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Abstract
Initially applied to the scalar case, we extend the applicability of the multi-field
generalization with angular momentum of bosonic stars to the vector case, in
order to obtain new configurations that generalize the one-field spherical Proca
stars. These new objects, which we call ℓ-Proca stars, arise as stationary and
spherically symmetric bosonic stars solutions of the Einstein-(multi)Proca sys-
tem, whose matter content is formed by an arbitrary odd number of 2ℓ+ 1 of
complex Proca fields with the same mass, time-frequency, radial profile and
angular momentum number ℓ. We analyze the system of constraint and evol-
ution radial equations for the matter content to show the consistency of our
proposal, and obtain numerically the ground states of these new solutions for
the first few values of ℓ using spectral methods.

Keywords: classical general relativity, exotic compact objects, bosonic stars,
Proca stars

1. Introduction

Proca stars [1] are stationary classical solutions of the Einstein–(complex)Proca system
describing self-gravitating, everywhere regular, horizonless configurations for a singlemassive
complex vector field. They can be interpreted as macroscopic quantum condensates of massive
spin-1 particles (vector bosons), and as such they are referred to as ‘bosonic’ stars, a class
that also includes their scalar cousins, the usual (scalar) boson stars [2, 3]. Although Proca
stars remain theoretical at present, they arise as simple models of exotic compact objects with
dynamical robustness [4–7] and a non-fine-tuned formation mechanism [5, 7, 8], which makes
them dynamically viable candidates to deal with the problem of degeneracy in the interpreta-
tion of strong gravity data against the black hole paradigm. Indeed, to address this issue, studies
of the emission of gravitational radiation from Proca-star mergers have been performed [9, 10],
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allowing systematic searches for exotic compact object mergers in the detected gravitational
wave events [11–13]. These studies have found, for example, that the gravitational wave signal
GW190521 [14] is in fact consistent with a head-on collision of Proca stars, an interpretation
statistically slightly preferred over the binary black hole hypothesis, paving the way toward
population studies of more complex exotic compact objects as generalizations of Proca stars.

Standard bosonic stars can be generalized to multi-field configurations formed by 2ℓ+ 1
(ℓ ∈ N0) complex bosonic fields with the same mass, same time–frequency and same radial
profile, sourcing a static and spherically symmetric spacetime. This is achieved by extending
the internal symmetry group of their matter content fromU(1) toU(2ℓ+ 1). Thus, the internal
group can hide not only the time dependency of each field but also the angular dependency
given by the different spherical harmonics available for a fixed angular momentum number ℓ,
provided their radial-dependent profiles are the same for the 2ℓ+ 1 matter fields. This idea,
inspired by a similar idea used first in the context of gravitational collapse by Olabarrieta
et al [15], was applied in the case of (scalar) boson stars finding its respective generalization
known as ‘ℓ-boson stars’ [16] (recently a similar idea has also been applied in the case of
the Einstein–Dirac system by Sun et al resulting in the so-called ‘k-Dirac stars’ [17].). These
configurations reduce to standard boson stars in the case of ℓ= 0, and with larger values of ℓ
they result in more massive and more compact bosonic stars. Further studies of ℓ-boson stars
have been done, such as for example the exploration of the parameter space of extreme con-
figurations with large values of ℓ [18], or the study of the dynamics of head-on collisions and
the extraction of the gravitational radiation [19]. Recently, a semiclassical gravity solution for
a single real massive quantum scalar field was shown to be a more natural way of obtaining
ℓ-boson star configurations, now obtained as self-gravitating distributions of identical spin-0
particles with the same definite energy and angular momentum, arising as a particular excita-
tion of such a single quantum field [20]. This result shows that these kind of multi-field gen-
eralizations are well-motivated by the quantum nature of bosonic fields.

Stability analysis of ℓ-boson stars was performed with dynamical time evolutions of both
linear [21] and fully nonlinear spherical [22] perturbations, as well as nonlinear nonspherical
perturbations [23]. The last study suggests the existence of nonspherical equilibrium config-
urations produced by perturbing ℓ-boson stars, that were later shown to be part of a larger
continuous family of multi-field and multi-frequency boson stars in [24]. The same work [24]
asserts that ℓ-boson stars are the symmetry-enhanced points and unique stable configurations
of this family, and conjectures that an analogous family for Proca stars should exist. In order
to establish the first step towards the proof of that conjecture, the goal of our work here is to
extend this well motivated generalization idea to the case of Proca stars, obtaining in this way
the classical solutions for ℓ-Proca stars.

This article is organized as follows. In section 2 we propose an ansatz based on 2ℓ+ 1 com-
plex Proca fields with the same mass, same radial profile, and fixed angular momentum num-
ber ℓ, that solves the spherically symmetric Einstein–(multi)Proca system. Employing the 3+1
formalism we also present the evolution and constraint equations for the Proca fields of this
system, and the matter source terms coming from its stress-energy tensor. Section 3 imposes
the harmonic time-dependency on our previous system, thus obtaining static and spherically
symmetric multi-field Proca stars with angular momentum, which we call ℓ-Proca stars. We
then derive the system of equations that satisfy the spacetime and matter constraints and pre-
scribe the radial dependency of these configurations. In section 4 we analytically find the local
solutions of ℓ-Proca stars for small radius in order to determine the regularity conditions at
the origin. Section 5 mentions the essential details of the multi-domain collocation spectral
method that were numerically implemented to obtain our solutions, and presents our numer-
ical results for different values of ℓ. In particular, we show the radial profiles of the ground
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state configurations, and the characteristic curves for families of those solutions. We conclude
in section 6. Throughout this paper we use the signature (−,+,+,+) for the spacetime metric,
and Plank units such that G= c= ℏ= 1.

2. The spherically symmetric Einstein–(multi)Proca system

We consider an arbitrary number of complex Proca fields (Xm)α, with m= 1, . . .,N, each of
mass µ and minimally coupled to gravity. This system is described by the following action:

S=
ˆ

d4x
√
−g

(
R

16π
− 1

16π

N∑
m=1

[
(Wm)µν (W̄m)

µν
+ 2µ2 (Xm)µ (X̄m)

µ
])

, (1)

where the Proca field strength tensor is given by (Wm)µν =∇µ(Xm)ν −∇ν(Xm)µ, and the
complex conjugates are denoted by an overbar. Due to its multi-field character, we refer to this
as the Einstein-(multi)Proca system. The equations of motion for the gravitational field are the
Einstein equations:

Rµν −
1
2
R gµν = 8πTµν , (2)

where the stress-energy tensor is given by:

Tµν =
1
4π

N∑
m=1

{
− (Wm)λ(µ(W̄m)ν )

λ − gµν
4

(Wm)αβ(W̄m)
αβ

+µ2
[
(Xm)(µ(X̄m)ν) −

gµν
2

(Xm)λ(X̄m)
λ
]}
. (3)

