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ARTICLE INFO ABSTRACT

Editor: Hong-Jian He We study charged lepton flavour violation in a scenario in which light neutrino masses are
generated via the inverse seesaw mechanism with 3+3 gauge singlet fermions, N; and S,
i,j =1,2,3. Lepton mixing is predicted with the help of the flavour symmetries A(3 n*) and A(6 n%)
combined with CP. In the neutral lepton sector, the non-trivial flavour structure is only encoded
in the Dirac neutrino Yukawa matrix (the coupling relating left-handed lepton doublets and gauge
singlets N;). Current experimental bounds on the processes y — ey, u — 3e, u — e conversion in
nuclei and the tau lepton decays 7 — ¢y and 7 — 3¢, £ = e, u, do not constrain the considered
parameter space of this scenario. Prospective limits on the decay y — 3 e and y — e conversion in
aluminium instead can markedly reduce the available parameter space. We also comment on the
effects of the heavy sterile states on light neutrino masses and lepton mixing.

1. Introduction

The Standard Model (SM) successfully describes many experimental results. However, important observations such as the smallness
of neutrino masses and the peculiar flavour structure in the lepton and quark sectors remain unexplained.

Many extensions of the SM offer a generation mechanism for neutrino masses. Among these are the well-known type-I [1-5], type-
II [6-11] and type-III seesaw mechanisms [12] which typically require new particles with masses much larger than the electroweak
scale, if couplings are of order one (and no symmetry is implemented, see e.g. [13-15]). Alternatives such as the inverse seesaw (ISS)
mechanism [16-19] can reconcile new particles with masses in the TeV-range with not too small couplings, while the smallness of
neutrino masses is due to a small breaking of lepton number (in the form of a Majorana mass term for the gauge singlets).

The organising principle of the flavour sector responsible for the observed pattern of fermion masses and mixing is yet to be found.
Nevertheless, discrete flavour symmetries, especially when combined with CP, that are broken in a certain way among e.g. charged
leptons and neutral states are promising candidates for correctly describing the observed lepton mixing angles and making testable
predictions for the leptonic CP phases [20-22] (for earlier works see [23-28]); reviews can be found, for example, in [29-33]. In
this work, we employ the series of discrete groups A(312) and A(612), n integer, [34,35] and CP symmetries, which correspond to
automorphisms of these [20-22]. As is known [36], four different types of lepton mixing patterns are found, called Case 1), Case 2),
Case 3 a) and Case 3 b.1), if the flavour symmetry G, and CP are broken to a residual Z; symmetry among charged leptons and to
Z, x C P among the neutral states. For further studies of lepton mixing from the groups A(3 n?) and A(6 %) and CP, see e.g. [37-471.
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In the current study, we analyse a scenario in which light neutrino masses are generated by the ISS mechanism with 343 gauge
singlet fermions and the flavour symmetries A(3 n%) and A(6 n%) and CP are broken non-trivially. ! Concretely, the non-trivial flavour
structure among the neutral states is encoded in the Dirac neutrino Yukawa matrix, while the mass matrices (Dirac and Majorana) of
the gauge singlet fermions do neither break G, nor CP. This possibility has been called option 2 in [48]. We scrutinise analytically
and numerically the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix and different charged lepton flavour violating (cLFV)
processes for Case 1) through Case 3 b.1). The main findings are that the effects of non-unitarity of the PMNS mixing matrix induced
by the existence of the heavy sterile states have a more general form than those found in the scenario analysed in [48] (called option
1) and that signals of u — e transitions can be sizeable in the studied parameter space, while those involving the tau lepton are more
suppressed.

The remainder of the paper is organised as follows: in section 2 we outline the scenario, show the form of the different mass
and coupling matrices, comment on the masses of the different neutral states, discuss the mixing matrices and the effects of the
heavy sterile states on the light neutrinos. Section 3 contains information on lepton mixing including the characteristics of the mixing
patterns of Case 1) through Case 3 b.1) and the effects of non-unitarity due to the mixing of the light neutrinos and the heavy
sterile states. In section 4 we present analytic estimates as well as numerical results for the branching ratios (BRs) BR(u — ey) and
BR(u — 3e) and the y — e conversion rate (CR) in aluminium, CR(u — e, Al), for examples of all cases, Case 1) through Case 3 b.1).
We comment on the expected size of the signals of the cLFV tau lepton decays ¢ — uy, 7 — ey, 7 — 3 y and 7 — 3 e in section 5 as well
as on the possible impact of experimental constraints from the study of Tritium beta (f) decay and searches for neutrinoless double
beta (Ovfp) decay in different nuclei in section 6. Eventually, we summarise in section 7. In appendix A basics of the group theory of
A(312) and A(612) can be found, while we collect the form of different relevant matrices in appendix B. One can find information on
the residual symmetries, the CP transformations and the mixing patterns for each case, Case 1) through Case 3 b.1), in appendix C.
Appendix D comprises a concise description of the numerical scan and supplementary plots displaying results of the studied u — e
transitions for Case 2) and Case 3 b.1) are given in appendix E.

2. Scenario

In the following, we focus on the lepton sector. We add 3+3 gauge singlet fermions N; and S, i,j = 1,2,3, to the SM in order to
generate light neutrino masses via the ISS mechanism.

The flavour structure of the scenario is controlled by a flavour and a CP symmetry that are assumed to be broken to different
non-trivial subgroups in the charged lepton, G,, and in the neutral lepton sectors, G, respectively. As flavour symmetry we choose
one of the groups A(3n?) and A(6 %) with n > 2, see appendix A for relevant details of these groups. The CP symmetry corresponds
to an automorphism of the flavour group and is selected according to the findings of [36].

Left-handed (LH) lepton doublets L,, @ = e, u, 7, are assigned to a triplet 3. This representation is taken to be irreducible, faithful
and complex. The gauge singlets N; and .S; instead each transform as an irreducible, unfaithful, real triplet 3'. The existence of such
a representation requires that the flavour group has an even index n. On the contrary, right-handed (RH) charged leptons £, are
singlets, all in 1, under the flavour group. In order to distinguish these, we employ an additional Z; symmetry Z;a"x), ie. Cop~1,

Cyr~owand & g~ ? with w = e% . LH lepton doublets and the gauge singlets are neutral under this additional group.

The group G, determines the structure of the charged lepton mass matrix m,. We use a residual Z; symmetry that is a diagonal
subgroup of the Z; symmetry, generated by the generator a of the flavour group (which is represented by a diagonal matrix in the
chosen basis, compare appendix A), and the additional Z; symmetry Zga”x). Consequently, m, is diagonal and contains three free
parameters corresponding to the masses of the electron, muon and tau lepton.? We take these to be ordered canonically such that the
contribution U, to lepton mixing is U, = 1.

The masses of the neutral states arise from the terms®

—c — 1 —c
~p)ai Ly H N = (M) N Sj = 5 (4s)a S, S +hee. o)

with H being the Higgs field, y, the Dirac neutrino Yukawa matrix, My ¢ the matrix connecting the gauge singlets N; and S; and
Hs the Majorana mass matrix of the singlets .S;. From eq. (1), we can define the Dirac neutrino mass matrix my as mp = yp (H) with
(H') being the vacuum expectation value (VEV) of the Higgs, ( H) ~ 174 GeV. The masses of all neutral states, light and heavy ones,
come from the nine-by-nine mass matrix

1 We do not specify the breaking mechanism here.
2 At _the level of unbroken flavour and CP symmetries, the Yukawa couplings responsible for the charged lepton masses are expected to be of the form
e.g. }X L, H ¢,¢,x with the phase of y, constrained by the imposed CP symmetry, A being the cutoff scale of the theory and ¢, an SM gauge singlet that trans-
1
forms as (3, 1) under the flavour symmetry and Z;m\ If this scalar acquires a VEV that preserves the residual symmetry G,, i.e. it has the form (¢,) =v, | 0 | with
0
v, in general complex, we obtain f—\ IL) H v, ¢, and after electroweak symmetry breaking the electron mass reads m, = | yX Ue' (H'). The muon and tau lepton masses
can be generated in an analogous way. For further information regarding this point, see, for example, [49] and appendix D of [50].
3 For simplicity, we do not take into account a possible coupling between LH lepton doublets and the gauge singlets .S '; nor do we consider a Majorana mass term
for the singlets N,. Additional symmetries and/or an extension of the gauge group can motivate this choice.
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0 mp 0

Mutj = mg 0 Mys |, 2)
0 MT u
NS S

which is given in the basis (v, , N/,.S;). This matrix can be diagonalised as

UT My U = My .
with
U, s diag .
U=< Tv V) and MMaj=dlag(ml’m27m3’m4v-~,m9) , 4)

where U, is a three-by-three, S a three-by-six, T a six-by-three and V' a six-by-six matrix. The masses m 12,3 are the light neutrino
masses and m, to mgy those of the heavy states. The matrix " is unitary, while none of the matrices U,, S, T and V has this property.
We assume in the following |ug| < |mp| < | My s|. As shown in [51], the light neutrino mass matrix at leading, m,, and at sub-leading
order, m!, in (Imp|/|Myg|)* read

m, =mp (M;fls) s Myl my, ®

and
-l ML) My My () ML) My
mv—_EmD< NS) us Mysmpm D( ) +< NS) mDmD< NS) mp
—(myn+n*m,), )

using the matrix # defined in eq. (10). The matrix m, is (approximately) diagonalised by U,

U7 m,U, ~ diag(m, my, my) . %)
We can define the (non-unitary) lepton mixing matrix

UPMNS = U; ﬁv = 0v g ®)

where the second equality takes into account that U, = 1 in the chosen basis. This non-unitarity is due to the mixing of the light
neutrinos with the heavy states and it can be encoded in the Hermitian matrix #,

UPMNS:<“_”>UO ®

with U, being unitary. Note that in the chosen basis eq. (9) also holds for U, . The form of the matrix 7 is at leading order given by

! My "MLl 10

n=35Mmp ( ) Ns™p - (10)

As N; and S transform both as the real representation 3', the matrices My ¢ and ug are non-vanishing in the limit of unbroken
flavour and CP symmetries. In particular, using the basis given in appendix A, the form of the matrices is

100 100
Mys=My|0 1 0 and ug=py|0 0 1 an
00 1 010

with M, and p being positive and having dimension of mass. The non-trivial flavour information is encoded in the Dirac neutrino
Yukawa matrix y, whose form is determined by the following equations

Z3" yp Z3)* =yp and XB)yp X3)* =y}, (12)

where the matrices Z(3) and Z(3') are the representation matrices of the generator of the preserved Z, group, belonging to the
residual symmetry G,, in the representations 3 (for the LH lepton doublets) and 3’ (for the gauge singlets N,), respectively. The
matrices X(3) and X(3') represent the CP transformation in these representations that also belongs to the group G,. The explicit
form of these matrices can be found in [52]. As a result, the matrix y, depends on five real parameters in total: three Yukawa
couplings, y;, ¥, and y;, and two angles, called #; and 0. Its form is

yp =QB3)* R;;(0,)diag(yy. v2, v3) Pl Riy(—0) Q3N . 13)

The different matrices are fixed as follows: the unitary matrices Q(3) and Q(3') are determined by the form of the matrices X (3) and
X (3'), respectively,

Q3 QB3 =X@3) and Q3)Q3N =x3), 14
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the planes of the rotation matrices R;;(6;) and Ry;(0g) are given by the plane of the two degenerate eigenvalues of the matrices
Z(3)and Z (3') in the basis transformed by Q(3) and Q(3), respectively. If these two planes do not coincide, the permutation matrix
Plg is necessary. The form of these matrices depends on the mixing pattern which we consider, i.e. Case 1) through Case 3 b.1). It
can be found in [52] and is repeated for convenience in appendix B. This scenario has been first mentioned in the context of the ISS
mechanism in [48] and called option 2. However, neither the results for fermion masses and mixing nor for the signal strength of
different cLFV processes have been discussed there. This analysis is performed in the current study.

With the given information, we can compute both the masses of the neutral states as well as their mixing. We begin with the mass
matrix of the heavy states and their mass spectrum, since this structure is very simple. It can be derived (to very good approximation)
from the matrix

(4, )
NS S
which is (approximately) diagonalised by the six-by-six matrix V, i.e.
T 0 Myg o
v <M§s s )VNdlag(m4,...,m9) ) (16)
For My and ug as in eq. (11), one finds for the masses of the heavy states that these are all degenerate to very high degree and

form three pairs of pseudo-Dirac neutrinos, splitted by s,

W H
m4~m5~m6~M0—70 and m7zm8zm9~M0+70, a7

as well as the approximate form of V'

1 (iU} U}
= — S N
v V2 (—iUS US> (18)

with Ug being chosen as

1\/Eoo
1
1

Ug=—1] 0 19)
V2o 1 =
such that
1 00
Ul ugUs=pp|0 1 0], (20)
0 0 1
compare [48,52]. The approximate form of the matrix .S is related to the form of V, i.e.
1 (H) .
S=<@ N m*D'<M;/IS> )V:\/_ (—lyBUS ) yBUS), (21)
2M,
see also [48,51]; for the implicit definition of .S see eq. (4).
Using the general formulae, found in [48,51], we see that the light neutrino mass matrix m, at leading order is of the form
Ho(H ) .
m, = ( o ) UgO)* diag(yy, v, 3)
Mg
- 1 00 -
X[ P Ry(=0R)Q3)N | 0 0 1[Q@3)R;,0) (P
010
xdiag(yy, 3. v3) Uy(6,)" (22)

with the definition of the unitary matrix Uy(6)

Uy(0) = Q(3) R;;(0) (23)
and the form of the Hermitian matrix # is given by

’ ool 2 2 S ,_(H)
n=n,Up(0p) diag(y}, y5. y3) Up(0,)" with n,= T (24)
0

The quantity 11(/) is similar to the quantity 7, defined in [48].
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In order to continue we have to have knowledge about the form of the matrix combination in square brackets in eq. (22). Indeed,
it is known [52] that this expression* is either diagonal or has a block-diagonal form that can be diagonalised by a rotation in the (i;)-
plane, i.e. the same plane in which the rotation R; ;(01) acts. In the following, we first discuss the situation in which this expression
is diagonal and then turn to the instance in which an additional rotation is necessary.

If the expression is diagonal, we find that the matrix diagonalising m, at leading order is of the form

U, ~Uy0)K,=QB)R;;(0,) K, (25)

where the role of K|, is to ensure that the light neutrino masses are positive semi-definite.> The explicit forms of mixing patterns can
be found, for convenience, in appendix C. Interestingly, then the leading order values of the light neutrino masses m, are simply
given by

H 2
mo= (T L p o103 (26)
f M2 f
0
for Case 1) through Case 3 a), whereas for Case 3 b.1) we have to take into account an additional permutation P among the light
neutrino masses in order to produce the corresponding mixing pattern, i.e.

