ddk

(2π)d

{
(−η)4 [ūq(0)γ

ρPLi(/k +mi)γ
νPLub(0)] [v̄q(0)γ

µPLi(/k +mj)γ
σPLvb(0)]

Di(k)Dj(k)

× i

[
− gµν
DW (k)

+
kµkν
M2
W

(
1

DW (k)
− 1

Dg(k)

)]
× i

[
− gρσ
DW (k)

+
kρkσ
M2
W

(
1

DW (k)
− 1

Dg(k)

)]
+ (−η)2 [ūq(0)PRi(/k +mi)γ

νPLub(0)] [v̄q(0)γ
µPLi(/k +mj)PLvb(0)]

Di(k)Dj(k)

× mimj

M2
W

× i

[
− gµν
DW (k)

+
kµkν
M2
W

(
1

DW (k)
− 1

Dg(k)

)]
× i

Dg(k)

+ (−η)2 [ūq(0)γ
ρPLi(/k +mi)PLub(0)] [v̄q(0)PRi(/k +mj)γ

σPLvb(0)]

Di(k)Dj(k)

× mimj

M2
W

× i

[
− gρσ
DW (k)

+
kρkσ
M2
W

(
1

DW (k)
− 1

Dg(k)

)]
× i

Dg(k)

+
[ūq(0)PRi(/k +mi)PLub(0)] [v̄q(0)PRi(/k +mj)PLvb(0)]

Di(k)Dj(k)

×
m2
im

2
j

M4
W

× i

Dg(k)
× i

Dg(k)

}
, (F.3)

with λibq = VibV
∗
iq, and

Di(k) = k2 −m2
i , DW (k) = k2 −M2

W , Dg(k) = k2 − ξWM
2
W , (F.4)

in the corresponding propagators, being ξW a gauge-fixing parameter. On the other hand, the parameter
η arising from the W couplings to fermions can be η = ±1 depending on the sign convention used in
the definition of the SU(2)L covariant derivative [17], although it is easy to see that this does not play a
critical role in the calculation. Taking into account some fundamental properties of the chiral projectors
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in the Dirac algebra, namely,

PL/R =
1∓ γ5

2
, PLPR = PRPL = 0 , (PL/R)

2 = PL/R , γµPL/R = PR/Lγ
µ , (F.5)

we can simplify the previous expression as

iMI = δα1α4δα2α3

g4

4

∑
i,j=u,c,t

λibqλ
j
bq

∫
ddk

(2π)d
1

Di(k)Dj(k)

×
{
[ūq(0)γ

ρ/kγνPLub(0)] [v̄q(0)γ
µ/kγσPLvb(0)]

×
[
− gµν
DW (k)

+
kµkν
M2
W

(
1

DW (k)
− 1

Dg(k)

)][
− gρσ
DW (k)

+
kρkσ
M2
W

(
1

DW (k)
− 1

Dg(k)

)]
+

2m2
im

2
j

M2
W

[ūq(0)γ
νPLub(0)] [v̄q(0)γ

µPLvb(0)]

[
− gµν
DW (k)

+
kµkν
M2
W

(
1

DW (k)
− 1

Dg(k)

)]
1

Dg(k)

+
m2
im

2
j

M4
W

[ūq(0)/kPLub(0)] [v̄q(0)/kPLvb(0)]
1

D2
g(k)

}
. (F.6)

Notice that both diagrams withW±G∓ exchange give rise to the very same contribution to the amplitude.
We can perform the contractions in the first two terms in the curly brackets, using that /k2 = k2, and
then separate the gauge-independent and gauge-dependent terms. This yields

iMI = δα1α4
δα2α3

g4

4

∑
i,j=u,c,t

λibqλ
j
bq

∫
ddk

(2π)d
1

Di(k)Dj(k)

×
{

1

D2
W (k)

(
k4

M4
W

[/kPL] [/kPL]−
2k4

M2
W

[γµPL] [γµPL] + [γν/kγµPL] [γµ/kγνPL]

)

+
k4 −m2

im
2
j

M4
W

(
1

D2
g(k)

− 2

DW (k)Dg(k)

)
[/kPL] [/kPL] +

k4 −m2
im

2
j

M2
W

2

DW (k)Dg(k)
[γµPL] [γµPL]

}
,

(F.7)

where we have introduced the shorthand [. . . ][. . . ] = [ūq(0) . . . ub(0)] [v̄q(0) . . . vb(0)]. The second line in
the curly brackets contains all gauge dependence. The latter, nevertheless, vanishes due to 3 × 3 CKM
unitarity, which manifests through

∑
i=u,c,t

λibq = λubq + λcbq + λtbq = 0 , (q = d, s) , (F.8)

that is, the orthogonality relation between columns. Therefore, using that

k4 −m2
im

2
j = −Di(k)Dj(k) + k2 [Di(k) +Dj(k)] , (F.9)

we are left with

iMI = δα1α4δα2α3

g4

4M2
W

∑
i,j=u,c,t

λibqλ
j
bq

∫
ddk

(2π)d
1

Di(k)Dj(k)D2
W (k)

×
(
m2
im

2
j

M2
W

[/kPL] [/kPL]− 2m2
im

2
j [γ

µPL] [γµPL] +M2
W [γν/kγµPL] [γµ/kγνPL]

)
. (F.10)
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At this point, one has to perform the corresponding one-loop integrals,1 which are convergent in d = 4

dimensions. To this aim, it is convenient to reexpress the denominator introducing Feynman parameters.
In particular, we have

1

Di(k)Dj(k)D2
W (k)

=

∫ 1

0

dx1dx2dx3δ(x1 + x2 + x3 − 1)
6x3

[x1Di(k) + x2Dj(k) + x3DW (k)]
4

=

∫ 1

0

dx1dx2dx3δ(x1 + x2 + x3 − 1)
6x3[

(x1 + x2 + x3)k2 − x1m2
i − x2m2

j − x3M2
W

]4
=

∫ 1

0

dx2

∫ 1−x2

0

dx3
6x3[

k2 −m2
i + (m2

i −m2
j )x2 + (m2

i −M2
W )x3

]4 . (F.11)

We can change variables as x = 1− x2 and y = x3, such that

1

Di(k)Dj(k)D2
W (k)

=

∫ 1

0

dx

∫ x

0

dy
6y[

k2 −m2
j − (m2

i −m2
j )x− (M2

W −m2
j )y
]4

=

∫ 1

0

dx

∫ x

0

dy
6y

(k2 −∆2)
4 , (F.12)

with
∆2 = m2

j + (m2
i −m2

j )x+ (M2
W −m2

j )y . (F.13)

There are thus two types of one-loop integrals in Eq. (F.10) attending to their Lorentz structure. They
are given by [10] ∫

d4k

(2π)4
1

(k2 −∆2)
4 =

i

(4π)2
1

6∆4
, (F.14)∫

d4k

(2π)4
kαkβ

(k2 −∆2)
4 =

gαβ

4

∫
d4k

(2π)4
k2

(k2 −∆2)
4 = − i

(4π)2
gαβ

12∆2
. (F.15)

Then, the amplitude in Eq. (F.10) now reads

iMI = δα1α4
δα2α3

−ig4
64π2M2

W

∑
i,j=u,c,t

λibqλ
j
bq

∫ 1

0

dx

∫ y

0

dy

×
(

m2
im

2
j

2M2
W∆2

[γµPL] [γµPL] +
2m2

im
2
j

∆4
[γµPL] [γµPL] +

M2
W

2∆2
[γνγαγµPL] [γµγαγνPL]

)
y . (F.16)

