
Enhancement of dark photon haloscope sensitivity with degenerate modes:
Toward axion-level form factor and polarization determination
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The dark photon has been postulated as a potential constituent of dark matter, exhibiting notable
similarities to the axion. The primary distinction between the two particles lies in the nature of their
respective fields: the dark photon field is a vector field with a polarization direction that remains
undetermined. This work explores the prospect of utilizing three degenerate modes for scanning the three
dimensions of space in order to mitigate the low form factor expected in the detection of the dark photon
due to their unknown polarization. The employment of a haloscope with three orthogonal and degenerate
modes in conjunction with the coherent sum of signals is demonstrated in this work in order to enhance the
dark photon form factor up to the axion form factor, and to determine the direction of the dark photon
polarization vector. We show in this manuscript that the maximum form factor is achieved in cavities of
cubic, spherical, and cylindrical geometries, considering the introduction of tuning elements. To achieve
this adequately, some conditions reviewed in this article must be fulfilled in the resonant cavity, leading to
uncertainties in the final measurement. Finally, this technique can allow the simultaneous search for dark
matter axions and dark photons, and to the knowledge of the authors, the method shown in this work is the
most effective one for detecting dark photons with microwave resonant cavities.
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I. INTRODUCTION

The nature of dark matter (DM) can be explained with a
particle model by several candidates. Probably, nowadays
the most popular one would be the axion, originated by the
spontaneous symmetry breaking of an additional U(1)
symmetry of the standard model (SM), with the aim of
giving an explanation to the suspicious cancellation of the θ̄
angle in the CP violating term of quantum chromodynam-
ics (QCD) [1–3]. Another candidate that has raised interest
too is the dark photon (DP), originated as a very simple
modification to the SM, very similar to the axion case, by
just adding an additional U(1) symmetry that, when
spontaneously broken, results in a massive vector particle,
in this case the DP [4,5]. However, since this particle is not
related to any additional problem, the axion is where the
scientific community tends to put the focus into [6–8].

Commonly, a portal through the electromagnetic (EM)
interaction is searched to access this hidden sector of
matter. In the DP case, this portal comes as a kinetic
mixing with the ordinary photon, as it can be seen in Eq. (1)
(expressed in natural units) [9],

L ⊃ −
1

4
FμνFμν −

1

4
XμνXμν þ χ

2
FμνXμν

þm2
X

2
XμXμ þ eJμEMAμ; ð1Þ

where Fμν is the Faraday tensor, Xμν is the strength tensor
of the DP, Aμ and Xμ are the photon and DP fields,
respectively, χ is the DP mixing constant, mX is the DP
mass, e is the electron charge, JμEM is the equivalent EM
electric current density, and the Einstein indexes summa-
tion criterion has been used in this expression. In this way,
the same setups for detecting the QCD axion (since as it is
well known, it might couple to the ordinary photon [10,11])
can be employed for DP detection, which our focus is put
into. However, while in the axion case an external intense
static magnetic field is needed due to the structure of the
interaction term, this is not mandatory for the DP. Due to
this simultaneous search of both axions and DPs when a
new bound is established by an axion experiment to the
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coupling constant gaγγ, this bound can be translated as well
to the mixing constant of the DP, χ [12].
The expression of the spatial components of the DP field

is given by [4]

X⃗ ¼ n̂

ffiffiffiffiffiffiffi
2ρ0

p
mX

; ð2Þ

where ρ0 is the DM density on the Earth and n̂ is the
intrinsic polarization vector, as happens with the ordinary
photon, which satisfies jjn̂jj ¼ 1. The latter feature of the
DP introduces some peculiarities in its detection process in
comparison with the DM axion. More specifically, since
this polarization comes from cosmological constraints of
the primordial universe, it remains a prior unknown. Due to
this, different assumptions can be followed for the theo-
retical calculation of the DP form factor, implying in any
case a significative decrease of this magnitude in compari-
son with DM axions detection. In this way, regarding
previous work where multimode detection in a haloscope is
used [13,14], a frequency degenerate multimode haloscope
is proposed for solving this issue with the aim of maxi-
mizing the DP form factor.
This article is organized as follows: first, a description of

the experimental parameters in DP detection is performed,
focusing on the form factor difference with respect to the
axion case. Second, the possibility of coherently summing
signals of three degenerate modes to obtain the maximum
form factor is demonstrated by using a full-wave modal
technique commonly used in the context of advanced
microwave engineering. Then, the development of a
formulation that takes into account possible errors in the
phase sum due to irregularities in the cavities’ fabrication is
performed. Next, a description of three different canonical
geometries for resonant cavities is done, including the
analysis of the related resonant modes. The form factor is
calculated for the analyzed cases considering all possible
directions of the DP polarization vector. Finally, the
improvement factor in both sensitivity and integration time
is obtained for each cavity.

II. DARK PHOTON FORM FACTOR

An important experimental parameter is the detected
power Pd generated by the DP within the haloscope. In a
haloscope based on a resonant cavity, the conventional
expression of this power at the resonant frequency is given
by [15]

Pd ¼ κχ2mXρ0QLVCDP; ð3Þ

where κ is the coupling factor of the port, QL is the loaded
quality factor, V is the volume of the cavity, and CDP is the
DP form factor. We have assumed that QL ≪ QDP, with
QDP being the DP quality factor. The form factor quantifies
the coupling between the DP and the modal resonant

electric field (E⃗) of the mode excited by the DP in the
cavity as follows:

CDP ¼
jRV E⃗ · n̂ dVj2
V
R
V kE⃗k2dV

: ð4Þ

Similarly to the axion case [16], the sensitivity that the
experiment can reach is given by

