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Abstract

Ecological inference methods are devised to estimate unknown inner-cells of 2-way contingency tables by
inferring conditional distribution probabilities. This outlines one of the more long-standing social science
problems, chiefly frequent in political science and sociology. To solve the problem, ecological inference
algorithms consider an asymmetric relationship, with a main characteristic (e.g. race or social class)
mapped to rows impacting on a dependent variable, usually the vote, mapped to columns. The problem
arises because different solutions are reached depending on how variables are assigned to rows and
columns. The models are asymmetric. In this paper, we propose 2 new sets of ecological inference
algorithms and explore if accuracy could be improved by handling the problem in a symmetric way. We
assess the accuracy of the proposed methods using real data from more than 550 concurrent elections
where the true district-level cross-classifications of votes (straight- and split-tickets) are known. Our
empirical assessment clearly identifies the symmetric solutions as more accurate. They outperform
asymmetric methods 90% of the time and reduce error, on average, by 11%. Our results are based on data
from simultaneous elections, so further research is required to see whether our conclusions can be
maintained in other ecological inference contexts. Interested readers can easily use the proposed methods
as they are implemented in the R package Iphom.

Keywords: contingency tables, ecological inference, linear programming, Iphom, simultaneous elections, voter
transitions

1. Introduction

In elections, aggregate-level data are abundant and reliable whereas individual-level data are large-
ly unavailable due to the secret ballot, and when they are available they tend to be inexact and
scarce to estimate voter transitions (changes in voters’ choices between elections) as they usually
originate from polls (Romero et al., 2020). Despite this, many agents, including political parties,
the media, and US legal practitioners of voting rights, are still interested in knowing the voting be-
haviour of different subgroups of people. Ecological inference has been devised to solve this issue
by exploiting the aggregate-level data relationships (King, 1997).

Ecological inference refers to the process of inferring individual-level relationships from aggre-
gate (‘ecological’) data when individual-level data are not available. It is routinely employed in
many disciplines, from economics and epidemiology to sociology and political science (Pavia,
2022), despite being exposed to the so-called ecological fallacy (Robinson, 1950). For instance,
ecological inference algorithms are used to estimate vote transfer matrices between elections, infer
split-ticket voting behaviours or reveal social and racial voting patterns (Barreto et al., 2022;
O’Loughlin, 2000; Park et al., 2014; Romero & Pavia, 2021).

Using a classical contingency table representation in which individuals are classified by rows ac-
cording to the groups to which they belong (e.g. social class, previous vote or race) and by columns
by, for instance, their votes, the unknown cross-distributions are estimated using as data the
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observed row and column marginal distributions in a set of non-overlapping (geographical) units
(e.g. precincts). The difficulty arises because substantially different inner cell counts can give rise to
the same aggregated row and column totals, with this indeterminacy cannot being completely re-
moved. It is intrinsic to the problem (see, e.g. Forcina & Pellegrino, 2019; Greiner, 2007; Manski,
2007). The solution depends on the assumptions made, which in a large extent are unverifiable
with the available information (Gelman et al., 2001; Glynn & Wakefield, 2010; Wakefield,
2004), an issue that has led to festering disputes (see, e.g. Freedman et al., 1998, 1999; Greiner,
2007; Tam Cho, 1998; Tam Cho & Gaines, 2004). Practitioners customarily hypothesize simi-
lar/related conditional row (underlying) probability/fraction distributions across tables (some-
times with the help of covariates) relying on the common observation that people belonging to
the same group tend to follow, probabilistically, similar behaviour patterns within the same pol-
itical context (Pavia & Romero, 2022).

Although an extensive list of different ecological inference procedures has been suggested
over time from fields as diverse as frequentist and Bayesian statistics (e.g. Brown & Payne,
1986; Goodman, 1953, 1959; Greiner & Quinn, 2009; King, 1997; King et al., 2004; Klima
et al., 2019; Rosen et al., 2001), mathematical optimization (e.g. Hawkes, 1969; Pavia &
Romero, 2022; Tziafetas, 1986), or information theory (e.g. Bernardini-Papalia &
Fernandez-Vazquez, 2020; Judge et al., 2004), they all consider analogous underlying
assumptions and share a similar framework. This framework is based on a hypothesis of
similarity/relationship in (electoral) behaviour by group across units and a scheme with an ex-
planatory and a response variable.

Ecological inference may, therefore, be observed as an inverse problem where the goal is es-
timating (inferring) the conditional row fraction (underlying probability) distributions using
the observed count marginal distributions as data (Jiang et al., 2020). Once the estimates of
probability distributions are attained, cross-classification estimates of counts are obtained by
multiplying the observed row margins and the estimated probabilities. In some models, such
asin Greiner and Quinn (2009) and in its extension (Greiner & Quinn, 2010), counts are directly
inferred.

The above general scheme means that different estimates are reached depending on which vari-
able is assigned to rows and which to columns. In other words, even using the same method and the
same data, a different solution is obtained if rows and columns are flipped. Thomsen’s model
(1987), which assumes that voters’ choices are driven by individual latent factors, is the exception.
The models proposed by Johnston and colleagues (e.g. Johnston et al., 1983; Johnston & Pattie,
2003), based on entropy maximization, while treating tables symmetrically, cannot be classified as
genuine ecological inference approaches since they require prior information about the target
cross-distributions to be applied.

In many applications, deciding which classification should be assigned to rows and which to col-
umns is straightforward. For example, in a study of polarized voting in which we want to know
how different collectives support different candidates, characteristics of the electorate (such as
race or gender) are naturally assigned to rows while the categories of the columns are defined
by the candidates. Equally, if we want to know the levels of voters’ loyalty (and switching) by party
between two consecutive elections, the natural way is to assign the electoral options of the first and
second elections to rows and columns, respectively.

In the above examples, the implicit assumption is that somehow there is a causality relationship
or, at least, a natural origin-destination temporal arrangement. But what happens in simultaneous
elections? In this case, the answer might not be so straightforward.

When two elections are held simultaneously, it is usually considered that there is a first-order
election and a subordinate second-order election, so the relationship is studied in that order. It is
implicitly accepted that the majority of voters make a sequential choice: they first decide their
vote for the first-order election to subsequently, in a second step, choose their vote for the sub-
ordinate election (Pavia & Cantarino, 2017). Sometimes, the order of primacy is clear, such as
when a general election and a referendum coincide. Other times, however, such as when electors
vote simultaneously in a national and in a regional election or for a party list and for a candidate,
this is not so clear even though we can argue over an order of primacy. Indeed, the argument
itself, the existence of a hierarchy between elections, is being progressively challenged by the lit-
erature (see, e.g. Schakel & Romanova, 2020). Anyway, although we can reasonably argue the
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presence of a first-order and a second-order election, the question is whether this is the proper
way to proceed. In other words, can we improve the accuracy of the estimated counts by consid-
ering both elections at the same level? More generally, given that (almost) all the ecological in-
ference models exploit correlations and not causal relationships, we should ask ourselves
whether the average accuracy of ecological inference estimates may be improved using methods
that deal with rows and columns symmetrically. The aim of this paper is to provide answers to
these questions.

To answer these questions, we propose two new sets of methods whose solutions do not depend
on how classifications are assigned to rows and columns. On the one hand, we propose a new set of
algorithms that achieve their solutions handling rows and columns symmetrically from the outset,
by definition. This type of models can be logically specified from a mathematical optimization
framework. Both dual constraints as well as congruency constraints can be naturally introduced
in a linear programme, within the same optimization problem. Hence, in this research we adopt
a linear programming approach. It is important to note that, although these models could also
be specified within a quadratic programming framework, we prefer to state our models within
the linear framework because, as Tziafetas (1986) shows, linear approaches are more efficient
than quadratic ones in this context. On the other hand, we also consider a group of algorithms
based on asymmetric solutions. This involves methods that reach their estimates by combining
the solutions attained after applying an asymmetric ecological inference model to the two possible
ways of assigning classifications to rows and columns.

In a recent paper, Pavia and Romero (2022) propose two new models, tslphom and nslphom,
that, according to the authors, ‘place the linear programming approach once again in a prominent
position in the ecological inference toolkit’. These new models, based on linear programming, gen-
erate estimates for each unit table and solve the tendency of Iphom, the basic linear programming
model, to estimate extreme probabilities (zeros and ones). They have also been shown to be at least
as accurate and significantly simpler to use (Pavia & Romero, 2023) than the
multimonial-Dirichlet R x C ecological inference statistical model, previously identified as the
best in the literature (Katz, 2014; Klima et al., 2016; Plescia & De Sio, 2018). In this paper, we
propose new algorithms that deal with rows and columns symmetrically by building on the
Pavia and Romero (2022) models in two directions.

On the one hand, using either Iphom, tslphom, or nslphom, we suggest three new methods, each
of them generating three reasonable solutions, by solving the two underlying dual problems, swap-
ping origin and destination. We identify these new methods by adding the suffix ‘_dual’ to the cor-
responding base algorithm and their respective new solutions by adding the suffixes ‘_min’,
‘_dual_a’; and ‘_dual_w’. On the other hand, we directly modify Iphom, tslphom, and nslphom,
looking for the joint congruent optimal solution of both dual problems. We specify new linear pro-
grammes in which the optimal solutions, being congruent, simultaneously verify the constraints
imposed by the two dual ecological inference specifications. We identify these new models and
their corresponding solutions adding the suffix ‘_joint’ to the respective base algorithm. The
main innovation of this paper, therefore, lies in proposing, as far as we know for the first time
in the literature, ecological inference models that explicitly deal with rows and columns in a sym-
metric fashion. Conceptually, this is a novelty that could also be explored from other frameworks.