/40<H>2 ﬂo(H>2 ﬂo(H>2
m1=<7 V3, my= Y Y, my= Y Y 27)
0 0 0
and thus
010
U, ~Uy0)PK,=Q3)R;;(0,)PK, with P=[0 0 1|, (28)
1 00
see e.g. [52]. Furthermore, we can express 7 in terms of U, and the light neutrino masses m i
| t
n~ — U, diag(m;,my,my)U . (29

2 uy
This has two immediate consequences: firstly, the matrix m‘l/ is diagonalised by the same matrix as the leading order term m,, since
we can write the expression in the second line of eq. (6) as
1o 1 s 2 2 ot
m, ~ —— U diag(my, my,m5) U} . (30)
Ho

Consequently, lepton mixing is not influenced by this sub-leading term, while the light neutrino masses are (slightly) corrected.
Secondly, we can estimate the effect of non-unitarity of the lepton mixing matrix using eq. (9)

U, =Uy(0y) (1-ndiagy}.y3.3)) and U, =Uy@;) P (1 - n), diag(y3.y7.3)) (31)

for Case 1) through Case 3 a) and Case 3 b.1), respectively. This can also be written in terms of the light neutrino masses m as

0, =0° <n - ZL diag(ml,mz,m3)> , (32)
Ho

where f]g indicates the unitary matrix in eq. (25) and (28) for Case 1) through Case 3 a) and Case 3 b.1), respectively. A suppression
of the columns of the PMNS mixing matrix is induced that is in general different for the different columns, since it depends on the
Yukawa couplings y;/the light neutrino masses m ;. In particular, in case of strong normal ordering (NO) or strong inverted ordering
(I0), i.e. the lightest neutrino mass m vanishes, one of the columns remains unaffected. This is slightly more general than the effect
observed in [48], where a common suppression factor for all entries of the mixing matrix is encountered. We discuss the effect of the
suppression in eq. (31) in more detail in section 3.

In case the expression in square brackets in eq. (22) is not diagonal, we have to take into account an additional rotation through an
angle determined by the Yukawa couplings y, and the angle 0 occurring in the (ij)-plane such that the angle 6, becomes replaced

by an effective angle 6 1,0 i.e. (disregarding the matrix K)

U, ~Uy(0,)=QB3)R;(0,). (33)

Only one of the three light neutrino masses, m;, with k # i and k # j, depends on a single Yukawa coupling, as shown in eq. (26),
while the others are determined by the remaining Yukawa couplings and the angle 0, e.g. for Case 1) (and independent of the choice
of the parameter s, see section 3) we have

4 In [52], the complex conjugate of this matrix combination is found.
5 We set K, to the identity matrix in analytic results, but take it properly into account in the numerical study.
6 The effective angle 0, is denoted by 6, in [52].
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e = ﬂ0<H>2 yz [ H0<H>2
2 M? 2> T3 2M?

which in the case of strong NO (m; = 0) is reduced to

0=y coszaki\/4yfy§+(y%—y§)2 c0s220g| , 34

ﬂ0<H>2 ﬂ0<H>2
m; =0, m2=<7 y%, my = 7 y§|00529R|, (35)
0 0
and for strong IO (m3 =0) to
ﬂ0<H>2 ﬂ0<H>2
m1=<7 y%|00526R|, my, = 7 y%, m3=0. (36)
0 0

The form of the matrix # in eq. (24) does not change, but we can no longer identify U,(§;) with U, . Instead we have

n~n,U, R;(A0)diag(y;, 3, y3) R;;(-A0) U, (37)

1

, we note that it can

using the definition of Uj(6) in eq. (23) and setting A§ =6, — EL. Regarding the form of the sub-leading term m
be written as

m! x—n U [diag(m,,my,m3) R;;(A0)diag(y?, y3.,3) R;;(—A0)
+ R;;(A0)diag(y;.y3.y3) R, (—A0) diag(m, my, my)| U . (38)

Hence, this sub-leading term is not diagonalised by U, (the matrix that diagonalises the leading term m,), but induces a (small)
additional rotation in the (ij)-plane. Also, the light neutrino masses get slightly shifted. For the effects of non-unitarity of lepton
mixing, we have in this case

U, =Uy0,) (1-n) R,;j(A0)diagh?, y3. y3) R, (—A0)) . (39)

Thus, only one column receives a common suppression determined by one of the light neutrino masses, while the effects on the other
two are more involved, see discussion in section 3. We note that the formulae given here are valid for Case 1) through Case 3 a),
while for Case 3 b.1) the permutation P has to be taken into account which slightly complicates the expressions.

3. Lepton mixing

In this section, we comment on the results for the lepton mixing parameters derived from the different cases, Case 1) through
Case 3 b.1), and how these are affected by the presence of the heavy sterile states. There are two effects, already mentioned in
section 2: the sub-leading contribution ml can lead to deviations from the results, determined by the flavour and CP symmetries, and
the non-unitarity of the lepton mixing matrix, induced through the heavy sterile states.

Whether the sub-leading contribution mi gives rise to deviations from the lepton mixing obtained at leading order or not depends
on whether the expression in square brackets in eq. (22) is diagonal or not. If it is diagonal, then the lepton mixing parameters remain
unaltered. Otherwise, the form of m ‘1/ leads to an additional rotation, compare eq. (38), whose effect is suppressed by 11(’). The typical
size of r/(’) is expected to be of the order of the experimental bounds on the entries of the matrix #, |#,5] < 1.0 X 105 +1.4x%x1073
depending on the flavours a and f [53]. This effect is, thus, in general small.

In order to analyse the non-unitarity of the lepton mixing matrix, we extract the lepton mixing angles and CP invariants Jcp, I;
and I, from a three-by-three mixing matrix U with elements U,;, a =e,pu,7 and i =1,2,3, as follows’

|U;43|2
1= |Ugl?”

|Ue2|2

I FR—
1— U,

sin? 03 = |U,3|?, sin® ), = sin 0,3 =
Jep=Im (U, ULUUs) = % sin(26,,) sin(26,3) sin(20;3) cos b5 sin 4,
1 . .
I =Im (UL(WUX)?) = ) sin(26,,) cos* 05 sina ,
I=Im (UL(WU})*) = i sin?(20,3) cos? 6, sin . (40)

7 The formulae in eq. (40) correspond to those derived from a unitary mixing matrix that is parametrised by the three mixing angles 6,,, 6,5 and 6,; as well as the
three CP phases 6, a and § in the following way

—i6
C12€13 S12€13 Siz€ 1 0 0
. S B, ) . ia/2
—S12€23 ~ €12523513€ C12€23 — $12523513€ $23€13 0 e/ 0
_ s _ i i(f/2+6)
S12823 — €12€p3813€ C12523 — 8$12623813€ €23€13 0 0 v

with s;; =sin6;; and c;; = cos ;.
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The size of these effects crucially depends on the parameter ;1(’), the Yukawa couplings y, and potentially also the angle 0 (i.e. the

difference between the angles 6; and 9 L)

Before commenting on the results for the different cases, we discuss the generic effects using as form of the lepton mixing matrix
either the one in eq. (31) or (39), depending on whether the matrix in square brackets in eq. (22) is diagonal or not. We define the
(relative) deviations of the lepton mixing angles and CP invariants in the ISS framework as

") )
2, (sin 0ij)ISS — (sin’ Hij)FCS

J - (J,
Asin6; _ Ucphiss — Ucprcs

1)iss — ;
, AJep = P L AL= ( 1)ISSI U)rcs
(Jep)rcs (IDgcs

(41)
(sin” 0, s
Here, the quantities labelled with “ISS” correspond to those extracted from (in general non-unitary) lepton mixing matrices which have
a form as found in e.g. eq. (31), while the ones carrying the label “FCS” (flavour and CP symmetries) are obtained from (unitary)
lepton mixing matrices whose forms are determined by the mismatch of the residual symmetries G, and G, (without assuming a
specific model for generating Majorana masses for the light neutrinos), compare the lepton mixing patterns found in e.g. [36] (see
also appendix C). The definition in eq. (41) is only valid, if the relevant quantity with “FCS” is non-vanishing. We note that this
definition is identical to the one used in [48].

As already mentioned in section 2, from eq. (31) follows that the elements of one column are suppressed by the same factor. We
always observe a suppression, since r/(’) yi is positive semi-definite. Using eq. (40) and the result for Case 1) through Case 3 a) in
eq. (31), the explicit dependence on n(’) and y; of these deviations is

Asin® 03 ~ =2 y3 . Asin® 01y~ =25 y3 . Asin® 0,3 & =21 33,
AJep m=2n)(yi +3) . AL m=2n[ (F +¥3), AL~ =2n)(y1 +3) . (42)

In these approximations, we only take into account the leading order in r](’) and neglect terms of order |U,;3|? or smaller. Since 11(’) yi >0,
all deviations are negative or zero. Given that experimental data are compatible with at most one vanishing light neutrino mass, only
one of the couplings y ' can be zero. We comment on the consequences below. Obviously, in the (unrealistic) limit in which y ; are
equal, we end up with the same expressions as in [48].

If the matrix in square brackets in eq. (22) is not diagonal, we encounter as form of the non-unitary lepton mixing matrix the one
mentioned in eq. (39), at least for Case 1) through Case 3 a). Then, the deviations of the lepton mixing angles and the CP invariants
in the ISS framework also depend on the difference, Af, between the angles §; and 9 1» Where the latter depends on the Yukawa
couplings y, and the free angle 0. For example for (ij) = (13), i.e. the additional rotation diagonalising the matrix in square brackets
in eq. (22) acts in the (13)-plane, we find at linear order in ;1(’) and |U ;|

Re(Ue*l Uys)

Asin® 0,5 ~ 1) < TE (O} = ¥3) sin2 A0 — 237 sin® AO + y? coszA0)> ,
e3

Asin0), ~ ) (=2y5 +Re (U Uys) (v — »3) sin2A0) (43)

U* U,
Asin® 0,5 Mo <—2 (y% sin® A +y§ cos? AB) + Re <Ue’; U+ |:/l l‘; > (y% - y%) sin2A9>
u3

as well as
AJep ~ =2n) (y7 +33)
(104 +1U51%) InU}, Uz) + (U 1> + U5 ?) Im(U,, U))

+1, (0 = ¥3) sin2 A6,
ERERE 2Im (U, UL U U,3)
Im (U2 UXUX)
. 2V V)
Al ~ -2 (y% cos? A0+y§ +y§ sin? AG) + 1) (y% —y%) m sin2 A6,
e2 el

|Uel|2+|Ue3|2 .
ALy~ =20 (y +¥3) + 1y (5] = ¥3) W sin2 Af , (44)
el ~¢
where we refer here with U,; to the elements of the unitary matrix, i.e. the one obtained from flavour and CP symmetries. Clearly,
in the limit in which 6; and 9 ;, coincide, A8 =0, we recover the formulae found in eq. (42). Given the more general form of the
deviation it is possible that the non-unitary lepton mixing matrix leads to non-trivial CP violation, although flavour and CP symmetries
predict certain CP phases to be trivial.

Case 1) As has been shown in [36] (compare also appendix C), the choice of residual symmetries is described by one integer, called
s, varying between 0 and n — 1, which corresponds to the employed CP symmetry. Two of the three CP phases, f and 6, are trivial
in this case, i.e. I, =0 and Jcp = 0, while the third one, the Majorana phase «a, is determined by the choice of the CP symmetry,
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|sina| =|sin6 ¢,| with ¢ = %.8 In contrast to this, the three lepton mixing angles are independent of this choice and only depend

on the free angle 6; (or in case the matrix combination in square brackets in eq. (22) is not diagonal this angle is given by 9 1) This
angle is adjusted such that the reactor mixing angle is very close to its experimental best-fit value [54] and, consequently, the solar
and atmospheric mixing angle are given by sin® 6, ~ 0.341 and sin’ 6,5 ~ 0.604 (5) for light neutrino masses with NO (I0).

As has been analysed in [52], only for y; =0 or y; =0 or 6 chosen such that sin26, =0, the matrix combination in square
brackets in eq. (22) is diagonal. Then, we can apply the results found in eq. (42). In particular, we see that in the case of light
neutrino masses with strong NO (y; = 0) the deviations of the CP invariants also only depend on one coupling y,, while for strong
IO (y3 = 0) the deviations of both the reactor and the atmospheric mixing angle are suppressed. Otherwise, we can use the formulae
in egs. (43) and (44), since the rotation always occurs in the (13)-plane in this case. Although one may presume that one can achieve
non-trivial CP phases 6 and f then, this does not happen, as can be checked by explicit computation.

Case 2) From [36] it is known that the CP symmetry is fixed by two integer parameters, s and ¢, ranging from 0 to n — 1; see
appendix C for its explicit form. Alternatively, one can define the combinations « and v as

=2s—t and v=3t. (45)

The smallness of the reactor mixing angle can be achieved for g (¢, = %) being small, —0.1 g $0.12 (=0.31 S ¢, $0.37), and
the free angle, appearing in the lepton mixing matrix, close to zero or r, see [36,52]. The solar mixing angle is, similar to Case 1),
constrained to fulfil sin’ 01, 2 %, while the atmospheric mixing angle can lie in its experimentally preferred 3 ¢ range [54]. Valid
choices of u and n can be found in section 4.4, where the numerical results are presented, as well as in e.g. [36,48,52]. While the
Dirac phase 6 and the Majorana phase f depend like the lepton mixing angles on the parameter u and the free angle, the Majorana
phase a is (mainly) determined by the parameter v and to very good approximation it holds | sina| ~ | sin ¢, | with ¢, = Z2.°

In [52] it has been found that for ¢ even the matrix combination in square brackets in eq. (22) is always diagonal, whlle for t odd
this only occurs for y; =0 or y; =0 or 6 chosen such that cos2 8 = 0. We, thus, can apply in these situations the results given in
eq. (42). Like for Case 1), we can consider light neutrino masses with strong NO (y; =0) or strong IO (y; = 0) and arrive at the same
conclusions. Note that setting y, to zero does not lead to a viable light neutrino mass spectrum, since y, is always associated with
the light neutrino mass m,, compare eq. (26). For ¢ odd in general, a rotation in the (13)-plane is necessary in order to diagonalise
the matrix combination in square brackets in eq. (22). Consequently, we can apply the formulae in eqs (43) and (44). As has been
shown in [36], for the free angle being zero, one can accommodate the lepton mixing angles well for = ~ 0.12, while both Jp and I,
vanish. Taking into account the effects of non-unitarity, we see that for sin2A6 # 0 Jp as well as 12 can be non-zero. On the other
hand, for u =0 the CP invariant I, is zero and the inclusion of the effects of non-unitarity does not change this result.

