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A B S T R A C T

This paper studies the Min Max Multi-Trip drone Location Arc Routing Problem (MM-MT-dLARP), an arc
routing problem that combines trucks and drones. We have a set of lines (usually curved) that have to be
flown over by drones to perform a service (inspection, for example). There is a depot from which the trucks
leave, each one carrying a drone, and a set of potential launching points where the truck can launch and
pick up the drone. Drones have limited autonomy, but they can make several flights. We consider a min–max
objective, in which the makespan, or time necessary to complete the service, must be minimized. Using aerial
drones instead of ground vehicles allows to travel off the network: drones can enter a line through any of its
points, service only a portion of that line and then exit through another of its points, without following the
lines of the network. This allows for finding better solutions but also increases the difficulty of the problem.
This issue can be addressed by digitizing the MM-MT-dLARP instances, approximating each line by a polygonal
chain with a finite number of intermediate points, and requiring that drones can only enter and exit a line
through those intermediate points. Thus, an instance of a discrete Min Max Multi-Trip Location Arc Routing
Problem (MM-MT-LARP) is obtained. Here, an integer formulation for the MM-MT-LARP is proposed, some
families of valid inequalities are proved to be facet-inducing of a relaxed polyhedron, and a branch-and-cut
algorithm based on the strengthened formulation is developed. This algorithm has only been applied to small
instances without intermediate points on the lines. In addition, we have developed a matheuristic algorithm for
the MM-MT-dLARP that combines a construction phase, four local search procedures integrated into a Variable
Neighborhood Descent (VND) algorithm, and a set of rules for selecting intermediate points to improve the
solutions. We present the results obtained on a set of randomly generated instances involving up to 6 launching
points and 88 original lines.
1. Introduction

The use of drones (unmanned aerial vehicles) for delivery or in-
spection tasks is becoming more common, since they offer several
advantages compared to traditional means of transportation, being able
to reach places that are difficult to access or dangerous for people or
conventional vehicles. Research in the design of routes for drones has
so far focused on two types of problems: those related to the delivery of
goods, usually modeled as node routing problems (see, for example, the
surveys by Macrina et al. (2020) and Rojas Viloria et al. (2021)) and
those dedicated to the inspection or mapping of surfaces or networks,
modeled as arc routing problems (see, for example,Campbell et al.
(2018)). Lately, some papers have appeared that perform both types
of tasks, surveillance of lines and delivery of goods, simultaneously
(Campbell et al., 2023; Corberán et al., 2024).

The specific characteristics of drones make arc routing problems
with drones quite different from arc routing problems with traditional
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E-mail addresses: tecorfa@alumni.uv.es (T. Corberán), isaac.plana@uv.es (I. Plana), jmsanchis@mat.upv.es (J.M. Sanchis).

terrestrial vehicles. While terrestrial vehicles are restricted to traveling
through the links of the network (roads, streets,. . . ), drones can travel
off the network directly between any two points. Moreover, drones can
enter and exit a link at any point, allowing for shorter routes than
with traditional vehicles. However, this implies that the problem is
a continuous optimization one and, therefore, quite more difficult to
solve. Arc Routing Problems with drones were studied for the first
time by Campbell et al. (2018), where each continuous line is given
by a polygonal chain, with a large (but finite) number of points that
can be used by drones to enter and leave the line. A heuristic for
the same problem is proposed in Xie et al. (2024) and tested on
the same instances. The same discretization of the lines is considered
in Campbell et al. (2021, 2022) to solve a multi-drone version of the
Rural Postman Problem, in which the service of the lines is performed
by a fleet of drones with limited autonomy. A more advanced type
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of drone that can make deliveries and map surfaces in the same
light, called a multi-purpose drone, is considered in Campbell et al.

(2023), where the authors present a formulation for the problem and
ropose a branch-and-cut procedure and a matheuristic algorithm. A
tochastic arc-inventory routing problem applied to traffic monitoring
ith drones is studied by Chow (2016), who proposes an approximate
ynamic programming algorithm. The capacitated and inventory arc

routing problems are combined by Li et al. (2018) in a mixed integer
rogramming formulation for solving a drone scheduling problem in
raffic monitoring.

Given that drones have limited flight autonomy, for some appli-
cations it is necessary to use other types of support ground vehicles
that can serve as a point for launching and retrieving the drones,
as well as recharging or exchanging batteries. The coordination of
ground vehicles with drones has been widely discussed in the literature
for node routing problems (see, for example, Chung et al. (2020)).
However, few works have addressed this problem from the point of
iew of arc routing problems. Amorosi et al. consider a problem in
hich there is a mothership that can move freely in a two-dimensional

pace. In these works, a single mothership and one (Amorosi et al.,
2021, 2024) or several drones (Amorosi et al., 2023), are considered,

hich must travel a certain percentage of the length of a set of lines. Xu
et al. (2023) study a problem in which a ground vehicle, which moves
on a directed network, carries several drones that can be launched to
perform patrolling tasks on some arcs. They propose a formulation and
a metaheuristic algorithm for its solution. Luo et al. (2019) studied a
atrolling problem with one ground vehicle and one drone, in which

both vertices and arcs of an urban road network had to be visited. They
propose a heuristic algorithm with a neighborhood search strategy.

Arc routing problems with several depots have not been given much
attention in the literature. Fernández and Rodríguez-Pereira (2017)
tudy the Multi-Depot Rural Postman Problem (MD-RPP), in which
here is a fleet of vehicles, each one based on a different depot, that has
o collectively traverse a subset of required edges. They consider two
ifferent objective functions, one minimizing the total cost and another

one the length of the longest route. The same problem is addressed
by Fernández et al. (2018), who perform a worst-case comparison
between the optimal values of the MD-RPP and the RPP, propose an
lternative formulation of the problem and implement a branch-and-cut
lgorithm. Another multi-depot arc routing problem that has been stud-
ed is the Multi-Depot Capacitated Arc Routing Problem (MD-CARP).
n this problem, there is a demand associated with each required edge
nd a maximum capacity for each vehicle. For this problem, Amberg

et al. (2000) propose a tabu search algorithm that transforms the
problem into a multiple center capacitated minimum spanning tree
problem. Muyldermans et al. (2003) present heuristic algorithms based
n clustering the required arcs into districts. Wøhlk (2004) develops
 mathematical model for the MD-CARP that also takes into account

the fixed costs of the vehicles and designs a heuristic algorithm for its
olution. Xing et al. (2010) and Hu et al. (2013) propose metaheuristic

algorithms for the problem. Krushinsky and Van Woensel (2015) study
an asymmetric version of the MD-CARP and provide a formulation and
an exact algorithm. As far as we know, the only work dealing with
a multi-depot arc routing considering the use of drones is the one
y Corberán et al. (2024), who study the Multi-Depot Drone General
outing Problem with duration and capacity constraints. In that prob-

lem, a fleet of drones, each one based on a different depot, have to
ointly traverse a set of required lines and deliver some commodities
n a set of required vertices, without exceeding the capacity or the
aximum flight time of the drones. A branch-and-cut algorithm and

wo matheuristics are proposed.
Problems that combine the design of routes servicing some arcs and

he decision of where to locate the depots from which these routes
start are called Location Arc Routing Problems (LARP). These problems
were first described in Ghiani (1998), where location and allocation arc
routing problems are introduced. Doulabi and Seifi (2013) consider a
 a

2 
LARP with vehicle capacity constraints, present two mixed integer for-
ulations to obtain lower bounds, and propose a simulated annealing
etaheuristic. Lopes et al. (2014) propose some heuristic algorithms for

solving the LARP with capacity constraints. More recently, Fernández
et al. (2019) studied several families of LARPs and proposed exact solu-
ion procedures for them. For more information on LARPs, we refer the
eader to the recent survey by Albareda-Sambola and Rodríguez-Pereira

(2019).
There are real applications in which a set of lines that form a

etwork (power lines, pipelines, roads, etc.) must be monitored or
nspected. As we have mentioned before, drones equipped with video
ameras are increasingly being used for these jobs, which only have
o fly over the lines and retransmit or record the captured images. If
he network to be inspected is very large, such as electrical, pipe, or
oad networks, this work must be carried out by several drones, since
 single drone does not have a sufficiently large range. In addition,
rones must be supported by ground vehicles that bring them closer
o the network. These ground vehicles need an operational point close
o the infrastructure for parking and performing the necessary tasks for
aunching, handling and retrieving the drone. In addition, the vehicle
an carry a set of batteries so that, if the drone does not have sufficient
utonomy to perform the entire task, it can return to the vehicle, have
ts battery replaced by a new one, and then fly again to continue
nspecting the lines. Therefore we need to select an operational point
or each vehicle and design the flights that the drone will perform from
his point so that every line of the network is supervised by one drone.
he goal is to complete the work as soon as possible, so we need to
ake into account the time used by each vehicle to get to the assigned
oint and back plus the flight time of its drone, and then minimize the
ongest time among all the vehicles.

Consider a set of (usually curved) lines that must be serviced while
raversed by drones, each with an associated service cost, a point called
he depot where there are 𝑃 trucks, each one carrying a drone, and a set

of 𝐷 ≥ 𝑃 points called the launching (and landing) points. Each truck
as to travel to one of the launching points to launch and then pick up
he drone from there, which can perform several flights. Two different
rucks cannot go to the same launching point. We assume that we know
he cost (in distance or time) of a truck traveling from the depot to each
ne of the launching points, we know the cost (in distance or time) of
raveling while servicing with a drone each line, and that the cost (in
istance or time) for a drone to deadhead between any two points is
roportional to the Euclidean distance. The cost of each drone flight
annot be greater than a certain constant 𝐿 (related to the drone’s flight
ange). The goal is to determine to which launching point each truck
as to go, and find, for each truck, a set of some drone routes starting
nd ending at this launching point and with costs no greater than 𝐿 in
uch a way that they jointly traverse all the given lines completely and
hat the maximum cost of a truck plus all the corresponding flights of

its drone is minimum. This problem will be called Min Max Multi-trip
rone Location Arc Routing Problem, MM-MT-dLARP.

Given that drones can travel off the network and go directly be-
ween any two points, not necessarily the endpoints of the required
ines, this is a continuous optimization problem in which the shape
f the lines to service must be taken into account. To deal with this
roblem, the instances are digitized, that is, each line to be serviced
s described as a polygonal chain, with a sequence of points given by
heir coordinates and assuming that drones can only enter and exit a
ine through these points. Each segment in the polygonal chain has a
ervice cost that is proportional to the service cost of the line so that
he sum of the costs of the segments that approximate a line is equal to
he service cost of the line. The depot and the 𝐷 launching points are
lso given by their coordinates. We assume that drones can fly directly
etween any two points, with a deadheading cost proportional to the
uclidean distance computed from their coordinates. Hence, we have
n instance of an ARP (studied in Section 2).
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The main contributions of this paper are the following. We in-
roduce a new problem, the MM-MT-dLARP, that considers drones
nd terrestrial support vehicles and combines multi-depot, location
nd arc routing problems. We propose a matheuristic algorithm for
ts solution. Furthermore, we present a formulation for its discrete
ersion, the Min Max Multi-Trip Location Arc Routing Problem, MM-MT-
ARP, and introduce several families of inequalities that strengthen the
ormulation. We use this polyhedral study to develop a branch-and-cut
lgorithm. A new set of benchmark instances for the MM-MT-LARP has
een generated and extensive computational experiments have been
onducted to assess the performance of the proposed methods.

The remainder of this paper is structured as follows. In Section 2,
we describe the MM-MT-LARP, propose a formulation and conduct the
polyhedral study. The branch-and-cut algorithm for its exact solution
is detailed in Section 3 while Section 4 is devoted to the description of
he matheuristic algorithm for the MM-MT-dLARP. The computational
xperiments are reported in Section 5 and some conclusions and future
esearch lines are discussed in Section 6.

2. The Min Max Multi-Trip Location Arc Routing problem

The MM-MT-LARP is defined on an undirected graph 𝐺 = (𝑉 , 𝐸).
he set of edges 𝐸 contains a subset 𝐸𝑅 of required edges (correspond-

ng to the segments of the polygonal chains). The set of vertices 𝑉
ontains the subset 𝑉𝑅 with the vertices incident with edges in 𝐸𝑅, a
ubset  with the vertices corresponding to the launching points, and a
ertex 0 that represents the depot (and can also be a launching point).
he set of non-required edges 𝐸𝑁𝑅 ⊂ 𝐸 includes an edge between each
air of vertices in 𝑉 . Note that each 𝑒 ∈ 𝐸𝑅 has a parallel non-required
dge, which we denote as 𝑒′. 𝐸′

𝑁𝑅 represents the set of non-required
dges parallel to a required one, while 𝐸′′

𝑁𝑅 = 𝐸𝑁𝑅⧵𝐸′
𝑁𝑅.

Each 𝑒 ∈ 𝐸𝑅 has a service cost 𝑐𝑠𝑒 > 0 and each non-required edge
𝑒 ∈ 𝐸𝑁𝑅 has a deadheading cost 𝑐𝑒 > 0. We assume that 𝑐𝑠𝑒 ≥ 𝑐𝑒′ for
each required edge 𝑒 and its corresponding parallel non-required edge
𝑒′, and that the deadheading costs satisfy the triangle inequality. For
each launching point 𝑑 ∈ , 𝑐0𝑑 ≥ 0 is the cost for a truck to travel from
depot 0 to point 𝑑. There is a fixed number 𝑃 of trucks, and the goal
is to select 𝑃 launching points, one for each truck, and find, for each
one of these launching points, a set of drone flights (or drone tours,
i.e., closed walks starting and ending at the launching point) with cost
no greater than a given constant 𝐿 in such a way that all the tours
jointly traverse all the required edges, and that the maximum of the
costs calculated as the sum of the cost of the travel truck plus the costs
of all its corresponding tours, is minimum. The launching points could
be considered as some facilities to be opened if a truck goes to this
point to launch its drone. The cost 2𝑐0𝑑 can be understood as a fixed
cost of opening the point 𝑑 considered as a facility. In this way, we do
not need the depot to be a given vertex in the graph and we assume
𝑉 = 𝑉𝑅∪. Therefore, our problem can be considered as a Location Arc
Routing Problem. Hence, we will call the problem the Min Max Multi-trip
Location Arc Routing Problem, MM-MT-LARP.