The performance of all the proposed algorithms is assessed using the data available in the R
package ei.Datasets (Pavia, 2022), which contains the global true party-candidate cross-
classification tables corresponding to more than 500 mixed-member elections. After comparing
actual tables and estimates from all the new algorithms and also considering, as baseline, the sol-
utions obtained using the base asymmetric models, we can assert that, at least for these datasets,
more accurate solutions are obtained exploiting the information both ways: parties to candidates
and candidates to parties.

The rest of the paper is organized as follows. Section 2 states the problem and introduces the
notation. Section 3 details the methods based on Iphom, tslphom, and nslphom proposed to obtain
the dual solutions. Section 4 revises the basic linear programme model (Iphom), adapting it to the
symmetric case. Section 5 goes further and reworks tslphom and nslphom after modifying the
Iphom_local algorithm of Pavia and Romero (2022) to make it symmetric. Section 6 presents
the results and discusses the findings of the empirical comparisons. Section 7 deepens and explores
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on the factors impacting on the accuracy of the estimates. Section 8 concludes, discusses, and sug-
gests directions for further research.

2. Mathematical representation of the problem

For convenience and without loss of generality, from now on we adopt a framework of simultan-
eous elections where voters, grouped in a set of units that jointly define a partition of the electoral
space, cast two votes; one for a party list and another for a candidate. We denote by I, ], and K the
number of units, parties, and candidates, respectively.

The observed data are the votes x;; recorded for each of thej = 1, ..., J parties and the votes y;,
gained for each of the k = 1, ..., Kcandidatesin each ofthe: = 1, ..., I voting units. The basic
unknowns are the number of voters v, who simultaneously voted for party j and candidate k in the
entire population. Of interest are also the equivalent numbers in each polling unit ¢* o

As intermediate / X K and K x | unknowns, we denote pj, as the proportion of voters in the en-
tire electoral space who voted for candidate k among those who voted for party j and, equivalently,
qij as the proportion of voters in the entire electoral space who voted for party j among those who
voted for party k. Equally, we define the corresponding proportions at the unit level as p’ i and qk,
Note that if we consider a probabilistic approach the intermediate unknowns could be eXpressed
by: pr;j=P(Y=k|X =) and g, = P(X =|Y = k), with X and Y representing the party and can-
didate vote variables, respectively. Similarly, one can define probabilities at the unit level.
Ecological inference algorithms are designed to estimate these intermediate unknowns. The pj
(and p k) proportions are the usual outputs when the x;; and y;, votes are assigned, respectively,
to rows and columns while the g, (and q;,;) proportions are the outputs in the dual case, transpos-
ing rows and columns; see Figure 1.

All the above quantities are closely related. Among other relationships, the following equalities

hold: xjj = Yoy vl Vit = 22 Vips Uik = 2o Vips Dite = Vik/ 2oi Xiis Qi = Vie/ 2o Viks iy = Vip/%ijs and
q}; = Vip/Yie- Given these relatlonshlps once we have estimates for P, ijs P, and gj; estimates
can be directly obtained for #j;, and 7 v . employing the observed quantities x;; and ..

In general, different estimates for z/,k and vy are obtained depending on the assignment of parties
and candidates to rows and columns. We define an algorithm as symmetric if it produces the same
estimates when rows and columns are interchanged: x,—,-ﬁjk = J’ikCA]Z,-- These methods are character-
ized by the fact that their row-conditional probability estimates verify the Bayes theorem with ob-
served proportions, i.e. ﬁ;k p; = L}Zi q';, where p’, =xi/ Y, %ir and g’y =yi/ Y. Vie. We refer to
this property as the probabilistic symmetric condition.

In matrix form, we denote by X = [x;] the I X J observed matrix of party votes, by Y = [y;,] the
IxXK observed matrix of candidate votes, by P=[p;| the JxK unknown matrix of
parties-to-candidates global proportions, by P'= [p;k] the Jx K unknown matrix of
parties-to-candidates matrix proportions of unit i, by O ={[g,] the Kx ] unknown matrix

Parties to candidates vote transfer matrix Candidates to parties vote transfer matrix
Ci v Gy . Cy Py P T

P |'pin - P - DIk | Xi G lgun - @y - gy | Ya

p; Pj1 - Pk o Pk | Xij Ce | Q1 = Qi Qg | ik

Py P o P o Pk | Xy Ck | Qkr - qQxj -~ Qi | Yik
Yin. - Yik - JVik Xit e Xjj o Xy

Figure 1. The two dual ways of representing the basic problem in a typical / unit: parties to candidates (left panel)
and candidates to parties (right panel). Inner quantities are the unobserved proportions, the (intermediate) targets of
ecological inference. In general, different solutions are reached solving the problem from parties-to-candidates than
from candidates-to-parties. Symmetric algorithms generate congruent P', Jx K and Q', K x J matrices:

X//b//k = y/ké;/(/~
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of candidates-to-parties matrix of global proportions, and by Q' = [qfe/.] the K X J unknown matrix

of candidates-to-parties matrix proportions of unit i. We will use hat-symbols to represent esti-
mates of the corresponding unknown proportions and matrices.
Likewise, we denote by V = [vj] and V' = [V ], respectively, the global and unit i unknown | x K

matrices (contingency tables) of votes, by V= [ﬁf-k > x,-,-] and Vi = [Pjexij] the corresponding

~ T
estimates obtained using parties-to-candidates proportion estimates, and by V = [‘A]k/’ > yik]

and V' = [fA]k,-y,'k]T the ones attained using candidates-to-parties proportion estimates, where the
superscript T identifies transpose.

Additionally, we use I, for naming the identity matrix of order 7, 0,,x,,, and 1,,x,, for representing
the 7 X m matrices of zeros and ones, respectively, and diag(a), row,,(A), and vec(A) for noting the
diagonalization, row-extractor, and matrix-vectorization operators. They operate as follows.
Given a vector a of size n and a matrix A of order n X m, diag(a) builds a matrix of order n
with a in its main diagonal, row,,(A) extracts the hth-row of A as a column vector of order m
and vec(A) is the 7m x 1 column vector obtained by stacking the rows of the matrix A on top
of one another in row-wise order. We use ® and © to denote, respectively, the Kronecker product
and the Hadamard (or matrix element-wise multiplication) product operators.

3. Solutions based on asymmetric methods

Given that the symmetric models we propose build on the Iphom, tslphom, and nslphom algo-
rithms, we limit ourselves to using the same framework for defining our asymmetric-based dual
methods. In our view, this makes comparisons fairer. This auto-constraint could of course be
relaxed and asymmetric-based dual solutions be defined using as building blocks other R x C eco-
logical inference procedures, such as the Rosen et al. (2001) Bayesian-based multinomial-Dirichlet
model (Lau et al., 2020), the iterative version of the 2 x 2 model proposed by King (Collingwood
et al., 2020; King, 1997), or the generalization of the Goodman regression method (Collingwood
et al., 2016, 2020), to name just some possibilities.

Before defining our asymmetric-based dual methods in Section 3.2, we first detail the Iphom,
tslphom, and nslphom models in Section 3.1. To do this, we focus on the nslphom model given
that, although Iphom, tslphom, and nslphom were suggested as different models, as Pavia and
Romero (2023) shows, the Iphom and the tslphom solutions can be attained as by-products of
the nslphom algorithm, these being intermediate outputs of its iterative process: Iphom after solv-
ing its first linear system (iteration 0) and tslphom after solving its firsts 2I + 1 linear systems (it-
eration 1).

In this section, we introduce the equations when x;; and y;, are assigned, respectively, to rows
and columns (see left panel in Figure 1). The equations of the dual problem (see right panel of
Figure 1) are detailed in Sections 4 and 5, during the process of specifying the genuine symmetric
models. There, we will adopt a more compact matrix representation. Despite the density of some
of the mathematical formulae, we will include all the equations of the models because, in our view,
this is the more precise way of defining them. Nevertheless, for those readers that prefer to skip the
more mathematical details, we also offer explanations and intuitions for all of the equations as
well as insights about the statistical and rational basis of the proposed algorithms.

3.1 Asymmetric linear programming models

The nslphom procedure is an iterative algorithm that, for simultaneous elections and typical eco-
logical inference problems, uses equations (1)—(15) to attain its solution. In its iteration zero,
nslphom solves the basic Iphom linear system (Romero et al., 2020) defined by equations
(1)=(5)—whose unknowns are the p;;, unobserved global proportions as well as the (non-negative)
auxiliary quantities ¢, and e;,. The Iphom model estimates the p;;, values by solving a linear pro-
gramme in which the solutions, besides fulfilling the obvious constraints of sum 1 for each row of
the district-level proportion matrix and non-negativity (equations (2) and (1)), must be perfectly
congruent to the observed outcomes at the global level (equation (3)) and minimize the sum of
Li-discrepancies at the unit level (equations (4) and (5)). Solving of the system (1)—(5) generates
an initial solution, Py = [Oﬁik], of the matrix of global proportions, P, which is used to start up
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the iterative process that characterizes nslphom. The estimate P is the (only) matrix that in add-
ition to verifying all the aggregate row and column constraints minimizes the sum across units of
the expected count discrepancies, in L{-norm, between the observed and expected unit column to-
tals when Py is applied to the observed unit row totals.

