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Abstract

This paper studies the multidepot drone general routing problem with duration and capacity constraints
(MDdAGRP), an extension of the classical general routing problem with several depots. A fleet of drones with
limited flight time and payload, each one located in a different depot, must jointly perform the service. In
this continuous optimization problem, a set of lines of a network has to be serviced and a set of nodes has
to be visited to deliver a given commodity. The aim is to find a set of drone routes performing the complete
service with the shortest total duration. Aerial drones can enter a line at any point, service a portion of that
line, and exit through another point, without following the lines of the network. While this flexibility allows
for potentially better solutions, it also adds complexity to the problem. To deal with this, we digitize the MD-
dGRP instances by approximating each line with a polygonal chain containing a finite number of points that
can be used to enter and exit each line. Thus, an instance of a discrete multidepot general routing problem
(MDGRP) is obtained. This paper proposes an integer formulation for the MDGRP, some families of valid
inequalities, and a branch-and-cut algorithm based on the strengthened formulation. Two matheuristic algo-
rithms are presented, focused on sequentially selecting (and adding) some promising intermediate points to
enter and exit a line. Instances involving up to six depots, 22 delivery points, and 88 original lines have been
generated to test the performance of the methods proposed.

Keywords: drones; general routing problem; multi-depot; length constraints; capacity constraints; matheuristic; branch-
and-cut

1. Introduction

Routing problems have been usually categorized into two families: node routing problems, in which
a service (e.g., delivering a package) has to be performed at certain points of a network, and arc

© 2024 The Authors.

International Transactions in Operational Research published by John Wiley & Sons Ltd on behalf of International Federation
of Operational Research Societies.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which
permits use and distribution in any medium, provided the original work is properly cited, the use is non-commercial and no
modifications or adaptations are made.


https://orcid.org/0000-0002-5418-8139
https://orcid.org/0000-0002-0516-4608
https://orcid.org/0000-0002-0039-8122
https://orcid.org/0000-0002-0395-9263
mailto:tecorfa@alumni.uv.es
mailto:isaac.plana@uv.es
mailto:jmsanchis@mat.upv.es
mailto:psegmar@upvnet.upv.es
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1111%2Fitor.13457&domain=pdf&date_stamp=2024-03-23

2 T. Corberan et al. / Intl. Trans. in Op. Res. 0 (2024) 1-24

routing problems, where the service (e.g., street cleaning) is carried out by traversing some links of
the network. The routing problem in which the services must be performed both at some arcs and
vertices of the network is called the general routing problem (GRP), introduced by Orloff (1974).
Given an undirected graph, the GRP consists of finding the minimum-cost route (closed walk) that
visits a subset of vertices, called required vertices, and traverses a subset of edges, called required
edges. The GRP was proved to be NP-hard in Lenstra and Rinnooy Kan (1976) and, therefore,
exact algorithms are only useful for GRP instances of moderate size. Since then, the GRP has been
studied in undirected, directed, mixed, and windy graphs (see, e.g., Corberan et al., 2015). Perhaps
the best exact algorithm for the GRP is the one proposed in Corberan et al. (2007), a branch-
and-cut algorithm incorporating several families of valid inequalities that is capable of solving to
optimality GRP instances with up to 1000 vertices and more than 3000 edges. A lower bound for
the GRP is proposed in Bach et al. (2013).

A natural extension of the GRP appears when we consider a limitation on the amount of the
service a single vehicle can perform, thus obtaining the capacitated GRP (CGRP), which is a mul-
tivehicle routing problem (Pandi and Muralidharan, 1995; Prins and Bouchenoua, 2005; Bosco
et al., 2013). Archetti et al. (2017) introduce the profitable CGRP, in which there is a profit as-
sociated with the service of both some edges and nodes. In Ahabchane et al. (2020), the mixed
CGRP with time-dependent demands is considered, while Salazar-Aguilar et al. (2013) present a
“road-marking” application, where both nodes and arcs require service and can be modeled as a
synchronized GRP. Hasle (2014) argues that the mixed CGRP is an adequate model for routing
applications where, although demand is fundamentally point based, groups of vertices can be rep-
resented as required arcs or edges by aggregating their demands. Oruc and Kara (2018) propose an
extension of the GRP applied to the early assessment of damage in populated areas after a disaster
by teams equipped with drones and motorcycles.