Although in the definition of the problem the number of flights that
each drone performs is not limited, to formulate the problem we need
to define this number. We will call 𝐾 the maximum number of flights
that a drone can perform from its launching point. The value of 𝐾 for a
given instance is obtained from the solutions reached with the heuristic
algorithm presented in Section 4. We want to note that the instance
may have a better solution with more than 𝐾 flights. Since there are
𝐷 = || launching points and each single drone can perform up to

flights, a feasible solution of the MM-MT-LARP on 𝐺 can have up
to 𝐷 𝐾 drone tours, although only 𝑃 𝐾 drone tours can be non-empty
in a feasible solution (up to 𝐾 flights for each of the 𝑃 trucks). Let a

M-MT-LARP solution denote any set of 𝐷 𝐾 tours on graph 𝐺 (some
aybe empty), satisfying that

• there are up to 𝐾 tours starting and ending at each launching
point 𝑑 ∈ ,
3 
• there are at most 𝑃 launching points that have some of their
flights not empty, and therefore, there are at least 𝐷−𝑃 launching
points that have all their flights empty,

• they jointly service (traverse) all the required edges, and
• the length of each one of these 𝐷 𝐾 tours is less than or equal to
𝐿.

These MM-MT-LARP solutions can be expressed with the following
inary variables (in the absence of ambiguity, we will use the notation
 𝑘 ∈  × instead of (𝑑 , 𝑘) ∈  × for simplicity):

• For each edge 𝑒 ∈ 𝐸 and for each tour 𝑑 𝑘 ∈  × , variable
𝑥𝑑 𝑘𝑒 takes the value 1 if 𝑒 is traversed by tour 𝑘 starting at the
launching point 𝑑, and 0 otherwise.

• For each edge 𝑒 ∈ 𝐸𝑁𝑅 and for each tour 𝑑 𝑘 ∈ ×, variable 𝑦𝑑 𝑘𝑒
takes the value 1 if 𝑒 is traversed twice by tour 𝑘 starting at the
launching point 𝑑, and 0 otherwise.

Variable 𝑥𝑑 𝑘𝑒 represents the first traversal of edge 𝑒 and 𝑦𝑑 𝑘𝑒 the
econd one. Note that the required edges do not need variable 𝑦𝑑 𝑘𝑒
ince a second traversal, if needed, will always be done through the
arallel non-required edges, which is cheaper. Hence, associated with

each MM-MT-LARP solution we can consider:
∙ 𝐷 𝐾 incidence vectors (𝑥𝑑 𝑘, 𝑦𝑑 𝑘) ∈ Z2|𝐸𝑁𝑅|+|𝐸𝑅|, one for each drone

our 𝑑 𝑘, where variables 𝑥𝑑 𝑘𝑒 take the value 1 if edge 𝑒 is traversed once,
ariables 𝑦𝑑 𝑘𝑒 take the value 1 if edge 𝑒 is traversed twice, and
∙ 𝐷 𝐾 support graphs (𝑉 , 𝐸(𝑥𝑑 𝑘 ,𝑦𝑑 𝑘)), one for each drone tour 𝑑 𝑘,

here 𝐸(𝑥𝑑 𝑘 ,𝑦𝑑 𝑘) contains one copy of edge 𝑒 ∈ 𝐸 for each variable
𝑥𝑑 𝑘𝑒 = 1 or 𝑦𝑑 𝑘𝑒 = 1.

Note that the support graphs are even and connected. Conversely,
any even and connected subgraph of 𝐺 corresponds to a tour on 𝐺.
n fact, an incidence vector or a subgraph may correspond to several
ifferent closed walks, but all of them have the same cost and they can
e easily computed (with the Hierholzer algorithm (1873) (Hierholzer,

1873), for example). Hence, and for the sake of simplicity, we will
let ‘‘tour on 𝐺’’ denote the closed walk, its incidence vector, and its
corresponding support graph.

2.1. A formulation

The variables 𝑥𝑑 𝑘, 𝑦𝑑 𝑘 defined above are enough to represent an
MM-MT-LARP solution: We can check, for each 𝑑 𝑘, if (𝑥𝑑 𝑘, 𝑦𝑑 𝑘) forms
a tour starting and ending at 𝑑, we can see if there are exactly 𝑃
launching points with, at most, 𝐾 non-empty tours starting at it, we
an check if the length of each tour is less than or equal to 𝐿, and
e can calculate the total cost of the route (truck plus drone flights)
ssociated with each launching point. However, to formulate the MM-
T-LARP problem we need, or at least are convenient, some additional

𝑑 variables to indicate which launching point is open to receive a
ruck:

• For each 𝑑 ∈ , variable 𝑧𝑑 takes the value 1 if the launching
point 𝑑 is used by a truck, and 0 otherwise.

These 𝑧 variables are ‘‘superfluous’’ in the sense that if we know the
, 𝑦 variables associated with an MM-MT-LARP solution, we know the
orresponding variables 𝑧. But they are useful to formulate the problem,
s we will see next.

We use the following notation. Given two subsets of vertices 𝑆 , 𝑆′ ⊆
, (𝑆 ∶ 𝑆′) denotes the edge set with one endpoint in 𝑆 and the other
ne in 𝑆′. Given a subset 𝑆 ⊆ 𝑉 , let us denote 𝛿(𝑆) = (𝑆 ∶ 𝑉 ⧵𝑆)

and 𝐸(𝑆) = (𝑆 ∶ 𝑆). For simplicity, when 𝑆 = {𝑖}, 𝑖 ∈ 𝑉 , we write
𝛿(𝑖) instead of 𝛿({𝑖}). For any subset 𝐹 ⊆ 𝐸 = 𝐸𝑅 ∪ 𝐸𝑁𝑅, we denote
𝐹𝑅 = 𝐹 ∩ 𝐸𝑅 and 𝐹𝑁𝑅 = 𝐹 ∩ 𝐸𝑁𝑅, and, for simplicity, we write 𝛿𝑅(𝑆)
instead of 𝛿(𝑆)𝑅. Moreover, given a vector 𝑥 indexed on the edges set

and a subset of edges 𝐹 ⊂ 𝐸, 𝑥(𝐹 ) denotes ∑

𝑒∈𝐹 𝑥𝑒. Given a vector
indexed on the set 𝐸𝑁𝑅 and a subset of edges 𝐹 ⊂ 𝐸, 𝑦(𝐹 ) denotes

∑

𝑦 . Finally, (𝑥 + 𝑦)(𝐹 ) and (𝑥 − 𝑦)(𝐹 ) represent 𝑥(𝐹 ) + 𝑦(𝐹 ) and
𝑒∈𝐹𝑁𝑅 𝑒



T. Corberán et al.

𝑒

t
(

e
l
f
i
w
t
f
e
b

a

t
e

c

t

M
d
c

g

i
t
v
T
l
l

D

Computers and Operations Research 174 (2025) 106894 
𝑥(𝐹 ) − 𝑦(𝐹 ), respectively. Note that (𝑥 + 𝑦)(𝐹 ) includes variables 𝑥𝑒 for
∈ 𝐹 , and variables 𝑦𝑒 for 𝑒 ∈ 𝐹𝑁𝑅.

The MM-MT-LARP can be formulated as follows:

Minimize 𝑡 (1)

s.t.
∑

𝑘∈

∑

𝑒∈𝐸𝑅

𝑐𝑠𝑒𝑥
𝑑 𝑘
𝑒 +

∑

𝑘∈

∑

𝑒∈𝐸𝑁𝑅

𝑐𝑒
(

𝑥𝑑 𝑘𝑒 +𝑦𝑑 𝑘𝑒
)

+ 2𝑐0𝑑𝑧𝑑 ≤ 𝑡, ∀𝑑 ∈  (2)

(

𝑥𝑑 𝑘 + 𝑦𝑑 𝑘
)

(

𝛿(𝑣)
)

≡ 0 (mod 2) , ∀𝑑 𝑘 ∈  ×, ∀𝑣 ∈ 𝑉 (3)
(

𝑥𝑑 𝑘 + 𝑦𝑑 𝑘
)

(

𝛿(𝑆)
)

≥ 2𝑥𝑑 𝑘𝑓 , ∀𝑑 𝑘 ∈  ×,

∀𝑆 ⊆ 𝑉 ∖{𝑑}, ∀𝑓 ∈ 𝐸(𝑆) (4)
∑

𝑘∈

∑

𝑑∈
𝑥𝑑 𝑘𝑒 ≥ 1, ∀𝑒 ∈ 𝐸𝑅 (5)

𝑥𝑑 𝑘𝑒 ≥ 𝑦𝑑 𝑘𝑒 , ∀𝑒 ∈ 𝐸𝑁𝑅, ∀𝑑 𝑘 ∈  × (6)
∑

𝑒∈𝐸𝑅

𝑐𝑠𝑒𝑥
𝑑 𝑘
𝑒 +

∑

𝑒∈𝐸𝑁𝑅

𝑐𝑒(𝑥𝑑 𝑘𝑒 + 𝑦𝑑 𝑘𝑒 ) ≤ 𝐿𝑧𝑑 , ∀𝑑 𝑘 ∈  × (7)

∑

𝑑∈
𝑧𝑑 ≤ 𝑃 (8)

𝑥𝑑 𝑘𝑒 ∈ {0, 1}, ∀𝑒 ∈ 𝐸 , ∀𝑑 𝑘 ∈  × (9)

𝑦𝑑 𝑘𝑒 ∈ {0, 1}, ∀𝑒 ∈ 𝐸𝑁𝑅, ∀𝑑 𝑘 ∈  × (10)

𝑧𝑑 ∈ {0, 1}, ∀𝑑 ∈ . (11)

The objective function (1) minimizes 𝑡, which is the maximum of
the costs calculated as the sum of the cost of the truck travel plus
he costs of all its corresponding drone flights, defined by constraints
2). Constraints (3) force that the number of times a drone flight visits

a vertex is even, possibly zero. Constraints (4) avoid subtours and
nsure that each tour is connected and connected to its corresponding
aunching point and are called connectivity inequalities. Constraints (5)
orce each required edge to be serviced at least once. Note that these
nequalities could be replaced by equalities, ∑𝑘∈

∑

𝑑∈ 𝑥𝑑 𝑘𝑒 = 1, but
e need the inequalities to do the polyhedral study. Nevertheless, in

he branch-and-cut algorithm, we use the equalities to strengthen the
ormulation. Constraints (6) guarantee that a second traversal of an
dge by a drone can only occur when it has been traversed previously
y this drone. Constraints (7) guarantee that the cost of each tour

corresponding to a given launching point does not exceed 𝐿 if this point
is used by a truck and that the tour is empty if that launching point is
not used by a truck. Constraint (8) ensures that at most 𝑃 locations
are used (one for each truck). Constraints (9), (10), and (11) are the
binary conditions for the variables. Note that the 𝑧 variables are used
to compute the total cost associated with each truck (2), to ensure that
t most 𝑃 launching points are opened (8) and that if a launching point

is not open then all the tours that start at it are zero while, if it is open,
hen the length of the tours that start at it are of length less than or
qual to 𝐿 (7).

For each drone, there are three variables to represent the traversals
between the two endpoints 𝑖 and 𝑗 of a required edge 𝑒. The reason is
that we need to distinguish between traversing 𝑒 while serving it (with a
ost 𝑐𝑠𝑒) or deadheading 𝑒′ once or twice (with a cost 𝑐𝑒′ ≤ 𝑐𝑠𝑒). Although

in all the optimal solutions the three variables will never be non-zero
simultaneously (see Proposition 1), we need the three variables to state
he length of a route in the problem formulation (constraints (2) and

(7)).

Proposition 1. For each 𝑒 ∈ 𝐸𝑅 and its parallel edge 𝑒′ ∈ 𝐸′
𝑁𝑅, for each

tour 𝑑 𝑘 ∈  × , the inequality 𝑥𝑑 𝑘𝑒 + 𝑦𝑑 𝑘𝑒′ ≤ 1 is satisfied by any optimal
solution of the MM-MT-LARP on 𝐺 (if 𝑐𝑒′ > 0).
4 
Proof. If a solution satisfies 𝑥𝑑 𝑘𝑒 + 𝑦𝑑 𝑘𝑒′ = 2, necessarily satisfies 𝑥𝑑 𝑘𝑒′ = 1
(because 𝑥𝑑 𝑘𝑒′ ≥ 𝑦𝑑 𝑘𝑒′ holds) and the drone travels three times between 𝑖
and 𝑗, so we can remove two copies and get a better feasible solution.
⧫

2.2. Polyhedral study

To study the polyhedron associated with the solutions of the MM-
T-LARP, we have to ignore the restriction that limits the length of the

rone tours to 𝐿. Let MT-LARP(𝐺) denote the polytope defined as the
onvex hull of all the incidence vectors of MT-LARP solutions on 𝐺,

i.e., MM-MT-LARP solutions in 𝐺 without considering the mentioned
restriction on the length of the drone tours, or any set of 𝐷 𝐾 tours on
raph 𝐺 (closed walks, maybe empty),

(

𝑥1,1, 𝑦1,1, 𝑥1,2, 𝑦1,2,… , 𝑥1,𝐾 , 𝑦1,𝐾 , 𝑥2,1, 𝑦2,1 … , 𝑥𝐷 ,𝐾 , 𝑦𝐷 ,𝐾 , 𝑧
)

∈ Z𝐷 𝐾(2|𝐸𝑁𝑅|+|𝐸𝑅|)+𝐷,

satisfying that

• each tour
(

𝑥𝑑 ,𝑘, 𝑦𝑑 ,𝑘) starts and ends at launching point 𝑑 ∈ ,
• there are at most 𝑃 launching points that have some of their

flights not empty, and at most 𝑃 𝑧𝑑 variables taking the value
1,

• there are at least 𝐷−𝑃 launching points have all their flights
empty, and at least 𝐷−𝑃 𝑧𝑑 variables taking the value 0, and

• they jointly service (traverse) all the required edges.

In this section we are going to use some results about the 𝐾-vehicles
Rural Postman Problem (𝐾-RPP) polyhedron studied in Campbell et al.
(2022). In that paper, all vertices of the graph 𝐺 are assumed to be
ncident with required edges. However, it can be seen that the results on
he polyhedron are also valid for graphs in which there are ‘‘isolated’’
ertices, that is, vertices that are not incident with any required edge.
his is necessary in this section since if in the graph 𝐺 we declare a

aunching point as the depot to define a 𝐾-RPP instance, the other
aunching points may be ‘‘isolated’’ vertices.