The Dirac structure in the last term in parenthesis can be further reduced to

[γνγαγµPL]⊗ [γµγαγνPL] = 4 [γµPL]⊗ [γµPL] , (F.17)

by means of the identities

γµγνγα = gµνγα−gµαγν+gναγµ+iϵµναβγβγ5 , ϵµναβϵµναρ = −6δβρ , γ5PL/R = ∓PL/R . (F.18)

1One-loop integrals can be computed using Package X [293]. Unfortunately, new versions of this software are not
available anymore.
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This leads to

iMI = δα1α4
δα2α3

−ig4
64π2M2

W

[ūq(0)γ
µPLub(0)] [v̄q(0)γµPLvb(0)]

×
∑

i,j=u,c,t

λibqλ
j
bq

∫ 1

0

dx

∫ y

0

dy

(
m2
im

2
j

2M2
W∆2

+
2m2

im
2
j

∆4
+

2M2
W

∆2

)
y , (F.19)

with ∆2 given in Eq. (F.13). It is common practice in the literature to introduce the Fermi coupling
constant in the prefactor using that GF /

√
2 = g2/(8M2

W ). Once the integration over the Feynman
parameters is performed, we obtain

iMI = δα1α4
δα2α3

iG2
FM

2
W

2π2
[ūq(0)γ

µPLub(0)] [v̄q(0)γµPLvb(0)]
∑

i,j=u,c,t

λibqλ
j
bqF (xi, xj) , (F.20)

with xi = m2
i /M

2
W , and

F (xi, xj) =
1

(1− xi)(1− xj)

(
7xixj
4

− 1

)
+

(
1− 2xj +

xixj

4

)
x2i lnxi

(xj − xi)(1− xi)2
+

(
1− 2xi +

xixj

4

)
x2j lnxj

(xi − xj)(1− xj)2
.

(F.21)
As one could have expected, the function F (xi, xj) is symmetric in its arguments, i.e., F (xi, xj) =

F (xj , xi). The 3 × 3 unitarity of the CKM matrix allows us to eliminate λubq from the last sum in
Eq. (F.20) as

∑
i,j=u,c,t

λibqλ
j
bqF (xi, xj) =−

∑
i,j=c,t

λibqλ
j
bq [F (xu, xi) + F (xu, xj)− F (xu, xu)− F (xi, xj)]

=− (λcbq)
2 [2F (xu, xc)− F (xu, xu)− F (xc, xc)]

− (λtbq)
2 [2F (xu, xt)− F (xu, xu)− F (xt, xt)]

− 2λcbqλ
t
bq [F (xu, xc) + F (xu, xt)− F (xu, xu)− F (xc, xt)] . (F.22)

Taking the limit xu → 0, one can define

S0(xi, xj) ≡ lim
xu→0

[F (xu, xi) + F (xu, xj)− F (xu, xu)− F (xi, xj)] , (F.23)

S0(xi) ≡ lim
xu→0

[2F (xu, xi)− F (xu, xu)− F (xi, xi)] , (F.24)

such that S0(xi) = limxj→xi S0(xi, xj). In this limit, the final amplitude corresponding to the set I of
diagrams in Fig. F.1 is given by

iMI = − iG
2
FM

2
W

2π2

[
(λtbq)

2S0(xt) + (λcbq)
2S0(xc) + 2λcbqλ

t
bqS0(xc, xt)

]
× δα1α4

δα2α3
[ūq(0)γ

µPLub(0)] [v̄q(0)γµPLvb(0)] , (F.25)

where the explicit form of the well-known Inami-Lim functions in Eqs. (F.23) and (F.24) reads

S0(xi, xj) = xixj

[
− 3

4(1− xi)(1− xj)
+

(1− 2xi + x2i /4) lnxi
(xi − xj)(1− xi)2

+
(1− 2xj + x2j/4) lnxj

(xj − xi)(1− xj)2

]
, (F.26)

S0(xi) =
xi

(1− xi)2

[
1− 11xi

4
+
x2i
4

− 3x2i lnxi
2(1− xi)

]
. (F.27)
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On the other hand, turning to the set II of diagrams depicted in Fig. F.2, the corresponding com-
putation comes almost straightforwardly at this point. The only difference with respect to the previous
set relies on the ordering of the quark spinors and how color indices are contracted. More precisely, the
amplitude for our set II of box diagrams in Fig. F.2 reads

iMII = − iG
2
FM

2
W

2π2

[
(λtbq)

2S0(xt) + (λcbq)
2S0(xc) + 2λcbqλ

t
bqS0(xc, xt)

]
× δα1α2

δα3α4
[ūq(0)γ

µPLvb(0)] [v̄q(0)γµPLub(0)] . (F.28)

Then, we can write down the total amplitude iM as

iM = i(MI −MII) = − iG
2
FM

2
W

2π2
F0

 δα1α4δα2α3 [ūq(0)γ
µPLub(0)] [v̄q(0)γµPLvb(0)]

−δα1α2
δα3α4

[ūq(0)γ
µPLvb(0)] [v̄q(0)γµPLub(0)]

 , (F.29)

where we have introduced

F0 = (λtbq)
2S0(xt) + (λcbq)

2S0(xc) + 2λcbqλ
t
bqS0(xc, xt) . (F.30)

It is important to notice that there is a relative minus sign between the two sets of diagrams. We can
then use Fierz identities for spinors [10], namely,

(
ψ̄1γ

µPLψ2

) (
ψ̄3γ

µPLψ4

)
= −

(
ψ̄1γ

µPLψ4

) (
ψ̄3γ

µPLψ2

)
, (F.31)

in order to write

iM = − iG
2
FM

2
W

2π2
F0 [ūq(0)γ

µPLub(0)] [v̄q(0)γµPLvb(0)] (δα1α4δα2α3 + δα1α2δα3α4) . (F.32)

In terms of an effective ∆B = 2 Hamiltonian, iM arises from the matrix element of a single dim-6 local
operator [q̄α(x)γ

µPLbα(x)] [q̄β(x)γµPLbβ(x)]. With two pairs of identical operators, contraction of the
fields with external particle states requires some care. As we will address later in this section, one can
write

[ūq(0)γ
µPLub(0)] [v̄q(0)γµPLvb(0)] (δα1α4

δα2α3
+ δα1α2

δα3α4
) =

=
1

2
⟨Bq| [q̄α(x)γµPLbα(x)] [q̄β(x)γµPLbβ(x)] |B̄q⟩ , (F.33)

being α and β color indices. This yields

iM = − iG
2
FM

2
W

4π2
F0⟨Bq| [q̄α(x)γµPLbα(x)] [q̄β(x)γµPLbβ(x)] |B̄q⟩

= − iG
2
FM

2
W

16π2
F0⟨Bq| [q̄α(x)γµ(1− γ5)bα(x)] [q̄β(x)γµ(1− γ5)bβ(x)] |B̄q⟩ . (F.34)

The resulting H∆B=2
dis,eff effective Hamiltonian reads

H∆B=2
dis,eff =

G2
FM

2
W

16π2
F0O

∆B=2
V−A +H.c. , (F.35)

with
O∆B=2
V−A ≡ [q̄α(x)γ

µ(1− γ5)bα(x)] [q̄β(x)γµ(1− γ5)bβ(x)] . (F.36)
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We can now obtain Mq,SM
12 , at lowest order in perturbation theory, as

Mq,SM
12 =

1

2MBq

⟨Bq|H∆B=2
W,eff |B̄q⟩ . (F.37)

Note that we have inserted at this point a (2MBq )
−1 factor, so that the meson states that appear in

Eq. (F.37) are covariantly normalized.