P20 forj=1,...,], k=1, ..., K, (1)
K
> pe=1 forj=1,...,], (2)
k=1

1
Z(Zx,,) ik = <Zy,k> fork=1, ...,K, (3)
1

=1

]
YVie= ) X P +eh—e fork=1, ., K, i=1,..,1, (4)
=1

I K
minimize ZZ el +ep). (5)

i=1 k=1

In the next iterations, for I = 1, ..., ns (where zs is a fixed exogenous parameter), the algorithm
generates recursive estimates of the unit proportions, p;k, and of the global proportions, pj,
through a two-step process. In the first step, the current available estimates of the global propor-
tions, ;_, pjx, are employed to obtain unit proportion estimates, lf);k, by solving the 21 sequential
linear systems defined, respectively, by equations (6)—(10) and (11)—(13)—where gk , /Z’ s and
5;,; are auxiliary (non-negative) unknowns. In particular, the observed votes in each unit together
with the estimated global proportions ;_, pj. are used as inputs to solve in each unit another linear
programme in which the unit level proportions, p;k, are estimated imposing a perfect match among
the observed outcomes at the unit level (equation (8)) by minimizing the sum of the L{-distances
between the values that would be obtained by applying to x;; either p;k or ,_,pjr (equations (9) and
(10)). As this programme is indeterminate, the final solutions for Pj are reached through a new
linear programme (equations (11)—(13)) in which the new linear programme chooses among all
the solutions of the (6)—(10) linear programme (equation (11)) the set of p;k that minimizes the

sum of the L;-distances between all the (p;k, 1_1Pjx) pairs (equations (12) and (13)).

P >0 forj=1,...,], k=1, .., K, i=1,..,1, (6)
K .
Zp;ﬁl forj=1,...,], i=1, ...,1, (7)
k=1
J .
Zx,«,-p;-k=y,-k fork=1,...,K, i=1, ..., 1, (8)
j=1

(1_1ﬁ/k—p;k)x,',‘=6‘;z—8;,; forj=1,...,], k=1, ..., K, i=1, ...,1, 9)
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] K
minimisew:ZZ lk fori=1, ..., I, (10)
=1 k=1
] K
w:ZZ gf +efy) fori=1, .., 1, (11)
=1 k=1
D=1+ 0k =0 forj=1,...,], k=1, ..,K, i=1, .., (12)
] K
minimize ZZ ;k fori=1, ..., L (13)
j=1 k=1

In the second step, the unit proportion estimates are in turn used to update the global proportion
estimates, ,pj, via equation (14), where the global proportions are expressed as a weighted average
of unit proportions.

I

1
b= bhxi [ Y xj forj=1,...,], k=1, .., K (14)
i=i

i=i

In each iteration, the statistic defined by equation (15), which measures the distance to homogen-
eity of the Ith-solution, is also calculated. This measure is employed to select the nslphom solution
(Pavia & Romero, 2022), which corresponds to the estimates associated with the iteration [* that
minimizes (15).

i 12, 1 ke |1P,kx11 ik x,,|

HETel—
22: 1 Z, 1 %ij

(15)

Once the iterative process is finished, nslphom provides the Iphom, tslphom, and nlsphom solu-
tions. The matrix Py corresponds to the Iphom solution. The set of matrices Py and P = [115;k],
fori=1, ..., I,achieved at the end of iteration 1 defines the tslphom solution. And the nslphom
solution is composed of the set of matrices Pj. and i’} = [I*ﬁ;k]’ fori=1, ..., I, selected taking
into account (15). Note that the I[phom solution only contains estimates of the global proportions.

The above algorithm, programmed in the function nslphom of the R package Iphom (Pavia &
Romero, 2022), has one parameter to be chosen: the number of iterations, ns. The default option
of the nslphom function considers only 10 iterations since the minimum of equation (15) is typic-
ally reached in very few iterations. At the end of the iterative process, the matrices P; (i=1, ...,
comprise the set of simultaneously updated unit matrices closest to Py that, verifying all the aggre-
gate unit row and column constraints, prompt the compound matrix P;. that minimizes the sum
across units of the expected count discrepancies, in Li-norm, between the observed and expected
unit column totals when P}, is applied to the observed unit row totals.

3.2 Symmetric models based on dual solutions

In the same way that equations (1)—(15) are defined, a similar linear system can be specified to ob-
tain estimates of the proportion matrices Q = [g,] and o= [qzi], fori=1, ..., I. The problem,
however, lies in the fact that these two dual representations of the same underlying ecological in-
ference problem generate non-congruent solutions. The set of estimates P and P’ obtained using
the x;; votes as predictor variables and the y;, votes as response variables is not congruent with

the set of estimates Q and Qi that would be attained switching X and Y. In general, the P-based
and Q-based estimates for the number of votes of any generic (j, k) entry will be different.
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That is, that (ZL] x,-,-)[},-k # (ZL] y,-k)?]k, and that x,-,f);:k # y,'k?]};,-. Therefore, once the problem is

solved both ways, X — Y and Y — X, we have to look for some (ad hoc) way of reconciliation if
we want to exploit the information contained in both solutions.

We envisage two basic reconciliation approaches maintaining the accounting constraints that
delimit the problem. On the one hand, just one of the two solutions could be selected. On the other
hand, both solutions could be combined in a manner that preserves the constraints among votes
and proportions. Below, we explore solutions for both types.

As an alternative to the classical approach of reasoning a logical (causal, temporal, or primacy)
order between classifications, equation (15) could be employed to choose between solutions.
Given the central role played by the heterogeneity index determining linear programming solu-
tions and its previously reported close relationship with the accuracy of the (global) estimates
(Pavia & Romero, 2022, 2023; Romero et al., 2020), we propose selecting between the sets
(P, P} and {Q, Q'} the one with the smallest HETe. In the case of Iphom solutions, the expression
> i letepl/ D i xij, suggested by Romero et al. (2020), could be used to approximate HETe. We
identify these solutions with the suffix ‘_min’.

The above ‘combination’ of asymmetric solutions scarcely exploits the information contained in
one of the two dual solutions, so we propose building combined solutions as averages, since aver-
ages compared to individual estimates tend to reduce expected errors. We consider either un-
weighted or weighted averages, of the two dual solutions, with the weighted solutions attained
employing the inverses of the HETe statistics as weights. We denote with the suffix ‘_dual_a’
the solutions associated with the sets of votes estimates {V,, V'} given by equations (16) and
(17) and with the suffix ‘_dual_w’ the weighted solutions associated with the sets of votes esti-
mates {V,,, Vi }obtained using equations (18) and (19), where HET, and HET, represent the val-
ues of the HETe statistic of the respective solutions X — Y and Y — X. Note that for I[phom_dual
solutions, equations (17) and (19) do not apply.

V4V <25:1 xi/)ﬁ/k + (Zle )’ik)@k,‘
T2

V. = 3 , (16)
V- Vv B |:xi/ﬁ;k + yik%,-:| (17)
a2 2 ’

_ V. HET,' + V. HET,! HET," (Z{:I xii)f?/k +HET;! (Zle Yz’k)ék/

Vi = HET;'+ HET,' ~ HET,! + HET;! ’ (18)
o _ V. HET,' +V'-HET;' [HET; x;p}, + HET; yadl, 19)
w ™ HET;! + HET,! - HET;! + HET,!

4. A symmetric linear model: Iphom for simultaneous elections

The methods proposed in the previous section build ad hoc symmetric (congruent) solutions
(i.e. solutions that do not depend on which classification is mapped to rows and which to columns)
by selecting or averaging solutions from asymmetric methods. In this section, we modify the [phom
model to directly produce global (optimal) symmetric solutions. In the next section, we extend the
approach to also embrace the tslphom and nslphom models.

To make the notation more compact, we adopt a matrix representation. In particular, in matrix
form, the linear programme, X — Y, defined by equations (1)—(5) can be expressed by

C. T

minimize f, zp,

subject to: Apz, = by,
2p > 0,
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and, equally, the dual problem, Y — X, can be expressed as

L. fT

minimize qzq,

subject to: Agzy = by,
24 2 0,

where fz; = [le]K’ 1101x], f; = [01><K] 11><2U]9Ap is the (] + K+ IK) x (]K + 2IK) matrix given by
equation (20), A, is the (J + K + IJ) X (JK + 2I]) matrix stated in equation (21), and the rest of

components are defined in (22); being E;:[pe?,;] and E,=[,e;] and E;:[qe;] and E =[,e;], re-
spectively, I x K and I x ] matrices of auxiliary non-negative unknowns.

I ® 11xx 0px21x
Ay =] 1gX® Ik Oxxa1x ) (20)
X®Ix [1, -1]® Ik

Ix ® 11 Oxsry
A= 1Y ®I 07217 , (21)
Y®I, 1, —-1]1®Iy

1yx1 1kxi vec(P) vec(Q)
by=| Yy |» bo=| X'1a |, zp=| veclE;) |, z,=| vec(E]) |. (22)
vec(Y) vec(X) vec(E,) vec(Ey)

Stacking both systems in the same programme and solving the resulting linear programme is not
enough to guarantee congruency among the P and Q proportion estimates. To do this, restrictions
detailed in equation (23) must be included as additional constraints. Equation (23) states that the
global matrix of votes should be the same independent of what row-standardized proportion ma-
trix is used to compute it, either P or Q.

1 I
(inf)l?jk=<z%k)4k;‘ fOf/=1, ol k=15 ..., K (23)
i=1 i=1

Obviously, these constraints can also be expressed in matrix form. In particular,
[Bp B, ][Vec(P)T, vec(Q)T]T = Ojkx1, where B, = diag(11x/X) ® Ix and B, = Zi;l row, (I;)'®
(=I} @ row,(I,)(11xx Y)), with (11xxY), being the kth-component of the vector 11xcY.

Combining all the equations, a new linear programme system emerges. The programme given by
(24) describes the Iphom_joint model, which corresponds to the symmetric version of the I[phom
model.

minimize (f;zp + f;zq),

subject to:
A 0+ K+1K)x(K+21)) b
0(]+I<+I])>I<7(]K+2H<) o +AX] = |:Zpi| = bp (24)
q q 5
B, Ojkxgrs2ix) By Oprxgrezny 07xx1

T
[z, 2] 1" >0.