2.2.1. The length-constrained 𝐾-Drones RPP and 𝐾-RPP
The Length-Constrained 𝐾-Drones Rural Postman Problem (LC 𝐾-

RPP), presented in Campbell et al. (2018) and studied in Campbell
et al. (2022), is defined as follows: ‘‘Given a set of lines, each one
with an associated service cost, and a point called the depot (vertex
1, for example), assuming that the cost of deadheading between any
two points is the Euclidean distance, and given a constant 𝐿, find a
set of drone routes starting and ending at the depot and with lengths
no greater than 𝐿 such that they jointly traverse all the given lines
completely with minimum total cost’’. With the previous notation,
except that now variables 𝑥𝑘𝑒 , 𝑦𝑘𝑒 have a superindex 𝑘 referring the
drone, 𝑘 ∈ {1, 2,… , 𝐾}, the discrete version of the LC 𝐾-DRPP, called
LC 𝐾-RPP, is formulated in Campbell et al. (2022) as follows:

Minimize
𝐾
∑

𝑘=1

(

∑

𝑒∈𝐸𝑅

𝑐𝑠𝑒𝑥
𝑘
𝑒 +

∑

𝑒∈𝐸𝑁𝑅

𝑐𝑒
(

𝑥𝑘𝑒 + 𝑦𝑘𝑒
)

)

s.t.
(

𝑥𝑘 + 𝑦𝑘
)(

𝛿(𝑖)
)

≡ 0 (mod 2), ∀𝑖∈𝑉 , ∀𝑘 = 1,… , 𝐾 (12)
(

𝑥𝑘 + 𝑦𝑘
)(

𝛿(𝑆)
)

≥ 2𝑥𝑘𝑓 , ∀𝑆 ⊆ 𝑉 ⧵{1},∀𝑓∈𝐸(𝑆),

∀𝑘= 1,…, 𝐾 (13)
∑

𝑒∈𝐸𝑅

𝑐𝑠𝑒𝑥
𝑘
𝑒 +

∑

𝑒∈𝐸𝑁𝑅

𝑐𝑒
(

𝑥𝑘𝑒 + 𝑦𝑘𝑒
)

≤ 𝐿, ∀𝑘 = 1,… , 𝐾 (14)

𝐾
∑

𝑘=1
𝑥𝑘𝑒 ≥ 1, ∀𝑒 ∈ 𝐸𝑅 (15)

𝑥𝑘 ≥ 𝑦𝑘, ∀𝑒∈𝐸 , ∀𝑘 = 1,… , 𝐾 (16)
𝑒 𝑒 𝑁𝑅
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𝑥𝑘𝑒 ∈ {0, 1}, ∀𝑒∈𝐸𝑅, ∀𝑘 = 1,… , 𝐾 (17)

𝑥𝑘𝑒 , 𝑦𝑘𝑒 ∈ {0, 1}, ∀𝑒∈𝐸𝑁𝑅, ∀𝑘 = 1,… , 𝐾 . (18)

If we remove constraints (14), we have the 𝐾-RPP. In what follows,
e recall some results presented in Campbell et al. (2022) for the 𝐾-
PP with 𝐾 ≥ 2 on graph 𝐺 = (𝑉 , 𝐸) = (𝑉𝑅, 𝐸𝑅 ∪ 𝐸′

𝑁𝑅 ∪ 𝐸′′
𝑁𝑅).

Let 𝐾-RPP(𝐺) denote the polytope defined as the convex hull of the
vectors (𝑥1, 𝑦1, 𝑥2, 𝑦2,… , 𝑥𝐾 , 𝑦𝐾 ) ∈ Z𝐾(2|𝐸𝑁𝑅|+|𝐸𝑅|) corresponding to 𝐾-
RPP solutions. The proofs of the following two propositions can be
found in Campbell et al. (2022):

Proposition 2. If (𝑉 , 𝐸𝑁𝑅) is a 3-edge connected graph, then 𝐾-RPP(𝐺)
s a full-dimensional polyhedron, i.e., dim(𝐾-RPP(𝐺))= 𝐾(2|𝐸𝑁𝑅|+ |𝐸𝑅|).

Proposition 3. The following inequalities are facet-inducing of 𝐾-
RPP(𝐺):

1. Inequality 𝑦𝑘𝑒 ≥ 0, for each edge 𝑒 ∈ 𝐸𝑁𝑅, and for each drone
𝑘 ∈ {1, 2,… , 𝐾}.

2. Inequality 𝑥𝑘𝑒 ≤ 1, for each edge 𝑒 ∈ 𝐸𝑁𝑅, and for each drone
𝑘 ∈ {1, 2,… , 𝐾}.

3. Inequality (16) 𝑥𝑘𝑒 ≥ 𝑦𝑘𝑒 , for each edge 𝑒 ∈ 𝐸𝑁𝑅, and for each drone
𝑘 ∈ {1, 2,… , 𝐾}, if graph (𝑉 , 𝐸𝑁𝑅 ⧵ {𝑒}) is 3-edge connected.

4. Inequality 𝑥𝑘𝑒 ≤ 1, for each edge 𝑒 ∈ 𝐸𝑅, and for each drone
𝑘 ∈ {1, 2,… , 𝐾}.

5. Inequality 𝑥𝑘𝑒 ≥ 0, for each edge 𝑒 ∈ 𝐸𝑅, and for each drone
𝑘 ∈ {1, 2,… , 𝐾}.

6. Inequalities (15), ∑𝐾
𝑘=1 𝑥

𝑘
𝑒 ≥ 1, for each edge 𝑒 ∈ 𝐸𝑅.

7. Connectivity inequalities (13), if subgraph (𝑆 , 𝐸𝑁𝑅(𝑆)) is 3-edge
connected and either |𝑉 ⧵𝑆| = 1 or subgraph (𝑉 ⧵𝑆 , 𝐸𝑁𝑅(𝑉 ⧵𝑆))
is 3-edge connected.

Furthermore, other inequalities such as parity or 𝑝-connectivity
nequalities are also studied in Campbell et al. (2022) and proved that,

under mild conditions, they also are facet inducing of 𝐾-RPP(𝐺). These
inequalities are adapted to the MT-LARP in Section 2.3.

2.2.2. The polytope of solutions

Proposition 4. If (𝑉 , 𝐸𝑁𝑅) is a 3-edge connected graph, then MT-
LARP(𝐺) is a full-dimensional polyhedron, i.e., dim(MT-LARP(𝐺))= 𝐷 𝐾
2|𝐸𝑁𝑅| + |𝐸𝑅|) +𝐷, for 𝐷 ≥ 𝑃 ≥ 2.

Proof. Consider the 𝐾-RPP defined on graph 𝐺 considering a given
launching point 𝑑 as the depot and looking for 𝐾 tours that jointly
traverses all the required edges 𝑒 ∈ 𝐸𝑅. Since (𝑉 , 𝐸𝑁𝑅) is 3-edge con-
nected, from Proposition 2 we have that dim(𝐾-RPP(𝐺))= 𝐾(2|𝐸𝑁𝑅| +
|𝐸𝑅|) = 𝑚 (full-dimensional polyhedron). Therefore, there are 𝑚 + 1
affinely independent, and also 𝑚 linearly independent 𝐾-RPP solutions
formed with 𝐾 tours that jointly traverse all the required edges.

For each launching point 𝑑, let 𝐴̄𝑑 be the incidence matrix of the
orresponding 𝑚 + 1 𝐾-RPP affinely independent solutions as rows
ndexed by the variables 𝑥, 𝑦 as columns. This matrix 𝐴̄𝑑 has 𝑚+ 1 rows
nd we can assume, without loss of generality, that,

• after removing the first row we obtain a matrix, say 𝐴𝑑 with rank
𝑚, and that

• after subtracting the first row of 𝐴̄𝑑 from the rows of 𝐴𝑑 we obtain
a matrix, say 𝑀𝑑 , also with rank 𝑚.

If we assign one of these 𝐾-RPP solutions to one launching point 𝑑,
the vector zero to the remaining launching points 𝑑′ ≠ 𝑑, 𝑧𝑑 = 1, and
𝑧𝑑′ = 0, we obtain a feasible solution for the MT-LARP. For example,
for 𝐷 = 3 launching points and 𝑃 = 2 trucks we can build in this way
the three first block rows of the matrix in Fig. 1a, where each row
5 
corresponds to a feasible MT-LARP solution and the columns labeled
(𝑥𝑑∗, 𝑦𝑑∗) correspond to the flights departing from the launching point
𝑑. It can be seen that similar solutions could be built with all values for

≥ 𝑃 ≥ 2. Furthermore, if 𝑓1 and 𝑚2 are the first row of matrices 𝐴̄1

nd 𝐴2, respectively, the last three rows of the matrix in Fig. 1a, with a
single drone but two launching points open, are also feasible solutions.
Again, it can be seen that similar solutions could be built with all values
for 𝐷 ≥ 𝑃 ≥ 2, where 𝑃 ≥ 2 is needed to open two launching points.

This matrix has 𝐷 𝑚+ 1 +𝐷 rows representing MT-LARP solutions. If
e subtract the first row from all the others, we subtract the first row
f block two from the last row, and remove the first row, we obtain
he matrix in Fig. 1b, which has its 𝐷 𝑚+𝐷 rows linearly independent.

Hence, we have 𝐷 𝑚+ 1 +𝐷 affinely independent MT-LARP solutions and
the dimension of the polyhedron is 𝐷 𝑚 +𝐷 = 𝐷 𝐾(2|𝐸𝑁𝑅| + |𝐸𝑅|) +𝐷.

In the following, we will assume that 𝐷 ≥ 𝑃 ≥ 2 and that (𝑉 , 𝐸𝑁𝑅)
s a 3-edge connected graph and thus MT-LARP(𝐺) is a full-dimensional
olytope. Therefore, every facet of the polyhedron is induced by a
nique inequality (except scalar multiples).

Proposition 5. Inequality 𝑦𝑑 𝑘𝑒 ≥ 0, for each edge 𝑒 ∈ 𝐸𝑁𝑅, and for each
flight 𝑑 𝑘 ∈  ×, is facet-inducing of MT-LARP(𝐺).

Proof. Without loss of generality, let us suppose that 𝑑 = 1 and 𝑘 = 1.
onsider the 𝐾-RPP defined on graph 𝐺 considering the launching
oint 𝑑 = 1 as the depot and looking for 𝐾 tours that jointly traverses
ll the required edges 𝑒 ∈ 𝐸𝑅. Since (𝑉 , 𝐸𝑁𝑅) is 3-edge connected,

inequality 𝑦1𝑒 ≥ 0 is facet inducing of 𝐾-RPP(𝐺) (Proposition 3) and
there are 𝑚 = 𝐾(2|𝐸𝑁𝑅| + |𝐸𝑅|) affinely independent 𝐾-RPP solutions
formed with 𝐾 tours that jointly traverse all the required edges and
satisfy 𝑦1𝑒 = 0. Given that vector zero is in the affine hull of the vectors
atisfying 𝑦1𝑒 = 0, there are 𝑚− 1 linearly independent 𝐾-RPP solutions

formed with 𝐾 tours that jointly traverse all the required edges and
satisfy 𝑦1𝑒 = 0.

Let 𝐵1 be the incidence matrix of these 𝑚 − 1 𝐾-RPP linearly
independent solutions as rows indexed by the variables 𝑥, 𝑦 as columns.
This matrix has rank 𝑚 − 1. For the remaining launching points 𝑑 ≠ 1
et 𝐴𝑑 be the incidence matrices in Proposition 4. If we assign one of

the 𝐾-RPP solutions in 𝐵1 to the launching point 𝑑 = 1 and the vector
zero to the remaining launching points, we obtain a feasible solution for
the MT-LARP in 𝐺 satisfying 𝑦11𝑒 = 0. If we assign the vector zero to the
launching point 𝑑 = 1, one of the 𝐾-RPP solutions in 𝐴𝑑 to a point 𝑑 ≠ 1
and zero to the remaining launching points, we obtain also a feasible
solution for the MT-LARP in 𝐺 satisfying 𝑦11𝑒 = 0. By expressing these
solutions as the rows of a matrix we obtain the three first row blocks of
the matrix in Fig. 2 for 𝐷 = 3 launching points and 𝑃 = 2 trucks, where
𝑧 variables have been defined accordingly. Furthermore, if 𝑓1, 𝑚2 and
𝑚3 are the first row of matrices 𝐵1, 𝐴2 and 𝐴3, respectively, the last
three rows of the matrix in Fig. 2 are also feasible solutions. It can be
seen that such a construction can be done with all 𝐷 ≥ 𝑃 ≥ 2 values.

This matrix has 𝐷 𝑚 + 𝐷 − 1 rows representing MT-LARP solutions
satisfying 𝑦11𝑒 = 0. The rank of this matrix is 𝐷 𝑚+𝐷− 1 and, given that
vector zero is in the affine hull of the vectors satisfying 𝑦11𝑒 = 0, we have
𝐷 𝑚+𝐷 affinely independent MT-LARP solutions satisfying 𝑦11𝑒 = 0 and
he inequality 𝑦11𝑒 ≥ 0 is facet inducing of MT-LARP(𝐺). ⧫

Note that inequality 𝑦𝑑 𝑘𝑒 ≤ 1, for each edge 𝑒 ∈ 𝐸𝑁𝑅, is dominated
y inequality (6), 𝑥𝑑 𝑘𝑒 ≥ 𝑦𝑑 𝑘𝑒 , and, hence, it does not induce a facet.

Similarly, we have that inequality 𝑥𝑑 𝑘𝑒 ≥ 0, for each edge 𝑒 ∈ 𝐸𝑁𝑅, does
not induce a facet. On the other hand, inequalities 𝑥𝑑 𝑘𝑒 ≤ 1 and 𝑧𝑑 ≥ 0
re dominated by inequality 𝑥𝑑 𝑘𝑒 ≤ 𝑧𝑑 .