The corresponding equations of motion for the matter fields are the Proca equations:

∇µ (Wm)
µν −µ2 (Xm)

ν
= 0. (4)

Although each massive vector field (Xm)µ does not possess gauge freedom, it can be shown
from equation (4) that it must satisfy the Lorenz condition:

∇ν (Xm)
ν
= 0. (5)

In order to set the basic ingredients for future time evolutions, we employ the 3+1 decom-
position of the spacetime and the matter fields. The former is done as presented in [25], by foli-
ating the spacetime into space-like hypersurfaces Σt with 3-metric γij, and the latter by split-
ting the Proca fields into scalar Φm and 3-vector (am)i potentials, and defining 3-dimensional
‘electric’ and ‘magnetic’ fields as follows [26, 27]:

Φm :=−nµ (Xm)µ , (am)i := γµi (Xm)µ , (6)

(Em)i :=−nµγν i (Wm)µν , (Bm)i :=−nµγν i (W∗
m)µν , (7)

where nµ is the unit time-like normal vector to the spatial hypersurfaces Σt, γµν := δµν +
nµnν is the projection operator onto Σt defined from the 3-metric, and where (W∗

m)
µν :=

−Eµναβ(Wm)αβ/2 denotes the standard dual of the field strength tensor (using the conven-
tion that E0123 =−1/

√
−g and E0123 =

√
−g).

In this 3+1 formalism, the stress-energy tensor is also decomposed by the following pro-
jections: the energy density ρ := nµnνTµν , the momentum density ji :=−γµinνTµν , and the
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spatial stress tensor Sij := γµiγ
ν
jTµν . In terms of the 3+1 decomposition of the Proca fields,

these have the form:

ρ=
N∑

m=1

1
8π

{
(Em)i

(
Ēm
)i
+(Bm)i

(
B̄m
)i
+µ2

[
ΦmΦ̄m+(am)i (ām)

i
] }

, (8)

ji =
N∑

m=1

1
8π

{
Eijk
(
Ēm
)j
(Bm)k+µ2 (am)

i
Φ̄m+ c.c.

}
, (9)

Sij =
N∑

m=1

1
8π

{
γij

[
(Em)k

(
Ēm
)k
+(Bm)k

(
B̄m
)k ]− [ (Bm)i (B̄m)j+(Em)i

(
Ēm
)
j
+ c.c.

]
+ µ2

[ (
(am)i (ām)j+ c.c.

)
− γij

(
(am)k (ām)

k−ΦmΦ̄m

) ] }
. (10)

If we now consider a fixed parameter ℓ ∈ N0 that plays the role of an angular momentum
number, such that N= 2ℓ+ 1, and consistently re-label the matter fields with m=−ℓ, . . ., ℓ ,
then a spherically symmetric spacetime is obtained by considering the following ansatz for the
potential and electromagnetic fields:

Φm (x) = ϕℓ (r, t)Y
ℓm (θ,φ) , (11)

(am)i (x) =
(
ℵℓ (r, t)Y

ℓm, ℶℓ (r, t)∂θY
ℓm, ℶℓ (r, t)∂φY

ℓm
)
, (12)

(Em)i (x) =
(
ϵℓ (r, t)Y

ℓm, ξℓ (r, t)∂θY
ℓm, ξℓ (r, t)∂φY

ℓm
)
, (13)

(Bm)i (x) =
(

0, ζℓ (r, t)
∂φYℓm

sinθ
, −ζℓ (r, t)

∂θYℓm

sinθ

)
, (14)

where Yℓm(θ,φ) denotes the standard spherical harmonics, and the amplitudes
(ϕℓ,ℵℓ,ℶℓ, ϵℓ, ξℓ, ζℓ) are the same for all values of m. As shown in detail in Lazarte’s master’s
thesis [28], our ansatz leads to a total stress-energy tensor with spherical symmetry consist-
ent with a spacetime with the same symmetry. This can be shown by replacing (11)–(14)
into (8)–(10), and eliminating the angular dependence by using the following identities for the
spherical harmonics (which were presented and proved in the appendix of the original paper
on ℓ-boson stars [16]):

ℓ∑
m=−ℓ

|Yℓm (θ,φ) |2 = 1, (15)

ℓ∑
m=−ℓ

Ȳℓm∂θY
ℓm =

ℓ∑
m=−ℓ

Ȳℓm∂φY
ℓm = 0, (16)

ℓ∑
m=−ℓ

(
∂θY

ℓm∂θȲ
ℓm+

1

sin2 θ
∂φY

ℓm∂φ Ȳ
ℓm

)
= ℓ(ℓ+ 1) , (17)

ℓ∑
m=−ℓ

∂θY
ℓm∂φȲ

ℓm =
ℓ∑

m=−ℓ

∂φY
ℓm∂θȲ

ℓm = 0, (18)

ℓ∑
m=−ℓ

∂θY
ℓm∂θȲ

ℓm =
1

sin2 θ

ℓ∑
m=−ℓ

∂φY
ℓm∂φȲ

ℓm =
ℓ(ℓ+ 1)

2
. (19)
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It should be noted that, in comparison with [16], the spherical harmonics used in this work
are rescaled as Yℓm → [4π/(2ℓ+ 1)]1/2Yℓm. Notice also that the minus sign in φ–component
of the magnetic field is necessary in order to satisfy the magnetic Gauss constraint.

By choosing to write the spherically symmetric metric in the form (already adapted to the
use of the BSSN formulation [29, 30]):

ds2 =−α2 (t,r)dt2 +ψ4 (t,r)
(
A(t,r)dr2 + r2B(t,r)dΩ2

)
. (20)

Then the total stress-energy tensor can be expressed by its 3+1 decomposition:

Tµν = nµnνρ+ nµjν + jνnν + Sµν , (21)

with the following non-zero contributions:

ρ=
1
8π

{
1
ψ4A

|ϵℓ|2 +µ2

[
1
ψ4A

|ℵℓ|2 + |ϕℓ|2
]

+ ℓ(ℓ+ 1)

[
1

ψ4Br2
(
|ξℓ|2 +µ2|ℶℓ|2

)
+ψ4Br2|ζℓ|2

] }
, (22)

jr =
1
8π

{
−ℓ(ℓ+ 1)A1/2ψ2ξ̄ℓζℓ +µ2ℵℓϕ̄ℓ + c.c.