In this model, the unknowns pj, and g;; are jointly estimated using a single linear programme that
includes the constraints of a Iphom model in which the unknowns are the p;;, and those of another
Iphom model in which the unknowns are the g;; as well as JK additional restrictions to guarantee
congruence (i.e. that the probabilistic symmetric condition is fulfilled) between the p;, and the g;;
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estimates for each (j, k) pair. These last additional constraints force the vj, estimates from both
sets of unknowns to coincide. That is, referring to solutions of both models in terms of matrices,
V, of votes, not in terms of matrices of proportions, it can be seen that Iphom_joint verifies
Iphom_joint(X, Y) = Iphom_joint(Y, X)T, in contrast to Iphom, where Iphom(X,Y)#
Iphom(Y, X)T.

The estimate V of (24) is the (only) matrix that in addition to verifying all the aggregate/global
row and column constraints minimizes, in L{-norm, the sum across units of the accumulation of (i)
the expected count discrepancies between the observed and expected unit column totals when
diag(Volkx1) ' Vo is applied to the observed unit row totals and (ii) the expected count discrepan-
cies between the observed and expected unit row totals when d1ag(11x]Vo) V0 is applied to the
observed unit column totals.

5. Estimating local transfer matrices: nslphom for simultaneous elections

Although the Iphom_joint model solves the inconsistency of the [phom procedure by generating
estimates of matrices of votes that do not depend on how classifications are mapped to row and
columns, it still reveals a crucial limitation of Iphom. Iphom_joint only estimates global (aggre-
gate) matrices, yet having estimates of local (unit) matrices (P*, Q’, or V') is also useful. Having
local estimates is not only of interest in itself in many applications, but it also helps to obtain better
aggregate estimates (King, 1997). The process of obtaining local estimates calls for a more inten-
sive exploitation of all the unit observations, an approach that, as a rule and regardless of the
methodological framework used, leads to achieving more accurate global solutions. Indeed, the
tslphom and nslphom algorithms have also been revealed as significantly more accurate than
the Iphom procedure for a very wide range of scenarios (Pavia & Romero, 2023).

Continuing on from the previous sections, this section amends the tslphom and nslphom algo-
rithms by proposing new versions of the procedures that, through their specification, force consist-
ency between the estimates of all the (P, Q) pairs. We anticipate that the new models (which we
call tslphom_joint and nslphom_joint), in addition to generating local estimates, will also produce
more accurate global solutions.

Both tslphom and nslphom are based on the Iphom_local procedure (Pavia & Romero, 2022), a
procedure devised to estimate unit matrices that is at the core of both algorithms. Indeed, their
equations, starting from an arbitrary initial global transfer matrix, are for a fixed i similar to equa-
tions (6)—(13). Therefore, we first adapt, in Section 5.1, the Iphom_local algorithm to build the
Iphom_local_joint method. Subsequently, in Section 5.2, we build the _joint versions of tslphom
and nslphom on this.

5.1 The Iphom_local_joint algorithm
The Iphom_local algorithm for simultaneous elections can be observed as a two-step linear
programme procedure that takes as inputs a row-standardized proportion matrix T (or U) of order
J X K (or K x J) and two non-negative vectors r = [r1, 2, ..., rj] and s =[sy, s2, “o5 Sk, verifying
27 = 2_ Sks and delivers as output a new row- standardlzed proportion matrix, T (or U), as close
as p0551b1e to T (or U), verifying #T = s (or sU = r). The second linear programme is required be-
cause the solution of the first programme is often indeterminate.

For a fixed unit i, the first two dual linear programmes, which correspond to equations (6)—(10),
can be expressed with our notation as

: [ V)
mm CU g Zp min wq—g Zq
i i i _ ol
s.t. Apzp—bz7 s.t. quq—bq R
i i
z, >0 2,20

where A;, and A; are the (J + K + JK) x 3JK matrices given by (25), and the rest of the components
are defined in (26) and (27); being P; and Q, respectively, a parties-to-candidates and a
candidates-to-parties proportion transfer matrix, x; = row;(X) and y; =row;(Y) the observed

column-vectors of votes to parties and candidates, and E’Jr [pE;Z] and E;_:[ps;;] and

GZ0Z YoJe\ Gz uo Jasn eAopy saipuy Aq #59919//616/¢/.8 1 /ejonie/esss.l/woo dno-oiwapeoe//:sdiy Wwolj papeojumo(]



J R Stat Soc Series A: Statistics in Society, 2024, Vol. 187, No. 4 929

E;’:[qSZ] and E;:[qeg], respectively, J X K and K X ] matrices of auxiliary non-negative un-

knowns.
_ I; ® 11 07x2jx _ Ix ® 11y Oxx2ky
A= (I Oxsxoyx ) A= yeI)" 0px2xy ,  (25)
diag(x;) @ I [1, —1]1® Ik diag(y,) ® I; [1, —1]® Ixy
. 1pa , 1k
b; = V; 5 blq = Xi N (26)
vec(Pg © (x; ® 11xx)) vec(Qg © (¥; ® 11xg))

vec(I’_i) VCC(Qi)
g=| veelE) |, g = | veelES) | g = [0, Togial. (27)

vec(E;) vec(EY)

As with lphom, independently solving the two dual problems does not assure the congruency be-
tween both dual solutions, even starting from a congruent (Pg, Q) pair of proportion matrices.
To guarantee congruency, we need to also include the constraints given by (28), which states that
the value for the votes U;k must be the same independent of whether we compute them following a

parties-to-candidates route or the reverse, candidates-to-parties. Equation (28) can be expressed in
matrix form as [B; Bf] ][Vec(PG)T, vec(Qg)'1" = Ojkx1, where B; =diag(x;) ® Ix and

B! =Y ey rowg(Ix)" ® (—I) ® rowy (I )y)-
x,-ipjkzyikq};/ forj=1,...,J, k=1, ..., K. (28)

Similarly, the second two dual linear programmes, which correspond to equations (11)—(13), can
be stated as

min hTw; min hwa]
i i g i i gt
s.t. prp—dp s.t. quq—dq R
i i
wy, > 0 w, > 0

where ' = [01x37%5> L1x2jk]s C;, and Cg are the (J + K+ 1 + 2JK) x 5K matrices defined in equa-
tion (29), and the rest of the components are defined in (30); being A;f = [p§;k+] and A;; = [pé;:;] and
A;:[qé’;] and A;:[qéz], respectively, | x K and K x | matrices of auxiliary non-negative un-

knowns.
. A;, 0g+x47K)x27K . A; 0(j+K+K)x2/K
i __ L
G = g’ 0127k , G= g’ 0127k ’ (29)
Lk Opoox [1, —11® Ik Ik Osoyx [1, =11 @ Ik
b b % %
. . a _ . . .
d;] = w;) , d’q = a); , W, = vec(A;:’) , W= vec(A;Jr) . (30)

vec(Pg) vec(Qg) VeC(A;;) Vec(A;_)

GZ0Z YoJe\ Gz uo Jasn eAopy saipuy Aq #59919//616/¢/.8 1 /ejonie/esss.l/woo dno-oiwapeoe//:sdiy Wwolj papeojumo(]



930 Pavia and Romero

Putting together all the pieces, we propose as [phom_local_joint algorithm the two-step linear pro-
gramme procedure that yields as outcome the result of sequentially solving the programmes de-
fined by the systems (31) and (32).

minimize o’ = (gTz; + gTzf]),

subject to:
A, O+ K+7K)x3]K : b
: % ’ (31)
0(+k+/K)x3]K A, = b, |
B, Ojxox By Ojkxajk 1 071

[z, 2] >0.

Once the minimum value for ' is achieved solving the system (31), which characterizes the set of
potential congruent solutions also verifying the two first dual local linear systems, the Iphom_lo-
cal_joint solution is attained by solving the extended system given by equation (32).

minimize [O1xejk, Lixajx 1o/,

subject to:
I A, Oy+k47K)x3]K . b;)
OgrkaK3K A, 02(7+K)+37K)x4TK b
X _ :
B;) O]KXZ]K B; O]KXZJK u}i _ Oij1 (32)
1
gT gT 01)(4][( COP
Ik Ojxxajx 07xx37K 1, —11® Lk Ok vec(Pg)
Ojxxajx Ik Ojrxejx Okxx [1, =11 ®@ Ik | vec(Qg)

w > 0.
i iT T i T i-\T iy T i
where w' = [z[7 > Zp s Vec(A[, ), Vec(Ap ), Vec(Aq ), VCC(Aq )

This model generates solutions of the estimated unit level proportions that, verifying all the eco-
logical accounting equalities, including constraints (28), equivalent to the probabilistic symmetric
condition, are closest (in Ly-norm) to the Pg and Q. matrices.

As with the Iphom_joint model, the Iphom_local_joint algorithm also verifies the symmetry
property. That is, given a matrix of counts V of order [ x K and a fixed unit ¢, the equality
Iphom _local joint(Pg, x;,y;) = Iphom_local joint(Qg, ¥;, x;)" holds, whereas the relationship
Iphom_local(Pg, x;, ;) # lphom_ local(Qg, v;, x;) is not verified (in general); where Pg =
diag(V1gx1)™'Vand Qg = diag(llX]V)_lVT and the outputs of the algorithms refer to local ma-
trices of votes, not of proportions.

T ]T.