Proposition 6. Inequality 𝑥𝑑 𝑘𝑒 ≥ 𝑦𝑑 𝑘𝑒 , for each edge 𝑒 ∈ 𝐸𝑁𝑅, and 𝑥𝑑 𝑘𝑒 ≥ 0,
for each edge 𝑒 ∈ 𝐸𝑅, and for each flight 𝑑 𝑘 ∈  × , are facet-inducing
of MT-LARP(𝐺).
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Fig. 1. Matrices appearing in the proof of Proposition 4 for 𝐷 = 3 and 𝑃 = 2.
𝑑
f
B
a

T
∑

t
∑

s
f

M

Fig. 2. Matrix appearing in the proof of Proposition 5 for 𝐷= 3 and 𝑃 = 2.

Proof. The proof is similar to that of Proposition 5 and is omitted here
or the sake of brevity. ⧫

Proposition 7. Inequality (5), ∑

𝑘∈
∑

𝑑∈ 𝑥𝑑 𝑘𝑒 ≥ 1, for each edge
𝑒 ∈ 𝐸𝑅, is facet-inducing of MT-LARP(𝐺).

Proof. Consider a given launching point 𝑑 and the 𝐾-RPP defined on
graph 𝐺 considering the launching point 𝑑 as the depot and looking
for 𝐾 tours that jointly traverses all the required edges 𝑒 ∈ 𝐸𝑅. Since
(𝑉 , 𝐸𝑁𝑅) is 3-edge connected, inequality ∑𝐾

𝑘=1 𝑥
𝑘
𝑒 ≥ 1 is facet inducing

of 𝐾-RPP(𝐺) (see Campbell et al., 2022 or Proposition 3) and there are
𝑚 = 𝐾(2|𝐸𝑁𝑅| + |𝐸𝑅|) affinely independent 𝐾-RPP solutions formed
with 𝐾 tours that jointly traverse all the required edges and satisfy
∑𝐾

𝑘=1 𝑥
𝑘
𝑒 = 1. Furthermore, as vector zero is not in the affine hull of the

vectors satisfying ∑𝐾
𝑘=1 𝑥

𝑘
𝑒 = 1, there are 𝑚 linearly independent 𝐾-RPP

olutions that satisfy ∑𝐾
𝑘=1 𝑥

𝑘
𝑒 = 1. Let 𝐵𝑑 be the incidence matrix of the

above 𝑚 𝐾-RPP linearly independent solutions as rows indexed by the
variables 𝑥, 𝑦 as columns, with rank 𝑚.
6 
Fig. 3. Matrix appearing in the proof of Proposition 7 for 𝐷= 3 and 𝑃 = 2.

If we assign one of the 𝐾-RPP solutions in 𝐵𝑑 to the launching point
and the vector zero to the remaining launching points, we obtain a

easible solution for the MT-LARP in 𝐺 satisfying ∑

𝑘∈
∑

𝑑∈ 𝑥𝑑 𝑘𝑒 = 1.
y defining the 𝑧 variables accordingly and expressing these solutions
s the rows of a matrix we obtain a matrix similar to that in Fig. 3

for 𝐷 = 3 and 𝑃 = 2, where each 𝑓𝑖 is the first row of matrix 𝐵𝑖.
his matrix has 𝐷 𝑚+𝐷 rows representing MT-LARP solutions satisfying
𝑘∈

∑

𝑑∈ 𝑥𝑑 𝑘𝑒 = 1. The rank of this matrix is 𝐷 𝑚 + 𝐷 and, given
hat vector zero is not in the affine hull of the solutions satisfying
𝑘∈

∑

𝑑∈ 𝑥𝑑 𝑘𝑒 = 1, we have 𝐷 𝑚 + 𝐷 affinely independent MT-LARP
olutions satisfying ∑

𝑘∈
∑

𝑑∈ 𝑥𝑑 𝑘𝑒 = 1. Therefore, inequality (5) is
acet inducing of MT-LARP(𝐺). ⧫

Proposition 8. Inequality 𝑧𝑑 ≤ 1, for each 𝑑 ∈ , is facet-inducing of
T-LARP(𝐺).
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Fig. 4. Matrix appearing in the proof of Proposition 9 for 𝐷= 3 and 𝑃 = 2.

Proof. Without loss of generality, let us suppose that 𝑑 = 1. All the
olutions constructed in Proposition 4 but changing all the entries 0
n the column corresponding to 𝑧1 by 1, are also MT-LARP solutions

satisfying 𝑧1 = 1 (see the matrix in Fig. 1a). Removing the last row,
since it is now the same as the first row of block rows two, and
roceeding as in Proposition 4, we obtain that the remaining 𝐷 𝑚 + 𝐷
ows are affinely independent, and all satisfy that 𝑧1 = 1. Therefore,
he inequality 𝑧1 ≤ 1 induces a facet of MT-LARP(𝐺). ⧫

Proposition 9. Inequality (8), ∑

𝑑∈ 𝑧𝑑 ≤ 𝑃 , is facet-inducing of
MT-LARP(𝐺) if, and only if, 𝑃 < 𝐷.

Proof. If 𝑃 = 𝐷 then ∑

𝑑∈ 𝑧𝑑 ≤ 𝑃 = 𝐷 is the sum of the inequalities
𝑧𝑑 ≤ 1 for all 𝑑.

If 𝑃 < 𝐷, the proof is similar to that of Proposition 4 and we omit
he details for brevity. Just note that the solutions built in Proposition 4

but changing the entries corresponding to the variables 𝑧 as stated in
he matrix in Fig. 4 are MT-LARP solutions that satisfy ∑

𝑑∈ 𝑧𝑑 = 𝑃 .
roceeding as in Proposition 4, we obtain that these 𝐷 𝑚 +𝐷 rows are

affinely independent, and the inequality ∑

𝑑∈ 𝑧𝑑 ≤ 𝑃 is facet inducing
of MT-LARP(𝐺). ⧫

Proposition 10. Connectivity inequalities (4),
(

𝑥𝑑 𝑘+𝑦𝑑 𝑘)(𝛿(𝑆)) ≥ 2𝑥𝑑 𝑘𝑓 ,
∀𝑑 𝑘 ∈  × , ∀𝑆 ⊆ 𝑉 ∖{𝑑}, and ∀𝑓 ∈ 𝐸(𝑆), are facet-inducing of MT-
LARP(𝐺) if subgraph (𝑆 , 𝐸𝑁𝑅(𝑆)) is 3-edge connected and either |𝑉 ⧵𝑆| = 1
or subgraph (𝑉 ⧵𝑆 , 𝐸𝑁𝑅(𝑉 ⧵𝑆)) is 3-edge connected.

Proof. Without loss of generality, let us suppose that 𝑑 = 1 and
= 1. Consider the 𝐾-RPP defined on graph 𝐺 considering the

aunching point 𝑑 = 1 as the depot and looking for 𝐾 tours that
ointly traverses all the required edges 𝑒 ∈ 𝐸𝑅. Since (𝑉 , 𝐸𝑁𝑅) is 3-edge
onnected, and subgraph (𝑆 , 𝐸𝑁𝑅(𝑆)) is 3-edge connected and either
𝑉 ⧵𝑆| = 1 or subgraph (𝑉⧵𝑆 , 𝐸𝑁𝑅(𝑉⧵𝑆)) is 3-edge connected, inequality
1(𝛿(𝑆)

)

+ 𝑦1
(

𝛿(𝑆)
)

≥ 2𝑥1𝑓 is facet inducing of 𝐾-RPP(𝐺) (see Campbell
et al., 2022 or Proposition 3) and there are 𝑚 = 𝐾(2|𝐸𝑁𝑅| + |𝐸𝑅|)
affinely independent 𝐾-RPP solutions formed with 𝐾 tours that jointly
traverse all the required edges and satisfy 𝑥1

(

𝛿(𝑆)
)

+𝑦1
(

𝛿𝑁𝑅(𝑆)
)

= 2𝑥1𝑓 .
iven that vector zero is in the affine hull of the vectors satisfying

𝑥1
(

𝛿(𝑆)
)

+ 𝑦1
(

𝛿𝑁𝑅(𝑆)
)

= 2𝑥1𝑓 , there are 𝑚 − 1 of such solutions linearly
ndependent. Let 𝐵1 be the incidence matrix of these 𝑚 − 1 𝐾-RPP
 r
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linearly independent solutions as rows indexed by the variables 𝑥, 𝑦 as
columns. This matrix 𝐵1 has rank 𝑚 − 1. For the remaining launching
points 𝑑 ≠ 1 let 𝐴𝑑 be the incidence matrices in Proposition 4. The
remaining of the proof is similar to that of Proposition 5. ⧫

2.3. Other valid inequalities for the MM-MT-LARP

In this section we present two families of inequalities that are
valid for the MM-MT-LARP and are also facet-inducing of MT-LARP(𝐺)
under mild conditions, the parity inequalities and the 𝑝-connectivity
inequalities, as well as the max-length inequalities, which we do not
know if they induce a facet of the polyhedron or not but are valid for
the MM-MT-LARP and have proven to be very useful computationally.

2.3.1. Parity inequalities
Although constraints (3) could be linearized by adding some new

variables, we consider the following parity inequalities instead:

(𝑥𝑑 𝑘 − 𝑦𝑑 𝑘)(𝛿(𝑆)∖𝐹 ) ≥ (𝑥𝑑 𝑘 − 𝑦𝑑 𝑘)(𝐹 ) − |𝐹 | + 1, ∀𝑑 𝑘 ∈  ×,

∀𝑆 ⊂ 𝑉 ,∀𝐹 ⊆ 𝛿(𝑆) ∶
|𝐹 | is odd (19)

Proposition 11. Parity inequalities (19), for all 𝑑 𝑘 ∈  × , for
ll 𝑆 ⊂ 𝑉 , and for all 𝐹 ⊆ 𝛿(𝑆) such that |𝐹 | is odd, are valid for

MT-LARP(𝐺).

Proof. Let (𝑥̄, 𝑦̄, ̄𝑧) be an arbitrarious MT-LARP solution and let us see
hat it satisfies (𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘)(𝛿(𝑆)∖𝐹 ) ≥ (𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘)(𝐹 ) − |𝐹 | + 1.

If (𝑥̄, 𝑦̄, 𝑧̄) satisfies (𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘)(𝐹 ) ≤ |𝐹 | − 1, the inequality reduces
to (𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘)(𝛿(𝑆)∖𝐹 ) ≥ 0, which is obviously satisfied. Otherwise,
the solution (𝑥̄, 𝑦̄, ̄𝑧) satisfies (𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘)(𝐹 ) = |𝐹 |, i.e., 𝑥̄𝑑 𝑘(𝐹 ) = |𝐹 |

and 𝑦̄𝑑 𝑘(𝐹 ) = 0, and the inequality reduces to (𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘)(𝛿(𝑆)∖𝐹 ) ≥ 1.
Since the drone tour 𝑑 𝑘 must traverse the cut-set 𝛿(𝑆) an even number
of times, and |𝐹 | is odd, 𝛿(𝑆)∖𝐹 must be traversed an odd number
of times. Hence, there is, at least an edge 𝑒∗ ∈ 𝛿(𝑆)∖𝐹 such that
̄𝑑 𝑘𝑒∗ − 𝑦̄𝑑 𝑘𝑒∗ = 1 and we are done. ⧫

Constraints (19) cut off infeasible solutions in which there is a cut-
set with an odd number of edges traversed exactly once (these edges
define the set 𝐹 ) and the other edges are traversed twice or none.

Proposition 12. Parity inequalities (19), for all 𝑑 𝑘 ∈  × , for all
𝑆 ⊂ 𝑉 , and for all 𝐹 ⊆ 𝛿(𝑆) such that |𝐹 | is odd, are facet-inducing of
MT-LARP(𝐺) if subgraphs (𝑆 , 𝐸𝑁𝑅(𝑆)) and (𝑉 ⧵𝑆 , 𝐸𝑁𝑅(𝑉 ⧵𝑆)) are 3-edge
connected.

Proof. (a) Let us suppose that |𝐹 | = 1. Without loss of generality,
et us assume that 𝑑 = 1 and 𝑘 = 1. Consider the 𝐾-RPP defined
n graph 𝐺 considering the launching point 𝑑 = 1 as the depot and
ooking for 𝐾 tours that jointly traverses all the required edges 𝑒 ∈
𝑅. Since subgraphs (𝑆 , 𝐸𝑁𝑅(𝑆)) and (𝑉 ⧵ 𝑆 , 𝐸𝑁𝑅(𝑉 ⧵ 𝑆)) are 3-edge
onnected, inequality (𝑥1 − 𝑦1)(𝛿(𝑆)∖𝐹 ) ≥ (𝑥1 − 𝑦1)(𝐹 ) − |𝐹 | + 1 is
acet inducing of 𝐾-RPP(𝐺) (see Campbell et al., 2022) and there are
𝑚 = 𝐾(2|𝐸𝑁𝑅| + |𝐸𝑅|) affinely independent 𝐾-RPP solutions formed
with 𝐾 tours that jointly traverse all the required edges and satisfy
𝑥1 − 𝑦1)(𝛿(𝑆)∖𝐹 ) = (𝑥1 − 𝑦1)(𝐹 ) − |𝐹 | + 1. Given that vector zero is in
he affine hull of the vectors satisfying the inequality as equality (since
𝐹 | = 1), there are 𝑚 − 1 linearly independent 𝐾-RPP solutions formed
ith 𝐾 tours that jointly traverse all the required edges and satisfy
𝑥1−𝑦1)(𝛿(𝑆)∖𝐹 ) = (𝑥1−𝑦1)(𝐹 ) − |𝐹 |+ 1. Let 𝐵1 be the incidence matrix
f these 𝑚 − 1 𝐾-RPP linearly independent solutions as rows indexed
y the variables 𝑥, 𝑦 as columns. This matrix 𝐵1 has rank 𝑚 − 1. The

Proposition 5 in this case.
emaining of the proof is similar to that of
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Fig. 5. Matrix appearing in the proof of Proposition 12 for 𝐷= 3 and 𝑃 = 2.

(b) Let us suppose now that |𝐹 | > 1. In this case, the proof is
imilar to the previous one but using MT-LARP solutions built as those
epresented in the matrix in Fig. 5 (the rank of submatrix 𝐵1 is 𝑚
ince vector zero is not in the affine hull of the vectors satisfying the

inequality as equality). This matrix has 𝐷 𝑚+𝐷 rows representing MT-
ARP solutions satisfying the inequality as equality and its rank is
 𝑚 + 𝐷. Therefore, since vector zero is not in the affine hull of the

olutions satisfying the inequality as equality, the parity inequality with
𝐹 | ≥ 3 is facet inducing of MT-LARP(𝐺). ⧫

Remark 1. It can be seen that Proposition 12 also applies if one of the
two shores 𝑆 or 𝑉 ⧵𝑆 consists of only one vertex.