}
, (23)

Srr =
ψ4A
8π

{
− 1
ψ4A

|ϵℓ|2 +µ2

[
1
ψ4A

|ℵℓ|2 + |ϕℓ|2
]

+ ℓ(ℓ+ 1)

[
1

ψ4Br2
(
|ξℓ|2 −µ2|ℶℓ|2

)
+ψ4Br2|ζℓ|2

] }
, (24)

Sθθ =
ψ4Br2

8π

{
1
ψ4A

|ϵℓ|2 −µ2

[
1
ψ4A

|ℵℓ|2 − |ϕℓ|2
]}

, (25)

Sφφ =
ψ4Br2 sin2 θ

8π

{
1
ψ4A

|ϵℓ|2 −µ2

[
1
ψ4A

|ℵℓ|2 − |ϕℓ|2
]}

. (26)

Although the spacetime is spherically symmetric, we must stress the fact that for non-trivial
values of ℓ there are non-zero ‘magnetic’ field contributions to the stress-energy tensor com-
ing from the ζℓ(r, t) terms, in contrast with the one-field spherically symmetric configuration
case, which in our proposed ansatz (11)–(14) implies ℓ= 0 : Y00 = 1, ∂θY00 = ∂φY00 = 0 ⇒
(B0)i = (0,0,0). In particular, this case includes the spherical Proca stars where the mag-
netic field vanishes [1]. Again, for non-trivial values of ℓ, the magnetic fields in our proposal
would seem to be singular at θ = 0,π due to the presence of a division by a sine function in
the ansatz (14). However, as shown in the first appendix of [28], such a division only intro-
duces coordinate singularities in the azimuthal components of the 3-vector magnetic field with
m=±1, that can be removed by changing to Cartesian coordinates.

From the definition of (Bm)i in (7) one can show that (Bm)i = Eijk∂j(am)k, which by using
our ansatz leads to:

ζℓ =
( ℵℓ − ∂rℶℓ )

A1/2Bψ6r2
. (27)

5



Class. Quantum Grav. 41 (2024) 135003 C Lazarte and M Alcubierre

This last property allows us to express the evolution of the Proca fields in terms of the
dynamical variables {Φm,(am)i,(Em)i }, which by using our ansatz (11)–(14) can be rewritten
as a system of evolution equations for the quantities {ϕℓ,ℵℓ,ℶℓ, ϵℓ, ξℓ}:

∂tϕℓ =− α

Aψ4

[
(∂rℵℓ)+ℵℓ

(
2
r
− ∂rA

2A
+
∂rB
B

+
2∂rψ
ψ

+
∂rα

α

)]
+α

ℓ(ℓ+ 1)
Bψ4r2

ℶℓ +αKϕℓ, (28)

∂tℵℓ =−αϵℓ − ∂r (αϕℓ) , (29)

∂tℶℓ =−αξℓ −αϕℓ, (30)

∂tϵℓ = α
ℓ(ℓ+ 1)
Bψ4r2

(ℵℓ − ∂rℶℓ)+α
[
µ2ℵℓ +(K−Krr)ϵℓ

]
, (31)

∂tξ =
α

Aψ4

[
∂r (ℵℓ − ∂rℶℓ)+ (ℵℓ − ∂rℶℓ)

(
∂rα

α
− ∂rA

2A
− 2∂rψ

ψ

)]
+α

[
µ2ℶℓ +

(
K−Kθ

θ

)
ξℓ
]
. (32)

Here, the evolution equation for ϕℓ was obtained from the Lorenz condition (5) which gives
us an evolution equation for Φm. The definition of the Wµν tensor prescribes the evolution of
(am)i, and therefore it provides us with evolution equations for ℵℓ and ℶℓ. Finally, the spatial
projection of the equation of motion (4) results in an evolution equation for (Em)i, whose radial
and angular components provides us with evolution equations for ϵℓ and ξℓ respectively.

In the above equations Kij are the components of the extrinsic curvature tensor of the spa-
tial hypersurfaces, with K its trace. Furthermore, the normal projection of the equation of
motion (4) yields a ‘Gauss’ constraint equation for the ‘electric’ field of the form:

0=
1
Aψ4

[
∂rϵℓ + ϵℓ

(
2
r
− ∂rA

2A
+
∂rB
B

+
2∂rψ
ψ

)]
− ℓ(ℓ+ 1)

Bψ4r2
ξℓ +µ2ϕℓ . (33)

There also exists a ‘Gauss’ constraint for the ‘magnetic’ field. Our ansatz for the magnetic
field (14) was chosen with a specific angular dependency, and a minus sign in the azimuthal
component, in order to satisfy this constraint.

As can be easily seen, the resulting system of evolution and constraint equations only has
spatial derivatives in the radial coordinate. The angular derivatives are not present because they
combine to form the usual Laplacian operator in angular coordinates applied to Yℓm, which can
be replaced using the following identity:

1
sinθ

∂θ
(
sinθ ∂θY

ℓm
)
+

1

sin2 θ
∂2
φY

ℓm =−ℓ(ℓ+ 1)Yℓm, (34)

thus, generating the centrifugal terms ℓ(ℓ+ 1)/r2 present in the equations (28)–(33).
As a final comment, it is well known that the Proca evolution equations (and indeed

the standard Maxwell evolution equations) possess non-propagating constraint violating
modes [27], which may lead to instabilities in a numerical simulation [31]. In order to fix
this, modifications have been proposed as the analogous version of the BSSN formulation for
electromagnetism [32]. However, these constraint violating modes do not seem to cause any
problem in the spherically symmetric case, so we will not consider them here.

6
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3. ℓ-Proca stars

As we are looking for stationary bosonic stars solutions which would correspond to the
symmetry-enhanced solutions in a family of multi-field and multi-frequency Proca stars, we
impose in the former ansatz (11)–(13) the same harmonic time-dependency for the 2ℓ+ 1
Proca fields by employing the following prescription:

ϕℓ (r, t) = φℓ (r)e
−iωt , ℵℓ (r, t) = iaℓ (r)e

−iωt , ℶℓ (r, t) = ibℓ (r)e
−iωt, (35)

ϵℓ (r, t) = eℓ (r)e
−iωt , ξℓ (r, t) = dℓ (r)e

−iωt, (36)

where ω is a real frequency parameter, and with the radial profiles φℓ(r),aℓ(r),bℓ(r),eℓ(r),
dℓ(r) also real-valued. Since this ansatz leads to a time-independent stress-energy tensor,
these bosonic stars result in static spacetime solutions of the spherically symmetric Einstein-
(multi)Proca system. Notice that the amplitudes for the vector potential are chosen to be ima-
ginary in order to guarantee that the radial component of the momentum density vanishes, as
is expected for a static spacetime.

