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ARTICLE INFO ABSTRACT
Communicated by Enrico Valdinoci We consider manifold constrained weak solutions of quasilinear uniformly elliptic systems of
divergence type with a source term that grows at most quadratically with respect to the gradient
MSC: . . . . . . . .
35760 of the solution. As we impose that the solution lies on a Riemannian manifold, the classical
35D10 smallness condition for regularity can be relaxed to an inequality relating strict convexity of
35A23 the squared distance and growth of the leading order term in the tangent component of the
58E20 source. As a key tool for the proof of a partial regularity result, we derive a fully intrinsic
X i Caccioppoli inequality which may be of independent interest. Finally we show how the systems
eywords:

under consideration have a variational nature and arise in the context of F- or V-harmonic
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1. Introduction and statement of main results

Let (W, g) be a complete (without boundary, non necessarily compact) connected smooth n-dimensional Riemannian manifold,
which by Nash theorem [22] can be regarded as isometrically embedded N < RN in some Euclidean space. Given 2 C R” (m > 2)
an open bounded Lipschitz domain, we study regularity of weak solutions u : 2 — N to the following system of PDEs:

— div (b(x,u, Vu)Vu) = f(x,u, Vu) in Q. (€D)

Setting B(x,v,z) := b(x,v,z)z, we have two measurable vector fields B, f defined on 2 x RN x RN and taking values in R”V
and R”, respectively, while b is a scalar function on the same domain. The interest in these systems of diagonal type comes from
their ubiquitous appearance in differential geometry and physics: isothermal coordinates, Plateau and capillarity problems, minimal
surfaces and harmonic maps on Riemannian manifolds, or elliptic Monge-Ampére equations (see [14] for details).

It is well-known, since De Giorgi’s counterexample [6] in the 60s, that there is no hope to get regularity of weak solutions in
general. Accordingly, the goal is to focus on partial regularity, including estimates on the size of the singular set. The main point of
the present note is to prove that a theorem in this spirit still holds in a suitable manifold constrained setting, which in fact allows
us to relax the so-called classical smallness assumption. Furthermore, as a key tool of independent interest, we obtain an intrinsic
Caccioppoli type inequality (see Proposition 1).

In the Euclidean framework (cf. [7,11,17]), the following structural and regularity conditions are often assumed:
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H1l. 0< 7 < b(x,v,z) < L.
H2. B is differentiable with respect to z with continuous derivatives: A|&|*> < D,B(x,v,2)é ® & < A|&|%.

H3. |B(x + y,v+ w,z) — B(x,v,z)| < L(|y| + |w])*(1 + |z|) for some « € (0, 1).
H4. |f(x,v,2)| < C, |z|% + D,. We further require that f(x,u, Vu) is measurable for all u € H'(Q;RV).

The above conditions hold for some #,L, 1, A,C;,D; > 0 and all x,y € 2, v,w € RN, z,& € R"V. Then it is well-known that any
weak solution u € H'(2;RN)n L®(Q;RY), under the smallness condition

lul oo < 4/2C, (2)

is partially regular in the sense that Vu is Holder continuous on an open subset £, C £ of full measure. We stress that condition (2)
is crucial to get a Caccioppoli inequality, which usually is a starting point for the regularity study.
In our manifold constrained setting, f is decomposed into two terms; the tangent and normal components to N

fx,v,2) =t(x,v,2) +n(x,v,2) ET,N @ TN  for all (x,v,2) € QX N xR™,

By using intrinsic methods, we show that assumption H4 can be relaxed (see Section 2 for details) by asking instead that there exist
some constants Cy, D > 0 so that

H4*. |t(x,v,2)| < C|z|> + D(1 + |z), for all (x,v,2) € 2 x N x R™N,

and we just require a smallness condition for Ci, i.e., about the growth of the leading order term in the tangent part, cf. (3). We
point out that the use of intrinsic methods allows to impose no restriction on the size of the extrinsic n. As before, t(x,u, Vu) and
n(x,u, Vu) are assumed to be measurable for all u € H'(2;RN).