2.3.2. 𝑝-connectivity inequalities
These constraints are based on those introduced in Corberán et al.

(2013) for the maximum benefit CPP to cut off some fractional solutions
in which several variables take value 0.5. For example, consider an MT-
LARP instance with the vertex set 𝑉 divided into three subsets 𝑆0, 𝑆1
and 𝑆2 as shown in Fig. 6a, with a given launching point 𝑑 ∈ 𝑆0,
epresented by a triangle, and a fractional solution where, for a given
, we have 𝑥𝑑 𝑘𝑒 = 𝑦𝑑 𝑘𝑒 = 0.5 for the three edges depicted in the figure
oining the sets 𝑆𝑖, 𝑥𝑑 𝑘𝑒 = 𝑦𝑑 𝑘𝑒 = 0 for the remaining edges joining
he sets 𝑆𝑖, and 𝑥𝑑 𝑘𝑒 = 1, 𝑦𝑑 𝑘𝑒 = 0 for the two edges drawn in 𝐸(𝑆1)
nd 𝐸(𝑆2). It can be seen that this solution satisfies all the inequalities
resented in previous sections. In particular, it satisfies as equality
he connectivity inequality (4) associated with sets 𝑆0, 𝑆1 and 𝑆2. The
revious fractional solution is cut by the following inequality, valid for
he MT-LARP (Proposition 13):
(

𝑥𝑑 𝑘 + 𝑦𝑑 𝑘)
(

𝛿(𝑆0)
)

+ 2𝑥𝑑 𝑘
(

𝑆1 ∶ 𝑆2

)

≥ 2𝑥𝑑 𝑘𝑒1 + 2𝑥𝑑 𝑘𝑒2 .

In general, let {𝑆0,… , 𝑆𝑝} be a partition of 𝑉 , a launching point
𝑑 ∈ , and a flight 𝑘 ∈ . Assume that 𝑑 ∈ 𝑆𝑖, 𝑖 ∈ {0,… , 𝑝}, and select
n edge 𝑒𝑗 ∈ 𝐸(𝑆𝑗 ) for each 𝑗 ∈ {0,… , 𝑝}⧵{𝑖} (see Fig. 6b). We will call
-connectivity inequality to:
(

𝑥𝑑 𝑘 + 𝑦𝑑 𝑘) (𝛿(𝑆0)
)

+ 2
∑

1≤𝑟<𝑡≤𝑝
𝑥𝑑 𝑘(𝑆𝑟 ∶ 𝑆𝑡) ≥ 2

∑

𝑗∈{0,…,𝑝}⧵{𝑖}
𝑥𝑑 𝑘𝑒𝑗 (20)

Proposition 13. 𝑝-connectivity inequalities (20) are valid for MT-
LARP(G).
8 
Proof. For the sake of simplicity we will assume that 𝑑 ∈ 𝑆0. Let (𝑥̄, 𝑦̄, ̄𝑧)
be any MT-LARP solution and let us prove that it satisfies

(𝑥̄𝑑 𝑘 + 𝑦̄𝑑 𝑘)(𝛿(𝑆0)) + 2
∑

1≤𝑟<𝑡≤𝑝
𝑥̄𝑑 𝑘(𝑆𝑟 ∶ 𝑆𝑡) ≥ 2

𝑝
∑

𝑗=1
𝑥̄𝑑 𝑘𝑒𝑗 .

If 𝑥̄𝑑 𝑘𝑒𝑗 = 0 for some 𝑗 ∈ {1,… , 𝑝}, then we could consider a new (𝑝− 1)-
onnectivity configuration where sets 𝑆𝑗 and 𝑆𝑗+1 have been merged
nto a single vertex 𝑆𝑗 ∪ 𝑆𝑗+1 (or 𝑆𝑗 and 𝑆𝑗−1 if 𝑗 = 𝑝). It can be
roved that if its associated (𝑝− 1)-connectivity inequality is satisfied
y (𝑥̄𝑑 𝑘, 𝑦̄𝑑 𝑘), then the original 𝑝-connectivity inequality is also satisfied
y (𝑥̄𝑑 𝑘, 𝑦̄𝑑 𝑘). So, we can assume that 𝑥̄𝑑 𝑘𝑒1 = ⋯ = 𝑥̄𝑑 𝑘𝑒𝑝 = 1.

If 𝑥̄𝑑 𝑘𝑒 = 1 for some 𝑒 ∈ (𝑆𝑟 ∶ 𝑆𝑡) with 1 ≤ 𝑟 < 𝑡 ≤ 𝑝, then we can
onsider a new (𝑝− 1)-connectivity configuration where sets 𝑆𝑟 and 𝑆𝑡
ave been merged into 𝑆′

𝑟 = 𝑆𝑟 ∪ 𝑆𝑡 and where 𝑒′𝑟 = 𝑒𝑟. Again, it can
e proved that if its associated (𝑝−1)-connectivity inequality is satisfied
y (𝑥̄𝑑 𝑘, 𝑦̄𝑑 𝑘), then the original 𝑝-connectivity inequality is also satisfied

by (𝑥̄𝑑 𝑘, 𝑦̄𝑑 𝑘). Hence, we can assume that 𝑥̄𝑑 𝑘(𝑆𝑟 ∶ 𝑆𝑡) = 0 for each 𝑟, 𝑡,
1 ≤ 𝑟 < 𝑡 ≤ 𝑝.

Therefore, since 𝑑 ∈ 𝑆0 and 𝑥̄𝑑 𝑘𝑒𝑖 = 1, (𝑥̄𝑑 𝑘 + 𝑦̄𝑑 𝑘)(𝑆0 ∶ 𝑆𝑖) ≥ 2 for
each 𝑖 = 1,… , 𝑝, and the inequality holds. ⧫

Proposition 14. 𝑝-connectivity inequalities (20) are facet-inducing for
MT-LARP(G) if subgraphs (𝑆𝑗 , 𝐸𝑁𝑅(𝑆𝑗 )), ∀𝑗 = 0,… , 𝑝, are 3-edge con-
nected, |(𝑆0 ∶ 𝑆𝑗 )| ≥ 2, ∀𝑗 = 1,… , 𝑝, the graph induced by 𝑉 ⧵𝑆0 is
connected, and all the edges 𝑒𝑗 ∈ 𝐸(𝑆𝑗 ), ∀𝑗 ∈ {0,… , 𝑝}⧵{𝑖}, are required
edges.

Proof. Without loss of generality, let us suppose that 𝑑 = 1 and 𝑘 = 1.
onsider the 𝐾-RPP defined on graph 𝐺 considering the launching
oint 𝑑 = 1 as the depot and looking for 𝐾 tours that jointly traverses
ll the required edges 𝑒 ∈ 𝐸𝑅. Since subgraphs (𝑆𝑗 , 𝐸𝑁𝑅(𝑆𝑗 )), ∀𝑗 =
,… , 𝑝, are 3-edge connected, |(𝑆0 ∶ 𝑆𝑗 )| ≥ 2, ∀𝑗 = 1,… , 𝑝, and the
raph induced by 𝑉 ⧵𝑆0 is connected, and all the edges 𝑒𝑗 ∈ 𝐸(𝑆𝑗 ),
𝑗 ∈ {0,… , 𝑝}⧵{𝑖}, are required edges, inequality

(

𝑥1 + 𝑦1
) (

𝛿(𝑆0)
)

+ 2
∑

1≤𝑟<𝑡≤𝑝
𝑥1(𝑆𝑟 ∶ 𝑆𝑡) ≥ 2

∑

𝑗∈{0,…,𝑝}⧵{𝑖}
𝑥1𝑒𝑗

is facet inducing of 𝐾-RPP(𝐺) (see Campbell et al., 2022) and there
are 𝑚 = 𝐾(2|𝐸𝑁𝑅|+ |𝐸𝑅|) affinely independent 𝐾-RPP solutions formed

ith 𝐾 tours that jointly traverse all the required edges and satisfy the
revious inequality as equality.

Given that vector zero is in the affine hull of the vectors satisfying
the inequality as equality, there are 𝑚 − 1 linearly independent 𝐾-RPP
solutions formed with 𝐾 tours that jointly traverse all the required
dges and satisfy the inequality as equality. Let 𝐵1 be the incidence

matrix of these 𝑚 − 1 𝐾-RPP linearly independent solutions as rows
ndexed by the variables 𝑥, 𝑦 as columns. This matrix 𝐵1 has rank 𝑚− 1.
he remaining of the proof is similar to that of Proposition 5. ⧫

2.3.3. Max-length inequalities
The inequalities presented in this section are based on the limit 𝐿

to the cost of a drone flight. Consider an edge set 𝐹 ⊆ 𝐸𝑅 such that the
cost of the optimal tour (or a lower bound to it) starting and ending at
a given launching point 𝑑, and traversing all the edges in 𝐹 , is greater
than 𝐿. We have that a single flight 𝑘 cannot service all the arcs in 𝐹
from 𝑑 and, hence, inequalities

𝑥𝑑 𝑘(𝐹 ) ≤ |𝐹 | − 1, ∀𝑘 ∈ , (21)

called disaggregate max-length inequalities, are valid for the MM-MT-
LARP.

On the other hand, under the same circumstances, for a given 𝑘, at
least another flight different from (𝑑 , 𝑘) must enter any subgraph of 𝐺
that contains all edges in 𝐹 but does not contain any launching point
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Fig. 6. 𝑝-connectivity inequalities.
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𝑑 ∈ . Hence, if 𝑊 ⊂ 𝑉 ⧵ is a set of vertices containing the vertices
ncident with the edges in 𝐹 , the following inequalities

∑

(𝑑′ ,𝑘′)≠(𝑑 ,𝑘)

(

𝑥𝑑
′𝑘′+ 𝑦𝑑

′𝑘′
) (

𝛿(𝑊 )
)

≥ 2, ∀𝑘 ∈ , (22)

called aggregate max-length inequalities, are also valid for the MM-MT-
ARP on 𝐺.

Remark 2. If, in inequalities (22) the set 𝑊 includes some launching
oints, the inequality could be changed to
∑

(𝑑′ ,𝑘′)≠(𝑑 ,𝑘)
𝑑∉𝑊

(

𝑥𝑑
′𝑘′+ 𝑦𝑑

′𝑘′
) (

𝛿(𝑊 )
)

≥ 2 −
∑

𝑑∈𝑊 ∩
2𝑧𝑑 , ∀𝑘 ∈ . (23)

2.4. Other inequalities that strengthen the formulation

The inequalities in this section are not valid for the MM-MT-LARP,
because they are not satisfied by all the MM-MT-LARP solutions, but
hey can be used because there is at least one optimal solution that

satisfies them. Furthermore, the following results allow us to remove
some 𝑦 variables from the formulation (see Note 3).

2.4.1. Maximum deadheading inequalities
For each 𝑛 = 1, 2,… , let 𝑉 𝑛

𝑅 denote the set of vertices in 𝑉𝑅 with
required degree 𝑛 (the number of required edges incident with the
vertex). Note that the required degree of vertices in  is zero.

Proposition 15. There is an optimal MM-MT-LARP solution in which
each drone tour 𝑑 𝑘 ∈  × , considered as a walk (sequence of edge
traversals), satisfies:

(a) It does not deadhead two edges (𝑖, 𝑗), (𝑗 , 𝑘) consecutively.
(b) It does not visit the vertices in , except the initial and final visit to

𝑑.
(c) It does not visit a vertex in 𝑉 𝑛

𝑅 more than 𝑛 times.
(d) It does not deadhead more than twice a cutset 𝛿(𝑖) for any vertex

𝑖 ∈ 𝑉 .

Proof. (a) Let us suppose a tour deadheads two edges (𝑖, 𝑗), (𝑗 , 𝑘)
consecutively. These two edges are non-required since each required
edge is only traversed once when it is serviced. Recall that the non-
required edge (𝑖, 𝑘) exists because 𝐸𝑁𝑅 induces a complete graph, and
that 𝑐𝑖𝑘 ≤ 𝑐𝑖𝑗 + 𝑐𝑗 𝑘 due to the triangle inequality. The tour obtained
after replacing the traversal of (𝑖, 𝑗), (𝑗 , 𝑘) with the traversal of (𝑖, 𝑘) has
a lower or equal cost and services the same required edges as the former
tour.

(b) A drone tour starts and ends at a given launching point 𝑑 ∈ .
If it visits 𝑑 again, or another 𝑑′ ∈ , it deadheads two edges, which
contradicts (a).
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(c) Let us suppose a tour visits a given vertex 𝑗 ∈ 𝑉 𝑛
𝑅 more than

times (each visit implies traversing two edges). Note that there are
nly 𝑛 services associated with vertex 𝑗: the service of the 𝑛 required
dges incident with it. Therefore, all visits to the vertex 𝑗, except 𝑛 of
hem, are performed by deadheading two edges consecutively, which
ontradicts (a).