By replacing our ansatz in the evolution and constraint equations, and considering that
for a static spacetime the extrinsic curvature tensor vanishes, one obtains the following self-
consistent system of purely radial equations:

ωφℓ =
1

A1/2Bψ6r2

(
α
ψ2Br2

A1/2
aℓ

) ′

−α
ℓ(ℓ+ 1)
Bψ4r2

bℓ, (37)

ωaℓ =−αeℓ − (αφℓ)
′
, (38)

ωbℓ =−αdℓ −αφℓ, (39)

ωeℓ =−α ℓ(ℓ+ 1)
Bψ4r2

(aℓ − b ′
ℓ)−αµ2aℓ, (40)

ωdℓ =− 1
A1/2ψ2

(
α
(aℓ − b ′

ℓ)

A1/2ψ2

) ′

−αµ2bℓ, (41)

0=
1

A1/2Bψ6r2

(
ψ2Br2

A1/2
eℓ

) ′

− ℓ(ℓ+ 1)
Bψ4r2

dℓ +µ2φℓ, (42)

where here the prime denotes the radial derivative. By ‘self-consistency’ here we mean the fact
that the 5 radial equations (37)–(41) that emerged from the evolution equations ensure that the
Gauss constraint (42) is automatically satisfied. This can be easily proved by obtaining the
expressions for αµ2aℓ and αµ2bℓ from the equations (40)–(41), respectively, and replacing
these expressions in the Lorenz condition (37) multiplied by µ2. Then, after canceling some
equal but opposite sign terms, this last equation reduces exactly to the ‘Gauss’ constraint (42).
Although this feature seems trivial, it was crucial in order to propose the angular dependence
of the vector components in our ansatz (11)–(14). In fact, we initially tried somewhat simpler
versions for our ansatz that were ruled out because, even though they generated a spherically
symmetric stress–energy tensor, they resulted in evolution equations that did not satisfy the
Gauss constraint once we imposed the harmonic time dependence. In this sense, our proposed
ansatz is self-consistent since, if one can find solutions for the radial equations (37)–(41), they
are guaranteed to satisfy the Gauss constraint (42).

Notice that the evolution equations (38) and (39) give us a way to derive the amplitudes
(eℓ,dℓ) directly from (Fℓ,aℓ,bℓ), where we have defined Fℓ := αφℓ. Indeed, one finds:

eℓ =− 1
α
(F ′

ℓ +ωaℓ) , dℓ =− 1
α
(Fℓ +ωbℓ) . (43)

7
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As a consequence, in order to obtain our solutions we first have to compute the radial amp-
litudes of the potential fields (Fℓ,aℓ,bℓ). If we now look at the potential one form:

Xm = e−iωt
[
−Fℓ (r)Y

ℓmdt+ iaℓ (r)Y
ℓmdr+ ibℓ (r)

(
∂θY

ℓmdθ+ ∂φY
ℓmdφ

)]
, (44)

it is easy to see that our ansatz introduces a dependency on the angular momentum number
ℓ such that in the particular case of ℓ= m= 0 it reduces to the ansatz for a standard Proca
star with zero angular momentum, with equations (39) and (41) no longer being part of the
system due to the fact that the angular components of the 3-vector fields in (12)–(14) vanish.
Equations (42) and (38), with eℓ given by (43) and (40) respectively, then reduce to the usual
equations for a standard Proca star (notice that in the notation of the original paper on Proca
stars [1] we have f(r) :=−Fℓ=0(r) and g(r) := aℓ=0(r), with the spacetime metric written in
polar-areal coordinates such that ψ4B= 1, ψ4A= 1/N and α2 = σ2N). Thus, our proposal
represents a generalization of Proca stars to the case of a non-zero total angular momentum
parameterized by ℓ. For this reason, in analogy with the scalar case [16], we refer to these
objects as ℓ-Proca stars.

As discussed below, we will solve numerically the system of radial equations for the ℓ-
Proca stars using spectral methods, for which we need to express those equations as a system of
ordinary differential equations (ODE’s) of second order. In order to do this we first assume that
our spatial metric is given in isotropic coordinates such that A= B= 1 in the line element (20)
above, so that it reduces to:

ds2 =−α2 (r)dt2 +ψ4 (r)
(
dr2 + r2dΩ2

)
. (45)

As this spacetime metric is static, the extrinsic curvature Kij vanishes. This implies that: (i)
the Hamiltonian constraint results in a second order ODE for the conformal factor ψ, and (ii)
K= ∂tK= 0, which is equivalent to asking for the maximal slicing condition that leads to
a second order ODE for the lapse function α. Also, by making use of our ansatz (11)–(14)
with the radial and time dependency specified by (35)–(36), we can substitute the potential
one-form (44) into the Proca equations (4) written in the following form:

∇µ∇µ (Xm)ν −Rµν (Xm)
µ −µ2 (Xm)ν = 0, (46)

and obtain from its components ν = t,r,θ (or φ) second order ODE’s for the radial amplitudes
(Fℓ,aℓ,bℓ), respectively. The resulting system of five second order ODE’s has the final form:

0= F ′ ′
ℓ +

2F ′
ℓ

r
− ℓ(ℓ+ 1)

r2
Fℓ +

2ψ ′

ψ
F ′
ℓ −

α ′

α
(F ′

ℓ + 2ωaℓ)−ψ4

(
µ2 − ω2

α2

)
Fℓ, (47)

0= a ′ ′
ℓ +

2a ′
ℓ

r
− 2aℓ

r2
− ℓ(ℓ+ 1)

r2
aℓ +

2ℓ(ℓ+ 1)
r3

bℓ −
2aℓ
r

(
α ′

α
+

6ψ ′

ψ

)
+

4ℓ(ℓ+ 1)
r2

ψ ′

ψ
bℓ +

(
α ′

α
− 2ψ ′

ψ

)
a ′
ℓ +

2ψ4

α2

α ′

α
ωFℓ

− aℓ

[
10

(
ψ ′

ψ

)2

+
6α ′ψ ′

αψ
+

(
α ′

α

)2
]
−ψ4

(
µ2 − ω2

α2

)
aℓ + 4πψ4aℓS, (48)

0= b ′ ′
ℓ − ℓ(ℓ+ 1)

r2
bℓ +

2aℓ
r

+

(
α ′

α
− 2ψ ′

ψ

)
b ′
ℓ +

4ψ ′

ψ
aℓ −ψ4

(
µ2 − ω2

α2

)
bℓ, (49)

0= ψ ′ ′ +
2ψ ′

r
+ 2πψ5ρ, (50)

8
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0= α ′ ′ +
2α ′

r
+

2α ′ψ ′

ψ
− 4παψ4 (S+ ρ) . (51)

where the energy density ρ and the trace of the spatial stress tensor S= Sii are computed from
the matter source terms (22)–(26) using our ansatz for the ℓ-Proca star and the spacetime
metric (45):

ρ=
1
8π

{
(F ′

ℓ +ωaℓ)
2

α2ψ4
+µ2

[
F2
ℓ

α2
+

a2ℓ
ψ4

]
+
ℓ(ℓ+ 1)
ψ4r2

[
(Fℓ +ωbℓ)

2

α2
+µ2b2ℓ +

(aℓ − b ′
ℓ)

2

ψ4

]}
, (52)

S=
1
8π

{
(F ′

ℓ +ωaℓ)
2

α2ψ4
+µ2

[
3F2

ℓ

α2
− a2ℓ
ψ4

]
+
ℓ(ℓ+ 1)
ψ4r2

[
(Fℓ +ωbℓ)

2

α2
−µ2b2ℓ +

(aℓ − b ′
ℓ)

2

ψ4

]}
. (53)

As mentioned above, the second order derivatives in the angular coordinates coming from
the 3-dimensional Laplacian operator are replaced by centrifugal terms using (34). Imposing
appropriate boundary conditions at infinity (see below), this system of equations forms a non-
linear eigenvalue problem for the frequency ω.