χ ¼
� S

N kBTsys

κρ0CDPVQL

�1
2
�

1

mXQDPΔt

�1
4

; ð5Þ

where S
N is the signal-to-noise ratio, kB is the Boltzmann

constant, Tsys is the system noise temperature, and Δt is the
integration time. Such equation confirms that for the case of
DPs, in order to obtain better sensitivities, the parameters
that can be optimized in the design of the cavity are the
unloaded quality factor QL, V, and CDP. Thus, it can be
confirmed that the form factor optimization plays an
important role for improving the detectability of DPs.
Equation (4) is analogous to the expression for the axion

form factor (see, for instance, [16]), but in this case the
direction of the external magnetostatic field is replaced by
the direction of the DP polarization vector n̂. Therefore, the
DP form factor can be expressed as [15]

CDP ¼ Ca cos2ðθÞ; ð6Þ

where Ca is the axion form factor, and θ is the angle
between the external static magnetic field applied in the
haloscope (for the axion detection) and the direction of n̂. It
is illuminating to reemphasize that for the DP detection, no
external magnetostatic field is needed. Hence, the lack of
knowledge of n̂ results in two different approaches for
facing this problem from both experimental and theoretical
points of view [15]. The first one is that the direction of the
DP field is not affected by the DM distribution and the DPs
point to the same direction [17] (at least in a sufficiently
large region of space), and the second is that the DPs
behave like an ideal gas, thus having a variable polarization
and, therefore, the particles point toward random directions,
this one being a common approach followed in previous
publications [18–22]. In any case, these two approaches
lead to a reduction of the form factor with respect to the
maximum value of the axion form factor achievable for a
proper chosen EM resonant mode.
Assuming that n̂ is static, a conservative approximation

on the value of cos2ðθÞ is to estimate that the real value is
greater than the expected one with 95% probability and,
therefore, it adopts a value of cos2ðθÞ ¼ 0.0025. In the
situation of a random direction and variable n̂, the space
average hi of possible directions gives hcos2ðθÞi ¼ 1=3
[15]. In both scenarios, a significant decrease in the form
factor of the experiment is observed due to these values of
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CDP. This is a clear disadvantage for the simultaneous
detection of DPs in axion detection experiments using only
the corresponding single axion resonant mode.
The proposed solution in this work is to improve the

form factor of the DP, regardless of the direction of n̂,
employing a haloscope with three degenerate modes whose
electric field components cover all three possible Cartesian
directions. Even though the DP coupling to each one of the
three orthogonal modes is different, the coherent sum of the
signal from the three waveguide ports may result in the
maximum form factor possible, which is Ca, independently
of the direction of n̂, as we will demonstrate in this
manuscript. This kind of enhancement of the DP detect-
ability was also proposed in [5]. It is clear that, in order to
take advantage of this method, the degenerate modes must
be at exactly the same frequency, which will ensure that our
haloscope has directional sensitivity in all possible direc-
tions of n̂. In order to achieve this goal, the resonant cavities
must incorporate high-precision tuning systems capable of
slightly modifying the resonant frequency of three degen-
erate modes independently for obtaining a good mechanical
tuning.
Another benefit of this technique is the capability to

determine the direction of n̂ based on the power received at
each port, and for this purpose, it is essential to measure the
signals from the three orthogonal ports independently, as
will be discussed later.

III. THEORETICAL FORMULATION

A. Application of the BI-RME 3D method

In this section we demonstrate that the signals extracted
from the waveguide ports of the cavities can be coherently
summed for any given direction of the polarization vector n̂,
achieving the maximum form factor possible for the case of
the DP, which is Ca. For such purpose, the BI-RME 3D
(boundary integral-resonant mode expansion) method has
been properly used. This technique was developed during
the eighties and nineties of the last century at the Università
degli Studio di Pavia (Italy), and it can be applied for
obtaining the modal EM field distributions inside an
arbitrarily shaped cavity with a given number of ports
connected to it, reporting information about both the
magnitude and phase of the involved input and output
signals in a large bandwidth frequency band [not only in the
resonant frequencies, as provided by the conventional
detected power formula in Eq. (3)]. The BI-RME 3D
method has been explained in several publications [23–25],
and here just the useful concepts for the analysis of the DP
detection with haloscopes are directly applied. BI-RME 3D
is formulated in système international (SI) units.
The BI-RME 3D method states that, given a cavity with

an arbitrary number of ports P connected to it, the
equivalent currents measured in each waveguide port of
the cavity (generated by a given internal source, which in

this case is the DP signal) are expressed as

IðμÞl ¼
XP
ν¼1

Xþ∞

n¼1

Yðμ;νÞ
ln VðνÞ

n

þ
Xþ∞

m¼1

FðμÞ
ml

κm
κ2m − k2

Z
V
E⃗mðr⃗0Þ · J⃗DPðr⃗0ÞdV 0; ð7Þ

where the indexes μ and ν make reference to a given port
coupled to the cavity, and the indexes l and n make

reference to the mode considered in such port. Yðμ;νÞ
ln is

the multimode generalized admittance matrix, VðνÞ
n is the

equivalent voltage detected in the port ν of the port mode n,
the index m is related to the mth resonant mode of the
cavity, and κm are the perturbed eigenvalues of the lossy
cavity, defined by

κm ≈ km

�
1 −

1

2Qm

�
þ i

km
2Qm

;

where i is the imaginary unit (i≡ ffiffiffiffiffiffi
−1

p
), km is the wave

number of the m-th resonant mode of the lossless closed
cavity, k ¼ ω=c is the wave number (c is the speed of light
in vacuum and ω ¼ 2πf is the angular frequency), and Qm
the unloaded quality factor of themth resonant mode of the

cavity. Also, the term FðμÞ
ml in Eq. (7) has the following

structure:

FðμÞ
ml ≡

Z
SðμÞ

H⃗mðr⃗Þ · h⃗ðμÞl ðr⃗ÞdS; ð8Þ

with H⃗m being the normalized magnetic field of the mth

resonant mode of the cavity, and h⃗ðμÞl is the normalized
magnetic field of the lth mode of the port μ. Hence, this is
the coupling integral between both magnetic fields on the
contact surface between the port and the cavity. We want to
remark that this surface integral accounts for the coupling
between the cavity and the external waveguide ports.
Finally, we can find the coupling integral between the
normalized electric field of the mth cavity normalized
resonant mode E⃗m and the equivalent electric current
density that excites the cavity J⃗DP over its whole volume.
One thing that has to be noted is that the electric and
magnetic eigenvectors of the cavity are orthonormalized as
follows:Z

V
E⃗i · E⃗jdV ¼ δij;

Z
V
H⃗i · H⃗jdV ¼ δij; ð9Þ

where δij is the Kronecker delta symbol. The electric and

magnetic eigenvectors are related by ∇ × E⃗m ¼ kmH⃗m and
∇ × H⃗m ¼ kmE⃗m. Particularizing for the studied cavities,
where P ¼ 3 ports are being considered μ; ν∈ f1; 2; 3g,
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and that only the fundamental mode in the three waveguide
ports is accounted (n ¼ l ¼ 1), BI-RME 3D states that the
DP acts as a time-harmonic current source in each port as
follows:

IDPμ ≡
XM
m¼1

FðμÞ
m1

κm
κ2m − k2

Z
V
E⃗mðr⃗0Þ · J⃗DPðr⃗0Þ dV 0; ð10Þ

where the infinite summation of the second term of Eq. (7)
has been reduced to the finite number of resonant modesM
requested in the simulated frequency band.
The next step is to rewrite Eq. (7) in the following

way:

IDPμ ¼ Iwμ
þ Iμ; ð11Þ

with Iwμ
≡ IðμÞ1 and Iμ ¼

P
3
ν¼1 Y

ðμ;νÞ
11 VðνÞ

1 ≡P
3
ν¼1 YμνVν,

where, in order to alleviate the notation, the indexes relative
to the waveguide modes have been eliminated. A simple
interpretation of Eq. (11) with the well-known first
Kirchhoff law elucidates that the driven current source
generated by the DP in each port is divided into two terms:
one term is delivered to the ports Iwμ

for the detection of the
signals, and the other currents Iμ enter into the cavity and
are lost in form of ohmic losses (Joule effect), as it is shown
in the single-mode network of Fig. 1.
Employing the basic formulation for the resolution

of microwave networks based on the Kirchhoff
laws, one can end up with the expression of the equivalent
detected voltages in the ports Vμ in both magnitude and
phase. Because of brevity, it is convenient to use
matrix formulation. To this end, we define the current
and voltage vectors and the admittance matrices as
follows:

Ī ¼

0
B@

I1
I2
I3

1
CA; Īw ¼

0
B@

Iw1

Iw2

Iw3

1
CA; V̄ ¼

0
B@

V1

V2

V3

1
CA;

ĪDP ¼

0
B@

IDP1
IDP2
IDP3

1
CA; ¯̄Yc ¼

0
B@

Y11 Y12 Y13

Y21 Y22 Y23

Y31 Y32 Y33

1
CA;

¯̄Yw ¼

0
B@

Yw 0 0

0 Yw 0

0 0 Yw

1
CA; ð12Þ

where Iwμ
¼ VμYw is fulfilled, assuming that all ports are

identical and present the same modal admittance Yw. At this
point, we are able to calculate the power extracted in each
port, expressed as

Pwμ
¼ 1

2
ReðVμI�wμ

Þ ¼ 1

2
jVμj2ReðY�

wÞ; ð13Þ

where � is complex conjugate, and hence the sum of powers
of the three ports is given by

PT ¼
X3
i¼1

Pwμ
¼ 1

2
ReðY�

wÞ½jV1j2 þ jV2j2 þ jV3j2�: ð14Þ

The DP current can be expressed as

I ¼ ¯̄YcV̄ ¼ ĪDP − Īw ¼ ĪDP − ¯̄YwV̄

⇒ ĪDP ¼ ½ ¯̄Yc þ ¯̄Yw�V̄; ð15Þ

ending up with the final expression for the voltages as a
function of the excitation equivalent currents generated by
the DP,

V̄ ¼ ½ ¯̄Yc þ ¯̄Yw�−1ĪDP ¼ ¯̄ZαĪDP; ð16Þ

where ¯̄Zα ≡ ½ ¯̄Yc þ ¯̄Yw�−1 has been introduced to leverage
the notation. Thus, it is observed that the phase of the
detected voltage will only depend on the admittance matrix
of the cavity and on the currents generated by the DP. In
principle, if all ports are equal and the device is symmet-
rical and reciprocal, the admittance matrix does not
introduce any relative phase between ports.
This left us with the IDPμ being the only possible source

of relative phase among the three ports. With the aim of
developing a complete analysis, the equivalent electric
current density generated by the DP has to be calculated.
For doing so, we can employ the Lagrangian density in the
interaction basis, neglecting terms of order Oðχ2Þ (in
natural units),

FIG. 1. Equivalent network representing the DP decay inside
the cavity.
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L ⊃ −
1

4
FμνFμν −

1

4
XμνXμν þ eJμEMAμ

þm2
X

2
ðXμXμ þ 2χXμAμÞ; ð17Þ

where the Einstein indexes summation criterion has been
used in this expression. Applying the Euler-Lagrange
equations, one can obtain the inhomogeneous Maxwell
equations modified by the presence of the DP,