(d) Let us suppose a tour traverses a cutset 𝛿(𝑖) three times in
deadheading. From (a), we can assume that no two of these traver-
sals are consecutive. Hence, each visit to 𝑖 consists of traversing one
required edge and one non-required one. Let us suppose that two visits
are performed by traversing first the required edge and then the non-
required one (if it is the other way round, the argument is analogous),
and let (𝑖, 𝑣1) and (𝑖, 𝑣2) be these two non-required edges. Then, by
removing these two traversals, changing the direction of traversal of
the edges between 𝑣1 and 𝑖 and then adding the traversal of the non-
equired edge (𝑣1, 𝑣2) we obtain a new drone tour with lower or equal
ost, because 𝑐𝑣1𝑣2 ≤ 𝑐𝑣1𝑖 + 𝑐𝑖𝑣2 . ⧫

Corollary 1. The following inequalities can be added to the formulation:

(𝑥𝑑 𝑘 + 𝑦𝑑 𝑘)(𝛿(𝑑)) ≤ 2, ∀𝑑 𝑘 ∈  × (24)

𝑥𝑑 𝑘𝑒 = 𝑦𝑑 𝑘𝑒 = 0, ∀𝑑 𝑘 ∈  ×, ∀𝑒 ∈ 𝛿(𝑑′), ∀𝑑′ ∈ ⧵{𝑑} (25)

∑

𝑒∈𝛿𝑁𝑅(𝑖)
𝑥𝑑 𝑘𝑒 = 𝑥𝑑 𝑘𝑖𝑗 , ∀𝑖 ∈ 𝑉 1

𝑅 , (𝑖, 𝑗) ∈ 𝐸𝑅, ∀𝑑 𝑘 ∈  × (26)

𝑦𝑑 𝑘𝑒 = 0, ∀ 𝑑 𝑘 ∈  ×, ∀ 𝑒 = (𝑖, 𝑗) ∈ 𝐸𝑁𝑅 with 𝑖 ∈ 𝑉 1
𝑅 (27)

∑

𝑒∈𝛿𝑁𝑅(𝑖)

(

𝑥𝑑 𝑘𝑒 + 𝑦𝑑 𝑘𝑒
)

≤
∑

𝑒∈𝛿𝑅(𝑖)
𝑥𝑑 𝑘𝑒 , ∀𝑖 ∈ 𝑉 𝑛

𝑅 (𝑛 > 1), ∀𝑑 𝑘 ∈  × (28)

∑

𝑒∈𝛿𝑁𝑅(𝑖)

(

𝑥𝑑 𝑘𝑒 + 𝑦𝑑 𝑘𝑒
)

≤ 2, ∀𝑖 ∈ 𝑉 , ∀𝑑 𝑘 ∈  ×. (29)

Proof. All these inequalities except for (26) can be trivially deduced
from Proposition 15: Inequalities (24) and equalities (25) are deduced
from (b). Note that inequalities (24) are not equalities because some
rone tours could be empty. If 𝑖 ∈ 𝑉 1

𝑅 and (𝑖, 𝑗) ∈ 𝐸𝑅, from (c) it is
educed that ∑

𝑒∈𝛿𝑁𝑅(𝑖)
(

𝑥𝑑 𝑘𝑒 + 𝑦𝑑 𝑘𝑒
)

≤ 𝑥𝑑 𝑘𝑖𝑗 . Since the number of edges
ncident with any vertex must be even, this inequality must be satisfied
ith equality. Moreover, given that the right-hand side is at most 1

and 𝑦𝑑 𝑘𝑒 ≤ 𝑥𝑑 𝑘𝑒 , all the variables 𝑦𝑑 𝑘𝑒 must be 0 and can be removed,
thus obtaining (26) and (27). Inequalities (28) are deduced from (c).
Inequalities (29) are deduced from (d). ⧫

Remark 3. The variables in (25) and (27) for each drone tour 𝑑 𝑘 can
be removed from the formulation, rather than set equal to zero.
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2.4.2. Symmetry-breaking inequalities
To avoid equivalent solutions produced by the symmetry among

he different flights of each drone, the following symmetry-breaking
nequalities are also added. Assume the required edges are ordered as
𝑒1, 𝑒2,… , 𝑒𝑚

)

. For each launching point 𝑑 ∈  we add the constraints

𝑥𝑑 𝑘𝑒𝑖 ≤
𝑖−1
∑

𝑗=𝑘−1
𝑥𝑑(𝑘−1)𝑒𝑗

, ∀𝑘 = 2,… , 𝐾 , 𝑖 = 𝑘,… , 𝑚 (30)

𝑥𝑑 𝑘𝑒𝑖 = 0, ∀𝑘 = 𝑖 + 1,… , 𝐾 , 𝑖 = 1,… , 𝑚 − 1 (31)

Constraints (30) ensure that a flight 𝑑 𝑘 can only service edge 𝑒𝑖 if
the previous flight 𝑑(𝑘 − 1) has serviced at least one of the previous
edges in the ordering. Constraints (31) ensure that no edge before 𝑒𝑘
in the ordering can be served by flight 𝑑 𝑘. Note that flights based
on different launching points are not interchangeable, because they
have to start and end at a different vertex. Therefore, we do not
need symmetry-breaking constraints involving flights from different
launching points.

3. Branch-and-cut algorithm for the MM-MT-LARP

Based on the formulation presented in Section 2, we have imple-
ented a branch-and-cut algorithm for the MM-MT-LARP. The initial

P includes inequalities (2), (6), (7) and (8), inequalities (5) as equali-
ies, and the bounds on the variables. It also includes inequalities in

Proposition 1 for each 𝑒 ∈ 𝐸𝑅, the constraints in Corollary 1, and
he symmetry-breaking inequalities (30)–(31). Moreover, the variables
onsidered in Note 3 are fixed to zero. Connectivity inequalities (4),

and the previous parity (19), 𝑝-connectivity (20), and max-length (21)–
(22) inequalities can be separated with the algorithms described in
his section. The order and frequency in which these algorithms are

applied will be determined by the computational experiments described
in Section 5.

3.1. Separation algorithms

The separation algorithms are used at each iteration of the cutting-
lane procedure to identify valid inequalities violated by the current
P solution, say (𝑥̄, 𝑦̄, 𝑧̄). In some of these procedures, we will use a
arameter 𝜀 that takes values close to zero. In what follows we describe
hese separation procedures.

Connectivity inequalities (4)
Although connectivity inequalities (4) for each flight 𝑑 𝑘 ∈  × 

can be exactly separated in polynomial time, this exact procedure is
quite time-consuming and usually produces many violated inequalities
that are very similar to each other. Therefore, we have decided not
to use it and implement a heuristic separation algorithm instead. We
ompute the connected components of the graph induced by the edges
∈ 𝐸 such that 𝑥̄𝑑 𝑘𝑒 + 𝑦̄𝑑 𝑘𝑒 > 𝜀, plus the launching point 𝑑, if necessary.
or each connected component and the edge 𝑓 with maximum 𝑥̄𝑑 𝑘𝑓 , the
orresponding inequality (4) is checked for violation.

Parity inequalities (19)
For each flight 𝑑 𝑘 ∈ × we consider all the subsets 𝑆 ⊂ 𝑉 obtained

by computing the connected components of the graph induced by the
edges 𝑒 ∈ 𝐸𝑁𝑅 with 𝑥̄𝑑 𝑘𝑒 − 𝑦̄𝑑 𝑘𝑒 > 𝜀 and the edges 𝑒 ∈ 𝐸𝑅 with 𝑥̄𝑑 𝑘𝑒 > 𝜀,
plus the launching point 𝑑, if necessary. For each one of these subsets
𝑆, we apply a procedure similar to that described in Ghiani and Laporte
(2000) for choosing the subset of edges 𝐹 ⊆ 𝛿(𝑆) that produces the most
violated parity inequality (19) associated with 𝑆. This procedure is as
follows:

We first include in 𝐹 each edge 𝑒 ∈ 𝛿𝑁𝑅(𝑆) with 𝑥̄𝑑 𝑘𝑒 − 𝑦̄𝑑 𝑘𝑒 > 0.5 and
ach 𝑒 ∈ 𝛿𝑅(𝑆) with 𝑥̄𝑑 𝑘𝑒 > 0.5. If |𝐹 | is odd, we are done. If |𝐹 | is even,
e consider the edge in 𝐹 with the lowest value of 𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘 (or 𝑥̄𝑑 𝑘)
𝑒 𝑒 𝑒
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and the edge in 𝛿(𝑆)⧵𝐹 with the highest value of 𝑥̄𝑑 𝑘𝑒 − 𝑦̄𝑑 𝑘𝑒 (or 𝑥̄𝑑 𝑘𝑒 ), and
we choose either to remove the first one from 𝐹 or to add the second
one to 𝐹 . Finally, the parity inequality corresponding to sets 𝑆 and 𝐹
is checked for violation.

In addition to the previous algorithm, we try a second one consisting
f applying the Ghiani and Laporte procedure to all sets 𝑆 containing
ne single vertex. Note that, by applying this algorithm, we guarantee
hat the integer solutions found will satisfy the parity conditions.

𝑝-connectivity inequalities (20)
To separate these inequalities, we have devised the following heuris-

tic algorithm. We first compute the connected components of the graph
induced by the required edges with 𝑥̄𝑑 𝑘𝑒 > 0. Let us call 𝐶 𝑖 to the vertex
ets of these components. We iteratively shrink two sets 𝐶 𝑖 and 𝐶𝑗 if
(𝑥̄𝑑 𝑘+𝑦̄𝑑 𝑘)(𝐶 𝑖 ∶ 𝐶𝑗 ) ≥ 2, while possible. For each resulting set of vertices
𝐶 𝑖 we proceed as follows. For each 𝐶 𝑖 that contains more than one
vertex or the launching point 𝑑, let us denote 𝑆0 = 𝐶 𝑖 and the remaining
sets 𝐶𝑗 as 𝑆1,… , 𝑆𝑝. For each set 𝑆𝑖 containing one single vertex, we
merge it with the more convenient set 𝑆𝑗 . Then, for each set 𝑆𝑖 not
containing 𝑑, we choose the edge 𝑒𝑖 ∈ 𝐸(𝑆𝑖) with maximum value 𝑥̄𝑑 𝑘𝑒𝑖 .
While 𝑝 > 2, we try to merge pairs of sets 𝑆𝑖 and 𝑆𝑗 according to the
following rules (to allow a simpler notation, we will assume that for
the set 𝑆𝑖 containing 𝑑, 𝑥̄𝑑 𝑘𝑒𝑖 = 1):

• If 𝑖, 𝑗 ≠ 0 and 𝑥̄𝑑 𝑘(𝑆𝑖 ∶ 𝑆𝑗 ) ≥ min{𝑥̄𝑑 𝑘𝑒𝑖 , 𝑥̄
𝑑 𝑘
𝑒𝑗
}, we merge 𝑆𝑖 and

𝑆𝑗 . Notice that if we shrink 𝑆𝑖 and 𝑆𝑗 , the LHS of the inequality
(20) decreases by 2𝑥̄𝑑 𝑘(𝑆𝑖 ∶ 𝑆𝑗 ) while the RHS decreases by
2 min{𝑥̄𝑑 𝑘𝑒𝑖 , 𝑥̄

𝑑 𝑘
𝑒𝑗
}.

• If 𝑗= 0 (or 𝑖= 0) and
(

𝑥̄𝑑 𝑘 + 𝑦̄𝑑 𝑘) (𝑆0 ∶ 𝑆𝑖) +
∑

𝑟≠0,𝑖
(

𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘) (𝑆𝑖 ∶
𝑆𝑟) ≥ 2 min{𝑥̄𝑑 𝑘𝑒𝑖 , 𝑥̄

𝑑 𝑘
𝑒0
} we make 𝑆0 ∶= 𝑆0 ∪ 𝑆𝑖. Note that if

we shrink 𝑆0 and 𝑆𝑖, the LHS of the inequality (20) decreases
by

(

𝑥̄𝑑 𝑘 + 𝑦̄𝑑 𝑘) (𝑆0 ∶ 𝑆𝑖) since these variables disappear, and by
∑

𝑟≠0,𝑖
(

𝑥̄𝑑 𝑘 − 𝑦̄𝑑 𝑘) (𝑆𝑖 ∶ 𝑆𝑟) since each 2𝑥̄𝑑 𝑘(𝑆𝑖 ∶ 𝑆𝑟) becomes
(𝑥̄𝑑 𝑘 + 𝑦̄𝑑 𝑘)(𝑆𝑖 ∶ 𝑆𝑟), while the RHS decreases by 2 min{𝑥̄𝑑 𝑘𝑒𝑖 , 𝑥̄

𝑑 𝑘
𝑒0
}.

The 𝑝-connectivity inequality (20) associated with the resulting sets
𝑆0, 𝑆1,… , 𝑆𝑝 is checked for violation. If no violated 𝑝-connectivity
inequality has been generated, we repeat the previous process starting
from the connected components of the graph induced by the edges
(required or not) with 𝑥̄𝑑 𝑘𝑒 > 0.5.

Max-length inequalities (21) –(22)
Max-length inequalities are separated by using a heuristic proce-

ure. This procedure first looks for violated inequalities (21). Given a
set of edges 𝐹 , let grp𝑑(𝐹 ) be a lower bound of the cost of the GRP
nstance defined in 𝐺 by the edges in 𝐹 as required edges and the
aunching point 𝑑 as a required vertex. For each flight 𝑑 𝑘 ∈  × ,
et {𝑒1, 𝑒2,… , 𝑒𝑚} be a set of required edges such that 𝑥̄𝑑 𝑘𝑒1 ≥ 𝑥̄𝑑 𝑘𝑒2 ≥
≥ 𝑥̄𝑑 𝑘𝑒𝑚 ≥ 0.5. We define 𝐹 = {𝑒1, 𝑒2,… , 𝑒𝑓 }, where 𝑓 is the maximal

umber such that 𝑥̄𝑘(𝐹 ) > |𝐹 | − 1 + 𝜀. We check if grp𝑑(𝐹 ) is greater
han 𝐿 and, therefore, the corresponding inequality (21) is violated.

Otherwise, for each edge 𝑒 ∈ {𝑒𝑓+1,… , 𝑒𝑚}, we iteratively consider the
et 𝐹 = 𝐹 ∪ {𝑒} and check if grp𝑑(𝐹 ) is greater than 𝐿. For each subset 𝐹

(or 𝐹 ) whose corresponding inequality (21) is violated, we check the
ax-length inequality (22) corresponding to the cut-set 𝛿(𝑊 ), where

𝑊 is the set of vertices incident with the edges in 𝐹 (or 𝐹 ).
Given a set of edges 𝐹 , the value of grp𝑑(𝐹 ) is computed by solving

he corresponding GRP with the branch-and-cut algorithm described
n Corberán et al. (2007). To minimize the number of GRPs solved,

two lists containing the already studied sets 𝐹 of edges are managed.
Note that we do not separate max-length inequalities (23), since in our
instances, the launching points are not incident with required edges,
and thus these inequalities can be reduced to inequalities (22) by
removing the launching points from set 𝑊 .
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3.2. The cutting-plane algorithm

The cutting-plane algorithm is applied at each node of the search
ree. It applies, at each iteration and for each flight 𝑑 𝑘 ∈ ×, all the

separation heuristic algorithms described in Section 3.1:

• The heuristic for connectivity inequalities (4) with 𝜀 = 0, 0.25, 0.5,
where the value of 𝜀 is increased only if no violated inequalities
are found with the previous value.