In principle, in order to compute the matrix element of the operator O∆B=2
V−A between these meson

states one relies on the vacuum insertion approximation. This means separating the matrix element of
our four-quark operator into the product of two matrix elements of quark bilinears by inserting solely
the vacuum state, instead of a complete set of states. The correction to this approximation is expressed
in terms of a bag parameter that accounts for all other states neglected in the sum. Therefore, in the
relativistic normalization approach, one can write (see App. C from [58])

⟨Bq|O∆B=2
V−A |B̄q⟩ = −8

3
ei(ξb−ξq−ξBq )M2

Bq
f2Bq

BBq
, (F.38)

where ξBq
, ξb and ξq are the CP transformation phases of the Bq meson state and the quark fields,

MBq
is the common mass of the mesons (in the absence of weak interactions), fBq

is the meson decay
constant encoding all the information about strong interactions, and BBq

is the bag factor. The meson
decay constant and the bag parameter are determined non-perturbatively in the framework of QCD sum
rules [214–216] or lattice QCD [212,213]. One usually assumes a CP transformation in which ξb = ξq = 0.
Furthermore, in this work we are assuming ξBq

= π, i.e., CP|Bq⟩ = −|B̄q⟩. With these choices, we can
finally write the well-known result for Mq,SM

12 :

Mq,SM
12 =

G2
FM

2
W

12π2
(λtbq)

2S0(xt)MBqf
2
Bq
BBq η̂B . (F.39)

Numerically, the dominant contribution comes from virtual top quarks running in the loop because
mt ≫ mc, and thus Eq. (F.30) is simply written as F0 ≃ (λtbq)

2S0(xt). For completeness, we have
included in the final result the factor η̂B [218] which takes into account short distance (perturbative)
QCD corrections at two loops.

At this point, we find useful to point out that the majority of references addressing the study of neutral
meson mixing make use of the covariant normalization of the states, such as [237,238,294] and more recent
references. However, for the sake of clarity, we should highlight that other works like [58, 292, 295, 296]
opt to write Eqs. (F.37) and (F.38) maintaining the non-covariant normalization of the states, so that

Mq,SM
12 = ⟨Bq|H∆B=2

W,eff |B̄q⟩ , ⟨Bq|O∆B=2
V−A |B̄q⟩ = −8

6
ei(ξb−ξq−ξBq )MBq

f2Bq
BBq

. (F.40)

Likewise, there might be different choices for the CP transformation phase ξBq , e.g., Ref. [292] sets
ξBq

= 0.

To close this section, let us come back to the obtention of Eq. (F.33).

Effective local operator O∆B=2
V−A

Our aim is to compute the matrix element ⟨Bq|q̄α(x)γµPLbα(x)q̄β(x)γµPLbβ(x)|B̄q⟩ in terms of spinor
currents. Adopting the momentum and color indices assignments presented in Fig. F.3, our initial and



F.1. Standard Model calculation 195

final states are defined by

|B̄q⟩ = a(b)†α2
(p2)b

(q)†
α1

(p1)|0⟩ , |Bq⟩ = b(b)†α4
(p4)a

(q)†
α3

(p3)|0⟩ , (F.41)

being |0⟩ the vacuum state, and a(ψ)†α (p) and b(ψ)†α (p) the creation operators of particles and antiparticles
of fermion ψ with color index α and momentum p. All possible contractions of the quark fields with the
creation and annihilation operators of the external states read

⟨Bq|q̄α(x)γµPLbα(x)q̄β(x)γµPLbβ(x)|B̄q⟩

= ⟨0|a(q)α3
(p3)b

(b)
α4

(p4)q̄α(x)γ
µPLbα(x)q̄β(x)γµPLbβ(x)a

(b)†
α2

(p2)b
(q)†
α1

(p1)|0⟩

+ ⟨0|a(q)α3
(p3)b

(b)
α4

(p4)q̄α(x)γ
µPLbα(x)q̄β(x)γµPLbβ(x)a

(b)†
α2

(p2)b
(q)†
α1

(p1)|0⟩

+ ⟨0|a(q)α3
(p3)b

(b)
α4

(p4)q̄α(x)γ
µPLbα(x)q̄β(x)γµPLbβ(x)a

(b)†
α2

(p2)b
(q)†
α1

(p1)|0⟩

+ ⟨0|a(q)α3
(p3)b

(b)
α4

(p4)q̄α(x)γ
µPLbα(x)q̄β(x)γµPLbβ(x)a

(b)†
α2

(p2)b
(q)†
α1

(p1)|0⟩ . (F.42)

There is a minus sign for each crossing among the Wick contraction lines, which accounts for the anti-
commutation of the fermionic operators in order to perform the corresponding contraction. Therefore,
we obtain

⟨Bq|q̄α(x)γµPLbα(x)q̄β(x)γµPLbβ(x)|B̄q⟩
= −δαα3δαα4δβα1δβα2 [ūq(p3)γ

µPLvb(p4)] [v̄q(p1)γµPLub(p2)] e
−i(p1+p2−p3−p4)x

+ δαα1
δαα4

δβα2
δβα3

[v̄q(p1)γ
µPLvb(p4)] [ūq(p3)γµPLub(p2)] e

−i(p1+p2−p3−p4)x

+ δαα2δαα3δβα1δβα4 [ūq(p3)γ
µPLub(p2)] [v̄q(p1)γµPLvb(p4)] e

−i(p1+p2−p3−p4)x

− δαα1
δαα2

δβα3
δβα4

[v̄q(p1)γ
µPLub(p2)] [ūq(p3)γµPLvb(p4)] e

−i(p1+p2−p3−p4)x

= 2

 δα1α4
δα2α3

[ūq(p3)γ
µPLub(p2)] [v̄q(p1)γµPLvb(p4)]

−δα1α2
δα3α4

[ūq(p3)γ
µPLvb(p4)] [v̄q(p1)γµPLub(p2)]

e−i(p1+p2−p3−p4)x . (F.43)

Using the Fierz identity in Eq. (F.31), we can write down

⟨Bq|q̄α(x)γµPLbα(x)q̄β(x)γµPLbβ(x)|B̄q⟩
= 2(δα1α4

δα2α3
+ δα1α2

δα3α4
) [ūq(p3)γ

µPLub(p2)] [v̄q(p1)γµPLvb(p4)] e
−i(p1+p2−p3−p4)x . (F.44)

Finally, if we take the limit of zero external momenta, we are left with

⟨Bq|q̄α(x)γµPLbα(x)q̄β(x)γµPLbβ(x)|B̄q⟩
= 2(δα1α4

δα2α3
+ δα1α2

δα3α4
) [ūq(0)γ

µPLub(0)] [v̄q(0)γµPLvb(0)] , (F.45)

which is precisely the result anticipated in Eq. (F.33).
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F.1.2 Decay width mixing Γq,SM12

Let us now move on to the analysis of Γq,SM12 . It corresponds to two ∆B = 1 transitions via real (on-shell)
intermediate states, i.e., through decay modes that are common to both Bq and B̄q, as one can readily
check by inspection of Eq. (F.2). Consequently, Γq,SM12 is sensitive to light states with masses below
MBq

∼ mb, thus only containing up and/or charm quarks.

The theoretical determination of Γq,SM12 is cumbersome because it is not given by the matrix element
of a local operator. In light of this, one relies on the validity of the heavy quark expansion, where Γq,SM12

is expressed as a power series in Λ/mb, being Λ a mass scale related to non-perturbative interactions,
and the strong coupling αs (see, e.g., [234] for a detailed description). Although this is a well-known
approach where higher order corrections have already been calculated, it might be instructive for the
reader to briefly review the details on the computation of the lowest order contribution to Γq,SM12 in the
previous expansion [296–301], that is, at O(Λ3/m3

b) and O(α0
s) in QCD.