4. Local solutions near the origin

An analysis of the Proca equations at the boundaries of the radial domain is required in order
to impose correctly the boundary conditions for the matter fields. For the outer boundary con-
ditions, it is easy to derive from the equations (47)–(49) that the matter fields have exponential
solutions far away as long as we have ω < µ. The physical solutions should correspond to
those that decay for large values of r, as is expected for a compact object. This is in fact what
gives rise to the eigenvalue problem, as arbitrary values of the frequency ω would typically
correspond to exponentially growing solutions.

On the other hand, in order to impose regularity conditions at the origin we perform an
analysis for small radius as follows: it is a general result in spherical symmetry that every
regular function must have a well-defined parity, therefore from the radial equations for the
metric components (50) and (51) one can easily show that the metric functions (α,ψ)must be
even. In terms of power series we must have for small r:

α= α0 +α2r
2 +O

(
r4
)
, (54)

ψ = ψ0 +ψ2r
2 +O

(
r4
)
, (55)

with (ψ0,α0) constants, and where the coefficients (ψ2,α2) can be obtained by replacing (55)–
(54) in the radial equations (50)–(51), resulting in the following conditions:

ψ2

ψ0
=−π

3
ψ4

0ρ0,
α2

α0
=

2π
3
ψ4

0 (S0 + ρ0) , (56)

with ρ0 := ρ(r= 0) and S0 := S(r= 0).
We can now obtain the radial equations for the matter variables in the vicinity of the origin

by substituting the expansions (55)–(54) in the system of equations for the matter fields (47)–
(49), resulting in the following approximated form for small radius:

F ′ ′
ℓ +

2F ′
ℓ

r
+

[
ψ4

0

(
ω2

α2
0

−µ2

)
− ℓ(ℓ+ 1)

r2

]
Fℓ ≈ 0, (57)

9



Class. Quantum Grav. 41 (2024) 135003 C Lazarte and M Alcubierre

a ′ ′
ℓ +

2a ′
ℓ

r
+

[
ψ4

0

(
ω2

α2
0

−µ2

)
− 4

(
α2

α0
+

6ψ2

ψ0

)
+ 4πψ4

0S0 −
(2+ ℓ(ℓ+ 1))

r2

]
aℓ

≈−2

[
1
r2

+ 4

(
ψ2

ψ0

)]
ℓ(ℓ+ 1)

r
bℓ, (58)

b ′ ′
ℓ +

[
ψ4

0

(
ω2

α2
0

−µ2

)
− ℓ(ℓ+ 1)

r2

]
bℓ ≈−2aℓ

r
. (59)

In order to simplify the equation for a ′ ′
ℓ above we use equation (37) adapted to the metric given

by (45) to express bℓ in the right hand side of this equation in terms of Fℓ. Then, by taking
into account the expressions for the second order coefficients of α and ψ, equation (56), the
system can be shown to reduce to:

F ′ ′
ℓ +

2F ′
ℓ

r
+

[
ψ4

0

(
ω2

α2
0

−µ2

)
− ℓ(ℓ+ 1)

r2

]
Fℓ ≈ 0, (60)

a ′ ′
ℓ +

4a ′
ℓ

r
+

[
ψ4

0

(
ω2

α2
0

−µ2 +
4π
3
S0

)
+

(2− ℓ(ℓ+ 1))
r2

]
aℓ ≈

2ψ4
0ω

α2
0

Fℓ

r
, (61)

b ′ ′
ℓ +

[
ψ4

0

(
ω2

α2
0

−µ2

)
− ℓ(ℓ+ 1)

r2

]
bℓ ≈−2aℓ

r
. (62)

Homogeneous solutions of this system can be obtained using Bessel functions, and particu-
lar solutions using the method of variation of parameters. By imposing regularity at the origin,
the general solution of this system takes the form:

Fℓ = c1r
ℓ − 2

(κ1

2

)2
c1

rℓ+2

(2ℓ+ 3)
+O

(
rℓ+4

)
, (63)

aℓ = ℓc2r
ℓ−1 +

[
ψ4

0ω

α2
0

c1 − 2ℓ
(κ2

2

)2
c2

]
rℓ+1

(2ℓ+ 3)
+O

(
rℓ+3

)
, (64)

bℓ = c2r
ℓ −
[
ψ4

0ω

α2
0

c1 + 2(2ℓ+ 3)
(κ1

2

)2
c2 − 2ℓ

(κ2

2

)2
c2

]
rℓ+2

(ℓ+ 1)(2ℓ+ 3)
+O

(
rℓ+4

)
,

(65)

with (c1,c2) arbitrary parameters, and where (κ1,κ2) are positive quantities defined as:

κ2
1 = ψ4

0

(
ω2

α2
0

−µ2

)
, κ2

2 = ψ4
0

(
ω2

α2
0

−µ2 +
4π
3
S0

)
. (66)

The solutions (63)–(65) give us the local behavior of thematter functions near the origin. These
solutions reduce to the standard case of Proca stars [1] for ℓ= 0, as follows:

Fℓ=0 = c1 +
c1
6

(
µ2 − ω2

α2
0

)
r2 +O

(
r4
)
, aℓ=0 = c1

(
ψ4

0ω

3α2
0

)
r+O

(
r3
)
. (67)

Notice that in this case there in no dependence on c2, and the local solutions depend on a
single free parameter c1 (in the notation of the original paper on Proca stars [1] we have f(r) :=
−Fℓ=0(r) and g(r) := aℓ=0(r), with c1 =−f0, ψ4

0 = 1 and α2
0 = σ2

0 .) However, for non-trivial
values of ℓ we stress the fact that we must choose two independent parameters c1 and c2 in
order to build the general solution, unlike the ℓ= 0 case.

10
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One can compare the above expressions with the local solutions near the origin for ℓ-boson
stars configurations [16] where the radial dependence of the scalar fields has a dominant power
of rℓ, thus avoiding singularities that could come from the centrifugal terms in the stress-energy
tensor. However, as one can notice above, in the case of the ℓ-Proca stars the function aℓ has
instead a dominant power of rℓ−1. One could thenworry that the centrifugal terms in the stress–
energy tensor might not be regular. However, as one can see from equations (52) and (53), aℓ
only enters into the centrifugal terms through the combination (aℓ − b ′

ℓ), and the expansions
for small r above imply that:

aℓ − b ′
ℓ

r2
=

1
r2
[(
ℓc2r

ℓ−1 +O(rℓ+1)
)
−
(
ℓc2r

ℓ−1 +O(rℓ+1
)]

=O(rℓ−1), (68)

which is regular for all ℓ⩾ 1 (for ℓ= 0 there is also no problem as the centrifugal term is not
present).