In problems with several vehicles, it may make sense to consider several depots from which the
vehicles start their routes. Node routing problems with several depots have been extensively stud-
ied in the literature (see, e.g., the survey of Montoya-Torres et al., 2015). Regarding arc routing
problems with several depots, however, the literature is scarce, and, as far as we know, there are no
previous works on the GRP with multiple depots.

Most of the works mentioned above consider traditional ground vehicles. However, the use of
drones for delivery or inspection tasks is becoming more common each day, since they offer a num-
ber of advantages compared to traditional means of transportation, being able to reach places that
are difficult to access or dangerous for people or conventional vehicles. Routing problems with
drones have some characteristics that set them apart from those with ground vehicles. Drones can
travel in a straight line between any two points, without following the links of the network as hap-
pens in classical routing problems. If the service to be performed consists of traversing some lines,
the drones can enter one of these lines at any point (even in the middle of it), traverse and service
part of it, leave the line at another point, and then travel directly to another location to perform
another service. This may allow shorter routes than those obtained with traditional vehicles but
turns the routing problem into a continuous optimization one that is more difficult to solve. Recent
advances in drone technology have led to the appearance of models capable of performing several
tasks, such as making deliveries and mapping surfaces, in the same flight. These types of problems
can be modeled as GRPs.
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(a) MDAGRP instance (b) MDAGRP solution

Fig. 1. MDdGRP instance and a feasible solution.

The problem studied in this paper is the multidepot drone general routing problem with dura-
tion and capacity constraints (MDdGRP). In the MDdGRP, there is a set of lines that have to be
traversed, each one with an associated traversal time, and a set of locations where a given demand
must be delivered, also with a given delivery time. To perform these tasks, there is a fleet of identical
drones. Each drone starts and ends its route at a given point, a depot, that can be different for each
drone. The drones have both a maximum payload Q that they can carry and a maximum flight time
L. The objective of the MDAGRP is to find a route for each drone, each one of them starting and
ending at its depot, in such a way that they jointly perform all the tasks with minimum total dura-
tion (or cost). The duration of each route must not exceed L, and the capacity Q of the drones must
not be exceeded. In this work, we will assume that the maximum flight time L and the capacity QO
are enough to traverse all the lines and deliver all the demand. If this was not the case in a real-life
application, we could consider the possibility of allowing the drones to come back to the depot,
change their battery or recharge them, load more items to be delivered, and continue flying. This
can be modeled in our problem by adding more copies of the depot and one new drone for each of
these copies. These new drones would represent consecutive flights of the same drone, thus allowing
us to obtain solutions for such instances, although at the expense of increasing their difficulty.

To illustrate the problem we address here, Fig. 1a shows an MDdGRP instance with three depots,
dy, d», and ds (represented by red squares), a set of three required locations that have to be visited
(represented by circles), and a set of lines requiring a service (e.g., inspection or surveillance). Let
us suppose that each delivery has demand 1 and each drone has capacity Q = 1, that is, each drone
can perform one delivery. A feasible solution for this MDdGRP instance is given in Fig. 1b, where
each route is depicted in a different color. Each drone route starts and ends at the same depot and
satisfies the duration and capacity constraints. In this example, the service of some of the lines is
shared by two different routes.

There is a large number of scientific articles in the literature regarding routing problems with
drones. Regarding node routing problems, Murray and Chu (2015) introduced the flying sidekick
traveling salesman problem, which considers the cooperation of one truck and several drones
to provide service to a set of customers, and several generalizations of this problem have been
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addressed since then. Wang and Sheu (2019) presented the vehicle routing problem with drones,
where there is a fleet of trucks equipped with drones that can be dispatched from and picked up
at any node of the network, and Di Puglia Pugliese and Guerriero (2017) extended it to consider
time windows for each customer. Kim and Moon (2024) introduced a new problem where the
drones start at different depots and the location of these depots has to be determined. The surveys
of Macrina et al. (2020) and Rojas Viloria et al. (2021) provided an extensive overview of recent
works on node routing problems with drones.