∇! · E⃗ ¼ m2
XχX

0; ð18Þ

∇!× B⃗ ¼ ∂E⃗
∂t

−m2
XχX⃗; ð19Þ

thus the equivalent charge and current densities of the DP
are

ρDP¼m2
XχX

0; J⃗DP¼−m2
XχX⃗¼−ωXχ

ffiffiffiffiffiffiffi
2ρ0

p
n̂: ð20Þ

This implies that the DP signals in each port have the
same phase, and that when calculating IDPμ with Eq. (7) no
relative phase is introduced among the coaxial ports and,
therefore, we are able to sum the signals coherently. From a
more specific point of view, an aspect that should be treated
is the coherence time τcoh of the DP field. Taking into
account that the coherence time for the frequency consid-
ered is ∼50 μs, one has to be careful when trying to
combine the signal of the ports. This aspect has deeper
implications when treating the integration process of the
signal. In this way, particularizing this to the method
proposed and in order to respect the coherence time of
the signals, the integration process should be the following:
first, divide the signals of each port in temporal bunches of
length ≲τcoh, add the three signals from the ports coher-
ently during each bunch, and then accumulate the power of
each time bunch. However, we would like to remark that,
since the BI-RME 3D method is able to analyze the phase
of the signal, this effect could be taken into account in the
formulation in future studies.
Let us now develop the expression of the total power PT

in order to demonstrate that the achievable form factor in
our setup is the one of the axion. Combining (14) and (16),
we get

PT ¼ 1

2
ReðY�

wÞ
X3
μ;ν¼1

jZαμνIDPν j2: ð21Þ

For the moment, let us extract from the sum the factors
related with ¯̄Zα as a common factor jZD

α j2. In order to do
this, the admittance matrix of the cavity must fulfill some
conditions, which will be explained in Sec. III B below.
Therefore, the total power can be expressed as

PT ¼ 1

2
ReðY�

wÞjZD
α j2

×
X3
μ¼1

�����
XM
m¼1

FðμÞ
m1

κm
κ2m − k2

Z
V
E⃗m · J⃗DPdV

�����
2

: ð22Þ

The sum over the resonant modes of a completely
symmetric cavity requests to consider the three degenerate
modes (M ¼ 3). However, this summation can be truncated
up to only one resonant mode, which in each port would be
the resonant mode that couples to the given port, since the

values of the other two integrals FðμÞ
m1 are negligible in

comparison with the main one. In addition, the integrals

FðμÞ
11 are equal in our case. Thus, the subindex m can be

dropped, only maintaining the index μ, and the final
expression of the total power, including the complete
expression of J⃗DP from Eq. (20) (transformed to SI
units), is

PT ¼ ReðY�
wÞjZD

α j2

× jF1j2
���� κ1
κ21 − k2

����2 1

μ0
ω2
Xχ

2ρ0
X3
μ¼1

����
Z
V
E⃗μ · n̂dV

����2;
ð23Þ

where F1 ≡ FðμÞ
11 and E⃗μ is the normalized electric field of

the μ resonant cavity mode.
From a practical point of view, three coaxial ports will be

used in our proposal, which means that only the transverse
electromagnetic (TEM) fundamental coaxial mode will be
considered. For this kind of antenna, the electric field of the
three degenerate resonant modes points toward the three
Cartesian axes of a reference frame located in the mass
center of the cavity. If we would consider an axion
experiment for each one of the modes separately, the DP
form factors of each mode for a given direction of n̂ could
be expressed, in terms of the two conventional spherical
angles elevation (θ) and azimuth (φ), as

CDPx ¼ Ca sin2 θ cos2 φ; ð24aÞ

CDPy ¼ Ca sin2 θ sin2 φ; ð24bÞ

CDPz ¼ Ca cos2 θ; ð24cÞ

and, therefore, CDPx þ CDPy þ CDPz ¼ Ca. As a conse-
quence, this can be introduced into Eq. (23), thus obtaining

PT ¼ ReðY�
wÞjZD

α j2jF1j2
���� κ1
κ21 − k2

����2 1

μ0
ω2
Xχ

2ρ0VCa; ð25Þ

having demonstrated that the form factor of the axion can
be achieved in this setup by means of the employment of
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three degenerate and orthogonal resonant modes of a
symmetric and reciprocal cavity resonator.

B. Analysis of the error estimation in the coherent
addition of the signals

In this subsection, an estimation of the error made when
coherently summing the signals extracted from the three
ports is developed. After Eq. (21) the factors related with
¯̄Zα were extracted from the sum. This ideal summation case
in which the form factors compensate between each other
occurs only when the inverse of the admittance matrix
fulfills two conditions:

(i) The off-diagonal elements are much smaller than the
diagonal elements.

(ii) Its diagonal elements are equal.

These conditions are fulfilled in a completely symmet-
rical and reciprocal cavity in terms of both geometry and
waveguide ports. It is possible to deduce these conditions

by examining expressions (14) and (16): at the end, the aim
might be to find the quadratic sum of the elements of ĪDP,
since

jIDPμ j2 ∝
����
Z
V
E⃗μ · n̂dV

����2: ð26Þ

This case occurs when both mentioned conditions can be
satisfied. However, the asymmetries imposed by the coaxial
ports and the tuning systems (required to match resonant-
mode frequencies), together with the differing quality
factors of the modes, may prevent these conditions from
being matched.
To analyze these situations, we will first address the error

introduced by the fact that the off-diagonal terms of the
admittance matrix are not as small as they should be, i.e.,
condition (I). One can rewrite the voltages quadratic sum of
Eq. (14) as follows:

X3
i¼1

jVij2 ¼
X3
i¼1

�����
X3
j¼1

Zαij IDPj

�����
2

¼
X3
i¼1

X3
j¼1

X3
k¼1

Zαij IDPjZ
�
αik I

�
DPk

ðδijδik þ ð1 − δijδikÞÞ

¼
X3
i¼1

jZαii IDPi j2 þ
X3
i¼1

X3
j¼1

X3
k¼1

Zαij IDPjZ
�
αik I

�
DPk

ð1 − δijδikÞ: ð27Þ

In this way, the terms that for the moment do not introduce error (diagonal) have been separated from those that do
introduce error (off-diagonal). Now, the sum relative to the terms within the diagonal can be extracted as a common factor,
thus obtaining