Case 3 @) In this case the residual Z, symmetry is characterised by the parameter m which can take values between 0 and n — 1,
while the CP symmetry is fixed by one integer parameter s, also varying between 0 and n — 1; for details see appendix C. For Case 3
a) the ratio % has to be either close to zero or to one (or equivalently ¢,,, ¢,, = %, small or close to ) in order to accommodate

well the reactor mixing angle. For this reason, n should be at least 16 and, consequently, m = 1 or m = 15.1° At the same time, fixing
this ratio determines the value of the atmospheric mixing angle. The free angle, contained in the lepton mixing matrix, can take,
depending on the choice of s (¢, = ?), up to two distinct values that allow for a good fit of the solar mixing angle. Further details
can be found in [36,48,52] as well as in section 4.5. The three CP phases are in general non-trivial; numerical values and analytic
estimates are given in the cited works.

Using the results of [52] we know that for the parameters m and s both even or both odd the matrix combination in square
brackets in eq. (22) is diagonal and the formulae in eq. (42) can be used. In contrast, for m even and s odd or vice versa this matrix
combination is only diagonal for y; =0 or sin2 6y = 0. For y; =0 we encounter the same situation as for Case 1) and Case 2), since
light neutrino masses then follow strong NO and each deviation only depends on one Yukawa coupling y . If both parameters m and
s are even or both are odd, setting y; = 0 permits us to suppress the deviations of the reactor and the atmospheric mixing angle,
compare eq. (42). In case the matrix combination in square brackets in eq. (22) is not diagonal, it is diagonalised by a rotation in the
(12)-plane. For this situation similar formulae as those in eqgs. (43) and (44) can be derived.

Case 3 b.1) Like for Case 3 a), the integer parameters m and s with 0 <m,s <n — 1 describe the residual Z, symmetry and the
CP symmetry, respectively. From [36], we know that the requirement to accommodate the solar mixing angle well constrains the
parameter m to be close to ﬂ' consult appendix C for the explicit form of the mixing matrix. The free angle, appearing in the lepton

mixing matrix, has to be close to Z such that the reactor mixing angle can be fitted well. For = =1 , usually two such values exist.

Otherwise, it depends on the choice of m and s how many distinct values of the free angle admit a good fit to the experimental data
of the lepton mixing angles. The atmospheric mixing angle also depends on the parameter s. Likewise, all CP phases are determined
by the actual values of the ratios % and ﬁ as well as the free angle. More information, in particular about analytical estimates and
numerical values of the CP phases, is given in [36,48,52]. Explicit choices of m and s are discussed in section 4.6.

8 The sign in the relation for the Majorana phase « depends on the explicit form of the matrix K, .
9 As for Case 1), the sign in this relation depends on K.
10" Since the index n has to be even in the current scenario, n= 17 and m = 1 (or m = 16) is not eligible, but very similar results can be obtained for n =234 and m =2
(or m=32), see [52]. This choice also permits to study even values of m.
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Whether or not the matrix combination in square brackets in eq. (22) is diagonal is subject to very similar constraints as for Case 3
a). The only difference is due to the fact that the light neutrino masses are assigned differently in Case 3 b.1) than Case 3 a), compare
egs. (27) and (26), i.e. in order to have a diagonal matrix combination for m even and s odd or vice versa we have to set y, = 0 which
corresponds to light neutrino masses with strong IO. For Case 3 b.1) the relevant rotation effectively appears in the (23)-plane and
expressions equivalent to those in egs. (43) and (44) can be obtained.

4. u— e transitions

In the discussion of cLFV processes, we focus on different y — e transitions, since they are subject to the strongest experimental
bounds. As we show in the following, current experimental limits do not constrain the considered parameter space of this scenario,
while prospective bounds, in particular on u — e conversion in aluminium, turn out to be very constraining in general.

4.1. Prerequisites

We first list the experimental inputs and constraints we apply. Furthermore, we outline the parameter space of the scenario that
we scan for viable choices of the group theory parameters (depending on the case) in terms of the free angle 6, and the two mass
scales y, and M,,. The angle 0; is determined by the requirement to accommodate the measured lepton mixing angles well and the
couplings y are fixed by the light neutrino mass spectrum, i.e. the value of the lightest neutrino mass m; and the mass ordering,
either NO or IO.

4.1.1. Experimental inputs and constraints

The lepton mixing angles are constrained by the global fits found in [54].!! Since the experimental preference for a certain value
of the Dirac phase § is still rather weak, we do not include this information here, when fitting the angle 6, in order to accommodate
well the lepton mixing parameters. For all displayed points of the numerical scans, e.g. for Case 1) in Fig. 3, the lepton mixing angles
agree at the 3 ¢ level or better with the global fit results [54].

Taking into account the experimental information on neutrino masses, in particular the results for the mass squared differences
from neutrino oscillations [54] and the bound on the sum of the light neutrino masses, derived from cosmology [55], we use the
following benchmark values for the lightest neutrino mass m: either my = 0 (strong NO or strong IO) or

my =0.03eV for NO and m,=0.015eV for IO. (46)

2

“im are defined as

The mass squared differences AmfOl and Am

2

2 (47)

Am>, =m? —m® and Am
sol 1

) m§ —m% (NO)
atm mg —mj (I0)

These are always fixed to their experimental best-fit values [54]. The light neutrino masses for NO are given by

_ _ /2 2 _ /2 2
my=mg, my=/m¢+Am , my=/mo+Am (48)

and for IO they read

m; = \/m3+ |am2, | - Amfo1 , my = \/m(z)+ |Am2, |, my=my. (49)

As experimental bounds on the parameters 7,4, a, f = e, u, T, we use [53]

1.3(1.4)x 1073 1.2x107° 9.0(8.0)x 107
Ingpl <[ 1.2x107 1.1(1.0)x 10~  5.7(1.8)x 1075 | at 95% C.L. (50)
9.0(8.00x10™* 5.7(1.8)x 10~ 1.0(0.81)x 1073

for light neutrino masses with NO (I0). Additionally, the trace of # is constrained by

tr(n) < 1.9(1.5)x 1073 at 95% C.L. (51)

for NO (IO).
Furthermore, we employ as current bounds on the BRs of the cLFV decays u — ey [56] and u — 3e [57]

BR(u — ey) <3.1x 10713 at 90% C.L. (MEG II [56]),
BR(y — 3e) < 1.0x 10712 at 90% C.L. (SINDRUM [57]), (52)

as well as on the CR of u — e conversion in gold [58] and titanium [59]

11 In the numerical analysis we use version 5.2, but check that the fitted lepton mixing angles are also compatible with the results given in version 5.3.
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CR(y —e,Au)<7.0%x107'3 at 90% C.L. (SINDRUMII [58]),

CR(u —e,Ti) < 6.1 x 107! at 90% C.L. (SINDRUMII [59]) . (53)

Future bounds on the first two processes are [60,61]

BR(u — ey) < 6x 1071 (MEG II [60]) ,

BR(i — 3¢) <20(1) x 107! (Phase 1(2) of Mu3E [61]), (54)

and for the CR of y — e conversion in aluminium we expect [62-65]

CR(u —e,Al) < 7x 107 (COMET [62,63]),

CR(u —e,Al) < 8% 10717 (Mu2e [64,65]) . (55)

4.1.2. Parameter space

The parameter space of this scenario is spanned by the following quantities: the group theory parameters which depend on the
considered case (n and s for Case 1), n, s and ¢ (or u and v) for Case 2), n, m and s for Case 3 a) and Case 3 b.1)), the free angles 6;
and 0, the three couplings y, and the two scales y, and M), appearing in the matrices yj, ug and My, see eqgs. (13) and (11),
respectively. The group theory parameters are fixed to certain values that have been shown to lead to lepton mixing angles that agree
well with the experimental data, see [36,48,52]. The angle 6y can be chosen freely and different values are explored. In general, it
is linearly varied in the interval

0<0p<2r. (56)

In several of the following figures, see e.g. Figs. 1, 6 and 30, we only display results for values of 6 that lie in the range 0 <0y < %.
Nevertheless, we have checked that we obtain the same results for values outside this range. The angle 0;, on the other hand, is
determined by fitting the measured values of the lepton mixing angles as best as possible. Depending on the case, Case 1) through
Case 3 b.1), we find one or two such values for 6;, see section 3. The couplings yr are fixed such that the neutrino masses m;,

i=1,2,3, are correctly reproduced, while still being perturbative, i.e. y, < \/g [66]. Indeed, in the presented scans these range in
the interval 4 x 1075 < y + S 1.2, independent of the ordering of the light neutrino masses. We choose the signs of y, to be positive.
The scales y, and M, are varied in certain ranges. In particular, we take the lepton number violating parameter , to be much
smaller than the electroweak scale, as expected in the ISS framework, and vary it logarithmically as follows

100eV < py < 100keV, (57)

while the scale M|, is in the range

150GeV < M <10TeV. (58)

Heavy sterile states in such a mass range can have different observational imprints, see e.g. [67-81]. In order to optimise the explo-
ration of this range of M), we divide it into three intervals, i.e. a lower mass interval, 150 GeV < M, <1TeV, an intermediate mass
interval, 1 TeV < M, <5TeV, and a higher mass interval, 5TeV < M < 10TeV. In each of these intervals we vary M|, uniformly and
logarithmically. A concise description of the numerical scan is found in appendix D.

4.2. Analytical considerations

In this subsection, we remark features of the discussed BRs and CR that are common to all cases. In the following, we use the
formulae found in [82,83]. These can be simplified by taking into account the mass spectrum of the neutral states and the fact that
the heavy sterile states form three pairs of pseudo-Dirac neutrinos, compare eqs. (18) and (21), see details in [48]. For the radiative
CLFV decays £y — ¢, v, we have
miy my

BR(Z, = £, 7) % S ’G (x0)? (59)
— N — — — X0)~,
Y} al 64 72 1 Fﬂ Nap Y\ 0

2
where a,, = i_'f: is the weak coupling, s,, the sine of the weak mixing angle, M, the mass of the W boson, m; the mass of the charged
lepton of flavour § and I the corresponding total decay width as well as G, (x) the relevant loop function with the limit G, (x) %

Ve \2
for x> 1 and x, = ( —~ ) . Similarly, we get for the BR of the tri-lepton decays £, — 3¢
0 M p @
w

4 m4
%y g Mp 1 p3a | pa 2 b 2
BR(?Z 3g)=—* - "~ (2|=F +F =2 FP* _ pha
o= 300 = 56 My, Tp < |3 Rl + FJ =25, (P = E[)

10
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1
+45h |FD" — FP*2 41652 Re ((F""‘ -3 Ff:X“)(Gf”)*)
4 pa 4 2 mf’ 11
—485" Re ((FZ - Fyﬂﬂ)(Gfa)*> +325% 167 log—- — - (60)
a

with the form factors reading approximately
Gf“ ~ 21,5 G, (x0) . Fyﬁ” ~ 21,5 F,(x0) .

FO & 20,5 F7(xX0) +4 (5 — 212 G 7 (x0,0) + 412, G 7 (X0, %) ,

3
Ft{)oxa =4 (Nap = 2Maq Map) = 8Maa Map Fxvox (X0 X0) (61)
with the limits for x > 1 being F,(x) ~ —— — logx Fy(x)~ = — logx, G,(x,0)=G,(0,x)~ % logx, G,(x,x) ~ _% _ xllci;ix and
Fxpox (x,X) & _Z + Z (13 — 6log x). Furthermore, the CR for y —e conversion in nuclei (N) is
2G2 a? G D
CR(u—e.N) = ﬂ)ﬂ/“’) (2Fe+ By ) +av (Fre w2 By ) 452 2, (62)
@7T 2e

where G is the Fermi constant, I'c,, the muon capture rate and D, V@ and V™ are nuclear form factors. The expressions for the
form factors are

= 1 dd
He __ 2 2 He e
P _—gst;‘E—(———sw)F +4Fb0x ,
~ 2 e peuu
Fe= 25t Fpe s +(3- 173 AL LR (63)

with Fy”e and Fge found in eq. (61), and

pedd
Fbox

~21,, and F'"“~-8y,, (64)

in the limit x; > 1. Moreover, one makes use of the unitarity of the quark mixing matrix and takes into account the smallness of
|Vi4|. These formulae can be used to show the following three statements: all these observables are mostly proportional to |11a,,|2,
both the tri-lepton decays and y — e conversion in nuclei are dominated by the contribution due to the Z penguin (in particular for
larger values of x;), see also [84,85], as well as CR(u — e,N) is very suppressed for a specific value of M, which depends on the
actual nucleus N. In the case of aluminium and using the (approximate) formula found in [82] together with the numerical values of
the nuclear form factors D, V® and V™, D =0.0362, V® =0.0161, ¥ =0.0173, and the capture rate I',,., = 0.7054 x 10°s~1, all
given in [86], we arrive at

capt

Xo & 6470 corresponding to M, = 6.5 TeV (65)

for s = 0.23. This cancellation is clearly visible in e.g. Fig. 2.
4.3. Results for Case 1)

We discuss in detail the results for Case 1). For this, we choose as exemplary values

n=26 and 0<s5<25, (66)

see also [48]. We inspect the form of the matrix Uy () in eq. (23) for Case 1), using €(s)(3) as given in eq. (95) in appendix B and
that the rotation is in the (13)-plane, and see that Uy () can be written as

Uo(0) = Uy(8, s = 0) diag(e' s, e72i%s ¢/ ¥s) | (67)

where Uy(6, s = 0) refers to the matrix Uy(0) for s = 0. With this, it follows that the matrix #, see eq. (24), does not depend on the
parameter s. Thus, we can set s without loss of generality to s = 1. We have also numerically studied the results for different values
of s (both even and odd) and no dependence on this parameter is encountered.