• The exact parity separation procedure for single vertices and
the heuristic procedure for parity inequalities (19) with 𝜀 =
0, 0.25, 0.5.

• The heuristic for identifying violated max-length inequalities
(21)–(22) with 𝜀 = 0.5.

• The heuristic separation algorithm for 𝑝-connectivity inequalities
(20).

The order and frequency in which these separation algorithms are
applied are established from the computational study carried out in
Section 5.2.

4. Matheuristic algorithm for the MM-MT-dLARP

In this section, we introduce a matheuristic algorithm proposed
for the approximate solution of the MM-MT-dLARP. Each instance of

M-MT-dLARP has required lines and launching points (including the
epot). Each line in an MM-MT-dLARP instance is represented by a
olygonal chain with a large number of points and segments, offering
 close approximation to the original line. Our first simplification of
he problem is to restrict the drone entry and exit to the line through
hese points, thus obtaining the MM-MT-LARP, a discrete optimization

problem. Note that if the number of points describing each line is
large, given that the non-required edges induce a complete graph, the
size of the MM-MT-LARP instances makes them very hard to solve.
Our proposed approach is to address this complexity by working with
smaller MM-MT-LARP instances, not considering all points. We select
only a small but significant subset of intermediate points of each line.
The resulting segments connecting these points form the required edges
of the MM-MT-LARP instance, with service costs proportional to the
lengths of the segments in such a way the sum of these costs equals
the service cost of the original line. At the beginning of the algorithm,
no intermediate points are considered, and each line is represented by
a single segment. Thereafter, some intermediate points are added and
removed following the rules described in Section 4.3.

The algorithm we present combines a construction phase, four local
search procedures integrated into a Variable Neighborhood Descent
(VND) algorithm for improving the solutions, and a set of guidelines
for selecting intermediate points.

4.1. Construction phase

To find an initial set of MM-MT-LARP solutions, we proceed iter-
tively as follows. We select randomly 𝑃 launching points from the

set . Then, each required edge is assigned randomly to one of the 𝑃
aunching points with some probabilities that are inversely proportional
o the distance from the edge to each launching point. Once the edges
re assigned to the launching points, for each launching point 𝑑 we
onstruct a giant tour 𝑇 𝑑 , starting and ending at 𝑑 and traversing all the

edges assigned to it, following the Nearest Neighbor strategy. Starting
at 𝑑, the tour goes to its closest vertex incident with an assigned edge
𝑒. After traversing edge 𝑒, from the other endpoint of 𝑒, the tour goes
to the closest vertex incident with an assigned edge not traversed yet.

his process is repeated until all the assigned edges are traversed and
he tour ends at 𝑑.

Each tour 𝑇 𝑑 determines an ordered sequence of edges but does not
necessarily satisfy the time limitation 𝐿 for the flights. Therefore, we
split each 𝑇 𝑑 into feasible flights in the following way. Let {𝑒 , 𝑒 ,… }
1 2
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be the sequence of required edges in the order determined by the
iant tour 𝑇 𝑑 . The first flight starts at 𝑑 and follows the giant tour
hile the time limitation of the flight is satisfied, taking into account

the time of the way back to the launching point. Let 𝑒𝑖 be the last
required edge of 𝑇 𝑑 traversed by the previous flight. Then, a new flight
starts at 𝑑 and goes to 𝑒𝑖+1. It continues following 𝑇 𝑑 until adding
one more edge would make the flight infeasible. This procedure is
repeated until all edges assigned to 𝑑 are traversed by a flight. After
applying this procedure to all the giant tours 𝑇 𝑑 , we have an MM-MT-
LARP solution. We iteratively repeat this process until we have a given
number of different MM-MT-LARP solutions or a given computing time
is reached. Specifically, if 300 different solutions have been generated
in less than 30 s, the algorithm stops. Otherwise, it stops when it
reaches 20 different solutions or after 600 s, whatever happens first.

4.2. Local search procedures

To improve a given MM-MT-LARP solution, we have implemented
he following local search procedures that iteratively explore different
ays of exchanging required edges either within the same flight or
etween different flights:

(𝑖) Destroy and repair move. For the launching point 𝑑 with the largest
makespan, this second method randomly selects 𝑛 required edges
among all the flights of 𝑑, where 𝑛 is a random number between
1 and 𝑛𝑚𝑎𝑥 = 5, and removes them from their flights. Then,
in the same order they were removed, we evaluate the cost of
inserting them in any flight and position. If the new solution
obtained is not better than the starting one (the makespan has
not been reduced), or if it is not possible to insert an edge in
any flight without exceeding 𝐿, the changes are discarded and
a new iteration is executed. This procedure stops when 𝑖𝑡𝑚𝑎𝑥 = 30
consecutive iterations that do not improve the current solution
are performed.

(𝑖𝑖) Intraroute move. This first procedure is applied to each flight
of each launching point 𝑑 to try to reduce its cost. Iteratively,
each required edge is moved to the position and traversed in the
direction of that flight which minimizes its total cost until no
improvements can be found.

The following two methods swap sequences of at most 𝓁𝑚𝑎𝑥 consec-
utive required edges between two flights by applying a first improvement
strategy.

(𝑖𝑖𝑖) 0 to 𝓁 exchange. This procedure starts with 𝓁 = 1 and studies the
removal of all the possible sequences of 𝓁 edges from a flight
based on the launching point 𝑑 with the largest makespan, and
their insertion into another flight and position. If the solution is
improved, 𝓁 is reset to 1, otherwise, it is incremented by one unit.
The procedure stops when 𝓁 reaches 𝓁𝑚𝑎𝑥 = 3.

(𝑖𝑣) 𝓁1 to 𝓁2 exchange. As in the previous move, chains of 𝓁1 consec-
utive edges of flights from the launching point 𝑑 with the largest
makespan are selected, but this move tries to swap these chains
with another chain of 𝓁2 consecutive edges from another flight.
We begin with 𝓁1 = 𝓁2 = 1 and then increase 𝓁2 one by one until
𝓁2 reaches 𝓁𝑚𝑎𝑥 = 3 (without improvement). We then increase 𝓁1
and reset 𝓁2 to 1. If an improvement is achieved, both parameters
are reset to 1, and we stop when 𝓁1 = 𝓁2 = 𝓁𝑚𝑎𝑥.

To improve the MM-MT-LARP solutions, we have embedded the
bove improvement procedures into a Variable Neighborhood Descent
VND) algorithm (see Hansen and Mladenović, 2001). Once the VND

procedure has been performed, an optimization procedure is applied to
each flight from the launching point 𝑑 with the largest makespan. For
each flight, we define a GRP instance on the graph induced in 𝐺 by
the required edges and its launching point. This GRP instance is solved
to optimality with the branch-and-cut algorithm proposed in Corberán
et al. (2007). If after this procedure the launching point with the largest
makespan has changed, it is applied again to the flights of the new one.
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4.3. ‘‘Splitting’’ phase: the selection of intermediate points

For each of the 10 best solutions obtained so far, and in order
to take advantage of the fact that drones can enter and leave a line
through any intermediate point, we try to obtain better solutions by
‘splitting’’ some required edges by adding intermediate points to them.
hese intermediate points are selected as follows: for each required
dge, the midpoint (equidistant to the two endpoints of the edge) is
dded, creating a new instance where each original edge becomes now
wo required edges. Note that each previous solution can be trivially
onverted to a solution in this new instance, where the two halves
f each edge are traversed consecutively. The VND procedure is now
pplied to this solution to try to find a better solution that uses these
ew intermediate points to enter or leave the lines. If the new solution
ses some of these intermediate points, we construct a new instance as
ollows. For those points that are used to enter or leave a required edge,
e add two new midpoints on their incident required edges. Those

ntermediate points that are not used are removed. We apply the VND
again to the solution in this new instance. This procedure consisting of
adding new intermediate points and applying the VND is repeated until
no improvement is observed.

5. Computational experiments

The computational experiments have been executed on an i7-9700F
PU at 3 GHz. All the algorithms have been coded in C++ and the

branch and cut uses Cplex 22.1 Concert Technology, with Cplex cuts
turned off, and a time limit of one hour.

5.1. Instances

Since we do not have instances based on real-life data, we have
randomly generated some MM-MT-dLARP instances in a similar way
s the one presented in Campbell et al. (2018) for the DARP. For the

generation of these MM-MT-dLARP instances, we consider a total of
17 different grids with sizes ranging between 4 × 4 and 10 × 10. For
each grid size, we have generated 𝐷 random points, 3 ≤ 𝐷 ≤ 6, that
will act as potential launching points. For each combination of grid size
and number of launching points, two graphs have been generated with
different values for parameters 𝑝 (probability for an edge to be declared
required) and 𝑐 𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 (measure of how curved an edge is). The first
one with 𝑝 = 0.3 and 𝑐 𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 0.4 and the second one with 𝑝 = 0.4
and 𝑐 𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 0.3. For each one of these 136 graphs, generated with a
combination of those parameters, we generate several MM-MT-dLARP
instances, one for each value of 𝑃 , with 𝑃 ranging from 2 to 𝐷 − 1.

ence, we obtain a total of 340 instances. The characteristics of these
nstances are shown in Table 1, organized into three classes (small,

medium, and large) according to the number of vertices of the initial
grid mentioned before.

Each one of the 34 rows in Table 1 corresponds to a set of 4 different
graphs, one for each value of 𝐷 ∈ {3, 4, 5, 6}, and a set of 10 instances,
one for each value of 𝑃 , 2 ≤ 𝑃 ≤ 𝐷 − 1. Columns 2 and 3 report the
average numbers of original lines and vertices, respectively, of the 4
raphs. The last column shows the average number of total vertices,
ncluding the intermediate points in each line. The digits at the end
f the name in the first column indicate the grid size and whether the
nstances have been generated with version 1 or 2 of the combination
f parameters 𝑝 and 𝑐 𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒. Thus, for example, the 10 instances
rouped as ‘‘MM-MT-dLARP6_8_2’’ correspond to 4 graphs generated
ith grid size 6 × 8 and version 2 (𝑝 = 0.4, 𝑐 𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 0.3). The 136
raphs and the results presented in this section for the corresponding
40 instances can be found in http://www.uv.es/plani/instancias.html.

For each of these 136 graphs, we must choose a value for 𝐿 such
hat the instance is not infeasible. For each required edge, we calculate
he cost of flying to it from its closest launching point, servicing it, and
oing back to the launching point. Let 𝐿 be the maximum of such
𝑚𝑖𝑛
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Table 1
Characteristics of the 340 MM-MT-dLARP instances.

Instance Average Average Average
name original original total

lines vertices vertices

MM-MT-dLARP4_4_1 9.0 14.2 149.4
MM-MT-dLARP4_4_2 10.4 17.2 172.6
MM-MT-dLARP5_5_1 16.6 23.2 271.8
MM-MT-dLARP5_5_2 21.8 26.4 353.8
MM-MT-dLARP5_6_1 17.2 24.4 281.6
MM-MT-dLARP5_6_2 20.0 27.0 326.8
MM-MT-dLARP6_6_1 21.4 29.4 349.6
MM-MT-dLARP6_6_2 28.4 34.4 460.0
MM-MT-dLARP5_8_1 25.2 33.6 411.0
MM-MT-dLARP5_8_2 33.8 37.6 545.0

MM-MT-dLARP6_8_1 29.6 40.6 484.0
MM-MT-dLARP6_8_2 48.6 47.2 776.4
MM-MT-dLARP7_7_1 30.6 42.0 501.2
MM-MT-dLARP7_7_2 50.4 48.6 804.4
MM-MT-dLARP5_10_1 30.8 43.6 506.6
MM-MT-dLARP5_10_2 50.0 47.8 797.0
MM-MT-dLARP6_10_1 40.6 53.2 662.2
MM-MT-dLARP6_10_2 52.8 56.0 848.8
MM-MT-dLARP7_9_1 44.0 56.4 716.2
MM-MT-dLARP7_9_2 58.6 59.4 938.0
MM-MT-dLARP8_8_1 45.6 55.8 739.0
MM-MT-dLARP8_8_2 61.8 62.2 989.6

MM-MT-dLARP7_10_1 50.2 63.0 815.8
MM-MT-dLARP7_10_2 63.6 64.4 1019.2
MM-MT-dLARP8_9_1 52.4 64.8 849.8
MM-MT-dLARP8_9_2 66.8 66.2 1068.4
MM-MT-dLARP8_10_1 53.6 65.6 869.6
MM-MT-dLARP8_10_2 78.0 74.8 1243.6
MM-MT-dLARP9_9_1 53.6 68.4 873.6
MM-MT-dLARP9_9_2 74.8 70.8 1191.2
MM-MT-dLARP9_10_1 59.6 74.0 969.2
MM-MT-dLARP9_10_2 75.0 79.0 1202.2
MM-MT-dLARP10_10_1 66.8 82.0 1086.0
MM-MT-dLARP10_10_2 87.4 90.2 1400.4

values for all the required edges. Note that a value for 𝐿 lower than
𝐿𝑚𝑖𝑛 would produce an infeasible instance. Now we set 𝐿 = 1.5 × 𝐿𝑚𝑖𝑛.
t may still be possible that some instance turns out to be infeasible
ith the chosen 𝐿. In that case, we increase 𝐿 by 10%.

5.2. Choosing the best separation strategy

To assess the contribution of each family of cuts and determine
hen each separation algorithm should be applied, we have run the
ranch-and-cut algorithm on a subset of 10 instances chosen randomly

among the set of small instances, using different configurations of the
utting-plane procedure. We start with a base configuration that uses

the separation algorithms for connectivity inequalities and for parity
nequalities for sets 𝑆 containing one single vertex, but only when
he solution is integer, to guarantee that it is a feasible solution. The
esults obtained with this base configuration are shown in the first row
f Table 2, providing 7 out of 10 optimal solutions on an average

time of 1417.2 s, and an average gap (calculated as 100𝑈 𝐵−𝐿𝐵
𝑈 𝐵 , where

𝐿𝐵 and 𝑈 𝐵 are the final lower and upper bound, respectively) of
2.61%. The four entries zero in this row means that the separation
lgorithms of the corresponding columns, labeled Parity heu (heuristic
or parity inequalities), Parity 1v (heuristic for parity inequalities with
ets 𝑆 containing one single vertex), p-conn (heuristic for 𝑝-connectivity
nequalities), and Max-length (heuristic for max-length inequalities), are
ot used in this base configuration.