Drone arc routing problems were studied for the first time in Campbell et al. (2018), where
for each line a finite number of points is selected so that drones can enter and leave the line only
at these points. In other words, each original line is now divided into small edges that a drone
must traverse completely or not. This same approach has been used in Campbell et al. (2021,
2022) to solve the length-constrained K-drones rural postman problem, in which a fleet of drones
with limited autonomy must traverse a set of lines. Other works have dealt with drones in arc
routing problems. Chow (2016) studies a stochastic arc-inventory routing problem applied to traffic
monitoring. He proposes an approximate dynamic programming algorithm based on least squares
Monte Carlo simulation to derive its stochastic dynamic policy. In Li et al. (2018), the authors
propose a mixed integer programming formulation combining the capacitated arc routing problem
with the inventory routing problem for solving a drone scheduling problem in traffic monitoring.
The combination of other types of vehicles with drones in the context of arc routing problems
has also been studied in the literature. Luo et al. (2019) model the problem as a double-layer arc
routing problem, present a mixed integer linear programming formulation, and propose heuristic
algorithms for its solution. Amorosi et al. (2021, 2024) describe problems in which the drone is car-
ried by a mothership that can move freely in a two-dimensional space, a connected piecewise linear
polygonal chain, or a general graph. They propose mixed integer second-order cone nonlinear
programming formulations for all these situations and develop a matheuristic algorithm.

Few works have dealt with drones that have to perform services at arcs and vertices of the
network in the same flight. Campbell et al. (2023) detailed a real-life application, motivated by a
UNICEF project in Malawi, in which this type of drone, called “multipurpose,” would be used to
transport packages (e.g., medical aid) and, at the same time, take images of areas that have suffered
some kind of natural catastrophe, such as floods or earthquakes. As in our work, that problem is
modeled as a GRP, but drones are restricted to starting and ending at a single depot. The authors
present a formulation for the problem and propose branch-and-cut and matheuristic algorithms.

As some of the drone routing problems mentioned above, the MDdGRP is a continuous opti-
mization problem, since drones can enter and leave each line at any of its points. However, if the
lines that have to be traversed are approximated by polygonal chains and we allow drones to enter
and exit each line only at the vertices of these polygonal chains, we obtain a discrete problem, the
multidepot general routing problem (MDGRP). If the number of points of the polygonal chains is
large enough, the optimal solution of the MDGRP will be very similar to the optimal solution of the
MDAGRP. Therefore, we will study the MDGRP as a means to obtain solutions for the MDdGRP.

The main contributions of this paper are the following. We introduce a new problem, the
MDAGRP, based on the GRP with drones and considering capacity constraints and multiple
depots. Since this is a continuous optimization problem, we formulate a discrete relaxation of the
MDdAGRP, the MDGRP, and propose several families of valid inequalities that strengthen this for-
mulation. Using these inequalities, we develop a branch-and-cut algorithm to solve the MDGRP.
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We also propose two matheuristic algorithms to obtain quality solutions for the MDdGRP. A new
set of benchmark instances for the MDdGRP has been generated, and extensive computational
experiments have been conducted to assess the performance of the proposed methods.

The remainder of this paper is structured as follows. In Section 2, we propose a formulation
for MDGRP and present several valid inequalities, while a branch-and-cut algorithm for its exact
solution is described in Section 3. Section 4 is devoted to the description of two matheuristic
algorithms for the MDdGRP. The computational experiments are reported in Section 5, and some
conclusions and future research lines are discussed in Section 6.

2. The multidepot general routing problem

The MDGRP is defined on an undirected graph G = (V, E), with vertex set V' and edge set £ =
Er U Eng. The set of required edges Er corresponds to those that have to be traversed, and the
remaining edges in E, the set of nonrequired edges Eng, are used for deadheading. The set V'
contains the vertices incident with the edges in Eg, denoted V7, the set of depots D, and a set of
required vertices with positive demand Vy that must be visited. Therefore, G = (DU Vx UV}, Ex U
Eng). We assume that the required vertices cannot be depots or incident with required edges, that
is, VR N (D U V;) = @, although it is possible that set V; contains some depot d € D. There is a
traversal (and service) cost ¢} > 0 associated with each required edge e € Eg, and a deadheading
cost ¢, > 0 associated with each nonrequired edge ¢ € Eyg. Each node i € V'; has an associated
positive integer demand ¢; > 0 and a service cost ¢; > 0. The cost (duration) of a route is the sum of
the costs of the edges traversed and the vertices serviced in the route. We consider a fleet of vehicles,
each one associated with a different depot, with a limit L on the duration of their routes and another
limit O on the maximum load that they can carry. An MDGRP solution is a set of D = |D| routes,
each one starting and ending at the corresponding depot, that jointly traverses all the required edges
and visits all the required vertices, satisfying the capacity and duration limitations. The goal is to
find an MDGRP solution with minimum total cost.