X3
i¼1

jVij2 ¼
X3
i¼1

jZαii IDPi j2
�
1þ

P
3
l¼1

P
3
j¼1

P
3
k¼1 ZαljZ

�
αlk IDPj I

�
DPk

ð1 − δljδlkÞP
3
l¼1 jZαll IDPl j2

�
¼

X3
i¼1

jZαii IDPi j2ð1þ ηÞ; ð28Þ

where η is a term that quantifies the error due to the fact that the off-diagonal terms are not negligible. The remaining task is
to add the error resulting from unequal diagonal elements, i.e., condition ðiiÞ. Considering an arbitrary element from the
diagonal, ZD

α , and multiplying and dividing Eq. (28) by jZD
α j2, it gets

X3
i¼1

jVij2 ¼ jZD
α j2

X3
i¼1

jZαii j2
jZD

α j2
jIDPi j2ð1þ ηÞ: ð29Þ

Now we can rename the quotient jZαii j2=jZD
α j2 ≡ 1þ ζi. Thus, if the diagonal elements are equal to each other,

ζi ¼ 0; ∀ i. Therefore,

X3
i¼1

jVij2 ¼ jZD
α j2

X3
i¼1

jIDPi j2ð1þ ηþ ζið1þ ηÞÞ: ð30Þ

This expression can be separated into two parts,

X3
i¼1

jVij2 ¼
X3
i¼1

jZD
α j2jIDPi j2 þ

X3
i¼1

jZD
α j2jIDPi j2ðηþ ζið1þ ηÞÞ ¼

X3
i¼1

jZD
α j2jIDPi j2

�
1þ

P
3
j¼1 jIDPj j2ðηþ ζjð1þ ηÞÞP

3
j¼1 jIDPj j2

�

¼
X3
i¼1

jZD
α j2jIDPi j2ð1þ γÞ; ð31Þ
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and finally Eq. (14) can be rewritten as

PT ¼ ð1þ γÞ
2

ReðY�
wÞjZD

α j2
X3
i¼1

jIDPi j2 ¼ P0ð1þ γÞ; ð32Þ

where P0 is the power in the case in which both conditions
(i) and (ii) are satisfied. Thus, γ quantifies the error
introduced by the deviations in the noncompliance with
the ideal conditions for the method to be carried out. Since
γ depends directly on ĪDP, the error is directly related to the
direction considered for n̂.

IV. ELECTROMAGNETIC DESIGN

This section details the proposed resonant cavities for the
detection of DPs using three orthogonal degenerate modes.
Three cavities with canonical geometries have been stud-
ied: cubic, spherical, and cylindrical. Each of these incor-
porates three coaxial ports and auxiliary tuning systems to
slightly adjust the frequencies of the three modes for
operating at the same frequency. The coaxial ports used
in the simulations have the following features: outer radius
4.1 mm, inner radius 1.27 mm, and a relative electric
permittivity of εr ¼ 2, resulting in a characteristic imped-
ance of 49.7Ω. The cavities have been electromagnetically
designed and simulated with CST Studio Suite [26].

A. Study of the cubic and spherical cavities

As a preliminary concept to assess the viability of this
idea, the simplest case of a cubic cavity with a side length
of 75 mm has been designed, as depicted in Fig. 2. This
structure was previously explored for the detection of high-
frequency gravitational waves [13].
This cavity incorporates three perpendicular coaxial

ports, each oriented along the x-, y-, and z-axes in order
to detect three degenerate modes, which in this case are
TE011, TE101, and TM110. The resonant frequency for these

modes in this design is fr ¼ 2.8259 GHz. It is evident that
in a realistic manufactured cavity, the imperfections of the
fabrication process will generate slight changes in the three
resonant frequencies, which will have to be properly
compensated with three tuning systems. This tuning
mechanism consists of three cylindrical metallic screws
positioned on the center of the opposite sides from the
coaxial ports, which are properly inserted or extracted in
order to modify independently the modal resonant frequen-
cies. Hence, for the simulations made regarding the cubic
geometry, the tuning screws have been slightly introduced
into the cavity in order to study its impact on the final
result, since some tolerances may appear in a realistic
manufactured device, as it has been mentioned previously.
Moreover, it is important to note that when modifying the
port coupling, the resonant frequencies of the modes will be
slightly modified, and thanks to the tuning system, the same
frequency for the three modes can be reachieved. As in any
tuning system with moving parts, care must be taken in
order to reduce the possible leakage, therefore avoiding a
significative reduction of the cavity quality factor.
A similar study has also been carried out with a spherical

cavity of radius 130.912 mm, obtaining the TM011, TM111

(even), and TM111 (odd) modes at fr ¼ 2 GHz. The 3D
model of this cavity is shown in Fig. 3. As in the case of the
cubic cavity, the three ports are positioned orthogonally and
the tuning metallic screws are located on the opposite
surface to them.

B. Study of the cylindrical cavity

While cubic and spherical geometries are interesting
examples which provide a more intuitive insight, typical
experiments are designed to optimize the available volume
of the magnet [27]. For such purpose, cylindrical cavities
are more suitable for use in axion or DP detection experi-
ments. The designed cylindrical cavity has a radius of
110 mm and a length of 224.5 mm. A schematic of this
cavity is shown in Fig. 4.

FIG. 2. 3D model of the cubic cavity for simulations with the
coaxial ports and the tuning screws. The metallic tuning screws’
radius is 4 mm.