To this aim, one has to extract the absorptive (imaginary) part of the box diagrams in Figs. F.1
and F.2. Aiming for simplicity, we perform the computations in the unitary gauge (corresponding to
the limit ξW → ∞ in the Rξ-gauge), so that only the diagrams in Figs. F.1a and F.2a containing two
physical W bosons have to be considered. A simplifying assumption can be carried out on that regard,
namely, neglecting the momentum dependence in the bosonic propagators, as they are bounded to be
k2W ≲ m2

b ≪ M2
W . One can further take the momentum of external light quarks p1, p3 → 0 since

p22 = p24 = m2
b ≫ p21 = p23 = m2

q, which implies p2 ≃ p4 ≡ p. With these approximations, we can start
writing

iM = i (MI −MII)

=

(
−iη g√

2

)4 ∑
i,j=u,c,t

λibqλ
j
bq

∫
ddk

(2π)d

×
{ ∑
β1,β2

δα1β2δα2β1δα3β1δα4β2

[ūq(0)γ
ρPLi(/k +mi)γ

νPLub(p)] [v̄q(0)γ
µPLi(/k − /p+mj)γ

σPLvb(p)]

Di(k)Dj(k − p)

× i
gµν
M2
W

× i
gρσ
M2
W

−
∑
β1,β2

δα1β1δα2β1δα3β2δα4β2

[
v̄q(0)γ

µPLi(/p− /k +mi)γ
νPLub(p)

]
[ūq(0)γ

ρPLi(−/k +mj)γ
σPLvb(p)]

Di(p− k)Dj(−k)

× i
gµσ
M2
W

× i
gνρ
M2
W

}
. (F.46)

Notice the relative minus sign between the two partial amplitudes. Since the denominator of the fermionic
propagators is quadratic in the corresponding momentum, it is clear that Di(p − k) = Di(k − p) and
Dj(−k) = Dj(k). Exchanging the labels i↔ j in the second term in the curly brackets, and taking into
account the Dirac algebra identities quoted in Eq. (F.5), we are left with

iM =
g4

4M2
W

∑
i,j=u,c,t

λibqλ
j
bq

∫
ddk

(2π)d
kα(k − p)β

Di(k)Dj(k − p)

×

 δα1α4
δα2α3

[ūq(0)γ
µγαγνPLub(p)] [v̄q(0)γνγβγµPLvb(p)]

−δα1α2
δα3α4

[ūq(0)γ
µγαγνPLvb(p)] [v̄q(0)γνγβγµPLub(p)]

 . (F.47)



F.1. Standard Model calculation 197

One may notice that the remaining one-loop integral is divergent in d = 4 dimensions: this is just a
consequence of having neglected the momentum dependence in the bosonic propagators. Nevertheless,
one should not worry about it, as we are interested in the absorptive (imaginary) part of the diagrams.
The latter yields

iM =
ig4

64π2M2
W

∑
i,j=u,c,t

λibqλ
j
bq

−

 δα1α4
δα2α3

[ūq(0)γ
µPLub(p)] [v̄q(0)γµPLvb(p)]

−δα1α2
δα3α4

[ūq(0)γ
µPLvb(p)] [v̄q(0)γ

µPLub(p)]

A(m2
b ,m

2
i ,m

2
j )

+

 δα1α4
δα2α3

[ūq(0)PRub(p)] [v̄q(0)PRvb(p)]

−δα1α2
δα3α4

[ūq(0)PRvb(p)] [v̄q(0)PRub(p)]

B(m2
b ,m

2
i ,m

2
j )

 ,

(F.48)

with

A(m2
b ,m

2
i ,m

2
j ) =

π λ(m2
b ,m

2
i ,m

2
j )
√
λ(m2

b ,m
2
i ,m

2
j )

3m4
b

, (F.49)

B(m2
b ,m

2
i ,m

2
j ) =

2π
[
m4
b +m2

b(m
2
i +m2

j ) + 4m2
im

2
j − 2(m4

i +m4
j )
]√

λ(m2
b ,m

2
i ,m

2
j )

3m4
b

, (F.50)

being λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz the Källen function. We should stress that the sum
only includes the contributions from the light up and charm quarks. Similarly to what has been done in
Eqs. (F.42) and (F.43), it is straightforward to obtain

iM = − iG2
F

16π2

∑
i,j=u,c

λibqλ
j
bq

{
A(m2

b ,m
2
i ,m

2
j )⟨Bq| [q̄α(x)γµ(1− γ5)bα(x)] [q̄β(x)γµ(1− γ5)bβ(x)] |B̄q⟩

−B(m2
b ,m

2
i ,m

2
j )⟨Bq| [q̄α(x)(1 + γ5)bα(x)] [q̄β(x)(1 + γ5)bβ(x)] |B̄q⟩

}
,

(F.51)

where we have introduced the Fermi coupling constant in the prefactor by using GF /
√
2 = g2/(8M2

W ).
The resulting effective Hamiltonian H∆B=2

abs,eff that allows to compute the absorptive part of the mixing
reads

H∆B=2
abs,eff =

G2
F

16π2

∑
i,j=u,c

λibqλ
j
bq

{
A(m2

b ,m
2
i ,m

2
j )O

∆B=2
V−A −B(m2

b ,m
2
i ,m

2
j )O

∆B=2
S+P

}
+H.c. , (F.52)

with dim-6 four-quark operators given by

O∆B=2
V−A ≡ [q̄α(x)γ

µ(1− γ5)bα(x)] [q̄β(x)γµ(1− γ5)bβ(x)] , (F.53)

O∆B=2
S+P ≡ [q̄α(x)(1 + γ5)bα(x)] [q̄β(x)(1 + γ5)bβ(x)] . (F.54)

Besides the (V −A)× (V −A) contribution that was already present in the computation of Mq,SM
12 , we

have (S + P )× (S + P ) quark currents. Then, we can obtain Γq,SM12 from

Γq,SM12

2
= − 1

2MBq

⟨Bq|H∆B=2
abs,eff |B̄q⟩ . (F.55)

The previous formula is an assumption to reduce a complicated hadron phase space problem into a
manageable one-loop integral. Again, we are using the covariant normalization of the meson states.
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The matrix element of the operator O∆B=2
S+P is given by

⟨Bq|O∆B=2
S+P |B̄q⟩ =

5

3
ei(ξb−ξq−ξBq )

M4
Bq
f2Bq

(mb +mq)2
B ′
Bq

≃ 5

3
ei(ξb−ξq−ξBq )M2

Bq
f2Bq

B ′
Bq
, (F.56)

where the B ′
Bq

is the bag factor accounting for the deviation from the vacuum insertion approximation.
In the second-to-last step we have used that mq ≪ mb ∼ MBq

. Together with Eq. (F.38), and setting
ξBq

= π and ξb = ξq = 0, the result for Γq,SM12 turns out to be

Γq,SM12 = −
G2
FMBqf

2
Bq

72πm4
b

∑
i,j=u,c

λibqλ
j
bq

√
λ(m2

b ,m
2
i ,m

2
j )

×
{
4λ(m2

b ,m
2
i ,m

2
j )BBq

+ 5
[
m4
b +m2

b(m
2
i +m2

j ) + 4m2
im

2
j − 2(m4

i +m4
j )
]
B ′
Bq

}
.