Since the MDGRP instances we want to solve in this work have originated from the discretization
of MDdGRP instances, here the set of required edges Er contains the segments of the polygonal
chains into which the original lines have been transformed. The cost of each line is distributed
among the segments proportionally with respect to the length of each segment. Moreover, since
drones can fly directly between any pair of points, the set of nonrequired edges forms a com-
plete graph.

The formulation we propose for the MDGRP considers a binary variable x¢ for each edge ¢ € E
and each depot d € D, and a binary variable ¢ for each nonrequired edge e € Eyg and for each
depot d € D. Variable x? takes the value 1 if the required edge e is traversed (and serviced) in the
route of depot d and 0 otherwise, while variables x¢ and y¢ take the value 1 if the nonrequired
edge e is traversed once or twice, respectively, in the route starting and ending at depot d, and 0
otherwise. Note that variables x¢ and )¢ represent the first and second traversals of nonrequired
edge e in route d. Additionally, a binary variable z¢ is introduced for each vertex i € V and each
depot d € D, taking the value 1 if the vertex i is serviced in the route of depot d and 0 otherwise.

We will use the following notation. Given two subsets of vertices S, S" C V, (S : §’) denotes the
edge set with one endpoint in S and the other in S’. Given a subset S C V, let us denote §(S) = (S :
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V\S) and let E(S) ={e= (i, j) € E : i, j € S} be the set of edges with both endpoints in S. For
any subset F C E, we denote Fr = F N Eg, Fyg = F N Eng, although we will use 8z(S) (8NR (S))
instead of §(S)x (8(S)nr) for the required (nonrequired) edges in set §(S). Given a vector x? indexed
on the set E of edges, let x/(F) = Y, x4 and (x?+ y!)(F) = Y, p(x¢ + y?). The MDGRP can
be formulated as follows:

Minimize Z Z cL x —i—ye Z X —I— Zcfzf-l , (1)

deD L’GE}\R (EER iEVR
x!(8r(1) + (x'+ y)(Byr()) = 0 (mod 2), VieV\Vg, Vd €D, )
x4+ y")(8() =227, Yie Vi, Vd €D, (3)
X (8r(S)) + (¥ + y)(Gur(S)) = 2x§, ¥d € D, ¥SCV\(d}, Vf €E(S), @)
Y x{ =1, Vee Eg, ()
deD
Y =1, Vie, (6)
deD
Dol e+ ) + D ezl <L, ¥d €D, (7)
(’EER @GENR iEVR
Z dz? < Q, Vd € D, (®)
iEVR
x! >34 VeeEng, Vd €D, )
24 € (0,1}, VieVg, Vd €D, (10)
x! €{0,1}, YecEg, Vd €D, (11)
x4, 31 €{0,1}, Vee Exg, Vd € D. (12)

The objective function (1) minimizes the total cost of the D routes. The first term represents the
“deadheading cost.” The second and third terms represent the cost of servicing the required edges
and the cost of visiting the required nodes, respectively, and due to constraints (5) and (6) both are
constant and could be removed from (1). Constraints (2) and (3) force all vertices in each route to
have even degree. The first ones imply that the edges incident with a vertexi € V' \ Vg, that is, those
in §g(7) U dngr(i), are traversed an even number of times (maybe zero) by route d, while equalities
(3) ensure that route d traverses exactly twice all the (nonrequired) edges incident with a vertex i if
it is serviced by this route (zjl = 1) or zero times if it is not serviced (Z;l =0).

Inequalities (4) avoid subtours and ensure the connectivity of each drone route with its depot. If a
route d traverses an edge f in E(S) (x‘;. = 1), these inequalities force the route to traverse the cut-set

8(S) at least two times in order to connect it to depot d. Otherwise (x‘; = 0), these inequalities are
trivially satisfied. Equations (5) force each required edge to be serviced exactly once, and the visit of

all the required vertices in exactly one route is ensured by constraints (6). Constraints (7) guarantee
that the cost of each route does not exceed L, while constraints (8) ensure that the total demand
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serviced on each route is not greater than the drone capacity Q. Constraints (9) force that a second
traversal of a nonrequired edge in a route can only occur when it has been traversed previously in
the route. Constraints (10)-(12) are the binary conditions for the variables.