FIG. 3. 3D model of the spherical cavity for simulations with
the coaxial ports and the tuning screws. The metallic tuning
screws’ radius is 4 mm.
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The modes used in this cavity are the degenerate TE111

with x- and y-polarization, respectively, and the TM010

mode,whose electric field is oriented toward the z-direction.
The tuning system in this design consists, on one hand, of
two identical metallic plates that are oriented 90° from each
other and whose length is equal to that of the cavity. These
plates allowmainly to affect the TE111−x andTE111−ymodes,
whose resonant frequency variation is achieved by intro-
ducing or extracting the plates radially into the cavity. On the
other hand, the frequency of the TM010 mode is modified by
means of ametallic screw located on the center of one base of
the cylindrical resonator, which is inserted or extracted and
affects the maximum of the modal electric field. The design
of this cavity was made to have an operational frequency for
the three degenerate modes at fr ¼ 1.0414 GHz, and it is
worth noting that the dimensions of this cavity were not
chosen tomake the threemodesmatch directly in frequency.
On the contrary, the TM010 is displaced in frequency with
respect to the modes TE111−x and TE111−y. This was made to
observe the impact of having to introduce considerably the
tuning elements to make the modes match in frequency, and
in order to illustrate a more general examplewhere no initial
restriction is imposed over the cavity length. However, in
order to comparewith the case of having a cylindrical cavity
whose three operational modes naturally coincide in fre-
quency, another cylindrical cavity has also been designed
whose radius is the same as the last cylindrical cavity but the
length has been modified to match the frequencies of the
TE111−x, TE111−y, and TM010 modes. The dimensions of this
cavity are, therefore, radius 110 mm and length 223.69 mm.
An important remark here is that the fine-tuning system

for obtaining the same resonant frequency for the three
modes can also provide, to some extent, a scanning range for
extending the search in a small frequency range. This has
been studied for the three geometries, and a tuning frequency
range over 1% of the resonant frequency has been obtained.
Future work is envisaged to increase this scanning range.

V. NUMERICAL RESULTS

A. Electrical response of the cavities

Figure 5 shows the reflection coefficient at the opera-
tional frequencies for each port in the cubic, spherical, and
cylindrical cavities with tuning elements to illustrate
that the same frequency can be achieved for the
three modes.

B. Form factor calculations

The computing of the DP form factor in the three studied
cavities involves the assumption of different directions of
the vector n̂. Consequently, the individual form factors of
each degenerate resonant mode are calculated as a function
of the angle of n̂ with respect to the coordinates axes (θ and
φ, in spherical coordinates), and the total form factor can be
obtained as the sum of the individual contributions of each
mode (assuming that the detected power is coherently
summed, which was demonstrated in Sec. III).
To verify the experiment sensitivity in all directions, the

form factor for a given number of the possible orientations
of n̂ contained within a sphere and for each resonant mode
has been obtained. The results observed in Fig. 6 represent
the form factor map for each mode (C1, C2, and C3) as well
as the total form factor CT ¼ C1 þ C2 þ C3. In order to
avoid redundancy, results shown in Fig. 6 are the ones

FIG. 4. 3D model of the cylindrical cavity with the coaxial
ports, two metallic rectangular tuning plates, and one metallic
tuning screw. The tuning plates’ thickness and screw radius are
10 mm. The tuning plates’ length is the same as the cavity length.

FIG. 5. Reflection coefficients of the three modes for the cubic
(upper plot), spherical (middle plot), and cylindrical (lower plot)
cavities from frequency domain simulations, assuming a copper
conductivity of σ ¼ 109 S=m. The three ports in the cubic cavity
have β1 ¼ β2 ¼ β3 ¼ 0.67, in the spherical cavity
β1 ¼ β2 ¼ β3 ¼ 0.46, and in the cylindrical cavity β1 ¼ β2 ¼
1.62 and β3 ¼ 2.06.
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obtained for the cylindrical cavity with tuning elements
introduced, but the exact same form factor maps were
obtained for the cubic and spherical geometries.
From the plots, it can be observed that, as expected, the

more parallel n̂ is to the electric field components of a given
mode, the higher the form factor due to the greater
contribution of such mode. For example, for the TE111−x
mode, whose electric field has mainly x-component, the
maximum value of CDP is obtained when n̂ is oriented to
the x-axis (φ ¼ 0; π and θ ¼ π=2), and likewise for the
TE111−y mode when n̂ is oriented to the y-axis
(φ ¼ π=2; 3π=2 and θ ¼ π=2). Finally, in the case of
TM010 mode, when n̂ is as parallel as possible to the
z-direction (θ ¼ 0; π), the value of C3 is maximum,

decreasing when θ varies. For a fixed value of θ, the same
value is obtained for any angle φ.
The next step is to analyze the perturbation generated by

the irregularities derived from the tuning systems. For such
purpose, we have defined the relative irregularity Λ as the
difference between the maximum and the minimum values
of CT in percentage, that is,

Λð%Þ ¼ maxðCTÞ −minðCTÞ
maxðCTÞ

100: ð33Þ

The source of this irregularity comes from the effect of
the tuning systems, which perturb the electric field pattern
differently depending on their geometric structure and the

FIG. 6. Form factor calculations for each mode (C1, C2, and C3) and the total (CT) in the cylindrical cavity depending on the direction
of n̂. Both the radius and the color scale of each plot indicate the value of the form factor. The same form factor maps were obtained for
the cubic and spherical geometries, considering the modes TE011, TE101, and TM110 for the cubic cavity and the modes TM011, TM111