A dependence of the size of BR(4 — ey), BR(u — 3¢) and CR(u — e, Al) on the angle 0 is in general expected, since the matrix
combination in square brackets in eq. (22) is not diagonal and the light neutrino mass spectrum is either given by eq. (34), (35)
or (36). We first explore the impact of this free angle by fixing the two scales y, and M, to u, = 1keV and M, = 3 TeV. Light
neutrino masses either follow NO or IO with the lightest neutrino mass being set to m; = 0.03 eV or my = 0.015 eV, respectively. The
results for the BRs of y — ey and u — 3 e as well as the CR of i — e conversion in aluminium are displayed in Fig. 1 for different
values of 6y, as indicated by the different colours, and for both light neutrino mass orderings in the left and right plots, respectively.
The small vertical coloured bands in the plots for CR(y — e, Al) show the interval of #; which leads to an acceptable fit of the lepton
mixing angles with y2 <27, as defined in eq. (117) in appendix D. As mentioned, none of the current bounds on u — e transitions
can constrain the considered parameter space. Thus, we present in Fig. 1 the exclusion due to the prospective limits as grey area, see

11
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Case 1), n=26,s=1
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Fig. 1. Case 1). Predictions for BR(u — ey), BR(u — 3e) and CR(u — e,Al) as a function of the angle 6; in the upper, middle and lower row. This angle is
strongly constrained by the measured lepton mixing angles, compare the coloured bands in the plots for CR(y — e, Al). The index » of the flavour symmetry is fixed to
n =26 and the CP symmetry is chosen such that s = 1. However, the obtained results do not depend on s. Left (right) plots are for light neutrino masses with NO (I0)
and m, = 0.03(0.015)eV. Different values of the free angle 0, see the different colours, are explored. The scales x, and M, are set to y, = 1keV and M, = 3TeV,
respectively. Grey regions are excluded by the prospective bounds on the different BRs and CR with the darker (lighter) grey referring to Phase 1 (2) of Mu3E in the
plots in the middle row.

egs. (54) and (55); in darker and lighter grey in the case of Phase 1 and Phase 2 of the experiment Mu3E in the plots in the middle.
The constraining power of the future bound on BR(y — ey) is limited to the larger values of 6 that are shown, while the bound on
BR(u — 3e) expected from Phase 1 of Mu3E can exclude all used values apart from vanishing 6. Phase 2 of Mu3E and even more
the prospective bound on CR(u — e, Al) have the potential to test all the displayed values of 6 for y, = 1keV and M, =3 TeV. We
note that for these scales the obtained BRs and CR are for most of the studied values of 6 slightly larger for light neutrino masses
with IO than for a NO light neutrino mass spectrum. We can estimate their size easily for 6 = 0, since for this choice the matrix
combination in square brackets in eq. (22) is automatically diagonal. We use that the BRs and CR are mainly proportional to |7, 12,
as argued in section 4.2. The quantity 7, is calculated from eq. (24). It turns out to depend on ¢, (which can be written in terms of

sinf,3, see [36]) as well as on the differences of the squares of the Yukawa couplings Ayizj, Ay?j = yi2 - yjz.,

/

7 -l 2A)2 —3(1/2 -3 sin* @5 +sinf,3) sinf3 Ay? (68)
eu 6 21 13 13 13 y31 .

The differences Ainj can be expressed as the differences of the light neutrino masses, i.e. Ayizj = ( ) (m; —m;). With this

0
Ho (H)?
information, we find

BR(u—ey)=5.9%x1075 , BR(y > 3e¢)~9.5x 10710, CR(u—e, Al) 4.2 x 10716 (69)

for light neutrino masses with NO and m( = 0.03 eV as well as

12
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Case 1),n=26,s=1
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Fig. 2. Case 1). Predictions for BR(u — ey), BR(u — 3¢) and CR(u — e,Al) as a function of M, in the upper, middle and lower row. Note that the range of the
scale M, is larger in these plots, 150 GeV < M, < 50 TeV, than in the numerical scans. For the group theoretical parameters and light neutrino mass orderings compare
Fig. 1. The parameter 4 is set to y, = 1 keV and 6, to its best-fitting value for the lepton mixing angles. Six different values of 6, between 0 and % are explored, see
different colours. The grey regions indicate exclusions of future experiments, see Fig. 1.

BR(y = ey)  1.4x 107", BR(u - 3e)~22%x 1071 | CR(u — e, Al) 9.9 x 10710 (70)

for IO light neutrino masses with my; = 0.015eV. As one can see, these estimates agree well with the numerical results displayed in
Fig. 1.

In Fig. 2, we vary in addition to 6 also the scale M, (up to 50 TeV), while still fixing yq = 1 keV. The value of 6; is always fitted
such that the lepton mixing angles are accommodated best. Furthermore, light neutrino masses are taken as in Fig. 1. We observe
that the smaller values of  that we show give rise to smaller BRs and CR and that the dependence on the angle 6 appears less
pronounced for light neutrino masses with I0 and than with NO. Furthermore, we see that for the larger values of 0 slightly smaller
values of the BRs and CR are achieved for light neutrino masses with I0. The dependence on M|, is in general mild, in particular for
BR(u — ey), if not for the cancellation occurring in the CR, see comments in section 4.2. As already shown in Fig. 1, the future bound
on BR(u — ey) is only effective for the larger values of 8z, while the limit expected from Phase 1 of Mu3E reduces the available
parameter space for all 6 to M, < 10(3) TeV for light neutrino masses with NO (I0). Imposing the prospective bound of Mu3E Phase
2 on BR(y — 3e) leaves for y, = 1keV only small values of M, M, < 200GeV, for light neutrino masses with NO unconstrained,
if g =0. In contrast to this, the forecasts from COMET and Mu2e clearly exclude this possibility and would only allow for viable
parameter space close to M, = 6.5 TeV, where the cancellation occurs.

To comprehensively analyse the parameter space that we have scanned, we display in Fig. 3 the results for the BRs and CR either
as function of the scale M, y or the free angle 0.'? The different colour-coding indicates, on the one hand, which experimental
constraint can/does exclude a data point, i.e. for grey points at least one of the prospective bounds on BR(u — ey), BR(u — 3 ¢) and
CR(u — e, Al) is violated as well as the current limit on at least one of the elements of the matrix 7, see eq. (50), while the orange points

12 Note that this plot can also be found in the proceedings [87].
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Case 1), n=26, s=1,NO
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Fig. 3. Case 1). Results of numerical scan for BR(u — ey), BR(u — 3e) and CR(u — e,Al) varying M, pu, and 0, in the ranges in egs. (58), (57) and (56),
respectively. The parameters n and s are the same as in Figs. 1 and 2. Lepton mixing angles are always accommodated well. The light neutrino mass ordering is
fixed to NO and mj, to my, =0.03eV. The average Yukawa coupling y is defined in eq. (71). Points in grey, orange and red are excluded by different (current/future)
experimental bounds, see text for details. Points in other colours correspond to a certain value of y, see colour bar, and pass all the imposed limits.

correspond to the situation in which at least one of the prospective bounds is violated, but all current constraints on the magnitude
of the matrix elements 7, are fulfilled and red points, eventually, represent data points that are excluded by the current limits on 7,
but not by the future bounds on the three studied u — e transitions.'®> On the other hand, the different colours which can be read off
from the colour bar signal the average value of the Yukawa coupling, y, which is defined as

?=% (y1+ym+y3) (71)

for each viable data point that satisfies both the expected limits on the mentioned cLFV processes and the current bounds on naﬁ.“
We clearly see that a minimum value of y, around 2keV is required in order to pass all bounds, while values of M|, in the entire
studied range, see eq. (58), can lead to viable points (with corresponding size of y). As mentioned, the behaviour of #,,, and, thus,
of the BRs and CR with respect to 6 is determined by the behaviour of the Yukawa couplings. In particular, we observe enhanced
values of the cLFV signals for cos2 6y being close to zero, since it entails at least one large Yukawa coupling, which can easiest be
seen from eqs. (35) and (36). Smaller values of these signals are obtained, if the magnitude of cos 2 0 is maximised, as this allows
for smaller Yukawa couplings. As we see, the prospective bounds on BR(# — 3 e) and CR(u — e, Al) are both effective, whereas all
viable points correspond to BR(u — ey) < 6 x 10716, which is two orders of magnitude smaller than the future limit, see eq. (54). The
results in Fig. 3 are for light neutrino masses with NO and m( = 0.03 eV. Those obtained for smaller m, (in particular, my = 0) and

13 We remark that not in all scans data points corresponding to red points are found.

14 Note that first the grey points, then the orange ones, then the viable points which are coloured according to the colour bar and eventually the red points are
plotted. We notice that the areas of the grey and the orange points can overlap, whereas the areas occupied by the viable points and by the grey and orange points
usually hardly have an overlap.
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Case 1), n=26, s=1,NO
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Fig. 4. Case 1). Comparison of results for BR(u — ey), BR(u — 3e) and CR(u — e, Al) for n =26, s = 1 and light neutrino masses with NO and m, = 0.03eV. The
colour-coding is the same as in Fig. 3. For BR(u — ey) the black line indicates the future bound from MEG II, for BR(u — 3 e) the solid (dashed) black line corresponds
to the expected limit from Mu3E Phase 1 (2) and for CR(y — e, Al) the black line represents the prospective bound from COMET.

the same light neutrino mass ordering look similar. Also light neutrino masses with IO and larger values of m, i.e. the benchmark
value my = 0.015 eV, exhibit the same behaviour. However, if m, is sufficiently small (we have checked my = 0 and m, = 1075 eV
numerically), the dependence of the BRs and CR on 0y differs, since a cancellation among the terms of 7, u becomes possible for
certain values of 0. Nevertheless, the expected size of the BRs and CR is the same as for larger m and light neutrino masses with
NO.

Lastly, we display possible correlations among BR(u — ey), BR(u — 3 ¢) and CR(u — e, Al) in Fig. 4. Since all three observables
mainly depend on |7, |2, see section 4.2, we expect them to be proportional to each other. This is to a certain extent also visible in
Fig. 4. The shown results confirm the exclusion potential of the future experiments for the three different observables: limited for
BR(u — ey) alone, considerable for BR(i — 3 e) and even stronger for CR(u — e, Al).

4.4. Results for Case 2)

In the discussion of the results for Case 2), it is decisive whether ¢ is odd (equivalent to u odd, see eq. (45)) or even (meaning
u even), since for ¢ odd the matrix combination in square brackets in eq. (22) is not automatically diagonal and the light neutrino
masses depend on the angle 6. Indeed, the formulae for them are the same as those in egs. (34)-(36) for Case 1) with cos 26y being
replaced by sin2 0. Consequently, we in general observe a dependence of the flavour observables on this angle if ¢ is odd, while this
does not happen for 7 even, because the mentioned matrix combination is then always diagonal and the light neutrino masses do not
depend on 6y, see eq. (26). As expected and observed in the numerical analysis, the results do not depend on whether s is even or
odd.

Before focusing on values of u (or equivalently of the combination 2 s — ¢) that allow for a good fit of the experimental data on
the lepton mixing angles, see comment below eq. (45), we study the general dependence of the results for the three different y —e
transitions on the parameters of this scenario. We first remark that, similar to the parameter s for Case 1), see eq. (67), the parameter
v for Case 2) does not appear in the expression for # as given in eq. (24), since the matrix U,(6) can be written as

Uy(0) = Uy(8, v = 0) diag(e! #0/0, e ¢0/3 ¢l 0/ | (72)

where Uy(0, v = 0) refers to the matrix U,(8) with v = 0. Here we have used the form of Q(3) shown in eq. (99) in appendix B and
that the relevant rotation occurs in the (13)-plane.

We, then, display for the choice 7 even (u even) the results for BR(u — ey), BR(# — 3 ¢) and CR(u — e, Al) in the % — 0, -plane'®
for a fixed value of y, and M, u,=1keV and M, =3 TeV, and light neutrino masses with NO (I0) and non-zero m, see eq. (46),
in the left (right) of Fig. 5. As mentioned, the angle 6 is irrelevant and thus not specified. For BR(4 — ey), shown in the upper
row, the dark (light) blue regions indicate the parameter space in which the prospective bound from the experiment MEG II is passed
at the 10 (30) level, see eq. (54). As one can see, the impact of this future limit is mild on the considered parameter space, while
being slightly stronger for light neutrino masses with IO. Similarly, for BR(u — 3 e), see plots in the middle row, the dark (light) blue

15 According to the definition of u in eq. (45) it varies between —(n — 1) and 2 (n — 1) and should be an integer. In this analysis, we treat 5 as continuous parameter

in the interval —1 < % <2.
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Case 2), teven (ueven)
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Fig. 5. Case 2), t even (u even). Predictions for BR(u — ey), BR(u — 3e) and CR(u — e,Al) in the E — 6, -plane in the upper, middle and lower row. Left (right)
plots are for light neutrino masses with NO (I0) and m; = 0.03(0.015)eV. The scales y, and M,, are set to y, = 1keV and M, =3 TeV, respectively. Dark (light) blue
and red regions indicate the regions of parameter space compatible at the 1 (3 ¢) level with different prospective bounds on the BRs and CR, see text for details. In
the plots for CR(u — e, Al) grey regions indicate the parameter space in which the lepton mixing angles can be accommodated, i.e. dark (light) grey for y* < 100(300)
and in the insets y? < 27. Simplified versions of these plots, with only contour lines or only experimentally preferred regions, can be found in appendix E, see Figs. 22
and 23.

regions indicate the parameter space compatible with the expected bound from Mu3E Phase 1 at the 1 ¢ (3 6) level, see eq. (54). We
observe that about half of the parameter space in the shown plane can be disfavoured; again, for light neutrino masses with IO the
exclusion reach is slightly larger. The impact of the prospective limit from Mu3E Phase 2 at the 1 6 (3 ¢) level on the parameter space
is displayed with the dark (light) red regions. We clearly see that the viable parameter space is considerably reduced. The lower row
of Fig. 5 contains the corresponding plots for CR(u — e, Al). As expected, the future bounds from COMET and MuZ2e, respectively, see
eq. (55), can only be passed in small regions of the parameter space. These are shown in dark (light) red for the bound from COMET
at the 1 o (3 ¢) level and in dark (light) blue for Mu2e at the same o levels. Since these bounds are very similar, the regions are largely
super-imposed. As explained in section 3, the ratio * and the free angle 0, are also constrained by the requirement to accommodate
the lepton mixing angles well. For this reason, we show in the plots for CR(u — e, Al) in dark (light) grey the parameter space which
leads to y% < 100(300), when using the y2-function as defined in eq. (117) in appendix D. These large values are chosen in order to
ensure the visibility of the corresponding parameter space in the g — 6, -plane. In the insets the regions with y2 <27 are displayed in
grey. While compatible with the future bound from MEG II and mostly with the one from Mu3E Phase 1, this part of the parameter
space will be excluded by Mu3E Phase 2 and the upcoming searches for y — e conversion in aluminium for the chosen values of the
two scales u, and M,,.