To state our main result, we first introduce some standard notations:

\/;cot(\/;t), k>0,

R, := + min {inj(./\/), Z } . co (=4 1/, k=0,
: W

VIl coth(v/Ix[1), & <0,

where inj(N') and « denote the injectivity radius and an upper bound for all sectional curvatures of N, respectively, with R, =
%inj(/\f ) for ¥ < 0. Recall that the squared distance on the manifold to a point p € N, denoted by d;(p, -) is a convex function in
geodesic balls B,(p, R) in the case that R < R,, strictly convex if R < R, (cf. [3, p. 404]). In this setting, we prove

Theorem 1. Let u€ H'(2;RN) be a weak solution of (1) such that u(Q2) C B,(p, R) for some p € N and R > 0 with R < %, and let
assumptions H1-H3 and H4* hold, as well as the following smallness condition

. 1
C; < ¢ min { R coK(ZR)} . 3)
Then the first derivatives of u are Holder continuous on an open set £, with L"(Q2 \ £,) = 0. Moreover, Q, = Q for m =2.

The above partial regularity result may be regarded as a natural extension of the already classical regularity statements by Eells
and Sampson [9], Hildebrandt, Kaul and Widman [15] or Schoen and Uhlenbeck [25, Corollary, p. 310] for harmonic mappings
into Riemannian manifolds to the wider framework of F or V-harmonic maps (see Section 4 for details about the interpretation of
(1) as the Euler-Lagrange equation associated to an F-energy).

About the assumptions on u(£2), we point out that for F- and V-harmonic maps, there holds a comparison principle, for instance,
when coupled with Dirichlet boundary conditions (see [18] and [4, Theorem 3]). In this case, if the Dirichlet constraint lies in
a geodesic ball with smaller radius than a threshold, then the solution does so too. Moreover, we highlight that in case that
B(x, v,z) = b(x,u)z our smallness condition (3) recovers that in [16] for the case k = 0. Despite the condition u(£2) C B,(»,R) imposes
certainly a restriction, as it amounts to remove any (local) topological defects of the map u, such a requirement is nevertheless
necessary in light of e.g. the construction by T. Riviére [23] of everywhere discontinuous weakly harmonic maps into S2.

Concerning the strategy of the proof, under condition (3) and within half of the range of strict convexity, we prove an intrinsic
Caccioppoli inequality in Proposition 1. This result is, to the best of our knowledge, the first inequality of this type where the
so-called excess function (that is, the right hand side) is fully intrinsic. This is novel even for the previous literature working on
manifold constrained settings (compare with e.g. [5, Lemma 8] or [10, Theorem 5.2]).

The next step to obtain regularity of solutions is to prove a higher integrability result. In Proposition 2, we prove that weak
solutions of the system belong to a Sobolev space W '4(Q;RN) with a ¢ > 2. As pointed out in [11, Remark 2.4], the smallness
condition (2) is only needed to provide the integrability result. Therefore, applying [11, Theorem 2 and Corollary 4.4] (in which
no smallness condition is used), we immediately get the proof of Theorem 1.

The paper is organized as follows: Section 2 shows how to get the hypothesis H4 from the milder requirement H4*. Section 3 is
devoted to prove the Caccioppoli inequality and a higher integrability result for weak solutions to (1). In Section 4 we give details
of how the variational problem which gives rise to F- and V-harmonic maps can be interpreted in the framework of the elliptic
systems under consideration.
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2. How to get hypothesis H4 from the weaker H4*

In this section, we aim to show that the assumption H4 follows from the weaker requirement H4*. After proving this, as a
by-product of Theorem 1, we recover the classical regularity result, but with a milder smallness condition.

Let us thus assume hereafter that H4* holds.