5.2 The nslphom_joint model

Once Iphom and Iphom_local are adapted to make them symmetric, nslphom can easily be modi-
fied in the same wayj; that is, we can build the nslphom_joint model. In particular, for a fixed s, the
natural definition of the nslphom_joint model is given by the following iterative procedure:

* Iteration 0. Apply Iphom_joint to X and Y to obtain initial congruent estimates p, and §, of
the global proportion matrices, from which the aggregate matrix of votes can be derived
through: ¥y = By © [(111X)" ® Lixx] = [0, © [(11xV)" ® 11511".

e Iteration [, for I=1, ..., ns. Compute p,_;=diag(V,_;1kx1)"' V., and 0,.,=
diag(11yV 1_4 )_IVlT_l and apply Iphom_joint_local using as inputs p,_;, Q,_;, xi = row;(X),
and y; =row;(Y), fori=1, ..., I. This produces congruent estimates of proportion matrices
p§ and Q; for each unit 7; from which an estimate of the global matrix of votes is built by ag-
gregating the estimates of the corresponding unit matrices: V= Zle V}, where

Vi=P 0 (xi® lixk) = [Q; Oy;® 11x])]T-
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During each iteration, the statistic glven by equation (33), where lvzk’ D »and gy, are the generic
(/, k) entries of the matrices V/}, p;, and (), is also calculated.

Zz 1 Z 12 k=1 |IU;'12 — Dk xigl + 2 im1 2kt Z]j=1 |1V§e/ — [k Vikl

HET;, :
43 i1 Ly Vilka

(33)

In a similar vein to nslphom, the Iphom_joint, tslphom_joint and nlsphom_joint solutions are
also attained once the above iterative process is finished. The set of matrices {py, O, V o} corre-

sponds to the Iphom_joint solution. The sets of matrices {p,, O, V;} and {p}, O, Vi,
achieved at the end of iteration 1 encapsulate the tslphom_joint solution. Finally, the nslphom_-
joint solution is made up of the sets of matrices {p., O, V;} and {p}., O}, V- }le, with [* cor-
responding to the iteration for which (33) reaches its minimum in the #s iterations.

At the end of the iterative process, the estimates pj., O}., V}- (i=1, ..., I) comprise the set of
simultaneously updated unit matrices closest to y/, that, verifying all the aggregate unit row and
column constraints, generate the compound matrix V/; that minimizes, in Li-norm, the sum
across units of the accumulation of (i) the expected count discrepancies between the observed
and expected unit column totals when p}. is applied to the observed unit row totals and (ii) the
expected count discrepancies between the observed and expected unit row totals when §, is ap-
plied to the observed unit column totals.

All the new algorithms introduced in Sections 3-5 are available in functions with suffixes *_dual’
and ‘_joint’ in the R package Iphom.

6. Assessment of procedures

In Sections 3-5, two new sets of symmetric algorithms based on linear programming have been
suggested to solve the ecological inference problem. These procedures represent an alternative
to the asymmetric methods, where rows and columns of the ecological matrices are not inter-
changeable. In this section, we assess, focused on accuracy, the performance of the proposed pro-
cedures. In addition to comparing the different solutions they provide, we also assess them in
comparison to the equivalent asymmetric solutions, which act as baseline solutions.

Although it is possible to also include in the assessments other asymmetric models, we have re-
stricted the comparisons to the asymmetric algorithms from which the symmetric methods stem.
Under our view, this makes comparisons fairer and does not entail a limitation, as [phom-family
algorithms are among the most accurate methods to estimate vote transition matrices. First, Klima
et al (2016) state the ei.MD.bayes algorithm (Lau et al., 2020; Rosen et al., 2001) as the most ac-
curate after comparing it to (i) a modification of classical ecological regression (Goodman, 1953),
(ii) Thomsen's approach (Thomsen, 1987), and (iii) two recursive 2 X 2-approaches—the ones
proposed by Andreadis and Chadjipadelis (2009) and by Kellermann (2011). Second, Plescia
and De Sio (2018) also identify ei.MD.bayes as the best option after comparing it to (i) the
RxCEcolInf method (Greiner et al., 2021; Greiner & Quinn, 2009) and (ii) classical ecological re-
gression. Third, Barreto et al. (2022) conclude that King’s iterative E:RxC (Collingwood et al.,
2020; King, 1997) and ei.MD.bayes can be used interchangeably when assessing precinct-level
voting patterns in Voting Rights Act cases, with Ferree (2004) and Katz (2014) considering itera-
tive ELRxC inferior. Finally, Pavia and Romero (2023) extensively compare the Iphom-family al-
gorithms with ei.MD.bayes-solutions and find the former to be as least as accurate than
ei.MD.bayes, being moreover more accurate when the information is scarce or convergence can-
not be guarantee for ei.MD.bayes. In summary, if the new symmetric methods improve the asym-
metric [phom-based solutions, by the transitivity property they should also improve the rest of the
asymmetric methods.

6.1 Data

Due to the very nature of the problem, datasets with known true vote transfer matrices are scarce,
so practical research typically relies on artificial, simulated data. In this paper, however, we gauge
the different approaches using real data. The results of this section are based on comparing
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estimated and true matrices of votes belonging to more than 500 elections available in the R pack-
age ei.Datasets (Pavia, 2022). The ei.Datasets package contains the matrices of party votes, X, can-
didate votes, Y, and party and candidate cross-distribution tables of votes at district/election-level,
V, corresponding to 565 mixed-member elections held between 2002 and 2020 in New Zealand
(NZ) and in 2007 in Scotland (SCO). True cross-classification of votes at polling station (unit)
level is not available. At unit level only the marginal distributions of votes (matrices X and Y)
are known. New Zealand employs a mixed-member proportional system for electing parliament
members, while Scotland uses an additional member voting system. Both systems involve voters
casting two votes—one for a regional or national party list and another for a local candidate
(who need not come from the chosen party). The candidate with the most votes in each district
is automatically elected, and the remaining seats are allocated based on proportional party votes.
In New Zealand, national compensatory seats ensure that each party’s share of seats aligns closely
with its share of votes across the country.

Although, as far as we know, this is the first time in the literature that all the datasets included in
ei.Datasets are employed for ecological inference assessment, some of these elections have already
been utilized for evaluating ecological inference procedures (Pavia & Romero, 2022, 2023; Plescia
& De Sio, 2018). In using these data, we follow in the footsteps of the above authors and, as is
usual practice when handling real data (e.g. Barreto et al. 2022; Klein, 2019; Klima et al.,
2016), we have only considered sizeable populations and grouped very small election options in
‘Others’. We have merged in ‘Other parties’ and ‘Other candidates’ those parties and candidates,
respectively, who individually do not attain at least a 3% of the district vote. Despite this operation
notably reducing the sizes of the ecological tables (from 147.6 to 28.2 in average number of cells),
we still retain a large diversity of size tables, with tables of 23 different sizes ranging from a min-
imum of 15 cells (5 x 3) to a maximum of 56 cells (8 X 7); 8 and 3 being the maximum and min-
imum number for both rows and columns. Before merging, ei.Datasets tables range from a
minimum of 51 cells (17 X 3) to a maximum of 300 cells (20 x 15), 27 being the maximum number
of rows for a single table and 15 the maximum number of columns. In terms of sizes of the districts,
measured in number of units (polling stations), we have districts ranging from a minimum of 22 to
a maximum of 833, with an average of 90.5 units per district. More details about the datasets can
be found in Pavia (2022).

6.2 Error measure

Regarding the metric utilized to assess the estimated matrices of votes, V = [v;r], we rely on the
error index, EI. This statistic, formulated in equation (34), accounts for the percentage of votes
incorrectly allocated in the estimated matrix. This is the minimum number of votes that should
be relocated among entries of the matrix to achieve a perfect fit. Although this statistic had
been defined by other authors omitting the 0.5 coefficient (e.g. Klima et al., 2016), we prefer to
follow the specification proposed by Romero et al. (2020) because it avoids counting every wrong-
ly assigned vote twice.

Sy Yl vk — v

0
EI=100- 1k
27:1 Zkzl Ufk

. (34)

6.3 Results

Tables 1 and 2 offer a summary of the accuracy of the different algorithms. The summaries are
presented after grouping the elections following two different categorizations. In Table 1, the elec-
tions have been grouped by country and by year in which they were held. In our view, this is the
most natural way of grouping these elections since all the datasets belonging to the same year and
country share the same political environment. They all correspond to district elections held in the
context of the same national general election. Nevertheless, according to Pavia (2022), another
natural way of grouping the NZ elections is by type of district, either Maori or regular.