In Fig. 6 the corresponding results for ¢ odd (z odd) are displayed for several fixed values of 0. Again, u, and M, are set to
Ho = 1keV and M =3 TeV. As for t even, we study the three different y — e transitions for both light neutrino mass orderings, see left
and right plots, respectively. In the upper row the parameter space which is compatible with the prospective bound on BR(u — ey)
from MEG II at the 1 ¢ level is shown in different colours corresponding to the six different values of . As we can see, the smaller
the shown value of 6y, is, the smaller the allowed parameter space in the 5 — 0, -plane is. Furthermore, the viable parameter space for
light neutrino masses with IO is slightly reduced compared to the one for NO. The same observations can be made when analysing
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Fig. 6. Case 2), t odd (u odd). Predictions for BR(u — ey), BR(u — 3e) and CR(u — e, Al) in the % — 0, -plane in the upper, middle and lower row. Light neutrino
masses, t, and M|, are chosen as in Fig. 5. For six different values of 6, the parameter space that is compatible at the 1 ¢ level with the future bound on BR(y — ey)
from MEG II, on BR( — 3 e) from Mu3E Phase 1 and on CR(y — e, Al) from COMET, respectively, is displayed. In the plots for CR(u — e, Al), different light-coloured
regions (with dashed contours) indicate the parameter space in which the lepton mixing angles can be accommodated (corresponding to x> < 100 and in the insets to
7 <2.

the parameter space allowed by the future limit on BR(# — 3 ¢) from Mu3E Phase 1 at the 1o level. We note that, as expected,
the resulting allowed portion of parameter space is considerably smaller than in the case of BR(u — ey). Applying the prospective
bound on y — e conversion in aluminium from COMET at the 1 ¢ level to the parameter space, we find that only tiny regions remain
allowed in the ﬁ — 0 -plane, see plots in the lower row in Fig. 6. In these plots, we also display the areas in which the lepton mixing
angles are accommodated to a certain degree, i.e. y> < 100, see eq. (117) in appendix D, in different light colours (and with dashed
contours) depending on the value of f.'° In the insets, instead the parameter space with y? <27 is displayed. Overall, we see that
it is very challenging, if not impossible, for all shown values of 03 to reconcile the requirement to fit the lepton mixing angles well
with passing the expected strong bounds on y — e conversion in aluminium. We remark that for 0y ~ % we obtain areas very similar
to those for ¢ even. This is consistent, since in this case the matrix combination in square brackets in eq. (22) is (nearly) diagonal and
the light neutrino masses are (almost) proportional to the square of the Yukawa couplings, see eq. (26), as it always happens for ¢
even.

In order to further study the results for Case 2), we specify the values of n and u, corresponding to certain combinations of s and
t, such that the lepton mixing angles can be accommodated well. As has been shown in [36,48,52], a viable choice is

n=14 together with u=-1,0,1, (73)

16 Again, a larger value of y2 is used in order to increase visibility.
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Case2), n=14,u=0 (s=1,r=2)
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Fig. 7. Case 2), t even (u even). Predictions for BR(u — ey), BR(u — 3¢) and CR(u — e, Al) as a function of M, in the upper, middle and lower row. The group
theory parameters are chosen as n =14, s =1 and 7 = 2, leading to u = 0. Light neutrino masses with NO (I0) correspond to the plots in the left (right). Solid and
dashed lines (almost always super-imposed) refer to the two different values of the angle 6, that allow for best-fitting the lepton mixing angles. For the range of M|,
the value of 4, and the grey regions, see Fig. 2 of Case 1).

since then 5 is small enough. In terms of the parameters s and ¢, see eq. (45), the mentioned values of u correspond to e.g. s =0 and

t=0aswellass=1andt=2foru=0,s=0andt=1foru=—1and s=1and ¢t =1 for u= 1.7 In the following, we numerically
explore these combinations of s and ¢. As is known [36], two different values of the free angle lead to a good fit of the lepton mixing
parameters and we consider both of these. Like for Case 1), we first analyse the behaviour of the BRs and CR for varying M, while
fixing p to py = 1keV, and either assuming light neutrino masses with NO or IO.

For t even, we take s = 1 and t = 2 (leading to u = 0), as shown in Fig. 7. This leads to sin® 6,5 ~ 0.022, sin® 6, ~ 0.34 and
sin’ 0,3 =0.5, in agreement with [36,48,52]. Clearly, there is no dependence on the angle 6. Also the two different values of §; that
permit a good fit to lepton mixing data lead to nearly identical results, since the solid and dashed curves are almost always super-
imposed. Here the solid curve represents the results for the smaller value of the angle #; (which equals 6; ~ 0.184 for light neutrino
masses of both orderings), while the dashed curve corresponds to those obtained for the larger value of #; (which sums up to z
together with the smaller value of 6; ), compare [36,52]. In Fig. 7 we display the same experimental constraints for the BRs of y — ey
and u — 3 e and CR(u — e, Al) as in Fig. 2 for Case 1). The conclusions which can be drawn regarding the parameter space compatible
with these future limits are very similar to those found for Case 1) and 6 = 0, namely the future bound on BR(y — ey) is passed for the
shown interval of M|,, while the prospective limit from Mu3E Phase 1 can only constrain larger masses, i.e. M, 2 10(3) TeV for light
neutrino masses with NO (I0). In contrast to this, Mu3E Phase 2 is expected to reduce the allowed parameter space to M, S 200GeV
for light neutrino masses with NO and the future bound on CR(u — e, Al) forces M|, to lie in the interval 5TeV < M < 8 TeV for both
light neutrino mass orderings — close to the value of M which leads to a (complete) cancellation in the CR, see eq. (65).

17" The choice s =0 and = 0 leads to trivial Majorana phases, since I; and I, are zero, see e.g. [36].
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Case2), n=14,u=1 (s=1,r=1)
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Fig. 8. Case 2), t odd (u odd). Predictions for BR(u — ey), BR(u — 3e) and CR(u — e,Al) as a function of M in the upper, middle and lower row. The group
theory parameters are chosen as n =14, s =1 and # = 1, corresponding to u = 1. The conventions in these plots are the same as in Figs. 2 and 7.

For ¢ odd, we employ as example s =1 and 7 = 1 which give rise to u = 1. For this value of u and n = 14, the lepton mixing
angles read sin” 6,5 ~ 0.022, sin® 6, ~ 0.34 and sin® 6, ~ 0.56, see also [36,48,52]. Using the same conventions as in Figs. 2 and 7,
we display the results in Fig. 8 for six different values of the angle 6 in different colours. While for ¢ even, we hardly see any
difference in the results for the two different values of 6; that lead to a good fit of the lepton mixing angles, the solid and dashed
curves can be clearly distinguished in Fig. 8.'® We also observe that the larger of the shown values of 6 result in smaller values
of the BRs and CR, except for 0y = %. For Oy = % we instead find very similar results as for the combination s =1, t =2 (u=0),
see Fig. 7. This is expected, since for 6, = ;—[ the matrix combination in square brackets in eq. (22) is automatically diagonal and
the light neutrino masses are proportional to the squares of the Yukawa couplings even for ¢ odd. Comparing the results for light
neutrino masses with NO and IO, they appear to be very similar, compare plots in the left and the right in Fig. 8. For the larger
values of 65 that we show the prospective bound on BR(y — ey) is passed, while the expected limit from Mu3E Phase 1 is more
constraining, especially for larger values of M,,. The future bound from Mu3E Phase 2 can exclude all parameter space for y, = 1 keV,
unless M, S 600(300) GeV for light neutrino masses with NO (I0) and certain larger values of 6 are chosen. The limit expected from
COMET (and also Mu2e), on the other hand, restricts the allowed parameter space to values of M, close to M, ~ 6.5 TeV, for which a
cancellation occurs in the CR. Furthermore, we note that the choice s =0 and ¢ = 1, corresponding to u = —1, leads to similar results
as shown in Fig. 8.'°

18 The smaller value of 5,_, the angle appearing in the matrix U, , see eq. (33), is given by EL ~0.146 for light neutrino masses with NO and EL ~0.148 for IO light
neutrino masses, while the larger value always sums up to z together with the smaller one. For completeness, we mention that for the choice u = —1 the same values
of EL are obtained. For further details, we refer to e.g. [36,52].

19 For this value of u and n = 14, the atmospheric mixing angle is best-fitted to sin* 6,3 ~ 0.44, while the reactor and the solar mixing angles are like for u =0 and
u=1.
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Case 2), n=14, s=1, =2 (u=0), NO
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Fig. 9. Case 2), t even (u even). Results of numerical scan for BR(u — ey), BR(u — 3e) and CR(u — e, Al) varying M, u, and 6 in the ranges in egs. (58), (57)
and (56), respectively. As example of the group theory parameters n =14, s =1 and ¢ = 2, corresponding to u = 0, is chosen. For conventions, see Fig. 3.

Before moving on to the results of the numerical scans, we estimate the size of the BRs and CR with the help of the analytic
approximations, found in section 4.2. Similar to Case 1), see eq. (68), we first express the most relevant element of the matrix 7, Ny
in terms of Ay,.zj and lepton mixing observables which replace the combinations of §; and 5 that show up

/
n,
Moy = 30 (2Ay3, +3(1 = 2(sin® 0,3 + sin® 03 — sin® 03 sin 053) — 6 Jcp) AY3, ) - 74
This formula holds for ¢ even as well as ¢ odd and 0y = %. Then, fixing py = 1keV and M, =3 TeV, we find for u =0 (z = 1) and light
neutrino masses with NO and m( = 0.03 eV

BR(u — ey) 6.2(5.7)x 107, BR(y = 3¢) % 9.9(9.1) x 10710, CR(y — e, Al) ~ 4.3 (4.0) x 10~1° (75)

as well as for IO light neutrino masses and m, =0.015eV

BR(u—ey)~1.1(12)x 107, BR(y > 3e)~1.7(1.9)x 107, CR(u — e, Al) » 7.4(8.4) x 10716, (76)

These estimates are consistent with the results displayed in Figs. 7 and 8.

In Figs. 9 and 10 we provide results of the numerical scans for ¢ even corresponding to u even (s = 1, t =2 and thus « = 0) and for
t odd/u odd (s =1, t = 1, meaning u = 1), respectively. The colour-coding is the same as in Fig. 3 and the definition of the quantity
y can be found in eq. (71). We see that the same orders of magnitude for the BRs and CR are predicted as in Case 1) and that also
for Case 2) the prospective limits for both processes y — 3 e and u — e conversion in aluminium can be reached, while BR(y — ey) is
expected to be smaller than 6 x 10710 in the portion of parameter space that is allowed. Furthermore, this part of the parameter space
is characterised by i, being larger than 2 keV, whereas the scanned intervals of M, and 6 are not constrained. Nevertheless, we also
observe certain differences compared to the results for Case 1). In particular, both BRs reveal lower limits, BR(u — ey) 2 10™1° and
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Fig. 10. Case 2), t odd (u odd). Results of numerical scan for BR(u — ey), BR(u — 3¢) and CR(u — e, Al) varying M, u, and 0y in the ranges in egs. (58), (57)
and (56), respectively. As example of the group theory parameters n =14, s =1 and ¢t = 1, meaning u = 1, is chosen. For conventions, see Fig. 3.

BR(u — 3e) 2 10721, and the CR is predicted to be larger than 5 x 10722 for values of M,, which are not too close to M, = 6.5 TeV,
where the cancellation occurs.?® As expected, for ¢ even, see Fig. 9, no dependence of the flavour observables on the angle 6, is seen.
Consequently, we observe less spread in the data points. For ¢ odd, see Fig. 10, a clear dependence on 6 is observed. In contrast to
the results for Case 1), the BRs and CR are now enhanced for sin2 @ close to zero, since then at least one Yukawa coupling becomes
large (compare the results found in [52]), while for |sin2 6| being maximal the Yukawa couplings and, hence, the size of the cLFV
signals are suppressed. This behaviour is very similar for light neutrino masses with 10 and my = 0.015eV as well as in situations in
which the lightest neutrino mass mj is set to zero.

Eventually, we compare the results of the numerical scans for the four different combinations {s =0, =0}, {s =1, =2} (cor-
responding to u=0), {s=0,t=1} (u=-1) and {s=1,#=1} (u=1) in Fig. 11. In order to do so, we divide the scanned range of
o in 30 logarithmically uniform bins and also the data points accordingly. Then, we take the average of the results for the two BRs
and the CR in each bin and plot it with respect to y,.>! We see that the two combinations corresponding to u = 0 lead to (nearly)
the same averages. This is supported by the observation that the matrix element ,, in eq. (74) can be written in terms of the lepton
mixing angles and Jp that all depend on s and ¢ only through u, compare [36]. Furthermore, it can be observed that the resulting
averages are smaller by up to a factor 10 to 25, if u = 0. We note that also the two combinations corresponding tou=—1 and u =1,
respectively, lead to very similar results for the cLFV signals. The reason why the results for u = —1 and u = 1 are larger than those
for u = 0 (mainly) lies in the fact that the displayed averages also take into account the part of the parameter space in which 6, fulfils
sin20x ~ 0, entailing at least one large Yukawa coupling and, thus, larger BRs and CR. This can also explain the similarity of the
results for u = —1 and u = 1. Moreover, we note that the analogue of Fig. 11 looks very similar for light neutrino masses with 10 and
mg=0.015eV.

20 We actually exclude all values of the CR which are obtained for 4.5TeV < M, <7.5TeV.
2! In Fig. 11, we take as value representing a bin the central value of 4, in this bin.
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Fig. 11. Case 2). Comparison of results for BR(u — ey), BR(u — 3e) and CR(u — e, Al) for different combinations of s and t (choices of u). The group index
n is fixed to n = 14. Light neutrino masses follow NO and m, = 0.03eV. The shown averages are made over the results of the scans in logarithmically uniform bins of
the scale . For details see text.

4.5. Results for Case 3 a)

Like for Case 2), also for Case 3 a) it is relevant which residual symmetries, encoded in the parameters m and s, are preserved
in the neutral lepton sector in order to determine whether the results depend in general on the angle 6; or not. Concretely, for m
and s being both even or being both odd no dependence on 0y is expected, while for the combination m even and s odd or vice
versa such a dependence is anticipated, because the matrix combination in square brackets in eq. (22) is not diagonal and the light
neutrino masses depend on 6y, see section 2. It is, thus, important to consider numerical examples which represent these different
possibilities. For this reason, we choose, as in [52], one example with m odd,

n=16 and m=1, @7

leading to sin® 8,3 ~ 0.025 and sin” 6,3 ~ 0.61,%2 and another one with m even,

n=34 and m=2, (78)

giving rise to sin’ 0,3 ~0.022 and sin’ 0,3 ~ 0.61. The solar mixing angle is fixed by the choice of the CP symmetry, i.e. the parameter
s, and the free angle. All values of s, 0 < s <n— 1, allow for a good fit of the lepton mixing angles, usually for two different values
of the free angle. For examples of viable fits, see [36] and more recently [52].