First, if we split the left hand side of (1) into a tangent and a normal part, the extrinsic part n is completely characterized in
terms of the second fundamental form A, of N' & RN at v € N as

m
nCx, u, Vi) = b(x, 1, Vi) Y Ay (O 0pt),  in T N

a=1
Next, we extend this expression to the whole of @ xRN xR”V in a way that H4 holds. For this, we follow the ideas in [13, p. 108].
For a sufficiently small 6 > 0, we consider a tubular neighborhood of B,(p, R): T5(B,(p, R)) := {x € RN*L - dist(x, B,(p, R)) < 6},
where dist denotes the Euclidean distance. Let 0 < y < 1 be a test function such that y(B,(p, R)) = 1 and supp(y) C T;5(B,(p, R)).
Observe that any point in T;(B,(p, R)) can be projected onto B,(p, R) uniquely by a submersion z; (e.g. see [26]).
In this setting, we can define the extensions

Y b 0.2) Y Ay (20 7,). (x.0.2) € QX T;(By(p. R) x R"™

n(x,v,z) ;= =~ 4
0 otherwise.

i 0,2) = 4 YOURDD, (02 € 2XTH(B(p, R) xR, )
0 otherwise.

Hence, by imposing just H4*, it follows that H4 holds for f =t +1 with C; := C, + g + L || All Lo(8,(5,r) and D, :=3D/2. Here
we have used the notation

A0l Lo (B, 1)) = inf{CeR" : A,(X,X)< C|X|?* forall g B,(p.R) and X € T,N'}.

Finally, let us remark that u also solves (1) with f on the right hand side, since f and f coincide on 2 x N x R”N, Therefore,
without loss of generality, we will work with the extension f in the sequel (but we keep the notation f for clarity).

3. Caccioppoli inequality and integrability of solutions
We say that b € B,(p,R)is a barycenter of a Radon measure y on B,(p, R) if b is a minimizer of the function

- 1 5
By(p.R)Sq— 2 /ng(~,q) du.

In [1, Theorem 2.1], it is proved that, under the conditions above, a unique barycenter exists. Notice that this is true for simply
connected nonpositively curved manifolds without any restriction on R (cf. [8]). Recall that in the literature the barycenter is also
known as the Riemannian center of mass or Karcher mean [20]. Given x, € 2 and r < dist(x,, 0£2) we define the barycenter of u in
the ball B,(x;) as the barycenter of the particular measure y := u#C’"lm, whose support by the assumption about u(£2) lies on
B,(p, R). Namely, the barycenter can be regarded simply as the minimizer of

b d2(u(x), b) dx.
B,.(x0)

Proposition 1. Under the assumptions of Theorem 1, the following intrinsic Caccioppoli inequality holds:

/ |Vu|2 < % / a1+ d;(u, b,,)), for some C > 0, for all x, € 2 and r < min { w, 1 } N 6)
B

,(x0) = J By (xg)

where b,, denotes the barycenter of u in the ball B,,(x;).

Proof. First of all, we observe that the condition u() C B,(p, R) permits to say that b,, exists, and that ¢, := d,(u,by) < R, for all
xp € 2and r < 4099 yypless otherwise stated, B, denotes hereafter a ball centered in x, with radius r.
Let us consider x, and r as above, and let € Ce() be such that 0 <y <1, n, =1, supp(n) C By, and |Vn| < ¢/r for some

¢ > 0. We take ¢ = —n? exp ! b,, =: n*X, € T,N". Note that X, inherits the regularity of the map u, and by [19, Theorem 6.6.1] it
holds

2 2 m
Hess (;) (Vu, - = Vg, (;) = Vg, (exp;' by,) = = 3V, (expy by) = VX @

a=1

where {e, s the canonical orthonormal basis and f is the musical isomorphism i.e. ' is the vector field given by g, ) =w(-)
for any 1-form w.
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Now, if we multiply (1) by ¢, we can write