(F.57)

At this order, the non-perturbative scale Λ is given by Λ3 ∼ 16π2MBq
f2Bq

× “numerical suppression
factor” [234]. Currently, higher order QCD corrections are only known for the leading term in the Λ/mb

expansion, while the contribution from subleading powers of Λ/mb is only known at leading order in
QCD. For a recent update on the state of the art, see [160,302] and references therein. It is easy to check
that our previous result coincides with the one computed in [298] when considering the vacuum insertion
approximation BBq

= B ′
Bq

= 1 and taking the limit mu → 0. In the latter case, and further using 3× 3

CKM unitarity in the form of Eq. (F.8), one can readily obtain

Γq,SM12 = −
G2
FMBq

f2Bq
m2
b

8π

[
(λtbq)

2 +
8

3

m2
c

m2
b

λtbqλ
c
bq +O

(
m4
c

m4
b

)]
. (F.58)

For completeness, we finally include the alternative form for Eqs. (F.55) and (F.56) that makes use
of the non-covariant normalization of the states, namely,

Γq,SM12

2
= −⟨Bq|H∆B=2

abs,eff |B̄q⟩ , ⟨Bq|O∆B=2
S+P |B̄q⟩ ≃

5

6
ei(ξb−ξq−ξBq )MBq

f2Bq
B ′
Bq
. (F.59)

F.2 Calculation within vector-like quark models

In this section, we compute the contributions to neutral Bq –B̄q meson mixing that arise in vector-like
quark singlet extensions of the SM. In particular, App. F.2.1 is devoted to UVLQ models with a new
up-type quark singlet, while App. F.2.2 focuses on DVLQ models with an extra down-type quark singlet.

F.2.1 UVLQ models

In UVLQ models, we only get new contributions to the mass mixing Mq
12. They correspond to additional

SM-like box diagrams, as the ones presented in Figs. F.1 and F.2, with the new up-type quark T running
in the loop. Therefore, the computation ofMq,UVLQ

12 follows analogously to the SM case, with cancellation
of gauge dependence through

∑
i=u,c,t,T

λibq = λubq + λcbq + λtbq + λTbq = 0 , (q = d, s) , (F.60)
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similarly to Eq. (F.8). Taking this into account, Eq. (F.22) is modified as

∑
i,j=u,c,t,T

λibqλ
j
bqF (xi, xj) =− (λTbq)

2 [2F (xu, xT )− F (xu, xu)− F (xT , xT )]

− 2λcbqλ
T
bq [F (xu, xc) + F (xu, xT )− F (xu, xu)− F (xc, xT )]

− 2λtbqλ
T
bq [F (xu, xt) + F (xu, xT )− F (xu, xu)− F (xt, xT )] + [SM-like] ,

(F.61)

where the [SM-like] part corresponds precisely to the result quoted in Eq. (F.22). Then, in the limit
xu → 0, the function F0 in Eq. (F.30) is now given by

F0 = [SM-like] + (λTbq)
2S0(xT ) + 2λcbqλ

T
bqS0(xc, xT ) + 2λtbqλ

T
bqS0(xt, xT ) , (F.62)

with [SM-like] denoting the result in Eq. (F.30). For a heavy T quark mass mT > 1.6 TeV, the only
numerically relevant contributions are

F0 ≃ (λtbq)
2S0(xt) + (λTbq)

2S0(xT ) + 2λtbqλ
T
bqS0(xt, xT )

= (λtbq)
2S0(xt)

1 + λTbq
λtbq

2S0(xt, xT )

S0(xt)
+

(
λTbq
λtbq

)2
S0(xT )

S0(xt)

 . (F.63)

Finally, assuming that two-loop perturbative QCD corrections encoded in the parameter η̂B are similar
to the SM case, the mass mixing Mq

12 in UVLQ models reads

Mq,UVLQ
12

Mq,SM-like
12

= 1 +
λTbq
λtbq

CUVLQ
1 (xt, xT )

S0(xt)
+

(
λTbq
λtbq

)2
CUVLQ

2 (xT )

S0(xt)
, (F.64)

where
CUVLQ

1 (xt, xT ) = 2S0(xt, xT ) , CUVLQ
2 (xT ) = S0(xT ) . (F.65)

The Mq,SM-like
12 piece is of the form of Eq. (F.39), although in this case one could have different values

for the CKM couplings since 3 × 3 unitarity does not hold. As we can check, the new contributions in
this scenario appear linearly and quadratically in the deviation of unitarity λTbq.

F.2.2 DVLQ models

In DVLQ, there are new contributions to mass mixing Mq
12 and decay width mixing Γq12. Nevertheless,

the latter happen to be negligible, as discussed in chapter 7, so in what follows we will exclusively focus
on the computation of Mq,DVLQ

12 . We must point out that Ref. [256] already addressed in detail the
relevant contributions to ∆B = 2 processes within down-type vector-like singlet extensions. Our aim
here is to be more explicit on how the different contributions emerge, which might be of interest for
practitioners on this topic.

Before we going into details, two important features of DVLQ must be recalled. First, 3 × 3 CKM
unitarity does not hold, but instead the orthogonality relation between columns is modified as

∑
i=u,c,t

λibq = λubq + λcbq + λtbq = (DL)qb , (q = d, s) , (F.66)
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with (DL)qb parametrizing the deviation of unitarity. Second, there are new tree-level flavor-changing
couplings of the Z boson to down-type quarks, which are precisely proportional to the deviation of
unitarity. Therefore, we will get novel tree-level contributions to meson mixing as well as one-loop
penguin contributions in addition to the usual boxes. As in previous calculations, we will work in a
general Rξ-gauge and take the limit of vanishing external masses and momenta. Finally, it is important
to notice that in each category of diagrams (tree, boxes, and penguins) two distinct sets of topologies
emerge depending on the ordering of quark spinors and how color indices are contracted, in a similar
fashion to what occurs in our SM calculation with the set I of boxes in Fig. F.1 and the set II in Fig. F.2,
which are Fierz-related. Since in general the two sets share the same effective Wilson coefficient generated
by the weak interactions, we will only show explicitly the computation of one of these sets—say set I,
i.e., the one in which the b (q̄) quark of the initial B̄q state is connected with the q (b̄) quark of the final
Bq meson state. In any case, our final result will appropriately include all contributions, taking into
account that there is again a relative minus sign between the two sets of topologies.

Tree-level diagrams

b

b̄q̄

q

B̄q BqZ p4 − p1

p1

p2 p3

p4

α1

α2 α3

α4

Figure F.4: Set I (t-channel) of tree-level contributions to neutral Bq (q = d, s) meson mixing in DVLQ
models. The momentum flow and color indices assignments are indicated. The vertices in red correspond
to the flavor-changing couplings of the Z boson to down-type quarks.

The amplitude for the set I of tree-level diagrams in Fig. F.4 reads

iMtree
I =

[
iηηZ

g

2cW
(DL)qb

]2
δα1α4

δα2α3
[ūq(0)γ

νPLub(0)] [v̄q(0)γ
µPLvb(0)]× i

gµν
M2
Z

= − ig2

4M2
W

(DL)
2
qbδα1α4

δα2α3
[ūq(0)γ

µPLub(0)] [v̄q(0)γµPLvb(0)] , (F.67)

where cW ≡ cos θW , and MW = cWMZ . The parameters η and ηZ can be ±1 depending on the
sign convention used in the definition of the SU(2)L covariant derivative and the Glashow rotation,
respectively—see [17] for details. Furthermore, the simple form used for the Z propagator arises because
we are taking the limit of zero external momenta, which is justified by the fact that k2Z = (p4 − p1)

2 =

(p2 − p3)
2 ≪ M2

Z , with p1, p3 ∼ mq and p2, p4 ∼ mb. One can readily check that tree-level diagrams
generate a contribution ∝ GF (DL)

2
qb.