With this information, we can study the signal strength of the BRs and CR for n and m given in the i — 0 -plane (treating %
as continuous parameter between 0 and 1, but still keeping track of whether s is even or odd). We fix the values of y, and M,

22 We note that the value of the reactor mixing angle is slightly outside the experimentally preferred 3 ¢ range [54].
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Case 3a), n=34, m=2, s=2,NO
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Fig. 12. Case 3 a), m and s both even (or both odd). Results of numerical scan for BR(u — ey), BR(u — 3¢) and CR(u — e, Al) varying M, u, and 0y in the
ranges in egs. (58), (57) and (56), respectively. As example of the group theory parameters n =34, m =2 and s = 2 is chosen. For conventions, see Fig. 3.

e.g. 4y = 1keV and M =3 TeV, and the light neutrino mass spectrum. Then, we superimpose the results of the fit to the solar mixing
angle, similar to the analysis for Case 2) found in Figs. 5 and 6. We find for all possible combinations of m and s being even and
odd as well as for light neutrino masses with NO (IO) and my =0.03 (0.015) eV that no constraint on the parameter space arises from
the prospective bound on y — ey from MEG II and on y — 3 e from Mu3E Phase 1 at the 3 ¢ level, while the future limit of Mu3E
Phase 2 and the expected reach of the experiments COMET and MuZ2e exclude the entire parameter space. Thus, we do not display
any corresponding plots.

We instead continue with giving an estimate for m and s both even or both odd as well as for m even and s odd or vice versa for
0g =0 (since then the matrix combination in square brackets in eq. (22) is diagonal) that is based on the analytic form of 7, - For
this, we replace the terms depending on = with the sine of the reactor mixing angle and take the limit 6, being zero (using 6; ~ «
leads to the same result), compare section 3 and [36]. Then, we have

/ :
~ 0 4 2Ay2 —3(y/2—3sin’6 inf,3) sinf3 Ay? 79
Ny R 3 e V5 ( sin“ 0,3 +sinf;3) sinf;3 Vi) - (79)

This expression coincides with the one obtained for Case 1), see eq. (68), up to the overall phase. Consequently, we refer to the
estimates of the BRs and CR found in egs. (69) and (70) for light neutrino masses with NO and IO and non-vanishing m, respectively.

We perform numerical scans for the concrete choices n =16, m=1and s=1aswellass=2and forn=34, m=2and 0 <s <2.
The results are presented in Figs. 12-14 for light neutrino masses with NO and non-zero my,.

As expected, in Fig. 12 no dependence on the free angle 0y is observed. Although these plots assume m and s both even (since
we use n = 34), the results for m and s both odd (for n =16) look very similar. For light neutrino masses with I0 and m, =0.015eV
we also find comparable results. We have verified that taking m, = 0 leads to very similar plots as well. Like for Case 2), t even (u
even), the viable data points can be characterised by yu, 2 3keV, while M|, and @ are not restricted. Furthermore, the future limit
on BR(u — 3e) as well as on CR(u — e, Al) can be saturated for the viable points, whereas the maximum value of BR(u — ey) is
around 6 x 10716 and thus much lower than the prospective bound from MEG II. We also remark that both BRs appear to be bounded
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Case3a), n=34, m=2,s=1,NO
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Fig. 13. Case 3 a), m even and s odd (or vice versa). Results of numerical scan for BR(u — ey), BR(u — 3e) and CR(u — e, Al) varying M, p, and 6y in the
ranges in egs. (58), (57) and (56), respectively. As example of the group theory parameters n =34, m =2 and s = 1 is chosen. For conventions, see Fig. 3.

from below, BR(u — ey) 2 1071° and BR(u — 3e) 2 10720, The CR of u — e conversion in aluminium reveals — for M, S 4.5TeV or
M, 2 7.5TeV - also a lower limit, CR(u — e, Al) 2 10721

For the choice m even and s odd (for n = 34) we expect the results to depend on 0y and this dependence should be similar to
the one found for Case 1), compare [52]. As can be observed in Fig. 13, the dependence is much milder (for light neutrino masses
with NO and m = 0.03eV) than in the other studied cases, Case 1) (see Fig. 3), Case 2) for t odd (see Fig. 10) and Case 3 b.1) for
m even and s odd or vice versa (see Fig. 19). We have confirmed that for m odd and s even (employing n = 16) a very similar result
is obtained. Assuming light neutrino masses with IO and my = 0.015 eV also leads to plots similar to those shown in Fig. 13. For NO
light neutrino masses and m,, being very small (m, = 0 or m, = 107> eV) we find instead a larger dependence on 6 like for Case 1)
in Fig. 3, when considering e.g. n =16, m =1 and s = 2. Regarding the experimental prospects to detect cLFV signals involving the
muon and the electron for Case 3 a) and m even and s odd or vice versa, these are similar to those for m and s both even or both
odd, namely for the studied examples we obtain 4 x 10~2! SBR(u — ey) S6x1071¢, BR(u = 3e) 2 10722 and CR(y — e, Al) 2 10721,
if the cancellation region, see footnote 20, is avoided.

Lastly, we would like to compare the different choices of n, m and s that we have analysed numerically. Like for Case 2), see
Fig. 11, we make use of averages corresponding to a certain binning of the data in the parameter y,. We find that the results of the
BRs and CR are nearly independent of the choice of n, m and s, as can be clearly seen in Fig. 14, where we show the results for light
neutrino masses with NO and non-zero m. This behaviour can be explained with the fact that (almost) no enhancement of the BRs
and CR is observed for certain values of the angle 6, compare Fig. 13. The corresponding plots for light neutrino masses with 10
and m( = 0.015 eV reveal the same features, as expected from the above discussion.

4.6. Results for Case 3 b.1)

The relevant parameters for Case 3 b.1) are the same as for Case 3 a). Given the different assignment of the light neutrino masses,
see e.g. eq. (27), the values of the parameters n, m and s that can lead to a good agreement with the experimental data on lepton
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10712 L . . L L L . L L L . L L
’ [ ] n=16, m=1, s=1
l n=16, m=1, s=2
‘ ® n=34,m=2,s=0
o . ' ® 1n=34 m=2,s=1
‘ ' l [ ] n=34, m=2,s=2
(] 3 .
10 g L L8 -
U [} ’
° (]
]
|
o o o
= ® < [ ] i\ s
V) o
T s @ L 1] 8 _‘;_’ I
X &S
& <8 Z| 8
® . = &
. 8 ‘
o c L]
i e | ¢ I s I
[} e
e e
10720 1 r T T T r T r T r r T T T T
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
polkeV] HolkeV] polkeV]

Fig. 14. Case 3 a). Comparison of results for BR(u — ey), BR(u — 3¢) and CR(u — e,Al) for different combinations of m and s. The group index n is either
fixed to n =16 or to n = 34. For further conventions and details see Fig. 11 for Case 2).

mixing angles differ for Case 3 b.1) from those for Case 3 a). As mentioned in section 3, see also [36], the parameter m is preferred
to be close to g in order to correctly accommodate the measured value of the solar mixing angle. Unlike for Case 3 a), the smallest
value of the index n that permits a good fit can be small, e.g. even n = 2. Nevertheless, we study numerically the example

n=20 and m=9,10,11, (80)

since a larger » allows to analyse, on the one hand, values of m which are not equal to g and, on the other hand, several different values

of the parameter s (corresponding to different CP symmetries), because s varies between 0 and n — 1. Results for the lepton mixing
angles can be found in [36,52]. Like for Case 3 a), we expect that the results for m and s both even or both odd are independent of
the angle 0z, whereas those for m even and s odd or vice versa reveal a dependence on this parameter. This expectation is confirmed
in the following.

We begin the analysis of the BRs and CR by evaluating their sizes in the % — 0, -plane?® for a fixed ratio of %, % = %, % = %
and % = %, as well as for fixed values of the two scales y, and M), y, = 1keV and M, =3 TeV, see Figs. 15-17. The colour-coding
in these figures is the same as in Fig. 5 for Case 2). In particular, the dark (light) grey regions in the plots for CR(u — e, Al) indicate
the parameter space in which the lepton mixing angles are accommodated to a certain degree, i.e. y2 < 100(300). These regions
are found to be consistent with those shown in corresponding plots in [36,52]. The plots in the left in Figs. 15-17 assume that light
neutrino masses follow NO with m; = 0.03 eV, while the plots in the right in these figures are based on an IO light neutrino mass
spectrum with m, = 0.015 eV. Fig. 15 represents the combination m and s both even and, thus, no dependence on 6y, is expected, and
also observed, while in Figs. 16 and 17 m is odd and s even such that the results depend on 6. Here, they are shown for 8, =0, for

23 The ratio ﬁ is taken to be continuous, 0 < :—1 <1, and s is either assumed to be even or odd.
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Case 3b.1), n=20, m=10, seven
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Fig. 15. Case 3 b.1), m and s both even. Predictions for BR(u — ey), BR(u — 3¢) and CR(u — e,Al) in the f — 0, -plane in the upper, middle and lower row.
The group theory parameters are chosen as n =20 and m = 10. The conventions are like in Fig. 5 of Case 2) and ¢ even (u even). Simplified versions of these plots,
with only contour lines or only experimentally preferred regions, can be found in appendix E, see Figs. 24 and 25. Plots reflecting the features of examples with m and
s both odd can be found in Figs. 16 and 17, since these are displayed for the choice 8 = 0.

which the matrix combination in square brackets in eq. (22) is diagonal. We complete the set of plots by Figs. 30-32 in appendix E in

which we display for % = % and % = % and s even as well as for % = ;—g and s odd the results for six different values of the angle

0O in different colours, similar to e.g. Fig. 6 for Case 2) and ¢ odd. We note that the results for % = 29—0 (% = %) and s even agree

for the choice 8 = 0 with those for % = 2% (% = %) and s odd and, similarly, the choice % = % and s odd with 6 = 0 reproduces

the results of % =19 and s even. Consequently, the results for all possible combinations of m and s even and odd are covered with
the six figures, Figs. 15-17 and Figs. 30-32. We see for m and s both even or both odd as well as for m even and s odd or vice versa
and 6 =0 that in most situations the prospective bound on BR(y — ey) is passed in the entire parameter space — at least at the
3¢ level, whereas the limit expected from Mu3E Phase 1 excludes about half of the parameter space at the 3 ¢ level and the future
bound from Mu3E Phase 2 considerably reduces the viable regions of parameter space. Employing the expected limits from COMET
and MuZ2e only leaves a rather small portion of parameter space in the i — 07 -plane allowed, which in general is hardly compatible
with the regions preferred by the measured values of the lepton mixing angles. In addition, we observe that the future bounds are
slightly more likely to be satisfied for light neutrino masses with NO and m; = 0.03 eV than in the case of an IO light neutrino mass
spectrum with m, = 0.015 eV (compare plots in the left with those in the right in Figs. 15-17). When considering the dependence on
O for the combinations m even and s odd or vice versa, see especially Figs. 30-32 in appendix E, we note that the shape and size
of the parameter space passing a certain future bound depends on the actual value of 0y and for the larger ones among the shown
values it is usually smaller. Furthermore, the regions of parameter space that lead to an agreement of the lepton mixing angles with
experimental data shift as function of 6. It is, thus, necessary to investigate each value of 6y separately in order to make more
quantitative statements about the constraints imposed by the future limits on the different y — e transitions and their compatibility
with the restrictions coming from fitting the lepton mixing angles well.
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Case 3b.1), n=20, m=9, seven
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Fig. 16. Case 3 b.1), m odd, s even and 0, = 0. Predictions for BR(u — ey), BR(u — 3e) and CR(u — e,Al) in the 5 — 6, -plane in the upper, middle and lower
row. The group theory parameters are chosen as n =20 and m = 9. For the remaining conventions see Fig. 15. Simplified versions of these plots, with only contour
lines or only experimentally preferred regions, can be found in appendix E, see Figs. 26 and 27. The dependence on 6}, is illustrated with six different values of 6 in
different colours in Fig. 30 in the same appendix. Results for an example of the combination m even and s odd and different values of 6 are found in Fig. 32 also in
this appendix.

To numerically estimate the BRs and CR, we first give an approximate formula for #,,, for m and s both even or both odd or m even
and s odd or vice versa, assuming 6y = 0. For this, we take m = %, express ; in terms of the reactor mixing angle, compare [36,52],
and then arrive at

/

) 4ri .

Moy = —= '3 (3(e—3x¢s V1=35in20,5 + V2 sin6;) sinfy; A2, - \/EAygl) : 81)
32

2

where Ay? and Ay? are related to the light neutrino masses as follows Ay? = Lg (m3 —m,) and Ay? = M (my —my)
Vo1 31 g 21 1o (H)2 3 2 y31 o (H)? 1 2)s

since the identification of Yukawa couplings and light neutrino masses is altered compared to Case 1) through Case 3 a) due to the
permutation, cf. eq. (27). Using that —0.6 S cos3 ¢, < 0.71, see [36], we obtain as intervals for the BRs and CR

39%1075 < BR(u—ey) $93x10715,

63%x107'° < BR(u > 3e) S1.5x 1071,

2.7%107' < CR(u — e, Al) $ 6.6 x 10716 (82)
for light neutrino masses with NO and m = 0.03 eV, while for IO light neutrino masses wtih my = 0.015eV we get

8.8x 10715 < BR(u—ey) S13x 10714,

14%x107% < BR(u — 3e) $2.1x 1075,
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Case 3b.1), n=20, m=11, seven
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Fig. 17. Case 3 b.1), m odd, s even and 6 = 0. Predictions for BR(u — ey), BR(u — 3e) and CR(u — e, Al) in the 5 — 6, -plane in the upper, middle and lower
row. The group theory parameters are chosen as n =20 and m = 11. For the remaining conventions see Fig. 15. Simplified versions of these plots, with only contour
lines or only experimentally preferred regions, can be found in appendix E, see Figs. 28 and 29. The dependence on 6}, is illustrated with six different values of 6 in
different colours in Fig. 31 in the same appendix. Results for an example of the combination m even and s odd and different values of 6 are found in Fig. 32 also in
this appendix.

62% 10710 <CR(u—e,Al) <9.1x 10710 . (83)

Again, we have fixed the two scales y, and M, to p, = 1keV and M = 3TeV, respectively. From these estimates we see that the
future bound on BR(y — ey) is usually passed as well as the limit on BR(u — 3 ¢) expected from Mu3E Phase 1, whereas Mu3E
Phase 2 can exclude this scenario and also the experiments COMET and Mu2e have this potential, since CR(u — e, Al) is larger than
2.7 % 10~1° for the chosen values of the scales y, and M, and the assumed light neutrino mass spectra.