- / n?div(B(x,u, Vi) - Xy = / n? t(x,u, Vu) - Xy.
B, B

2r

Integrating by parts and using (7), we get

2
/11 b(x,u, Vu) Hess(t >(Vu Vu) = /nzt(x,u,Vu)~Xh—2/nb(x,u,Vu)Vr] Vu Xy =:J. 8
B”r BZr BZr
Concerning the left hand side of (8), by means of the comparison theorem (see [19, Theorem 6.6.1] or [24, p. 154]), we get
/n b(x,u, V) Hess( >(Vu Vu) > f/ 7%ty o (ty)|Vul? > £ min{1,2Rco, 2R)} | #*|Vul>. 9)
By, By, By,

On the other hand, using Young’s inequality, we have, for any ¢ > 0,
5 2 L2C2
J < 2Rq/ 72| Vul +D/ (1 + | Vul) t, +e/ 72| Vul* + —/ v
By, B, By, re By,

2 2 1 L2(32 D 2
< 2RC; 7| Vu| +— (1+t )+&(l+ D) 02| Vul> + = —t T Ty (10)
By, By, € r 4 By,

Under the smallness condition, combmmg the expressions (8), (9), (10), and having in mind that r < 1, we easily get (6). [

o

Proposition 2. Let u € H'(Q2; N) be such that u(2) C B,(p. R) for some p € N and R < '"’(M

g>2 and C > 0 such that u € W4(Q2; RN) and

2/q
f 1+ |Vu|)dx SCf (1 +|Vu|2)dx a1
B,.(xp) By, (xp)

dist(x(,09)

and satisfying (6). Then, there exists

for every xp € Qand 0 <r <

Proof. First, observe that the range condition u(2) C B . (D, R), with R < ‘"JW) yields the existence of b,, and the injectivity of the

exponential map centered at b,, in the range of u. Therefore, we can choose polar coordinates centered at b,,, and we find that

= u”—f u’
By,

where u” is the radial component of u. Consequently, using Sobolev-Poincaré inequality we note that

m+2 m+2
1 2 m-2 2 m-2,2 Zmo\ o m amo\ om
= [ d; b,,) < Cr |u?|” < Cr™==r |Vu? | m+2 <cCr |Vu|m+2
r BZr By, By, By,

where, in the last inequality we use the fact that |Vu?| < |Vu|. Therefore, from (6), we find

2
dy(u, by, = [u’|?

m+2

2m “m
f|Vu|2§C( (1+|Vu|)m> .
B, By,

Finally, the result is obtained by [12, Proposition 5.1]. []
4. Application to recover several generalizations of harmonic maps

Quasilinear elliptic systems of constrained PDEs of type (1) naturally arise when one minimizes the following energy functionals
in the class of H! functions with range in N, denoted by H!(£2; N):

/F(x law? )dx if ue H'(Q; N)
Q

P = (12)
+00, otherwise.
In fact, the Euler-Lagrange equation associated to 7 can be written in terms of the tension field 7 as
0=1p(u)=F' ( it ) W)+ Vu -V (F’ (x, #)) . where ()= P,(du). (13)

P, : RN — T, N is the orthogonal projection and F’ the partial derivative of F(x, s) with respect to s. Notice that (13) includes the
well studied cases of F-harmonic maps [2], if there is no x-dependence, as well as f-harmonic maps (introduced by Lichnerowicz
in [21]) with F(x,s) = f(x)s. We point out that (13) can be written as

—div(F’( 'd‘“ )Vu) = F’( ""“ )ZAu(d U, 0,).
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Therefore, as explained in Section 2, (13) can be put into the form (1) with right hand side satisfying H4.
Another example in which our study can be applied is the case of "—harmonic maps, with V' a given smooth vector field on
Q [4]. Then the system of PDEs reads as

() — (V,Vu) =0.

In this case, t'(x,z) := V*(x) %, satisfies H4* with C, = 0.
2
Notice that, in the case that F € C%(22 x R), such that 0 < # < F’(x,s) < L and the function G(x,z) := F (x, %) is uniformly
convex in z, assumptions H1-H3 are satisfied.
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