Box diagrams

As in the SM, the set I of box diagrams depicted in Fig. F.1, with momentum flow and color indices
assignments indicated in Fig. F.3a, also contribute to neutral meson mixing in DVLQ models at one-loop.
The key difference with respect to the SM is the lack of 3 × 3 CKM unitarity, as shown in Eq. (F.66).
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Taking this into account, we can resume the calculation from Eq. (F.7), namely,

iMbox
I = δα1α4δα2α3

g4

4M2
W

∑
i,j=u,c,t

λibqλ
j
bq

∫
ddk
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×
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2(k4 −m2
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2
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DW (k)Dg(k)
[γµPL] [γµPL]

}
,

(F.68)

where we have used the shorthand [. . . ][. . . ] = [ūq(0) . . . ub(0)] [v̄q(0) . . . vb(0)]. For convenience, let us
introduce the following notation:

iMbox
I = δα1α4

δα2α3

g4

4M2
W

6∑
a=1

∑
i,j=u,c,t

λibqλ
j
bqI

(a)
ij , (F.69)

with I(a)ij denoting each of the one-loop integrals that appear in Eq. (F.68). By means of Eq. (F.9), these
can be reexpressed as

I
(1)
ij =

∫
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W (k)
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+
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, (F.70)

I
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I
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I
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I
(6)
ij =

∫
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2
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In particular, for I(3)ij we have applied Lorentz invariance in the form

∫
d4k

(2π)4
f(k2)kαk

β =
gβα
4

∫
d4k

(2π)4
f(k2)k2 , (F.76)

together with the Dirac identity in Eq. (F.17). Both forms of I(3)ij will be used later. Notice that all I(a)ij

integrals are symmetric under the exchange i↔ j. On the other hand, we can apply Eq. (F.66) in order
to eliminate λubq from Eq. (F.69), leading to

iMbox
I = δα1α4

δα2α3

g4

4M2
W

6∑
a=1

 ∑
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∑
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2
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 . (F.77)

Now we perform the sums over index a by using Eqs. (F.70) to (F.75). On this regard, it is convenient
to use the first form of I(3)ij for the linear terms in (DL)qb, and its second form for the terms that are
independent of (DL)qb. This yields

iMbox
I = iMbox,0

I + iMbox,1
I + iMbox,2

I , (F.78)

where
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∑
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iMbox,2
I = δα1α4

δα2α3

g4

4M2
W

(DL)
2
qb

6∑
a=1

I(a)uu . (F.81)
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Notice that we have omitted the momentum k dependence in the denominators for conciseness. All in
all, the contribution to neutral meson mixing arising from box diagrams can be split in three pieces:
(i) the SM-like iMbox,0

I , (ii) iMbox,1
I ∝ GFα(DL)qb, and (iii) iMbox,2

I ∝ GFα(DL)
2
qb, being α the fine

structure constant in QED. The latter consists of a radiative correction to tree-level diagrams and thus it
is neglected. On the other hand, the second piece is linear in (DL)qb, which means that, in the decoupling
limit of the heavy down quark, it goes to zero more slowly than tree-level diagrams that are quadratic in
(DL)

2
qb. Hence, a priori, this second piece should not be neglected, at least in the limit of small (DL)qb.

Furthermore, the terms proportional to m2
u in both iMbox,0

I and iMbox,1
I will safely vanish in the limit

mu → 0 as the one-loop integrals involved are convergent in d = 4 dimensions—in fact, in this limit
iMbox,0

I generates the result quoted in Eq. (F.25). Finally, one should worry about canceling the gauge
dependence2 of the box contributions that are linear in (DL)qb. To this aim, different penguin topologies
must be added, as we explain next.

Penguin diagrams

They consist of a Z tree-level flavor-changing vertex and another one where the change of flavor is
obtained through the exchange of W bosons at one loop. Let us classify these penguin topologies into
three different subsets: (i) subset I.A illustrated in Fig. F.5, (ii) subset I.B illustrated in Fig. F.7, and (iii)
subset I.C illustrated in Fig. F.9. Within each subset, one can in turn distinguish two different groups
depending on how the loop and the flavor-changing coupling of the Z boson to down-type quarks are
placed. These two groups, 1 and 2, give rise to the very same amplitude, and thus we will simply compute
one of them and include a factor of 2 in the calculation of the amplitude. In particular, Figs. F.5, F.7
and F.9 only show one of the aforementioned groups, say group 1. On the other hand, our choice for the
momentum flow and quark color indices is represented in Fig. F.6 for subsets I.A and I.B, and Fig. F.10
for subset I.C. The latter will deserve special attention, since the limit of vanishing external momenta
and masses cannot be taken straightforwardly. Some additional remarks are in order.

(i) In the loops, we can apply
∑
i=u,c,t λ

i
bq = 0, that is, ignoring the deviation of unitarity (DL)qb,

since this would generate a contribution ∝ GFα(DL)
2
qb, which is a radiative correction to tree-level

diagrams. Therefore, we can effectively apply 3× 3 CKM unitarity in a SM fashion.

(ii) In topology C, the coupling of the Z boson in the fermion line that contains the loop must
be flavor-conserving (SM-like). If not, we would get a contribution ∝ (DL)qb(DL)qkVibV

∗
ik or

∝ (DL)qb(DL)kbV
∗
iqVik, which are subleading.

Then, our result will be the sum of three different pieces, namely

iMpeng
I = iMpeng,A

I + iMpeng,B
I + iMpeng,C

I , (F.82)

that we proceed to address separately.

2One of the advantages of working in an Rξ-gauge is that gauge dependence is explicitly manifest. This provides insight
into which additional contributions must be included in order to obtain a gauge-invariant result, while also offering a
self-consistency check for our calculations.
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Figure F.5: Set I.A.1 of penguin diagrams triggering neutral Bq (q = d, s) meson mixing: (a) W−

contribution, and (b) G− contribution. The vertices in red correspond to the flavor-changing couplings
of the Z boson to down-type quarks. There exists an analogous set I.A.2 of diagrams where the red
vertex is instead placed in the upper fermion line, while the loop is moved to the lower one. Both sets
I.A.1 and I.A.2 generate the very same amplitude, and thus we will simply include a factor of 2 in our
calculations.
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Figure F.6: Momentum flow and color indices assignments in penguin topology A triggering neutral Bq
(q = d, s) meson mixing.

Topology A—. The amplitude corresponding to subset I.A of penguin diagrams (see Figs. F.5 and F.6)
reads

iMpeng,A
I = 2× (−1)

2
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)2(
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∑
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}
. (F.83)

The first factor 2 accounts for the topologies, not shown in Fig. F.5, where the flavor-changing coupling
of the Z boson is moved into the upper fermion line while the loop is moved to the lower one. The
parameter Qu denotes the electric charge of up-type quarks. The Dirac structure in the spinor currents
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can be reduced as

γσPL(−/k +mi)γ
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by means of Eq. (F.5). This yields
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, (F.86)

with xi = m2
i /M

2
W . We can then contract the fermion currents in the second line with the corresponding

propagator structure, taking into account that

γρ/kγµ/kγρ = −(2− ϵ)/kγµ/k , γργµγρ = −(2− ϵ)γµ , (F.87)

and /k2 = k2, where we are setting d = 4−ϵ in dimensional regularization. On that regard, it is important
to maintain full generality in the previous identities when they are used within integrals that are not
convergent in d = 4 dimensions; otherwise, one can fix d = 4, i.e., taking ϵ→ 0. Hence, we obtain
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where all gauge dependence is contained in the last line of the previous expression. At this point, it is
convenient to reexpress
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i )