On the other hand, the dominant power of rℓ−1 in the expansion for aℓ does mean that
the particular case ℓ= 1 deserves some special attention. Equation (64) implies that for ℓ= 1
the function aℓ=1 now takes a constant value at the origin, namely aℓ=1(r= 0) = c2. This is
troublesome since in our ansatz the coefficient aℓ corresponds to the radial component of the
3-vector potential, and as such it should vanish at the origin in order to maintain regularity (a
non-zero radial component at the origin implies that the vector field is not differentiable there).
In order to avoid this problem one could argue that we should simply take c2 = 0. Indeed, this
was the first thingwe tried, andwe explored the possibility of solving the ℓ-Proca star equations
for ℓ= 1,2,3 imposing a zero value of c2 on the local matter solutions near the origin. This
was done by implementing a routine based on a 1-dimensional shooting method, taking c1 as
a free parameter and the frequency ω as the eigenvalue to be found. However, doing this we
were unable to find exponentially decaying solutions for all of the threematter profile functions
(Fℓ,aℓ,bℓ) simultaneously for any value of the frequency ω. This suggests that in order to find
exponentially decaying solutions far away for all three functions (Fℓ,aℓ,bℓ) one must have
a non-zero value of c2. This has the consequence that for the particular case of ℓ= 1, our
solutions, while still retaining spherical symmetry and remaining finite everywhere, are in fact
not regular at the origin and are thus not physical (though one could argue that they correspond
to solutions with a point-like source for the Proca field at the origin). Nevertheless, when we
discuss our numerical results below we will also present an example of a solution with ℓ= 1
in order to show that, apart from the fact that aℓ=1 is non-zero (but finite) at the origin, such
solutions are perfectly well behaved.

5. Numerical results

5.1. Multi-domain collocation spectral method

As mentioned above, in order to find solutions for our ℓ-Proca stars one needs to consider
two independent parameters at the origin, namely c1 and c2. This implies that a simple one-
dimensional shooting method, like the one used in the case of ℓ-boson stars in [16], is no longer
adequate to find our solutions. We have therefore decided to implement a spectral method in
order to solve the ℓ-Proca system of equations (47)–(51).

The code written for this purpose implements a multi-domain collocation spectral method
based on specific details presented in [18, 33–35]. The 1-dimensional physical radial space
[0,∞) was split into a finite set of domains. For each radial domain we set a mapping between

11
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the radial coordinate r and a numerical coordinate x ∈ [−1,1], and approximate the radial func-
tions (Fℓ,aℓ,bℓ,α,ψ) to their spectral projections onto a finite basis of Chebyshev polynomi-
als {Tk(x),k= 1, . . .,N}. Then, in each numerical domain, we use a Gauss–Lobato quadrature
and implement the collocation method [33], which is based on the projection of the system of
equations using Lagrange cardinal polynomials defined on the collocation points. The system
of nonlinear equations resulting from each numerical domain has as unknowns the coefficients
of the spectral projections performed in it. To find the solutions in the whole space we joined
the systems of equations for every domain using matching conditions at interior boundaries.
Thus, we obtained one large system of nonlinear equations, which is finally solved bymeans of
a Newton–Raphson iteration method (details of the numerical code can be found in Lazarte’s
master’s thesis [28]).

This multi-domain technique allows us to choose a different mapping between the radial
coordinate r and the numerical coordinate x for each domain according to our purposes. In
particular, we chose amapping that compactifies the outer numerical domain in order to include
spatial infinity in our numerical grid [33, 34], where we impose the following outer boundary
conditions:

Fℓ (r→∞) = 0 , aℓ (r→∞) = 0 , bℓ (r→∞) = 0 , α(r→∞) = 1 , ψ (r→∞) = 1. (69)

Notice that in the case of the matter functions (Fℓ,aℓ,bℓ), we are not imposing explicitly an
exponential decay when r tends to infinity, but rather the actual asymptotic values at infinity
itself. However, as we can verify for our numerical results (see next subsection), the radial
equations themselves generate this type of exponential decay.

To impose the regularity conditions at r= 0 we restricted the parity of the Chebyshev
polynomials defined on the numerical domain that encompasses the origin (a ‘nucleus-type’
domain, see [34]). Such a parity restriction depends on the parity of the local solutions close to
the origin as determined by the dominant power in their power series expansions. In particular,
for the metric functions we have from (55)–(54):

α= α0 +O
(
r2
)
, ψ = ψ0 +O

(
r2
)
. (70)

We therefore use an even basis for the spectral projection of (α,ψ) in the nucleus-type domain
regardless of the value of ℓ. On the other hand, by taking into account the local solutions for
the matter functions (63)–(65) we have the following dependency for ℓ= 0 (remember that in
this case the function bℓ does not play a role):

Fℓ ∝ 1, aℓ ∝ r, (71)

while for ℓ > 0 we have instead:

Fℓ ∝ rℓ, aℓ ∝ rℓ−1, bℓ ∝ rℓ. (72)

We then see that the parity of their respective Chebyshev polynomial basis for each of the
(Fℓ,aℓ,bℓ) will be either even or odd depending the parity of the respective power of r.

Our spectral code considered four values for the angular momentum number, namely
ℓ= 0,1,2,3. For the particular cases ℓ= 2,3 , it was necessary to impose additional regu-
larity conditions, as simply restricting the parity of the spectral basis is not enough to ensure
that, for functions behaving as rn with n> 1, both the function and its first derivative van-
ish at the origin [35]. For example, we verified that by only imposing an even spectral basis
one finds that either bℓ=2(0) 6= 0 or aℓ=3(0) 6= 0, due to a non-zero contribution coming from
the term T0(0) = 1 in the spectral projection. Similarly, by only imposing an odd spectral
basis we obtained F ′

ℓ=3(0) 6= 0 or b ′
ℓ=3(0) 6= 0, due to a non-zero contribution from T1(x) = x

that implies T ′
1(0) = T0(0) = 1. In consequence, in order to guarantee that those functions are
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zero at the origin we followed the Galerkin technique implemented in [35], which consists in
choosing a spectral basis whose elements already satisfy the additional constraints one wishes
to enforce in the solutions. Thus, for the 2-Proca and 3-Proca stars, we use for b2 and a3 the
even Galerkin basis with elements Gk(x) = T2k+2(x)− (−1)k+1T0(x), and for F3 and b3 the
odd Galerkin basis with elements Gk(x) = T2k+3(x)−T ′