(even), and TM111 (odd) for the spherical one.
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depth at which they are inserted into the cavity. The results
for the computation of the maximum form factor CT and
irregularity Λ are shown in Table I. As it can be seen, the
best performance is observed in the spherical cavity, due to
the symmetry between its three orthogonal modes. For the
case of the cubic and cylindrical cavities, the results in the
form factor are very similar. Since the perturbations
introduced by the plates in the x- and y-axes of the
cylindrical geometry are much more relevant than the ones
introduced by the screw in the z-direction, the irregularity is
higher for this geometry. Moreover, this disturbance might
introduce an uncertainty in the detected power, as it will be
discussed in Sec. V C. As a consequence, taking into
account Eq. (5), if one assumes the first approach for
the DP polarization (DP permanent polarization,
CDP ¼ 0.0025Ca) the improvement in sensitivity (in the
cubic and spherical cavities) for a given integration time is a
factor of 20, whilst if one assumes a given sensitivity, the
improvement in integration time is a factor of 1.6 × 105. On
the other hand, if one assumes the second approach for the
DP polarization [in which n̂ is random and
CDP ¼ ð1=3ÞCa], the improvement in sensitivity for a
given integration time is a factor of 1.7, whilst the
improvement in integration time for a given sensitivity is
a factor of 9. As a result, the proposed setup implies robust
improvements for both approaches of the DP polarization,
but in any case, the error introduced by the tuning systems
must be taken into account. This error is analyzed for the
three geometries in Sec. V C.
In addition, this setup can also allow to reconstruct the

original direction of the polarization vector n̂ during the
measurement, always provided that the DP has been
detected and the variation period of the DP polarization
is much larger than the integration time, making this
directional study only valid for the first approach of the
DP polarization. One can find that the ðθ;φÞ angles of the
incoming DP signal can be calculated from the form factors
or from the detected power in each port as

θ ¼ arccos

0
@

ffiffiffiffiffiffiffiffi
Pw3

PT

s 1
A;

φ ¼ arctan

0
@ ffiffiffiffiffiffiffiffi

Pw2

Pw1

s 1
A: ð34Þ

To accomplish this, signals at each port must be electroni-
cally processed individually. Given that the DP frequency is
already known in this approach, it is possible to integrate
the signal with more time, thereby enhancing the SNR.
Additionally, the distinction between an axion and a DP can
be determined by disabling the magnet and observing if the
signal persists, indicating the possibility of the DP
detection.

C. Numerical analysis of the uncertainty
caused by the error

In this subsection we calculate the uncertainty intro-
duced in the application of the technique proposed in this
article. For the cases in which the tuning elements are not
considerably introduced into the cavities, it is intuitive to
see that the method is applicable. However, for the
cylindrical cavity with tuning elements, the tuning plates
are inserted 1 mm, and the tuning screw must be inserted
7.95 mm into the resonator in order to bring the TM010

mode frequency into coincidence with the one of the TE111

modes. This asymmetric perturbation alters the cavity’s
admittance matrix and thus impacts the coherent summa-
tion of the extracted signals.
In Fig. 7 the error γ is shown for the cubic and cylindrical

(with tuning elements) geometries taking into account the
different directions of n̂ (the plot for the spherical cavity
and for the cylindrical geometry without tuning elements
has been omitted since the results are similar to the ones for
the cubic cavity). While for the cubic, spherical, and
cylindrical geometries without tuning cavities the error is
4 orders of magnitude smaller than the maximum form
factor achieved, for the cylindrical cavity with tuning
elements it is 1 order of magnitude smaller. However,
even with tuning elements the relative error of the final
form factor is still very small, implying that this method
still has a lot of margin to consider a major impact of the
tuning elements in the final geometry.
In this way, γ can be considered an uncertainty over the

final form factor after the summation process. This trans-
lates into an uncertainty in the sensitivity and integration
time improvement estimation made previously (discussed
in Sec. V B) for which the error due to the form factor
irregularity (Λ) also has to be taken into account. For this
purpose, the total error is defined as ϵ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ Λ2

p
, and

this parameter affects the improvement estimation values,
which are shown in Tables II and III. By looking at these
results, it can be concluded that the method discussed here
works for the three geometries considered, even when
introducing the tuning systems in the cylindrical geometry.
The improvements in both χ and Δt are very robust with
respect to any of the two current approaches for the DP
form factor, implying that the method proposed in this work
for detecting the DP is the most competitive one. In
addition, as mentioned previously, there is still a lot of

TABLE I. Maximum values of CT and values of Λ obtained for
the four studied cavities.

Geometry max(CT) Λ (%)

Cubic 0.67 2.5
Spherical 0.72 0.002
Cylindrical 0.69 1.24
Cylindrical with tuning 0.67 5.6
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margin to introduce more tuning elements, in order to be
able to increase the frequency scan.
It would be enlightening to explain in more detail the

uncertainties considered in this study and its nature.
Regarding Λ, the cavity tolerances are especially noticed
through this uncertainty. This can be seen when looking to
Table I of the manuscript, where the cavity geometries with
more edges and corners have higher Λ. These edges and
corners can eventually be a source of manufacturing
imperfections, and are the most relevant aspect to Λ. On
the other hand, the uncertainty γ is more related to the

introduction of the tuning mechanisms. This can clearly be
seen in Fig. 7 of the manuscript, where the γ is negligible in
the case of the cubic geometry, while in the cylindrical
cavity it is considerably higher. The origin of γ comes from
the fact that, in the cylindrical cavity, originally the three
considered modes do not match in frequency. Hence,
coarser tuning systems have to be considered. This gen-
erates that both conditions (i) and ðiiÞ are not completely
fulfilled. Thus, a trade-off between coherence and uncer-
tainty appears. For the case of the cylindrical cavity, modes
TE111−x and TE111−y are already at the same frequency
prior to the introduction of tuning mechanisms. The mode
TM010 is the one that has to be shifted in frequency until
reaching the frequency of the other two mentioned degen-
erate modes. In any case, the exact same frequency for the
three modes has to be reached. However, one could accept
that the TM010 resonance falls within the DP bandwidth
with respect to the TE modes to be considered coherent.
Finally, as Eq. (5) shows, not only the form factor but

also the volume of the cavity has a high impact on the
sensitivity. The analyzed cavities present different volumes
and, therefore, in order to ensure a fair comparison, a
realistic case with a bore radius of 110 mm has been
assumed. Three cavities of the geometries discussed in the
article that fit within that bore have been compared. These
are a cubic cavity with a 155.56 mm side, a spherical cavity
of 110 mm in radius, and finally the cylindrical
cavity presented in Sec. IV, whose dimensions (radius
110 mm and length 223.69 mm) naturally match the
frequency of the degenerate modes. Results can be seen
in Table IV.
As expected, the geometry that takes the most profit from

the bore space is the cylindrical one. The method studied in
this work properly applies to the cylindrical geometry and,
therefore, this case is the most interesting one, since the

FIG. 7. Error γ for cubic and cylindrical geometries with tuning systems cavities as a function of the polarization vector n̂. Both the
radius and the color scale of each plot indicate the value of γ. The order of magnitude obtained for the spherical geometry is the same as
for the cubic one, since both conditions of the admittance matrix are also fulfilled in the spherical case.