Then we iteratively test the effect of adding only one of these
four separation algorithms to the base configuration, executing it at
all the iterations of the cutting-plane procedure when the solution is
fractional and on every node of the search tree. This is shown in rows

http://www.uv.es/plani/instancias.html
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Table 2
Cutting-plane configurations 1.

Parity heu. Parity 1v. p-conn. Max-length # Opt Time (s) %Gap

Round 1

Base 0 0 0 0 7 1417.2 2.61
1 0 0 0 7 1410.3 1.41
0 1 0 0 7 1380.8 2.07
0 0 1 0 7 1440.4 3.55
0 0 0 1 7 1288.3 0.57

Round 2
Base 0 0 0 1 7 1288.3 0.57

1 0 0 1 8 1414.8 0.63
0 1 0 1 9 1339.9 0.15
0 0 1 1 7 1380.7 2.17

Round 3
Base 0 1 0 1 9 1339.9 0.15

1 1 0 1 8 1287.0 0.72
0 1 1 1 7 1296.1 1.47
Table 3
Cutting-plane configurations 2.

Parity heu. Parity 1v. p-conn. Max-length # Opt Time (s) %Gap

Round 4

Base 0 1 0 1 9 1339.9 0.15
2 1 0 1 8 1259.8 0.74
0 2 0 1 9 1193.7 0.15
0 1 2 0 7 1325.5 0.78
0 1 0 2 8 1374.2 1.05

Round 5
Base 0 2 0 1 9 1193.7 0.15

2 2 0 1 8 1153.5 0.47
0 2 2 1 9 1160.2 0.15
0 2 0 2 7 1289.5 1.98

Round 6
Base 0 2 2 1 9 1160.2 0.15

2 2 2 1 8 1160.1 0.64
0 2 2 2 7 1445.1 0.67
t
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2 to 5 of Table 2, where an entry 1 in these rows means that the
eparation algorithm corresponding to this column is used. Note that
he best results are obtained with the version in row 5, corresponding
o adding the Max-length separation algorithm. Hence, this algorithm
s incorporated into the cutting-plane procedure of the branch and cut
nd this new configuration is referred to as the base version for the
ext round of runs. In subsequent rounds, we incorporate one more
f the remaining separation algorithms and choose the best one, until
o improvement in the overall results is observed. The results can be
een in Table 2, where each row corresponds to a configuration of

the cutting-plane procedure. In Round 2 we obtain that the version
with algorithm 1v improves the base version, and this algorithm is
incorporated to define the base configuration for Round 3. In Round
3 we observe that the incorporation of neither of the two remaining
separation algorithms produces improvements in the overall results,
nd hence the process ends: The best configuration for the cutting-plane
rocedure is the one using the Max-length and Parity 1v separation
lgorithms, providing 9 out of 10 optimal solutions on an average time
f 1339.9 s.

Additionally, we have studied the effect of using each separation
procedure only at the root node of the search tree. Starting with the
best version of the previous phase as the base configuration, we check
the effect of using each one of the separation algorithms only at the root
node of the branch and cut. This is expressed in the rows of Table 3
with a value of 2 in the corresponding entry. Note that this means
that if a given separation algorithm is not in the base configuration
then it is incorporated into it and used only at the root node, while
if a given separation algorithm is already in the base configuration
(invoked at all the nodes), then it is restricted to be used only at the
root node. The results in Table 3 show that the best version of the
cutting-plane procedure is the one that separates parity inequalities
for sets 𝑆 with one vertex and 𝑝-connectivity inequalities only at the
root node, and max-length inequalities at every node. The number of
optimal solutions found is still 9, but the average time has decreased to
1160.2 s. Therefore, the remaining experiments have been carried out
sing this cutting-plane configuration.
13 
5.3. Results

We have run the B&C on the MM-MT-LARP instances with each
line represented by a single segment, without any intermediate point,
and with a service cost equal to the cost of the original line. We call
these instances MM-MT-LARP(0). Furthermore, we are showing only
he branch-and-cut results obtained on the MM-MT-LARP(0) instances
orresponding to the ‘‘small’’ graphs, since the algorithm was not able
o solve any instance with ‘‘medium’’ or ‘‘large’’ graphs. The heuristic
as been tested on all the instances, starting with MM-MT-LARP(0) and
hen iteratively adding some intermediate points that are ‘‘promising’’
o improve the current solution, as explained in Section 4.3.

The results obtained with the B&C algorithm with a time limit of
ne hour for the ‘‘small’’ MM-MT-LARP(0) instances are reported in

Table 4, grouped by grid size. Each row corresponds to the 20 instances
associated with the grid size presented in the first column. The column
‘#opt’’ reports the number of instances out of 20 in which the B&C
as reached the optimal solution. Column ‘‘%Gap’’ shows the average
ercentage gaps between the value of the optimal solution (or the best
pper bound found) and the final lower bound. The column ‘‘Time’’
eports the average total time, in seconds, used by the B&C on all the
0 instances, while the column ‘‘Time opt’’ shows the average total
ime in the instances in which the optimal solution was reached. The
umber of instances out of 20 for which an upper bound (feasible
olution) has been found by the B&C is shown in the last column ‘‘#
easible’’. As it can be seen in Table 4, the B&C obtains good results in

the smallest instances, those from grids with up to 30 nodes, in which
he optimal solution is obtained in more than half of the instances, a

feasible solution is obtained for all of them, and the average gap in
these 60 MM-MT-LARP(0) instances is low, 2.43%. In the remaining
‘‘small’’ instances, the performance of the B&C algorithm is quite poor:
in the 20 instances that come from the 5 × 8 grid (last row) after one
our of computation only 1 optimal solution has been reached, and the
verage gap is greater than 20%. These results seem to imply that the
M-MT-LARP problem is too hard to be solved with a branch-and-cut
algorithm.
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Table 4
Branch-and-cut results on the ‘‘small’’ MM-MT-LARP(0) instances.

Size #opt %Gap Time (s) Time opt (s) #feasible

4 × 4 20 0 8.3 8.3 20
5 × 5 13 5.09 1662.4 619.1 20
5 × 6 15 2.21 1702.1 1069.5 20
6 × 6 8 15.38 2843.3 1708.1 19
5 × 8 1 22.29 3467.2 941.5 19

Total 57 9.00 1936.7 681.8 98

The previous execution with the exact B&C algorithm also serves
to evaluate the performance of our heuristic algorithm. Tables 5 and 6
report some results obtained with the set of ‘‘small’’ MM-MT-LARP(0)
nstances to compare both algorithms. Again the instances are grouped
y grid size and each row corresponds to 20 instances. The results
n Table 5 correspond to the set of all the 100 ‘‘small’’ instances, 20

instances associated with each grid size. Column ‘‘LB’’ contains the av-
erage lower bound at the end of the B&C while column ‘‘Z_heur’’ shows
the average cost of the best solution found by the heuristic. The number
f instances (of those in which the B&C found the optimal solution) for

which the solution provided by the heuristic is also optimal is shown in
the column ‘‘#opt’’. Column ‘‘%Gap LB’’ reports the average percentage
gap between the cost of the heuristic solution and the final lower bound
at the end of the B&C for all the instances, while column ‘‘%Gap LB
opt’’ reports the same data but only for the instances for which the
optimum is known. Finally, the two last columns show the total times,
in seconds, of the B&C and the heuristic algorithm, respectively. The
performance of the heuristic algorithm in these ‘‘small’’ instances is
very good, obtaining the optimal solution in 39 of the 57 instances
for which the optimal solution is known. In addition, the average gap
between the cost of the heuristic solution and the optimal cost (or LB)
in these 57 instances is very small, 0.66%. Note that the same average
gap in all 100 instances is much larger, 10.81%, which means that
the LB of the B&C in the instances that it has not been able to solve
is quite poor. We think that if these lower bounds were closer to the
optimal value, the ‘‘%Gap LB’’ would be quite good in these 100 ‘‘small’’
instances. In summary, the heuristic algorithm is capable of finding in
54 s on average a solution quite close to the solution provided by the
B&C algorithm after 1123 s.

To compare the cost of the heuristic solutions with the B&C upper
bounds, the data in Table 6 refer only to the 98 out of 100 ‘‘small’’
nstances for which the B&C has obtained a feasible solution, and
herefore an upper bound (column ‘‘# feasible’’). Column ‘‘UB’’ contains
he average upper bound at the end of the B&C algorithm and column
‘Z_heur’’ shows the average cost of the best solutions found by the
euristic. Column ‘‘%Gap UB’’ reports the average percentage gap
etween the values in the two previous columns and the last two
olumns show the average total times, in seconds. Note that in the
0 smallest instances ‘‘%Gap UB’’ is positive (although small), because
any of the upper bounds are optimal. In the 38 largest instances (last

wo rows), ‘‘%Gap UB’’ is negative on average (although again small),
hich means that the heuristic algorithm has been able to find better

olutions in 53 s than the B&C in 1106 s on average. In particular, the
euristic has found better solutions in 9 out of 19 6 × 6 instances and
n 14 out of 19 5 × 8 instances.

The previous results of the heuristic algorithm refer only to the MM-
T-LARP(0) instances, that is, to the instances without considering any

intermediate point of any original line. This corresponds to the first two
parts of the heuristic algorithm: the construction and the local search
phases (see Section 4). Once the solutions for the MM-MT-LARP(0)
instances are obtained, the algorithm applies the splitting phase, an it-
erative process of insertion (and possible subsequent removing) of some
intermediate points of the original lines to look for better solutions
(see Section 4.3). Table 7 shows the results obtained after this splitting
phase compared with the results on the MM-MT-LARP(0) instances,
14 
grouped as small, medium and large. Again, each row in Table 7
corresponds to the 20 instances associated with the grid size. Column
‘Z_0’’ shows the average cost of the best solution found by the heuristic
n the MM-MT-LARP(0) instances while column ‘‘Z_splits’’ shows the
verage cost after the splitting phase. Column ‘‘Imp’’ reports the aver-

age percentage improvement in the cost of the solutions obtained by the
algorithm with the splitting phase with respect to the algorithm without
the splitting phase. The last two columns show the average total times,
in seconds, of the heuristic algorithm without and with the splitting
phase, respectively. Note that the splitting phase reduces the cost of
heuristic solutions by an average of 1.2% in a negligible time, less than
half a second on average. We want to point out that the improvement
of 1.2% on average obtained after the splitting phase is due to a fine
readjustment of the entry and exit points of the lines which would not
improve further even if more time was given.

6. Conclusions

This paper addresses the Min-Max Multi-Trip drone Location Arc
outing Problem (MM-MT-dLARP), which integrates the use of trucks
nd drones for arc routing tasks. This continuous optimization problem
s transformed into a discrete one if we allow the drone to enter and exit
 line only through a finite set of intermediate points. For the discrete

problem, we have introduced an integer formulation, as well as a set
of valid inequalities that have been shown to be facet-inducing of a re-
laxed polyhedron. A branch-and-cut algorithm has been developed and
tested on small instances without intermediate points. Additionally, we
have designed a matheuristic algorithm, incorporating a construction
phase, four local search procedures within a Variable Neighborhood
Descent (VND) framework, and rules for selecting intermediate points
to enhance solutions. The computational experiments, conducted on
a set of randomly generated instances with up to 6 launching points
and 88 lines, show that this is a difficult problem for which only
small instances can be expected to be solved exactly and that the
proposed matheuristic is capable of providing high-quality solutions of
the continuous problem that take advantage of the ability of drones
to travel between any pair of points on the network, in reasonable
computing times.
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Table 5
Comparison between the algorithms in all the ‘‘small’’ instances.

Size LB Z_heur #opt %Gap LB %Gap LB opt. Time B&C (s) Time Heur (s)
4 × 4 1404.03 1404.30 19 of 20 0.03 0.03 584.4 20.0
5 × 5 2334.89 2497.38 7 of 13 8.47 1.83 1020.6 52.9
5 × 6 2554.60 2638.73 8 of 15 4.19 1.07 1036.1 49.3
6 × 6 2934.91 3372.89 4 of 8 17.08 0.37 1456.4 68.4
5 × 8 3134.00 3861.71 1 of 1 24.30 0.00 1516.6 80.8

Total 2472.48 2755.00 39 of 57 10.81 0.66 1122.8 54.3
Table 6
Comparison between the algorithms in ‘‘small’’ instances with known UB.

Size # feasible UB Z_heur %Gap UB Time B&C (s) Time Heur (s)
4 × 4 20 1404.03 1404.30 0.03 584.4 20.0
5 × 5 20 2451.58 2497.38 1.90 1020.6 52.9
5 × 6 20 2604.11 2638.73 1.63 1036.1 49.3
6 × 6 19 3436.97 3297.13 −3.50 1460.9 66.8
5 × 8 19 3953.80 3623.58 −4.75 1461.7 78.4

Total 98 2751.22 2676.55 −0.87 1105.6 53.1

Table 7
Comparison of the results obtained with the heuristic without and with splitting
hase.
Size Z_0 Z_splits Imp Time_0 (s) Time_splits (s)
4 × 4 1404.30 1391.11 0.9 20.03 20.15
5 × 5 2497.38 2438.61 2.2 52.87 53.07
5 × 6 2638.73 2606.43 1.4 49.32 49.51
6 × 6 3372.89 3339.48 0.9 68.36 68.63
5 × 8 3861.71 3802.61 1.4 80.76 81.04

5 × 10 5316.40 5270.04 1.1 113.68 114.07
6 × 8 4732.53 4665.33 1.3 110.95 111.30
6 × 10 5979.72 5886.23 1.8 135.54 136.01
7 × 7 5206.11 5152.52 1.1 120.46 120.82
7 × 9 6426.66 6378.90 0.8 153.78 154.29
8 × 8 6643.02 6569.25 1.2 165.19 165.73

7 × 10 7198.36 7149.53 0.7 146.79 147.42
8 × 9 7482.77 7423.68 0.9 175.15 175.81
8 × 10 8995.63 8866.12 1.5 246.75 247.59
9 × 9 8406.65 8321.23 1.2 301.02 301.78
9 × 10 8610.68 8531.67 0.9 256.02 256.82
10 × 10 9879.02 9767.08 1.2 353.89 354.94

Total 5803.09 5738.81 1.2 150.03 150.53
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