In a next step, we scrutinise the parameter space by performing numerical scans for different values of m and s: for m = 10 we
have studied s =2, s =3 and s = 10, for m =9 the choices of s are s=1, s =2, s =18 and s = 19, while for m = 11 we have fixed
stos=0, s=1 and s =2. We show examples of these scans in Figs. 18 and 19 for the concrete choices m =9 and s =1 as well
as m =9 and s =2, respectively, assuming that light neutrino masses follow NO and m, = 0.03 eV. Since m =9 and s = 1 are both
odd, no dependence on @y, is revealed, while for m =9 and s =2 a clear dependence on 0y is observed, as expected. Like for Case
1), at least one Yukawa coupling is enhanced for cos26y ~ 0 and, consequently, also the BRs and CR, whereas for |cos26g| = 1
the signal strength of the studied cLFV processes is suppressed, compare [52] for the dependence on 6. We have checked that the
other choices of m and s both even or both odd as well as light neutrino masses with 10 and m, = 0.015eV lead to plots that are
very similar to those found in Fig. 18. This holds analogously for the other choices of m and s with one of them being even and
the other one odd and the results displayed in Fig. 19. Regarding the ranges of the BRs and CR, we usually find for the viable data
points (the ones coloured according to the colour bar in Figs. 18 and 19) 10~!® SBR(u — ey) $6x 10719, BR(4 = 3¢) 2 1072! and
CR(y — e, Al) > 10722 (excluding 4.5TeV < M, < 7.5TeV) with BR(y — 3e) and CR(u — e, Al) saturating the expected limits from
Mu3E Phase 2 and COMET, respectively.

We summarise and compare the results of all the performed numerical scans for light neutrino masses with NO and non-vanishing
my in Fig. 20 using the same strategy of binning and averaging as in Fig. 11. We observe that the combinations of m even and s odd or
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Case 3b.1), n=20, m=9, s=1,NO
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Fig. 18. Case 3 b.1), m and s both odd (or both even). Results of numerical scan for BR(u — ey), BR(u — 3¢) and CR(u — e, Al) varying M, u, and 65 in
the ranges in egs. (58), (57) and (56), respectively. As example of the group theory parameters n =20, m=9 and s = | is chosen. For conventions, see Fig. 3.

vice versa lead to larger BRs and CR in average (up to a factor 25) than those with m and s both even or both odd. Analogous to Case
2), this is due to the enhancement of the BRs and CR for certain values of the angle 8 for m even and s odd or vice versa, entailing
larger averages, which does not occur for m and s both even or both odd. For light neutrino masses with 10 and my = 0.015eV the
plots shown in Fig. 20 look very similar.

5. Comments on cLFV 7 decays

We also consider the cLFV decays of the tau lepton = — uy, v — ey, 7 = 3 u and 7 — 3 e. As current experimental bounds on the
BRs of these decays we use [88-90] (all at 90% C.L.)

BR(z - uy) <4.2x 1078 (Belle [88]), BR(z — ey) <3.3x 1073 (Belle [89]),

BR(z = 3 1) < 1.9% 1078 (Belle I [90]), BR(r —» 3¢) <2.7x 108 (Belle [89]). (84)
The prospective limits are [91]

BR(r — uy) <6.9x10™° (Belle II [91]), BR(r — ey) <9x 10™°  (Belle I [91]),

BR(r = 3 1) <3.6x 1070 (Belle I [91]), BR(r — 3¢) < 4.7 x 10~ (Belle II [91]). (85)

Before discussing the results of the numerical scans, we give simple formulae for 7, and #,, for Case 1) that are relevant for the
cLFV decays 7 — uy, T — 3 p and 7 — ey, 7 — 3e, respectively, similar to #,, dominating the y — e transitions. They read
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Case 3b.1), n=20, m=9, s=2,NO
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Fig. 19. Case 3 b.1), m odd and s even (or vice versa). Results of numerical scan for BR(u — ey), BR(u — 3e) and CR(u — e, Al) varying M, u, and 6 in
the ranges in egs. (58), (57) and (56), respectively. As example of the group theory parameters n =20, m =9 and s =2 is chosen. For conventions, see Fig. 3.

!
1y )
Mue = (24y3, =3(1 - 2sin®0;3) Ay?)) (86)

and

/

Ut
fee = FO <2Ay§l +3(\/2-3sin?0;; —sind,3) sinf, Ay§1> , (87)

respectively, with Ainj being defined in the vicinity of eq. (68). We see that, in particular, #,, has a form similar to ,,. Numerical
estimates for the corresponding BRs can be derived with the help of these formulae and the approximations found in section 4.2. For
Ho = 1keV and M =3TeV we get

BR(t = uy)~23%x107*  BR(t > 3 )~ 3.6 x 1071

BR(zr > ey) % 1.2%x 107", BR(r = 3¢) »2.0x 10716 (88)
for light neutrino masses with NO and m( = 0.03 eV, while for IO light neutrino masses with my =0.015eV we find

BR(t - uy)~42%x107"* | BR(t > 3 ) 6.6 X 10717

BR(t » ey) % 1.4x 1075 | BR(r > 3e) 2.3 x 10716 (89)

These already indicate that the presented scenario is most likely not constrained by the current nor by the prospective limits on the
studied cLFV tau lepton decays, see eqgs. (84) and (85). This observation is confirmed by the numerical scans that we have performed.
As example, the results for n =26, s = 1 and light neutrino masses with NO and m, = 0.03 eV are shown in Fig. 21. The colour-coding
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Fig. 20. Case 3 b.1). Comparison of results for BR(u — ey), BR(u — 3e) and CR(u — e, Al) for different combinations of m and s. The group index n is set to
n =20. For further conventions and details see Fig. 11 for Case 2).

is the same as in Fig. 3 for the corresponding y — e transitions. The largest values obtained for the different BRs for the viable data
points are

BR(z — uy) S7x 1075 BR(r >3 ) $2x 1071,

BR(z — y) $3%x 1071 | BR(r > 3¢) $2x 10710 (90)

and, thus, clearly inaccessible by the mentioned facilities. The observed dependence on the angle 6 is driven by cos2 6y, like for
the u — e transitions, and is due to the fact that for cos2 6, ~ 0 at least one Yukawa coupling is large, compare egs. (34)-(36), while
for |cos26y| large smaller values of the Yukawa couplings are accessible and, consequently, also smaller values of the BRs can be
obtained. The results for light neutrino masses with IO and m, = 0.015eV are similar and the upper limits obtained for the BRs are
only slightly larger than those given in eq. (90). We have also performed numerical scans for m, = 0 and light neutrino masses with
NO and IO, respectively, and obtain results that are qualitatively similar to those displayed in Fig. 21.

Also for the other cases, Case 2) through Case 3 b.1), the values of the BRs are of similar order as those given in eq. (90) for
the viable points in the scans and, thus, cannot be tested by current and near-future experiments. We have checked that for Case
2) the BRs of the different studied cLFV tau lepton decays do not depend on the angle 6 for ¢ even that corresponds to u even,
whereas the expected dependence on 6y is found for ¢ odd equivalent to u odd. Furthermore, the exact value of the parameter s is
not directly relevant. For Case 3 a), we observe that the BRs of the cLFV tau lepton decays also have similar features as the studied
4 — e transitions, i.e. for m and s being both even or both odd there is no dependence on the angle 6, while for m even and s odd
or vice versa such a dependence is expected and usually a milder one is found in the numerical scans. Lastly, we have checked that
statements analogous to those made for the i — e transitions also hold for the cLFV tau lepton decays for Case 3 b.1).
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Case 1), n=26,s=1 ,NO
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Fig. 21. Case 1). Results of numerical scan for BR(z — uy), BR(r — 3 u), BR(z — ey) and BR(z — 3e) varying M, u, and 6; in the ranges in egs. (58), (57)
and (56), respectively. The parameters n and s are the same as in Fig. 1. For conventions see Fig. 3.

6. Comment on f and Ovff decay

Before closing, we briefly comment on the possible impact of the experimental limits on the quantities my and mgj extracted
from the study of Tritium f decay [92] and searches for Ovgf decay in different nuclei [93-96], respectively. They can in general
constrain the parameter space of the studied scenario in two ways: by delimiting the lightest neutrino mass m,, and by restricting (a
combination of) the CP phases. In particular, the results for Ovfp decay have been analysed in a framework with G, and CP and their
residuals G, and G, in the literature, see e.g. [37,39,50]. As has been discussed for option 1 of the ISS scenario [48], the contribution
of the heavy sterile states is negligible, since they form pseudo-Dirac pairs and all are (nearly) degenerate in mass. This is also the
case for option 2, compare eq. (17). Thus, the results for mg are the same as those obtained in e.g. [48,50].

Neither the constraints from mg and my; on m, nor on the CP phases are expected to have a relevant impact on the results for
the different flavour observables. As commented in sections 4 and 5, there is in general a minor dependence of the latter observables
on my and, especially, the order of magnitude of the BRs of the radiative and tri-lepton cLFV decays as well as of the CR of u —e
conversion hardly depends on m,. As regards a possible correlation between the size of the CP phases and the BRs and CR, we
remind that for Case 1) the only non-trivial CP phase, the Majorana phase a, depends on the parameter s which characterises the CP
symmetry, compare section 3, while we have shown at the beginning of section 4.3 that the matrix # and, thus, also the BRs and CR
are independent of s. Similarly, we see for Case 2) that the Majorana phase « is (mainly) driven by the parameter v, encoding the
choice of the CP symmetry, while the matrix # is independent of v, see beginning of section 4.4. The expressions for the CP phases
for Case 3 a) and Case 3 b.1) are more involved, but also for these cases no obvious correlation between the size of the CP phases
and the signal strength of the cLFV processes has been observed. In conclusion, the experiments targeting at mg or mg,; and searches
for cLFV put complementary constraints on the parameter space of the studied scenario.
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7. Summary

We have studied a scenario in which light neutrino masses are generated via the ISS mechanism and a flavour and CP symmetry
determine the flavour structure. The 343 gauge singlet fermions form three pairs of pseudo-Dirac states that are (nearly) degenerate
in mass, because in the neutral lepton sector only the Dirac neutrino Yukawa matrix breaks G, and CP to G, which is the direct
product of a Z, symmetry and CP. Among charged leptons the residual symmetry is G, = Z3 and in the chosen basis the charged
lepton mass matrix is diagonal with three free parameters corresponding to the charged lepton masses. There are four cases, Case 1)
through Case 3 b.1), that lead to four different types of lepton mixing patterns. In the neutral lepton sector, the parameter space is
spanned by the three Yukawa couplings y,, the two angles 8, and 6y, all contained in the Dirac neutrino Yukawa matrix, as well
as the two scales M, and . The couplings y, are fixed by the light neutrino masses, the angle 0, is adjusted such that the lepton
mixing angles are accommodated well and the two scales M|, and i, determine the mass of the heavy sterile states and the size of
lepton number breaking, respectively. The angle 6 is a free parameter and varied in its entire range, 0 <0z <2 7.

We have focused on the BRs of the cLFV decays u — ey and ¢ — 3e and y — e conversion in nuclei, both analytically and
numerically. To study these processes numerically, we have chosen examples for each of the cases which can accommodate the
lepton mixing angles well. While current limits on these processes do not constrain the studied parameter space, future bounds can
exclude part of it. In particular, the expected limit on y — 3 e from Mu3E Phase 2 and the prospective bounds on u — e conversion
in aluminium from COMET and MuZ2e set relevant restrictions. If these are passed, the size of BR(u — ey) turns out to be about two
orders of magnitude smaller than the future limit from MEG II.

We have also analysed the signal strength of four cLFV tau lepton decays, © — uy, T — ey, 7 = 3 u and 7 — 3e. If the lepton
mixing angles are accommodated well and the future bounds on the three most relevant u — e transitions are passed, the BRs of these
decays are rather suppressed, below 10~'4, meaning these are much lower than the expected limits from Belle II.

We have observed that the BRs and CR reveal different dependences on the free angle 6, depending on the choice of the case, Case
1) through Case 3 b.1), and the parameters determining the residual symmetries: for Case 1) they always have such a dependence,
while for Case 2) it is decisive whether the parameter 7 is even or odd, i.e. for 7 even there is no such dependence, whereas for t odd
a dependence is observed. For Case 3 a) and Case 3 b.1) we have found that for the parameters m and s both even or both odd no
dependence exists, while for one of them being even and the other one odd a dependence similar to the one observed for Case 1) is
seen. Nevertheless, it is usually milder for Case 3 a) than for the other cases.

We have also briefly commented on the possible impact of the limits coming from f and Ovff decay experiments and have
concluded that these and searches for cLFV processes put complementary constraints on the parameter space.

The phenomenology of this option, option 2, is very different from that of the already studied option 1 [48], where only the
Majorana mass matrix ug of the gauge singlets .S s J = 1,2,3, carries non-trivial flavour structure in the neutral lepton sector, since
in the case of option 1 all cLFV signals are highly suppressed. For this reason, it can be interesting to consider further options and
variants of this scenario.
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Appendix A. Basics of group theory of A(3n?) and A(6 n?)

For completeness, the basics of the discrete groups A(3 n%) and A(6n?) are presented. The groups A(3 ), n>2 integer, can be
described with three generators a, ¢ and d that satisfy the relations

@P=e, "=e¢,d" =e, cd=dc, aca'l=c'd7!, ada'=c, 91)

where e is the neutral element of the group [34]. As detailed in [35], the groups A(6 n?), n>2 integer, can be generated by adding
a further generator b. The relations involving this generator read
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version of Fig. 5 we only display the contour lines for the different flavour observables.

=e, (ab)l=e, beb '=d7 ', bdb~ ' =c7". (92)

For the trivial representation 1 all elements of the group are represented by the character 1. The representation matrices of the
generators, a(3), b(3), c¢(3) and d(3), are taken in one irreducible, faithful, complex three-dimensional representation, called 3, of
A(67?) as**

1 0 0 1 0 0
a3=|0 @ 0 ],b3=[0 0 ], (93)
0 0 w 0 o O
14+2cosg, l—cos¢n—\/§sin¢n 1 —cos¢, +V3sing,
0(3)— 1 —cos¢, +V/3sing, 1+2cos¢, 1-cos¢, —\/3sing,
1—cos¢n—\/§sind)n 1—cos¢,+V3sing, 1+2cos¢,

with w = e% and ¢, = 27” The form of d(3) can be calculated using d(3) = a(3)%c(3)a(3). We note that the representation 3 corre-
sponds to 3;y) in the nomenclature of [35]. If the index n of the group A(6 n?) is even, there exists an irreducible, unfaithful, real

three-dimensional representation 3’. The form of the representation matrices a(3’), 5(3’) and ¢(3') is then

1
©?
4]

1
1 ] has to be applied to the generators given in eq. (93) in order to obtain the form of the representation matrices
21

2 ~

24 The similarity transformation U =

SI

S

as found in [35].
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N N a2 2
a@)=aB3) . b3)=b3) . @) =L] 2 -1 2 (94)
3o 2 2

and d(3') = a(3')?c(3')a(3’). Note that they do not depend on the index n of the group. The group generated by the representation
matrices g(3’) has 24 elements and corresponds to the group A(24). The representation 3’ together with the one generated by the
representation matrices a(3’), c¢(3'), d(3') and —h(3') are the only real three-dimensional representations in a generic group A(6#2)
with even n and 3 { n. They are denoted as 3; (/2 and 3,y in [35], respectively.