D2
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, (F.89)

in such a way that the 1/M2
W terms can be dropped by means of the SM-like 3× 3 unitarity, as pointed
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out before. Further using that
∑
i=u,c,t λ

i
bq = 0 to eliminate λubq, we are left with
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where we have introduced the shorthand [. . . ][. . . ] = [ūq(0) . . . ub(0)] [v̄q(0) . . . vb(0)] and omitted the
momentum k dependence in the denominators for conciseness. All gauge dependence is contained in the
last line.
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Figure F.7: Set I.B.1 of penguin diagrams triggering neutral Bq (q = d, s) meson mixing: (a) W−W−

contribution, and (b) W−G− contribution, (c) G−W− contribution, and (d) G−G− contribution. The
vertices in red correspond to the flavor-changing couplings of the Z boson to down-type quarks. There
exists an analogous set I.B.2 of diagrams where the red vertex is instead placed in the upper fermion line,
while the loop is moved to the lower one. Both sets I.B.1 and I.B.2 generate the very same amplitude,
and thus we will simply include a factor of 2 in our calculations.
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Figure F.8: Momentum flow and color indices assignments in penguin topology B triggering neutral Bq
(q = d, s) meson mixing.
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Topology B—. The amplitude corresponding to subset I.B of penguin diagrams (see Figs. F.7 and F.8)
reads
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(F.91)

where the factor 2 in the first line accounts for the topologies, not shown in Fig. F.7, in which the
flavor-changing coupling of the Z boson is moved into the upper fermion line. Taking into account the
properties of the chiral projectors in Eq. (F.5), the previous expression can be simplified as
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[ūq(0)/kPLub(0)]k

µ

}
. (F.92)
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Then, considering the second identity in Eq. (F.87) and /k
2
= k2, after some algebra we get

iMpeng,B
I =

g4

2M2
W

(DL)qbδα1α4δα2α3

∑
i=u,c,t

λibq

∫
ddk

(2π)d
1

Di(k)

×
{

− 2c2W
D2
W (k)

[(
2− ϵ+

k2

M2
W

)
[/kPL][/kPL] +

(
1− k2

M2
W

)
k2[γµPL][γµPL]

]

+
1

Dg(k)

[
1

DW (k)

(
2(1− s2W )k2

M2
W

+ 2s2Wxi

)
[/kPL][/kPL]

− 1

DW (k)

(
2(1− s2W )k4

M2
W

+ 2s2Wm
2
i

)
[γµPL][γµPL]−

xi
Dg(k)

[/kPL][/kPL]

]}
,

(F.93)

with [. . . ][. . . ] = [ūq(0) . . . ub(0)] [v̄q(0) . . . vb(0)]. Since k2 = m2
i +Di(k), the SM-like unitarity relation

leads us to

iMpeng,B
I =

g4

2M2
W

(DL)qbδα1α4δα2α3

∑
i=u,c,t

λibq

∫
ddk

(2π)d
1

Di(k)

×
{

− 2c2W
D2
W (k)

[
(2− ϵ+ xi)[/kPL][/kPL] +m2

i

(
1− k2

M2
W

)
[γµPL][γµPL]

]

+
1

Dg(k)

[
−
(

1

Dg(k)
− 2

DW (k)

)
xi[/kPL][/kPL]−

2xik
2

DW (k)
[γµPL][γµPL] + 2s2Wxi[γ

µPL][γµPL]

]}
.

(F.94)

Finally, we eliminate λubq using, again, the SM-like CKM orthogonality relation:

iMpeng,B
I =

g4

2M2
W

(DL)qbδα1α4δα2α3

∑
i=u,c,t

λibq

∫
ddk

(2π)d

×
{

− 2c2W
D2
W

[(
2− ϵ+ xi

Di
− 2− ϵ+ xu

Du

)
[/kPL][/kPL] +

(
m2
i

Di
− m2

u

Du

)(
1− k2

M2
W

)
[γµPL][γµPL]

]
+

1

Dg(k)

[
−
(

1

Dg
− 2

DW

)(
xi
Di

− xu
Du

)
[/kPL][/kPL]

− 2

DW

(
m2
i

Di
− m2

u

Du

)
k2

M2
W

[γµPL][γµPL] + 2s2W

(
xi
Di

− xu
Du

)
[γµPL][γµPL]

]}
, (F.95)

omitting the k dependence in the denominators.
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Figure F.9: Set I.C.1 of penguin diagrams triggering neutral Bq (q = d, s) meson mixing: (a) W−

contribution, and (b) G− contribution, (c) W+ contribution, and (d) G+ contribution. The vertices in
red correspond to the flavor-changing couplings of the Z boson to down-type quarks. There exists an
analogous set I.C.2 of diagrams where the self-energy loop is in the final state. Both sets I.C.1 and I.C.2
generate the very same amplitude, and thus we will simply include a factor of 2 in our calculations.
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Figure F.10: Momentum flow and color indices assignments in penguin topology C triggering neutral Bq
(q = d, s) meson mixing.

Topology C—. The last penguin topology corresponds to self-energy diagrams as the ones presented
in Fig. F.9. In this case, one should be careful when taking the limit of vanishing external momenta
and quark masses: there is a q propagator with momentum p22 = m2

b in Figs. F.9a and F.9b, and a b̄
propagator with momentum p21 = m2

q in Figs. F.9c and F.9d. Therefore, we will keep all masses and
momenta of external quarks, and take them to zero at the end of the calculation.

Before writing down the amplitude for diagrams in Fig. F.9, let us first compute separately the
corresponding self-energy structures. On the one hand, from Figs. F.9a and F.9b, with momenta given
in Fig. F.10a and omitting quark spinors, we have

iMself-energy
1 =

(
i
g√
2

)2∑
β1

δα2β1
δβ1β2

∑
i=u,c,t

λibq

∫
ddk

(2π)d

×
{
(−η)2

[γσPLi(/k + /p2 +miγ
ρPL)]

Di(k + p2)
× i

[
− gρσ
DW (k)

+
kρkσ
M2
W

(
1

DW (k)
− 1

Dg(k)

)]

+
1

M2
W

[(miPR −mqPL)i(/k + /p2 +mi)(miPL −mqPR)]

Di(k + p2)
× i

Dg(k)

}
. (F.96)

Using Eq. (F.5) it reduces to

iMself-energy
1 =

g2

2
δα2β2

∑
i=u,c,t

λibq

∫
ddk

(2π)d
1

Di(k + p2)

×
{
[γσ(/k + /p2)γ

ρPL]

[
− gρσ
DW (k)

+
kρkσ
M2
W

(
1

DW (k)
− 1

Dg(k)

)]

+
1

M2
WDg(k)

[(miPR −mqPL)(/k + /p2 +mi)(miPL −mqPR)]

}
. (F.97)

We can then expand both lines in the curly brackets taking into account Eq. (F.5), the second identity
in Eq. (F.87), and

/k(/k + /p2)/k =
[
(k + p2)

2 − p22
]
/k − k2/p2 , (F.98)
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where we have used /k
2
= k2 and {/k, /p2} = 2k · p2, in order to obtain

iMself-energy
1 =

g2

2
δα2β2

∑
i=u,c,t

λibq

∫
ddk

(2π)d
1

Di(k + p2)

×
{

1

DW (k)

[
(k + p2)

2 − p22
M2
W

[/kPL]−
k2

M2
W

[/p2PL] + (2− ϵ)(/k + /p2)PL

]
+

1

M2
WDg(k)

[
(k2 +m2

i )[/p2PL]− [(k + p2)
2 − p22 −m2

i ][/kPL]

+mbmq(/k + /p2)PR −m2
i (mqPL +mbPR)

]}
. (F.99)

One can trade (k+ p2)
2 − p22 = m2

i − p22 +Di(k+ p2), so that SM-like 3× 3 CKM unitarity allows us to
write

iMself-energy
1 =

g2

2
δα2β2

∑
i=u,c,t

λibq

∫
ddk

(2π)d
1

Di(k + p2)

×
{

1

DW (k)

[
m2
i − p22
M2
W

[/kPL]−
k2

M2
W

[/p2PL] + (2− ϵ)(/k + /p2)PL

]

+
1

M2
WDg(k)

[
(k2 +m2

i )[/p2PL] + p22[/kPL] +mbmq(/k + /p2)PR −m2
i (mqPL +mbPR)

]}
.