Table 2 presents the summaries grouping the NZ elections as alternatively suggested by Pavia
(2022), but focusing only on the most accurate algorithms: those based on the nslphom model.
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Table 1. Averages of El errors by group of elections

Country year NZ 2002 NZ 2005 SCO 2007 NZ 2008 NZ2011 NZ2014 NZ2017 NZ 2020

# of elections N=69 N=69 N=73 N=70 N=70 N=71 N=71 N=72
Avg. # of units 1=832 1=818 1=702 T1=841 1=857 1I=812 1=101.9 1=134.9
Avg. #of cells  JK=39.5 JK=23.8 JK=352 JK=234 JK=262 JK=27.9 JK=24.8 JK=24.5

Iphom-based solutions

Iphom(X, Y) 16.88 12.14 12.92 12.22 12.99 12.95 12.20 14.02
Iphom(Y, X) 16.14 12.74 10.78 11.87 13.40 13.70 12.08 12.18
Iphom_min 16.30 11.86 11.73 11.58 12.65 12.80 11.61 12.59
Iphom_dual_a 14.87 11.47 10.50 11.03 12.14 12.03 11.19 12.16
Iphom_dual_w 14.89 11.37 10.41 10.97 12.08 12.01 11.10 12.11
Iphom_joint 15.36 11.65 10.52 11.31 12.51 12.35 11.48 12.60
tslphom-based solutions

tslphom(X, Y) 14.80 10.91 11.00 10.89 11.50 11.66 10.91 12.59
tslphom(Y, X) 14.52 11.50 9.46 10.77 12.22 12.50 10.95 11.07
tslphom_min 14.06 10.65 9.64 10.30 11.20 11.61 10.36 11.18
tslphom_dual_a 13.18 10.27 8.96 9.87 10.83 10.83 10.03 10.92
tslphom_dual_w 13.15 10.17 8.87 9.79 10.74 10.78 9.95 10.85
tslphom_joint 14.07 10.73 9.42 10.40 11.46 11.45 10.49 11.54
nslphom-based solutions

nslphom(X, Y) 12.79 9.47 8.85 9.11 9.46 9.69 8.91 9.82
nslphom(Y, X) 12.71 9.89 8.11 9.17 10.86 11.15 9.29 9.39
nslphom_min 12.55 9.22 8.42 8.63 9.41 9.67 8.48 9.07
nslphom_dual_a 11.10 8.63 7.11 8.08 9.01 9.08 8.04 8.52
nslphom_dual_w  11.14 8.58 7.11 8.04 8.91 9.01 7.96 8.48
nslphom_joint 11.54 8.86 7.53 8.44 9.30 9.39 8.23 8.99

Source: Compiled by the authors after applying, with default options, the functions Iphom, tslphom, and nslphom of the
R package Iphom (Pavia & Romero, 2022) and the new algorithms, described in Sections 3-5, to the data from the New
Zealand electoral commission and the Scotland Electoral Office available in the R package ei.Datasets (Pavia, 2022). In
the case of nslphom-based models, #s is always fixed at 10. The smaller the number, the better the accuracy. Values in
bold correspond to the most average accurate solutions in each set of elections.

To offer more context and make comparisons easier, we also include in Table 2 the results attained
pooling all the elections and combining all the NZ elections in a unique group and, again, the
Scottish results. The upper panels of both tables contain some summary statistics of the corre-
sponding group of elections. Here, one of the differential characteristics of the Maori districts
stands out: the relative higher number of units in which their electorates are split out. Figure 2
shows graphically the average errors attained by the nslphom-family algorithms in all the
groupings.

In light of the empirical assessments, two clear findings emerge. On the one hand, our results
confirm the order of preference for the symmetric models already stated by Pavia and Romero
(2022,2023) for the asymmetric procedures. As with asymmetric models, tslphom-based methods
systematically improve lphom-based ones and, equally, nslphom-based models consistently out-
perform tslphom-based ones (see Table 1). More importantly, given our main research question,
by comparing asymmetric and symmetric models we can assert that symmetric algorithms pro-
duce, conditioned on the underlying based algorithm, consistently more accurate estimates than
asymmetric procedures (at least for the data at hand). Overall, symmetric solutions beat asymmet-
ric solutions almost 90% of the time.

The family of the algorithm (i.e. the underlying procedure, either Iphom, tslphom, or nslphom),
however, has a higher impact on the accuracy of the estimates than the character, either symmetric
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Table 2. Averages of El errors of nslphom-based solutions by alternative groupings of elections

Group of elections NZ—regular NZ—Maori NZ—all SCO 2007 NZ +SCO
# of elections N=443 N=49 N=492 N=73 N=565
Avg. # of units 1=65.9 1=343.1 1=93.5 1=70.2 1=90.5
Avg. # of cells JK=26.8 JK=29.9 JK=27.1 JR=35.2 JK =282
nslphom(X, Y) 9.85 10.20 9.89 8.85 9.75
nslphom(Y, X) 10.47 9.14 10.34 8.11 10.05
nslphom_min 9.54 9.83 9.57 8.42 9.42
nslphom_dual_a 9.02 7.99 8.92 7.11 8.68
nslphom_dual_w 8.96 8.04 8.87 7.11 8.64
nslphom_joint 9.40 7.85 9.24 7.53 9.02

Source: Compiled by the authors after applying, with default options, the function nslphom of the R package lphom
(Pavia & Romero, 2022) and the new algorithms based on nslphom, described in Sections 3-5, with s = 10 to the data
from the New Zealand electoral commission and the Scotland Electoral Office available in the R package ei.Datasets
(Pavia, 2022). The smaller the number, the better the accuracy. Values in bold correspond to the most average accurate
solutions in each set of elections.

or asymmetric, of the model. tslphom-based models, including asymmetric ones, are on average
more accurate than [phom-based models, and the same relationship occurs with nslphom-based
models with regard to tslphom-based ones. In short, the nslphom-based models are clearly the
most accurate, so henceforth we focus only on these by concentrating our analysis on the results
available in Table 2 and Figure 1 and in the last panel of Table 1. In particular, pooling all the elec-
tions and algorithms, nslphom symmetric solutions are seen to be, on average, almost 11% more
accurate than nslphom asymmetric ones.

Focusing now on the relationships within the symmetric solutions, we observe some general, al-
though not completely systematic, patterns. On the one hand, pooling all the results we see that, on
average, the nslphom_dual_w solutions are the most accurate, followed by nslphom_dual_a,
nslphom_joint, and nslphom_min solutions in that order (see Table 2 and Figure 2). For some
of the groups, however, nslphom_dual_w solutions are not the best on average; in some groups
they are beaten by nslphom_dual_a (in the 2002 elections group) and by nslphom_joint (in the
of Maori districts group).

In any case, what we can affirm is that nslphom_dual_w generates the more robust solutions.
This algorithm produces, on average, the most accurate solutions despite being the algorithm
that out of the four generates the smallest EI error fewer times. Indeed, even nslphom_min, the
algorithm whose error average is the greatest out of the four, produces better solutions more times
than nslphom_dual_w. In fact, nslphom_min at the individual level is the best 25% of the time, the
same figure recorded for nslphom_dual_a, while the figures for nslphom_joint and nslphom_
dual_w are 30% and 20%, respectively. Looking in more depth at the analysis of the individual
matrices, we also find that, as expected, the nslphom_dual_w and nslphom_dual_a solutions
are quite close, being midway between the nslphom_min and the nslphom_joint solutions,
although a little closer to the latter.

The results for the Maori electorates are particularly interesting (see Table 2 and Figure 2). In all
the groups, except the Maori, the dual solutions built as means are the best on average, when for
the Maori the best on average are the predictions based on the joint algorithm. At first glance, one
could think that this is a consequence of some of their differential characteristics. According to
Pavia (2022), the Maori districts are remarkably different in many issues; for instance, compared
to the rest of the districts of the database, their electorates are split out in a greater number of units,
their transfer matrices record weaker relationships between row and column options, the electoral
behaviour of their voters shows a greater heterogeneity across units and their datasets show more
across-unit variances for both parties and candidates. A closer look at the individual errors, how-
ever, reveals that almost all the relative advantage of nslphom_joint compared to nslphom_-
dual_w and nslphom_dual_a is grounded on the 2002 elections. Indeed, nslphom_joint is only

GZ0Z YoJe\ Gz uo Jasn eAopy saipuy Aq #59919//616/¢/.8 1 /ejonie/esss.l/woo dno-oiwapeoe//:sdiy Wwolj papeojumo(]



J R Stat Soc Series A: Statistics in Society, 2024, Vol. 187, No. 4 935

NZ 2002 || NZ 2005 | SCO 2007 || NZ 2008 |
10
5
o
NZ 2011 |1 NZ 2014 1 NZ 2017 i NZ 2020
W 10+
>
L))
Z
E &
g
w
ol
NZ regular electorates | | Nz Maori electorates | | NZ 2002-20 || NZ + SCO
10
5
i
5 ¥ £ @ = £ S X £ o = E > ¥ E ® = £ > X £ ® = £
X2 5333 ¥zxosFd ¥zHgEgd ¥z oz g od
ggg“\"\gggg“:“\gggg“\u\ggggnuﬁ\g
£ 2222 £ 235 425 22£dJ8 222442
2 2 2z £2 p ¢ ¢z £ 2 g @2 @e e TP @ oag Ty
Algorithm

Figure 2. Graphical representation of average values of E/ error measures grouped by election and nslphom-family
algorithm. The smaller the number, the better the accuracy. Individual solutions are attained after applying, with
default options, the function nslphom of the R package Iphom (Pavia & Romero, 2022) and the new algorithms,
described in Sections 3-5, to the data from the New Zealand electoral commission and the Scotland Electoral Office
available in the R package ei.Datasets (Pavia, 2022). Detailed figures are available in Tables 1 and 2.

more accurate on average than nslphom_dual_w and nslphom_dual_a in the 2002 and 2005 elec-
tions. As a rule, therefore, we can say that, at least for datasets with similar characteristics to the
ones analysed in this research, the nslphom_dual_w solutions are preferable. They are more accur-
ate, on average, and quite robust.

Finally, focusing on computational times (see Table 3), we see that all the methods are quite fast.
As expected, the nslphom solutions are slower but they only require a few seconds to reach their
solutions. Obviously, the slowest algorithm is the nslphom_joint but, on average, it only takes in
these datasets a few more than 20 s to reach its solution. In general, the computational burden
grows with the number of units and the number of cells of the corresponding ecological matrix.

7. On the factors impacting on the accuracy of the estimates

In the previous section, we have compared the accuracy averages of the different solutions, omit-
ting their variability. However, the accuracies of the estimates not only differ across methods but
they obviously also differ across districts/elections. In this section, we consider several observed
features, specific of each election, and study whether and to what extent they can explain the ob-
served differences in accuracy across elections. To do that, we just focus on nslphom_dual_w and
nlsphom_joint solutions. On the one hand, the former are revealed as the more accurate in the an-
alysed database. On the other hand, the latter have been obtained with the theoretically finest
method, as it solves the problem dealing with all the constraints simultaneously.