Appendix B. Relevant matrices Q(3), Q(3’) and R, j(O)
As supplementary material the different forms of the matrices Q(3) and ©(3’) for the cases, Case 1) through Case 3 b.1), as well as

the form of the rotation matrices R;;(6,) and Ry, (0g) for each combination are collected in this appendix; for further details see [52].
For Case 1) the following form of ©(3) and Q(3') is used

1 0 0
Q)3 =ePsUp | 0 e3¢ 0 |, (95)
0o 0 -1
i 00
Q(seven)(3')= Uy and Q(sodd)3)=Up [0 1 0], (96)
00 i

where the matrix Urg encodes tri-bimaximal (TB) mixing,
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Case 3b.1), n=20, m=10, s even
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Fig. 24. Case 3 b.1), m and s both even. Predictions for BR(u — ey), BR(u — 3 ¢) and CR(u — e, Al) in the 5 — 0, -plane in the upper, middle and lower row. The
group theory parameters are chosen as n =20 and m = 10. In this simplified version of Fig. 15 we only display the contour lines for the different flavour observables.

2/3 1/3 0
U =| -v1/6 1/3 +/1/2 |, 97)
—V1/6 V173 —\/1/2

and ¢, is defined as ¢, = ? The rotation matrices R;;(6;) and Ry;(6g) read

cosf; 0 siné cosfp 0 sinfp
Ri3(0p) = 0 1 0 and R3(0p) = 0 1 0 . (98)
—sinf; 0 cosf —sinfg 0 cosfy

For Case 2) we use as matrices Q(3) and Q(3')

1 0 o
Q(s,)(3) = Q(u, v)(3) = P/ Uy Ry 3 <—%) 0 em/2 0 |, (99)
0 0 -
100
Q(seven,teven)3)=Ur |0 1 0], (100)
00 i
- 0 0
Q(seven,todd)(3')=e_[”/4UmR13(%) 0 et oo, (101)
0 0 1
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Case 3b.1), n=20, m=10, s even
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group theory parameters are chosen as n =20 and m = 10. In this simplified version of Fig. 15 we only show the regions compatible with the strongest experimental
prospective bounds, together with the constraints from lepton mixing in the plots for 4 — e conversion in aluminium. The colour-coding is the same as in Fig. 15.

i 00
Q(sodd,teven)3)=Ump [0 1 0], (102)
0 0 1
—i 0 0
Qs0dd,10dd)3) = ¢ U Ry (F) [ 0 ¢/ 0. (103)
1o o 1

Here, ¢, and ¢, are ¢, = % and ¢, = ”TU’ respectively. The rotation matrices R; ;0r) and R,;(0g) act both in the (13)-plane, see
eq. (98).
The matrices Q(3) and Q(3') for Case 3 a) and Case 3 b.1) are taken to be of the form

1

Qs,mB)=e? |0 o 0 Urg 0 e 3'¢s 0 Riz (by) » (104)
0 0 o -1
1.0 0 1 0 0

Q(seven)3)=]0 o 0 |Up|0 1 0 |, (105)
0 0 o 00 -1
1 0 O i 0 0

Q(sodd)3)=|0 o 0 |Ux|0 -1 0 [, (106)
0 0 «? 0 0 —i

where ¢, and ¢,, are given by ¢, = and ¢,, = =, respectively, andco—e 3. The rotation matrix R;;@p) is
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Case 3b.1), n=20, m=9, seven
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cosf; sinf; O
R,(6;)=| —sinf; cosO; O], (107)
0 0 1

while the form of Ry;(6z) depends on whether m is even or odd. For m even it is given by

1 0 0
Ry (0g)=R»(0g) and Ry (0g) = Ry3(0g)=| 0 cosfy sinby (108)
0 —sinfyp cosfp

for m odd. In the latter situation the permutation matrix PIZ is also needed and it reads

00
Pl=P;=|0 1 (109)
10

(=i

Appendix C. Generators of residual symmetries, CP transformations and form of mixing matrices

We repeat, for convenience, the explicit form of the generators of the residual symmetries, the CP transformations as well as
the form of the mixing patterns for each of the four different cases, Case 1) through Case 3 b.1). This information is taken from
e.g. [36,52]. For all cases, the residual symmetry among charged leptons, G,, is a Z; symmetry, as stated in section 2. We, thus,
focus in this appendix on G, and the CP transformations.
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experimental prospective bounds, together with the constraints from lepton mixing in the plots for u — e conversion in aluminium. The colour-coding is the same as
in Fig. 16.

Case 1) The generator of the residual Z, symmetry, contained in G, is chosen as Z = ¢"/?, indicating that the index n of the flavour
group has to be even. Furthermore, the CP transformation X is given by X = abc® d?® X, with 0 < s <n — 1, such that we have in
general n different CP transformations at our disposal. We remind that the explicit form of X, also depends on the representation of
the flavour group according to which the particles transform and, e.g. the form of X,(3) and X(3’) reads

1 00
X,3)=X,3)=|0 0 1 (110)
010
The form of the mixing pattern is
_ 1 0 0 cosf O sinf
Upix =€'%Up [ 0 €% 0 0o 1 0 |k, 111)
0 0 -1 —sinf 0 cosf

with K, ensuring that light neutrino masses are positive semi-definite (cf. section 2); for the matrices see also information given in
appendix B.

Case 2) The generator of the residual Z, symmetry is the same as for Case 1), Z = ¢"/2. The CP transformation X depends on
the two different parameters s and ¢, i.e. X =c*d' X, with 0 < 5,7 <n—1 and X, given as in eq. (110) for the three-dimensional
representations 3 and 3/. As mentioned in section 3, a more convenient choice of parameters than s and ¢ are u and v, see eq. (45).
The mixing matrix takes the form
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Fig. 28. Case 3 b.1), m odd, s even and 6 = 0. Predictions for BR(u — ey), BR(u — 3e) and CR(u — e,Al) in the % — 6, -plane in the upper, middle and lower
row. The group theory parameters are chosen as n =20 and m = 11. In this simplified version of Fig. 17 we only display the contour lines for the different flavour
observables.

. b 1 0 0 cosf O sinf
Uiy = €90/ Upg Ry (—7) 0 ei®/2 0 o 1 o0 |K,, (112)
0 0 —i —sinf 0 cos6

with K, determined as described above.

Case 3 a) For this case the generator of the residual Z, symmetry depends on an integer m with 0 <m<n—1, Z =bc"d". It is,
thus, not necessary that the index n of the flavour group is even. However, now the group has to belong to the series A(61?), since
only these groups contain b as generator, compare appendix A. The CP transformation reads X =bc*d"™* X, with 0 <s <n—1 and
hence also depends on one integer parameter. For the form of the mixing matrix we have

1 0 O 1 0 0 cosf sinf O
Upx=¢%10 o 0 |Uyg|0 3% 0 [R;3(¢,)|-sind coso 0[K,, (113)
0 0 o 0o o0 -1 0 0 1

see also appendix B. As argued in section 3, the smallness of the reactor mixing angle strongly restricts the viable choice of the
parameter m, i.e. the choice of the residual Z, symmetry.

Case 3 b.1) The residual Z, symmetry and the CP transformation are the same for Case 3 a) and Case 3 b.1). The mixing matrix

differs, since the columns are permuted through the matrix Py,

114)

~

|
- o O
(= e
oS = O
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Case 3b.1), n=20, m=11, s even
BR(u — ¢y) NO BR(u — ey) 10

34

BR(u—3¢) NO BR(u—3e) 10
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34
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Fig. 29. Case 3 b.1), m odd, s even and 0 = 0. Predictions for BR(u — ey), BR(u — 3e) and CR(u — e, Al) in the 5 — 0, -plane in the upper, middle and lower
row. The group theory parameters are chosen as n =20 and m = 11. In this simplified version of Fig. 17 we only show the regions compatible with the strongest
experimental prospective bounds, together with the constraints from lepton mixing in the plots for ;1 — e conversion. The colour-coding is the same as in Fig. 17.

such that the mixing matrix takes the form

1 0 0 1 0 0 cosf sinf O
Upin=€?[0 @ 0 [Up]|0 e3® 0 [R;3(,)| —sind cosd 0|PyK,. (115)
0 0 w? 0o 0 -1 0 0 1

For this case, the parameter m is mainly constrained by the requirement to accommodate well the solar mixing angle, compare
section 3.

Appendix D. Description of numerical scan

In this appendix, we provide details on the numerical analysis. We use as free parameters the two mass scales y, and M|, and the
angle 0. These are varied according to the description found in section 4.1.2. Having generated values for these three, we impose a
certain light neutrino mass ordering, NO or 10, and fix the lightest neutrino mass mj to one of the benchmark values, mgm, mentioned
in section 4.1.1. With this information, we determine the three Yukawa couplings y, using the analytic form of the eigenvalues of
the light neutrino mass matrix m, at leading order, see eq. (22) and for examples of the eigenvalues egs. (26) and (34) (we remind
that their exact form depends in general on the considered case, the group theory parameters, the choice of the CP symmetry, the
light neutrino mass ordering, the value of the lightest neutrino mass m, and potentially on the value of 6). This is accomplished by
minimising the y2-function

Am2 () = @Am2 PPN Am2 (vp) = (Am2 P
/'t',%,(yf)=< Mo\ s s + matm(yf) ( matm) +w(m0(yf)_m8m)2 116)

OAm?

Op,2
Am atm

sol
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Case 3b.1), n=20, m=9, s even
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Fig. 30. Case 3 b.1), m odd and s even. Predictions for BR(u — ey), BR(u — 3e) and CR(u — e,Al) in the i — 0, -plane in the upper, middle and lower row
for six different values of @ . The group theory parameters are chosen as n =20 and m = 9. Conventions are analogous as in Fig. 6 for Case 2) and ¢ odd (x odd). In
Fig. 16 in the main text the plots for 6, = 0 are displayed.

with (Amzol)bf and (Amﬁtm)bf being the best-fit values of the solar and the atmospheric mass squared difference as well as ¢, ,,» and
sol
6,2 Deing the corresponding 1o errors [54].%° Furthermore, the quantity w is a weighting factor introduced in order to achieve
atm
one of the benchmark values of m, and, for concreteness, we take w = 1000. This minimisation is performed with the function
differential_ evolution of the Python package NumPy. In the next step, we consider the nine-by-nine mass matrix My,
see eq. (2), with the computed values of the Yukawa couplings and the chosen values of y,, M, and 6. We fix ; such that the
2 .
x~-function

2 2 2
-2 ) bf ) s 2 bf 2 ) bf
sin“ 0;,(0;) — (sin” 8;,) sin“ 053(0;) — (sin” 6,3) sin“ 0,5(0;) — (sin” 6,3)
){3(90:< 120, 12 > N ( 1300, 13 > + < (01 23 > 117)

Osin2 01 Ogin2 013 Osin2 03

is minimised. The quantities (sin® 0, j)bf denote the experimental best-fit values and o; >, the corresponding 1o errors [54]. In
sin?9;;

the case of the ISS mechanism, i.e. for |ug| < |mp| < |My¢| corresponding to uy <y, (H) < M, the eigenvalues of the matrix
My, are strongly hierarchical (three are of order sub-eV and six of order sub-TeV to TeV). This requires a high precision in the
diagonalisation of this matrix and the extraction of the unitary matrix U and, consequently, ﬁv, see egs. (3) and (4). It can be
achieved by setting the precision to 60 digits using the library mpmath.?® The diagonalisation itself is performed with the func-
tion eighe of this library. We have checked that the resulting light neutrino masses are consistent with the chosen benchmark

value of m( and the best-fit values of the mass squared differences such that ;(31 (yr) S0.1. The Yukawa couplings y ’ and the an-

25 In case the 10 errors for e.g. Am> p)> (Amgol)"f and for Am? () < (Am

sol sol
26 Using an even higher precision does not affect the results.

2 )PF are different, we use the smaller one of the two.
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Case 3b.1), n=20, m=11, s even
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Fig. 31. Case 3 b.1), m odd and s even. Predictions for BR(u — ey), BR(u — 3¢) and CR(u — e,Al) in the E — 0, -plane in the upper, middle and lower row for
six different values of 6. The group theory parameters are chosen as n =20 and m = 11. For conventions see Fig. 30. In Fig. 17 in the main text the plots for 6z =0
are displayed.

gle 0, could be fixed in one step by diagonalising the matrix Myy,, extracting the eigenvalues and the matrix V', and minimising
)(tzm(y 0p) = ;(,%l(y £ 00) + ;(Z(y r-01) with ;(3, and ;(62, defined analogously as in egs. (116) and (117), respectively. However, this
requires an increased time of computation and, at the same time, leads to results very similar to those obtained by the described
procedure.

After having adjusted y, and 6, all parameters of the neutral lepton sector are determined and the BRs and CR are computed
with the formulae found in [82,83].

Appendix E. Supplementary plots for Case 2) and Case 3 b.1)

Here, we display further plots. On the one hand, simplified versions of Figs. 5, 15, 16 and 17 can be found in which either only the
contour lines are displayed, see Figs. 22, 24, 26 and 28, or the regions are highlighted in which the prospective limit on BR(u — ey)
of MEG II is passed at the 1 ¢ level in the upper row, the future bound expected on BR(y — 3 ¢) from Mu3E Phase 2 is fulfilled at
the 1o level in the middle row as well as the expected limit on CR(u — e, Al) from COMET is respected at the 1 ¢ level in the lower
row, together with the constraints from lepton mixing, see Figs. 23, 25, 27 and 29. Note that we use the same colour-coding as in
the figures in the main text. On the other hand, three further figures for Case 3 b.1) are shown that evidence the dependence of the
BRs and CR on the free angle 6 in the % — 6 -plane for examples of the combinations m odd and s even, see Figs. 30 and 31, or vice
versa, see Fig. 32.

Data availability

Data will be made available on request.
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Case 3b.1), n=20, m=10, s odd
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Fig. 32. Case 3 b.1), m even and s odd. Predictions for BR(u — ey), BR(u — 3¢) and CR(u — e,Al) in the 5 — 6, -plane in the upper, middle and lower row for
six different values of 6. The group theory parameters are chosen as n =20 and m = 10. For conventions see Fig. 30. The plots shown in Fig. 15 in the main text are
very similar to the ones obtained for the specific choice 8z =0 for m =10 and s odd.
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