2k+3(0)T1(x).
Furthermore, since we are solving a nonlinear eigenvalue problem, we considered the eigen-

value ω as an additional unknown in our nonlinear system of equations for the spectral coef-
ficients, making it necessary to include an extra equation into the system. For the ℓ= 0 case
we included the extra equation Fℓ=0(r= 0) = F0,0 with F0,0 an arbitrary parameter (follow-
ing [34]), while for ℓ > 0 we included the extra equation α(r= 0) = α0 with α0 arbitrary (as
was done in [18]). These extra equations allow us to parameterize our numerical solutions with
the values of F0,0 or α0, respectively. Finally, we assessed the accuracy of our spectral code
for the four cases of ℓ= 0,1,2,3 following the procedure presented in [34]. We confirmed
the spectral convergence of our numerical solutions by verifying the exponential decay of the
relative error in the frequency ω, as well as the the difference between the ADM and Komar
masses, as the order of the spectral decomposition was increased. Since the compactification
technique allows us to obtain values at infinity, the ADM mass and the Komar mass were
calculated in our code using the expressions presented in [34, 36, 37]:

MADM =−2 lim
r→∞

(
r2

dψ
dr

)
, MKomar = lim

r→∞

(
r2

dα
dr

)
. (73)

5.2. Ground state configurations

For simplicity, in this subsection and the next, all our solutions are obtained by setting the mass
parameter of the Proca fields to µ= 1. This is possible because the solutions can be rescaled
to arbitrary values of µ due to the invariance of the system of equations (47)–(51) under the
scaling transformation:

µ 7→ λµ , ω 7→ λω , r 7→ λ−1r , bℓ 7→ λ−1bℓ, (74)

with (Fℓ,aℓ,α,ψ) unchanged.
In figure 1 we show the radial profiles of the matter functions (Fℓ,aℓ,bℓ) (left panel), the

metric functions α and ψ (top and middle plots of right panel), and the energy density ρ (bot-
tom plot of right panel) for a representative ℓ-Proca star configuration for the first four values
of ℓ, and with the same value of the lapse at the origin α0 = 0.88. As we can observe, the radial
profiles of (F0,a0) and ρ computed using our spectral code with ℓ= 0 (solid black line) repro-
duce the same type of profiles that were first obtained using a 1-dimensional shooting method
in the original paper on Proca stars [1]. Notice how in all cases the functions (Fℓ,aℓ,bℓ,ρ)
decay rapidly for large r (see below), while the lapse α and conformal factor ψ approach 1
(their asymptotic value for Minkowski spacetime) more slowly.

In order to perform a detailed analysis of the radial profiles of (Fℓ,aℓ,bℓ), especially for non-
trivial cases of ℓ, we make a closeup of them in figure 2 showing their asymptotic behavior for
both small and large values of r. The plots in the top row show their behavior close to the origin,
while the bottom row plots show their behavior for large values of r in a logarithmic scale. The
numerically obtained radial profiles in both cases are consistent with the analytically predicted
behaviors discussed in section 4, i.e. with the two-free-parameter dependent local solutions
near the origin (63)–(65), and the decaying exponential solutions far away as evidenced by
the linear behavior in the logarithmic scale. Notice also that for very large values of r the
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Figure 1. Radial profiles of ℓ-Proca stars ground state configurations for ℓ= 0,1,2,3
and α0 = 0.88. Left panel: matter functions Fℓ(r),aℓ(r) and bℓ(r). Right panel: metric
functions α(r) and ψ(r), and energy density ρ(r).

exponential decay stops and the functions become essentially constant (with some noise), this
is caused by the unavoidable round off error of the numerical calculations.

About the two-free-parameter dependency near the origin, we deduce its presence in our
numerical solutions by noticing the following: (i) in the top row of figure 2 the radial depend-
encies follow the first dominant power of the power series solutions of (63)–(65), and since
we observe different signs in the growth of Fℓ ∼ c1rℓ and bℓ ∼ c2rℓ with ℓ= 1,2,3, we can
infer that their coefficients have non-zero values with different signs, more explicitly c1 > 0
and c2 < 0. (ii) This inference is even more strongly supported by looking at the behavior of
the function aℓ for ℓ 6= 0 (middle left panel plot in figure 1), using its analytical local behavior
close to the origin given by (64). For ℓ > 0 the function aℓ first becomes slightly negative as
we move away from the origin and rapidly changes sign (it has a node, see below), which is
explained by the fact that the coefficient of rℓ−1 is negative, while the coefficient of rℓ+1 is pos-
itive and rapidly dominates as wemove away from the origin. The results presented in figures 1
and 2 prove the effectiveness and sufficiency of our implemented regularity and boundary con-
ditions. They also confirm the lack of regularity at the origin of the 1-Proca star configuration
due to the non-zero value aℓ=1(r= 0) = c2, as we analytically predicted in section 4 above.

Observing figure 1 more carefully reveals that the representative solutions shown here for
both Fℓ and aℓ present one node for non-trivial values of ℓ. In order to show this more clearly
we plot in figure 3 the region where these nodes are located. The top row of the figure shows
the nodes of Fℓ(r) for the different values of ℓ. The node in F0(r) was already reported in [1],
and our results show that this node is also present for the ℓ > 0 cases. The bottom row shows
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Figure 2. Asymptotic behavior of thematter functions appearing in figure 1 in the neigh-
borhood of the origin (top row), and for large r (bottom row). The latter plots are presen-
ted in a logarithmic scale.

Figure 3. Zoom of the node locations for the matter functions Fℓ and aℓ appearing in
figure 1. Notice the different radial scales: the nodes for the functions aℓ are located very
close to the origin.

the nodes of aℓ(r). Notice in particular that the ℓ= 0 case is nodeless, which is consistent
with the results of [1], while the nodes that appear for ℓ > 0 constitute a new feature that ℓ-
Proca stars possess in contrast with the standard ℓ= 0 Proca star. On the other hand, for all our
solutions the function bℓ(r) presents no nodes (see bottom left panel plot of figure 1). In order
to ensure that the former solutions with nodes in Fℓ and aℓ are the ℓ-Proca stars ground state
configurations, we used our spectral code to search for configurations with less energy for a
given frequency ω, without success. We must therefore conclude that the solutions presented
in figure 1 do correspond to the ground state (minimum energy) configurations of the ℓ-Proca
stars.

Finally, the behavior of the matter functions close to the origin, as given by equations (71)–
(72) and shown in figure 1, implies that for the ℓ= 2,3 cases the energy density vanishes at
the origin, which means that these configurations have a spherical shell morphology, similar
to that of the ℓ-boson stars presented in [16, 22]. On the other hand, the energy density for the
cases ℓ= 0,1 presents a non-zero local minimum at the center.
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Figure 4. Families of solution curves for ground state modes of ℓ-Proca stars with ℓ=
0,2,3. Each point along these curves represents a specific solution with a given mass
MADM, frequency ω, effective radius R99, and effective compactness C99.