Figure 3, where the distributions obtained for EI are drawn in the 565 elections analysed, clearly
shows the existence of important accuracy differences across elections in both groups of solutions.
For instance, focusing on nslphom_dual_w solutions, we have that EI ranges from a minimum of
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Table 3. Averages of computational burden (in seconds) by group of elections

Country year ~ NZ 2002 NZ 2005 SCO 2007 NZ 2008 NZ2011 NZ2014 NZ2017 NZ 2020

Iphom-based algorithms

Iphom(X, Y) 0.20 0.18 0.06 0.12 0.20 0.19 0.18 0.38
Iphom(Y, X) 0.23 0.21 0.06 0.24 0.33 0.34 0.30 0.36
Iphom_dual 0.42 0.40 0.12 0.31 0.48 0.42 0.44 0.74
Iphom_joint 1.08 0.98 0.25 0.76 1.14 1.01 1.05 1.81
tslphom-based algorithms

tslphom(X, Y) 0.69 0.60 0.46 0.51 0.62 0.63 0.60 1.01
tslphom(Y, X) 0.72 0.61 0.47 0.62 0.72 0.69 0.77 0.97
tslphom_dual 1.41 1.23 0.89 1.12 1.35 1.27 1.33 1.94
tslphom_joint 3.85 2.78 2.36 2.43 3.10 2.89 2.95 4.29
nslphom-based algorithms

nslphom(X, Y) 5.11 4.35 4.07 4.11 4.73 4.55 4.61 6.43
nslphom(Y, X) 5.07 4.39 3.96 4.18 4.79 4.61 4.82 6.43
nslphom_dual 10.22 8.81 8.06 8.33 9.03 8.86 9.52 12.87
nslphom_joint 29.03 19.39 21.44 18.09 21.90 21.39 20.94 28.99

Source: Compiled by the authors after applying, with default options, the functions Iphom, tslphom, and nslphom of the
R package Iphom (Pavia & Romero, 2022) and the new algorithms, described in Sections 3-3, to the data from the New
Zealand electoral commission and the Scotland Electoral Office available in the R package ei.Datasets (Pavia, 2022). In
the case of nslphom-based models, #s is always fixed at 10. The computations have been performed on a laptop with a
CPU processor Intel Core 17-6820HK (4 cores) 2.70 GHz and 64GB of RAM.

2.45 to a maximum of 20.01; with the minimum being observed in an election where voters are
distributed into 90 polling stations and the problem consists in estimating a transfer matrix of
size 5 x 5 and the maximum being recorded in an election in which there are just data from 38 poll-
ing stations to estimate a 7 X 7 matrix. Indeed, this remark properly exemplifies a usual pattern/
relationship typically shown for ecological inference estimators, which tend to be more accurate,
the larger is the ratio between units and unknowns, R = I/JK. In particular, in our application, the
EI average values for, respectively, nslphom_dual_w and nslphom_joint are 12.47 and 12.43
when R < 1; 9.46 and 9.97 when 1 < R < 2; and 8.08 and 8.43 when R > 2.

The accuracy of the attained estimates, therefore, depends on structural characteristics of the
particular election under study. In what follows, we analyse whether the observed variables pre-
viously identified in the literature as explainers of accuracy for asymmetric methods also work for
the proposed symmetric models. In particular, the list of features recognized in the literature (e.g.
King, 1997; Klima et al., 2016; Park et al., 2014; Pavia & Romero, 2023; Plescia & De Sio, 2018;
Wakefield, 2004) as factors impacting on the accuracy of the estimates include: (i) the amount of
available information, I; (ii) the complexity of the problem, JK; (iii) the level of heterogeneity
among the local transfer matrices, HET; (iv) the strength of the relationship between the row
and column categories, x; (v) the degrees of diversity/variability within-units in both row and col-
umn marginal distributions, DWR and D WC, which account for how similar/different the sizes of
different groups/categories are; and (vi) the extent of the variability across-units in both row and
column marginal distributions, VAR and VAC, which measure how similar/different are the mar-
gin distributions across tables.

As a rule, ceteris paribus, the larger the number of polling stations and the smaller the contin-
gency tables (the number of coefficients to be estimated), the more accurate the estimates are;
with the impact of each of these two features being conditioned by the value taken by the other.
Indeed, it is customarily stated that a ratio of at least two units (polling stations) per coefficient is
necessary for a proper estimation of the vote transfer matrix (Plescia & De Sio, 2018). Thus, the
impacts of I and JK are usually assessed together using as joint indicator the number of polling
stations divided by number of columns times the number of rows: R = I/JK.
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Figure 3. Histograms of the distributions of the error indexes (E/) corresponding to the nslphom_dual_w and
nslphom_joint solutions attained in the 565 elections analysed. The discontinuous vertical lines place the means of
the distributions.

The values HET and y*> are commonly unknown as they both depend on the actual
district vote transfer matrix. Although in our case they could be exactly computed, we
prefer to consider a typical situation and to study the impact of these features relying on
their estimates, which are contingent to the specific solution reached. In particular, we
approximate HET using the HETe coefficient given by equation (33) and y?> through

Pe=Yu [(a,k = S )/ = DK = 1) Y, b Y a,-k], where the divisor (J = 1)(K = 1)
accounts for the different number of cells that each matrix has.

For approximating district within-unit diversities, different statistics have been tried in the lit-
erature. They have been measured as (a) (weighted) averages of the standard deviations of the
unit marginal distributions (using as weights the number of voters per unit), (b) directly using
the standard deviations of the district marginal distributions, and (c) employing the formula
1 - Y, m7, with 7, representing the proportion of votes gained by option 4 in the total population.
In practice, these three measures are (almost) equivalent. In our dataset, the correlations between
(a) and (b), (a) and (c), and (b) and (c) are, respectively, 0.99, —0.99, and —0.99 for parties and
0.99, —0.99, and —0.98 for candidates. We approximate DWR and D WC using (b), the standard
deviations of the district margin distributions of parties and candidates, respectively. Finally, to
measure the extent of the diversity/similarity of party and candidate distributions across polling
stations, we have used the compositional total variance (Pawlowsky-Glahn et al., 2015): VAR =
@n Z]// Var({log(x;j/xy)},) and VAC = 2K)™! Zf,k/ Var({log(yi./Vi')};), where the variances
are computed across the I units. Note that in whatever application both VAR and VAC need to
be different from zero for the ecological inference problem to have a solution, as all the methods
learn from the statistical covariations between the polling stations margin distributions.

Once defined the features, we study using regression linear models their impact on the
nslphom_dual_w and nslphom_joint solutions’ accuracy. To do that, we adopt a two-step strat-
egy. First, we analyse the marginal impact of each feature not excluding the possibility that its (in-
creasing/decreasing) effect operates at a decreasing/increasing rate. That is, we consider the
possibility of nonlinear effects in the one-feature models by also including as potential regressor
the square of the feature. Second, we jointly estimate the impact on accuracy of all the regressors
identified as statistically significant in the marginal (one-feature) models. To fit the models, we
have excluded the Maiori electorates from the analysis. Although the aggregate results are quite
similar when these elections are also included in the analysis, we have opted to not consider
them to fit the model because of its singular characteristics that would undermine the impact of
the ratio I/JK. In fact, the Maori elections can be observed as non-standard as they are
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Table 4. Statistical summary of the explicative variables, excluding Maori electorates (N =516)

I/)JK  HETed HETej y*ed y*¢j DWR DWC VAR VAC

Mean 2.56 4.25 4.01 2932 2909 0.18 0.21 0.98 0.85
Standard deviation 1.19 1.25 0.95 966 960 0.04 0.04 0.36 0.35
Minimum 0.52 2.42 2.16 377 347 0.06 0.09 0.29 0.12
Maximum 7.73 9.44 8.45 6297 6613 0.34 0.33 2.77 2.12
Skewness 1.16 1.05 0.94 0.40 0.40 0.06 -0.13 1.10 0.74
Source: Compiled by the authors through ye = [(f/,k =22 Dk 2ok D) 2/ -1)(K—-1) 25Uk 2k f/,-k]

VAR = Z . Var({log(x;i/xi7)};), and VAC = Zk v Var({log(yix/yir')};), and using equation (33) and the

standard devlations of the district margma] distrlbutlons of parties and candidates to calculate HETe, DWR, and DWC,
respectively. The suffixes _d and _j stand for dual and joint, respectively.

characterized for having their electorates distributed into a large number of polling stations, quite
geographically spread, with the majority of them having very few voters.

Table 4 presents a statistical summary of the values corresponding to the abovementioned fea-
tures in the 516 districts that remain in the database after excluding the Maori electorates. As can
be observed, almost all variables show asymmetric positive, right-skewed, distributions. In terms
of correlations, the largest ones are observed for the pairs of variables I/JK and DWR (0.74), I/JK
and y%e (0.53), HETe.d and DWC (—0.64), and HETe_j and DWR (—0.55). Given the large sam-
ple size, we do not expect this to represent a problem in interpreting the models obtained.

In order to facilitate the interpretation of the estimated coefficients and the relative impact of
their associated features on accuracy, all the explanatory variables have been standardized to
zero mean and standard deviation 1. In this way, each estimated coefficient informs about the ex-
pected variation from the mean in the response variable due to one standard variation in the cor-
responding variable. From the one-feature models (not shown), one can infer that (i) I/JK is the
feature with the largest impact on accuracy, followed by DWC and y?e, (ii) two variables (I/JK
and y%e) show a significant curvature in its relationship with EI, i.e. accuracy improves but at de-
creasing rates as both variables grow, and (iii) accuracy also improves when either row or column
within-units or across-units variances increase.