(F.100)

By means of Lorentz invariance, the previous result can be written as

iMself-energy
1 =

g2

2
δα2β2

∑
i=u,c,t

λibq

[
Ai(p

2
2)/p2PL +Bi(p

2
2)mbmq/p2PR − Ci(p

2
2)(mqPL +mbPR)

]

=
g2

2
δα2β2

∑
i=u,c,t

λibqΠi(p2) , (F.101)

where we have defined

Πi(p2) ≡ Ai(p
2
2)/p2PL +Bi(p

2
2)mbmq/p2PR − Ci(p

2
2)(mqPL +mbPR) , (F.102)

with

Ai(p
2)/p =

∫
ddk

(2π)d
1

Di(k + p)

{
1

DW (k)

[
m2
i − p2

M2
W

/k − k2

M2
W
/p+ (2− ϵ)(/k + /p)

]
+

(k2 +m2
i )/p+ p2/k

M2
WDg(k)

}
,

(F.103)

Bi(p
2)/p =

∫
ddk

(2π)d
1

Di(k + p)

/k + /p

M2
WDg(k)

, (F.104)

Ci(p
2) =

∫
ddk

(2π)d
1

Di(k + p)

m2
i

M2
WDg(k)

. (F.105)

On the other hand, the self-energy amplitudes from Figs. F.9c and F.9d, with the choice of momentum



F.2. Calculation within vector-like quark models 211

flow given in Fig. F.10b, can be computed in a similar way, leading to

iMself-energy
2 = −g

2

2
δα1β2

∑
i=u,c,t

λibq

[
Ai(p

2
1)/p1PL +Bi(p

2
1)mbmq/p1PR + Ci(p

2
1)(mqPL +mbPR)

]

= −g
2

2
δα1β2

∑
i=u,c,t

λibqΠ̃i(p1) , (F.106)

where
Π̃i(p1) ≡ Ai(p

2
1)/p1PL +Bi(p

2
1)mbmq/p1PR + Ci(p

2
1)(mqPL +mbPR) . (F.107)

We are now in good position to compute the full amplitude for subset I.C of penguins diagrams (see
Figs. F.7 and F.8). This reads

iMpeng,C
I = 2×

(
−g

2

4

)(
iηηZ

g

cW

)2

(DL)qbδα1α4
δα2α3

∑
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λibq
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− 1
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)
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× i
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]
[ūq(p3)γ
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Db(−p1)
× i

gµν
M2
Z

}
,

(F.108)

where the factor of 2 in the first line accounts for the topologies, not shown in Fig. F.9, in which the
self-energy is in the final state. We should point out that we have already considered the limit of
vanishing external momenta when writing the propagator of the Z boson, as this will not modify our
final result. After a fair amount of algebra, and implementing the on-shell conditions p21 = p23 = m2

q and
p22 = p24 = m2

b , we obtain

iMpeng,C
I = − g4

2M2
W

(DL)qbδα1α4δα2α3

∑
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λibq ×
1

m2
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)(
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[
C(m2
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] )

× [ūq(p3)γ
µPLub(p2)][v̄q(p1)γµPLvb(p4)]

− (Qu − 1)s2Wmbmq

(
A(m2

b)−A(m2
q) +B(m2
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2
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× [ūq(p3)γ
µPRub(p2)][v̄q(p1)γµPRvb(p4)]

}
. (F.109)

At this point, we can take the limit of zero external momenta and masses. To this aim, we can make use
of the fact that

lim
x1,x2→0

f(x1)x1 − f(x2)x2
x1 − x2

=
d

dx
[f(x)x]

∣∣∣∣∣
x=0

= f(0) , (F.110)

lim
x1,x2→0

f(x1)− f(x2)

x1 − x2
=

d

dx
f(x)

∣∣∣∣∣
x=0

= f ′(0) , (F.111)
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yielding

iMpeng,C
I =

g4

2M2
W

(DL)qbδα1α4δα2α3

∑
i=u,c,t

λibq

(
1

2
+ (Qu − 1)s2W

)
Ai(0)[γ

µPL][γµPL] , (F.112)

with the shorthand [. . . ][. . . ] = [ūq(0) . . . ub(0)] [v̄q(0) . . . vb(0)]. Finally, the SM-like CKM orthogonality
relation allows us to eliminate λubq:

iMpeng,C
I =

g4

2M2
W

(DL)qbδα1α4δα2α3

∑
i=c,t

λibq

(
1

2
+ (Qu − 1)s2W

)
[Ai(0)−Au(0)][γ

µPL][γµPL] . (F.113)

Canceling out gauge dependence

As previously commented, gauge dependence in iMbox,1
I should be canceled out by adding all penguin

topologies in iMpeng
I , both linear in the deviation of unitarity (DL)qb. More precisely, gauge-dependent

terms sum up to

iMbox,1
I + iMpeng

I

∣∣∣∣∣
GD

=
g4

2M2
W

(DL)qbδα1α4δα2α3 [γ
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×
[(
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∫
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ig4

32π2M2
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1
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2
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+
xi(11− 5xi)

4(xi − 1)
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3x2i (xi − 2) lnxi
2(xi − 1)2

]
− [i↔ u]

}
,

(F.114)

where γ is the Euler-Mascheroni constant, and µ is the ’t Hooft parameter. The result is indeed gauge-
independent, but it is not zero because the Ai(0) integral contained a gauge-independent piece—see
Eq. (F.103). One can also check that there is a one-loop divergence in the form of a 2/ϵ pole near
4 dimensions. The latter, nevertheless, cancels out when taking into account the remaining gauge-
independent terms not included in Eq. (F.114). All in all, in the limit mu → 0, we are left with

iMbox,1
I + iMpeng

I =
ig4

16π2M2
W

(DL)qbδα1α4δα2α3 [γ
µPL][γµPL]

∑
i=c,t

λibqY (xi) , (F.115)

where Y (xi) is the well-known Inami-Lim function

Y (xi) =
xi

4(xi − 1)

[
xi − 4 +

3xi lnxi
xi − 1

]
. (F.116)

Notice that the result is independent of the electric charge Qu and of the weak mixing angle θW .
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Final result

The total amplitude corresponding to set I of diagrams contributing to neutral Bq meson mixing is

iMI = iMbox,0
I +

(
iMbox,1

I + iMpeng
I

)
+ iMtree
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= −i g4
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2
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Numerically, only the top quark contributions are relevant. Therefore, we can write down

iMI = −iG
2
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2
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 , (F.118)

where we have used that GF /
√
2 = g2/(8M2

W ). It is straightforward to include the contribution from
set II of diagrams as

iM = i(MI −MII) = −iG
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 , (F.119)

Assuming that two-loop perturbative QCD corrections encoded in the parameter η̂B are similar to the
ones computed within the SM, we finally obtain

Mq,DVLQ
12

Mq,SM−like
12

= 1 +
(DL)qb
λtbq

CDVLQ
1 (xt)

S0(xt)
+

(
(DL)qb
λtbq

)2
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2
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, (F.120)

where

CDVLQ
1 (xt) = −4Y (xt), CDVLQ

2 =
2
√
2π2

GFM2
W

. (F.121)

As in the UVLQ case, two new terms linear and quadratic in the deviation of unitarity (DL)qb arise
within this scenario.
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