5.3. Families of solutions

In this section we characterize the families of ℓ-Proca star ground state solutions with different
angularmomentum numbers ℓ= 0,2,3. Notice that the ℓ= 1 case has not been considered here
since it is not regular at the center, and therefore does not represent an everywhere regular
bosonic star solution. The characterization of the different families is based on the relation of
the total ADM mass MADM of our solutions with: (i) the time frequency ω, (ii) the effective
radius R99, and (iii) the effective compactness C99. These relations are showed in the left,
middle and right panels of figure 4, respectively. The total ADMmassMADM is computed from
the expression (73). Notice that bosonic stars in general do not have a well defined boundary as
the matter content decays exponentially for large r. It is therefore standard practice to define an
effective radius R99 by taking it as the areal radius of the sphere which contains 99% of the total
mass [16, 18]. For this calculation it was necessary to use the Misner–Sharp mass function,
which in isotropic coordinates takes the form m(r) =−2r2ψ ′(ψ + rψ ′), and the areal radial
coordinate ra which in terms of the isotropic radius r is given as ra = rψ2(r). Using these
expressions we find the value of ra such that m(r) = 0.99MADM. To define the compactness of
the ℓ-Proca stars we use the definition C99 :=MADM/R99.

The left panel of figure 4 shows how the total mass MADM as a function of the frequency
ω follows a spiral-like curve, common in standard boson and neutron star configurations. As
was observed for the case of ℓ-boson stars in [16], we also find more massive configurations
as the value of ℓ grows, which is consistent with the fact that the rotational energy of the con-
stituent spinning fields now forms part of the total energy. The middle panel of figure 4 shows
the dependence of the total mass with the effective radius R99. We can see that as the radius
decreases from high values, the mass first increases monotonically up to a maximum value and
then decreases again. Similarly, in the right panel of figure 4 we see that the effective compact-
ness C99 increases from zero up to a maximum value and then decreases. Notice here that the
solutions with maximum compactness do not correspond with the solutions with maximum
mass. It is also clear that by increasing the angular momentum number ℓ one finds more com-
pact objects. For the case with ℓ= 3 the maximum effective compactness reaches a value of
C99 ∼ 0.25, which should be compared with a value of M/R= 0.5 for a Schwarzschild black
hole.

As is usual with other bosonic stars, the solution with maximum total mass divides the
ℓ-Proca star family of solutions into two branches: a branch with low values of compactness
(right branch in theM(ω) curve and left branch in theM(C99) curve), and a branch with highly
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Table 1. Values of the central lapse function α0, frequency ω, ADMmassMADM, effect-
ive radius R99, and effective compactness C99 (in Planck units), for the configurations
with maximum total mass in the curves shown in figure 4. Notice that all these config-
urations have been obtained by taking µ= 1.

Angular momentum α0 ω Mmax R99 C99

ℓ= 0 0.733 0.874 1.058 12.029 0.088
ℓ= 2 0.730 0.844 2.110 15.992 0.132
ℓ= 3 0.728 0.836 2.629 18.184 0.146

compact configurations (left branch in theM(ω) curve and right branch in theM(C99) curve).
In order to see if these two branches correspond to stable and unstable configurations as in
the case of standard boson stars one would need to do either dynamical simulations of our
configurations or a linear stability analysis, but we will leave such considerations for a future
work.

All the configurations presented here fulfill two conditions derived from the analytical solu-
tions in the asymptotic regimes discussed in section 4. The first condition, ω > α0µ, ensures
real values for the coefficients κ1 and κ2 (66), that in turn guarantees a real domain for the
Bessel functions needed to obtain the local solutions near the origin (63)–(65). The second
condition, ω < µ, ensures that far away we have exponential solutions, as opposed to oscil-
lating sinusoidal solutions. Both these conditions can be summarized as α0 < ω/µ < 1. In
table 1 we present the characteristic parameters for the configurations with maximum mass
for the different values of ℓ. Notice that, since we have set the mass parameter for the Proca
fields to µ= 1, these configurations satisfy the two conditions just mentioned.

6. Discussion and conclusions

Wehave found a new bosonic star configuration that solves the spherically symmetric Einstein-
(multi)Proca system. We call these new configurations ℓ-Proca stars, where the parameter ℓ is
a fixed integer value that corresponds to the azimuthal angular momentum number of all the
available spherical harmonics that prescribe the angular dependency of the 2ℓ+ 1 constituent
complex Proca fields. These solutions generalize the usual one-field spherical Proca stars (ℓ=
0), sharing features such as the staticity and spherical symmetry of the spacetime, the presence
of one radial node in the scalar potential of its ground state configuration, and the fact that the
family of solutions forms a spiral-like curve in the mass vs. frequency space. Our solutions
also include some new features when we consider non-trivial values of ℓ: (i) the existence of
non-zero angular components for the 3-vector potentials and ‘electric’ fields, (ii) the existence
of non-zero ‘magnetic’ fields, and (iii) the appearance of one node in the radial component of
the 3-vector potentials of the ground state. In this way we have enlarged the solution space for
Proca stars introducing more complex configurations with a richer structure, that in a similar
way to the ℓ-boson stars of [16], describe more massive and compact objects as we increase
the value of ℓ.

The radial profiles we obtained numerically (using spectral methods), and the imposed har-
monic time-dependency, express together the complete evolution of the ground state equilib-
rium configurations of our ℓ-Proca stars. As a next step one should study the time evolution of
these configurations under perturbations that break its dynamical equilibrium. Our numerical
solutions give us a way to begin such studies since the computed radial profiles can be taken as
initial data for such simulations. Indeed, some preliminary 3D numerical evolutions without
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imposing any spatial symmetries have already been performed in order to asses the stability
of our solutions, and will be reported in a future paper.

It is important to stress that our results rule out the ℓ= 1 Proca stars as physical solutions
since they present a loss of regularity due to the fact that the radial component of their con-
stituent 3-vector potential does not vanish at the origin. This lack of regularity is similar to
the one located at the origin in the case of the electrostatic potential of a point charge, except
in the fact that it does not produce infinite values for the electric field or the energy density.
In this sense it might correspond to a solution that has some kind of point-like source for the
Proca fields. Further studies should clarify this issue.

As a final comment, recent studies presented while we were writing this manuscript [7]
seem to indicate that the standard spherical Proca stars (ℓ= 0) are in fact excited state config-
urations that are unstable under non-spherically symmetric perturbations, losing their spherical
symmetry and decaying to a prolate static ground state configuration without any nodes (des-
pite being stable under perturbations in spherically symmetric numerical evolutions [1, 4]).
In the light of these results it will be important to explore whether the ℓ-Proca stars are truly
ground state solutions or are also excited modes of non-spherically symmetric configurations.
Once this is clarified, we could find out if the conjecture of the existence of a family of multi-
field and multi-frequency Proca stars similar to that of the standard (scalar) boson stars [24]
still holds for non-trivial values of ℓ.
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