Some changes between the marginal and joint impacts of the features happen when we model
the full multivariate speciﬁcations Table 5 presents the coefficients of the fitted linear regression
models. All variables, except y>e? and D WR, show a statistically significant impact. Together these
variables explain around 25% of the observed variability of EI. As expected, larger I/JK ratios
lead to more reliable estimates. This feature is moreover the one with the largest impact. The other
two variables impacting positively by increasing accuracy (i.e. by reducing EI) are the column
within-units and across-units variabilities. If in the one-feature models both row and column
within-units and across-units variabilities improve accuracy in a similar fashion, when we consider
all the features simultaneously, DWR lost its statistical significance and VAR reverses its sign. This
result may seem puzzling in a first glance, given the symmetric nature of the algorithms, but their
different impact in this database is consequence of the differences between the row and column
distributions of variabilities/diversities. Finally, the models also show that when we control for
the rest of variables, marginally the larger the heterogeneities or the relationships between row
and column categories, the less accurate the solutions are, ceteris paribus.

8. Discussion, conclusions, and future research

Ecological inference methods are devised to infer conditional distribution probabilities from mar-
ginal distributions. In doing so, they consider a main characteristic variable (e.g. race or social
class) impacting on a response variable, usually the vote. This scheme fits the majority of ecological
inference problems. In some instances, however, such as in simultaneous elections, this general
scheme can be questionable. The issue is that different solutions are achieved depending on which
variable is considered the factor (origin, explanatory, cause) and which the response. The methods
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Table 5. Impact of different features on solutions’ accuracy

Variable Response variable: error index (EI)
nslphom_dual_w nslphom_joint

Estimate p-Value Estimate p-Value
Intercept 8.23 <0.0001 8.72 <0.0001
I/JK -1.60 <0.0001 -1.89 <0.0001
(I/]K)2 0.32 <0.0001 0.37 <0.0001
HETe 0.46 0.0009 0.84 <0.0001
1e 0.78 <0.0001 1.15 <0.0001
ree? 0.14 0.0583 0.05 0.5368
VAR 0.67 <0.0001 0.43 0.0027
VAC -0.66 <0.0001 -0.51 0.0001
DWR 0.23 0.1904 0.34 0.0549
DWC -0.44 0.0302 -0.52 0.0042
Adjusted R? (%) 24.90 25.73
Residual Std. error 2.21 2.33

Source: Compiled by the authors. All the predictor variables were standardized before fitting the models to make
comparisons of coefficients easier.

are asymmetric. In this paper, we ask whether we can obtain some advantage in terms of accuracy
by dealing with this inverse problem in a symmetric way. That is, by solving it as a purely math-
ematical puzzle that must verify some congruence properties, omitting the possible presence of a
natural a priori relationship (i.e. a logical mapping of the variables to rows and columns).
Afterwards, the researcher can recover the meaningful order when presenting the outcomes.

To answer the above research question, this paper builds within the linear programming frame-
work two new families of algorithms whose solutions do not depend on how variables are mapped
to rows and columns. These are symmetric methods. From a statistical standpoint, symmetric ap-
proaches offer the advantage of adhering to the probabilistic symmetry condition, meaning that
their solutions conform to Bayes theorem. It should be noted, however, that while the symmetric
condition could be considered a desirable property, it alone does not guarantee the attainment
of accurate solutions. For example, an algorithm that assumes conditional independence
between rows and columns given the unit (equivalent to the nonlinear neighbourhood model;
Freedman et al., 1998) would multiply the average error by more than four times in the datasets
analysed in this paper, even verifying the symmetric condition.

We evaluate the accuracy of the proposed methods using real data corresponding to 565 simul-
taneous elections where the true district-level cross-classifications of votes are known. Our empir-
ical assessment indubitably points to the proposed symmetric solutions as being more accurate
than the equivalent asymmetric approaches, with the ratio between available information and
complexity/difficulty of the problem as the characteristic having more impact on accuracy.
Overall, the optimal solutions reached with the joint specifications, those which solve linear pro-
grammes that simultaneously include all the constraints, are not the most accurate on average.
They are outperformed by the methods that build their solutions as an average of asymmetric sol-
utions. We conclude that for the datasets at hand, the nslphom_dual_w solutions are, on average,
the most accurate. This method grounds its better accuracy on its greater robustness since it is the
one generating the smallest error fewer times among the nslphom symmetric models. Indeed, there
is no symmetric algorithm that systematically beats the rest of the symmetric methods, so a ques-
tion to be answered is whether the circumstance itself could indicate which symmetric method to
choose. In other words, can we find specific configurations derivable from the observed data that
calls for the recommendation of a specific method for a particular dataset?
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Given that mathematical programming offers the natural methodological setting for simultan-
eously handling all the constraints linked to a symmetric treatment of the problem, we have con-
sidered only algorithms within the linear programming framework where we have built the
symmetric solutions from asymmetric methods. This has the advantage of maintaining all the pro-
posals within the same framework, making comparisons fairer and producing methods easy to use
and robust to claims of hacking. The user only needs to input a set of ecological data and a max-
imum number of iterations, and the procedures automatically return a sensible solution.
Nevertheless, it would be worth extending the analysis to other methodological settings, i.e. to
study whether similar results would be obtained if symmetric methods were built from scratch
or using asymmetric algorithms from other frameworks. For example, the following question
could be addressed: can inferences attained as an average of the two dual solutions of the
Rosen et al. (2001) R x C model systematically improve the asymmetric solution achieved by
choosing the most logical approach (of the two)? Indeed, in our view, the new angle for tackling
the ecological inference problem offered by this research should also be systematically explored
from other conceptual frameworks. This, however, demands new theoretical developments.
More specifically, just as ecological inference linear programming requires new developments to
introduce information from polls into its models (Pavia, 2023), an effort is also required to de-
velop genuine symmetric models from other frameworks, such as the Bayesian and frequentist eco-
logical inference ones. In this case, we consider that models based on conditional multivariate
hypergeometric distributions or full-table multinomial distributions could prove successful.

Our empirical results are based on data from simultaneous elections so it would also be worth
exploring whether our conclusions can be confirmed in other contexts, such as voting rights liti-
gation or literacy studies. Despite electoral datasets with true answers in other target application
areas being scarce and typically not available, it would be interesting to replicate the study of
Barreto et al. (2022) on racially polarized voting and analyse the impact of using symmetric ap-
proaches on substantive conclusions and on the accuracy in estimating the inner-cells values of
their simulated datasets. Likewise, the symmetric approach could also be tested estimating the ta-
bles of the datasets employed by Jiang et al. (2020). These datasets include data on US mortality
rates by gender and race, or literacy rates and educational attendance by gender in India.

Finally, from a more methodological perspective, it would be interesting to study what impact
initializing the iterative process with a different matrix of votes would have on the accuracy of the
nslphom_joint optimal solutions; for instance, what the impact would be of initializing with the
nslphom_dual_w solution instead of with the Iphom_joint solution. Furthermore, given the lack
of theoretical results about the (asymptotic) distributions of the estimators, we consider that the
bootstrap approach (e.g. Efron & Tibshirani, 1994) could be used to measure the precision of es-
timates. Despite the fact that [phom-based specifications can be theoretically observed as a linear
absolute fitting problem after applying Theorem 1 of chapter 6 in Bloomfield and Steiger (1983,
pp- 164-165) and, therefore, their estimators ‘usually’ be considered as having ‘a limiting normal
distribution’ (Bloomfield & Steiger, 1983, p. 44), in our view, this does not apply as a rule in the
ecological inference problem and definitely cannot be used in the tslphom- and nslphom-based
specifications. On the one hand, it is difficult to accept that the assumptions required by the dif-
ferent asymptotic theorems hold in the ecological inference problem, due to, among other issues,
the discrete character of the margins and the cross structures of relationships that the row and col-
umn aggregations impose. On the other hand, and more importantly, the tslphom- and nslphom-
specifications do not fulfil the hypothesis of the abovementioned Theorem 1, as it requires that the
number of summands (auxiliary variables) in the objective function be greater than the number of
equality constraints. The unit tables algorithms, [phom_local and Iphom_local_joint, that are in
the core of the tslphom- and nslphom-family models solve linear programmes where the number
of auxiliary variables is smaller than the number of equality constraints.

The above issues do not imply that ecological inference linear programming approaches lack a
statistical interpretation or that the estimated coefficients necessarily exhibit undesirable statistical
properties. On the one hand, in addition to the established links between linear programming sol-
utions and minimization of expected discrepancies, as previously mentioned when discussing the
proposed models, it is important to note that tslphom- and nlsphom-based approaches, like many
other ecological inference models, rely on the underlying assumption of independence across units
of the two-way distributions of votes, given their aggregate two-way joint distribution. In other
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words, the set of unit two-way fraction distributions can be viewed as a simple random sample of a
common probability distribution. This entails that, without covariates, estimates can only be re-
liable when models are applied in homogeneous political regions. On the other hand, we believe
that similar to how sampling properties of quadratic programming solutions can be obtained
through the links between quadratic programming and inequality-constrained normal regression
(Geweke, 1986; Judge & Takayama, 1966), the connection between linear programming and
inequality-constrained linear absolute fitting with Laplace-distributed errors could be explored
to derive statistical properties of basic ecological inference linear programming solutions. In add-
ition, we also find remarkable that the iterative algorithm that characterize nslphom-based meth-
ods can be understood in terms of an expectation-maximization algorithm (Dempster et al., 1977).
In this comparison, equations (6)—(13) would correspond to the expectation step, equation (14) to
the maximization step, and equations (1)—(5) are required for generating an initial estimate of the
expected transition probabilities. This connection becomes more evident when examining the var-
iants introduced in the Iclphom algorithm (Pavia, 2024).
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