TABLE II. Improvement in sensitivity χ while maintaining the
integration time Δt constant, depending on the value of cos2ðθÞ
and on the geometry considered, with the total error ϵ.

Geometry
χ improvement with respect

to cos2ðθÞ ¼ 0.0025
χ improvement with

respect to hcos2ðθÞi ¼ 1=3

Cubic 20.0� 0.4 1.73� 0.03
Spherical 20.000� 0.002 1.7321� 0.0002
Cylindrical 20.0� 0.2 1.72� 0.02
Cylindrical
with tuning

20� 1 1.7� 0.1

TABLE III. Improvement in integration time Δt while main-
taining the sensitivity χ constant, depending on the value of
cos2ðθÞ and on the geometry considered, with the total error ϵ.

Geometry

Δt improvement with
respect to

cos2ðθÞ ¼ 0.0025

Δt improvement with
respect to

hcos2ðθÞi ¼ 1=3

Cubic ð1.60� 0.01Þ × 105 9.00� 0.07
Spherical ð1.6000� 0.0004Þ × 105 9.000� 0.003
Cylindrical ð1.60� 0.06Þ × 105 9.0� 0.3
Cylindrical with
tuning

ð1.6� 0.4Þ × 105 9� 2
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majority of axion experiments are using cylindrical
cavities. Moreover, the volume of a cylindrical cavity
can be increased in length, but on the other side, this will
produce a separation of the TE111 modes and the TM010

mode, thus leading to a more invasive tuning in order to
reach the degenerate state and, therefore, increasing
the error.

VI. CONCLUSIONS

This work explores the idea of using degenerate and
orthogonal EM modes in haloscopes to improve the
detectability of DPs. Since the DP polarization is unknown,
we have demonstrated that the use of three degenerate
modes whose electric field profile is oriented in three
orthogonal directions of space considerably improves the
form factor of a DP experiment until the point of obtaining
the axion form factor. On one hand, four cavities—one
cubic, one spherical, and two cylindrical—have been
designed and simulated, three of them incorporating precise
tuning systems to match the frequency of the three chosen
orthogonal modes, and one of the cylindrical cavities with
dimensions to naturally match the frequency of the three
modes. From the electric field profile, a mapping of the DP
form factor for each mode and the total DP form factor has
been carried out, verifying that, by coherently summing the
signals of the three ports, the total DP form factor is
practically the same as that of the axion. The isotropy of the
system for the DP form factor has been calculated,
obtaining robust results: for the spherical cavity, the total
form factor map irregularity is of 0.002%, while for the
cubic and cylindrical geometries the irregularities obtained
are of 2.5%, 1.24%, and 5.6%, respectively, implying a
quasi-isotropic response to the DP polarization. In addition,
this method opens the possibility to determine the direction
of the DP polarization, for which it is necessary to monitor
each port separately and to measure the individual power
obtained by each of them. After all, a remarkable improve-
ment in sensitivity as well as in integration time is obtained,
depending on the approach considered for the DP polari-
zation: when assuming that n̂ is fixed, the sensitivity of the
experiment improves by a factor of 20, while when
averaging over all possible directions of n̂, the sensitivity
improves by a factor of 1.7. The same reasoning can be
followed for calculating the integration time improvement
for reaching a certain sensitivity, obtaining a factor of
1.6 × 105 improvement when n̂ is assumed to be constant,

while when averaging over all possible directions of n̂ a
factor of 9 is found. We have also developed the conditions
necessary to be able to coherently sum the signals of the
modes for the three designs, finding that by introducing
tuning systems to match the frequencies, the sensitivity and
integration time improvement factors mentioned previously
have an associated uncertainty. Because of this, the
example of the cylindrical cavity with tuning elements
has been of great importance, as it was purposely designed
so that mode TM010 does not match in frequency with
modes TE111;x and TE111;y in order to observe the impact of
the tuning elements. As a result, it has been found that the
method also works properly, finding a low relative uncer-
tainty of the form factor. This implies that there is still a lot
of margin for introducing the tuning elements, as in other
DP and axion experiments, in order to increase the
frequency scan range. Moreover, the proposed setups allow
for a simultaneous detection of both axions and DPs,
implying that an experiment which is originally built up
for detecting axions is able, if the tuning system is designed
for making three orthogonal modes coincide in frequency,
to detect the DP with maximum form factor. In this way, we
would like to remark that, since the vast majority of axion
haloscopes employ cylindrical geometries, the technique
developed in this work can be translated to any axion
experiment with the mentioned geometry in order to
achieve optimal sensitivity to DPs. Nowadays, to the
knowledge of the authors, the method proposed in this
work is the most effective one to search for DPs with a
microwave resonant cavity.
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TABLE IV. Volume and VCT factor of three cavities whose
maximum dimension is fixed for a bore of radius of 110 mm.

Geometry Vð×10−3 m3Þ VCTð×10−3 m3Þ
Cubic 3.781 2.533
Spherical 5.604 4.035
Cylindrical 8.533 5.888
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