2.1. Valid inequalities

In what follows, we will present some families of valid inequalities that will contribute to strengthen
the linear programming (LP) relaxation of the formulation (2)—(12) for the MDGRP.

2.1.1. Connectivity inequalities for required vertices
Given a depot d € D and a vertex subset S C V' \ {d} such that Vx NS # @, the following connec-
tivity inequalities are also valid:

X1 (8r(S)) + (x4 ¥ (Brr(S)) = 229, Vie VgNS. (13)

2.1.2. Parity inequalities

Constraints (2) are not linear, but they can be replaced by the following parity inequalities, which
have been adapted from those presented in Corberan et al. (2013) for the maximum benefit Chi-
nese postman problem, that were based on the cocircuit inequalities introduced in Barahona and
Grotschel (1986):

X BRISVF) + (x7 = yNR(S\F) = x¥(Fr) + (x* — y")(Fyr) — |F| + 1, (14)

for each depot d € D, for all S C V', and for all F C §(S) with |F| odd.

These inequalities are based on the fact that any route traverses any cut-set §(S), with S C V', an
even (or zero) number of times. Note that if a nonrequired edge e is traversed twice or not traversed
in the route of depot d, x? — y? = 0 holds, and therefore the right-hand side of (14) is positive if
and only if all the edges in F are traversed exactly once. Since |F| is odd, at least one more edge in
8(S) \ F has to be traversed exactly once and then x?(8z(S)\F) + (x? — y?)(8yr(S)\F) > 1 holds.

2.1.3. p-Connectivity inequalities

For each depot d € D, let {Sy, ..., S,} be a partition of V' and assume that d € S, r € {0, ..., p}.
Foreach j € {0, ..., p}\{r}, we select either an edge ¢; € E(S;) or a vertex v; € S; N V. Let I; and
I, be the sets of indices in {0, ..., p}\{r} in which an edge or a required vertex has been selected,
respectively. Then, the following inequality is valid (a proof can be found in Campbell et al. (2023)):

X (8r(S0) + (X + yNEar(SN +2 Y xSy 8) =2 x4 42 = (15)

1<g<t<p Jjel jeb

These p-connectivity inequalities are a generalization to the problem with several vehicles (and
depots) of those presented in Corberan et al. (2013).
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2.1.4. Capacity inequalities

Given a subset of vertices S C V, let K be a lower bound on the number of drones needed to service
the vertices in S N V. Let us denote D' = DN S. If K > |D’| then the vertices in S N Vg cannot be
serviced from the depots in D’ and at least K — |D’| drones from depots outside of S must enter in S,
thus crossing the cut-set §(S). Therefore, the following capacity inequality is valid for the MDGRP:

D XGrSN+ D I yDNr(S) = 2(K — D)), (16)

deD\D’ deD\D’

An easy bound K on the number of drones needed to service the required vertices in a set S is

K= [ 3 d,-/Q—‘.

iEVRﬂS

If, for example, K — |D’| = 2, then at least two different drones must cross the cut-set §(S) and
the following capacity inequalities are also valid for the MDGRP:

Yoo xS+ DY (X)) (Snr(S) = 2(K— D |- 1)Vbe D\ D'
deD\(D'U{b}) deD\(D'U{b})

3. A branch-and-cut algorithm for the multidepot general routing problem

In this section, we describe the branch-and-cut algorithm we have implemented for the MDGRP
based on the formulation presented in Section 2. The initial LP is defined by equalities (3), (5),
and (6), inequalities (7)—(9), and the bounds on the variables. Connectivity inequalities (4) and
(13) are exponential in number and are separated at each iteration of the cutting-plane algorithm
and added to the LP. Moreover, the previous parity, p-connectivity, and capacity inequalities are
separated with the algorithms described in the below section.

3.1. Separation algorithms

At each iteration of the cutting-plane procedure, we use some separation algorithms to identify valid
inequalities that may be violated by the current LP solution. Let (X, y, Z) denote this solution, pos-
sibly fractional. In the following, we describe the separation procedures used for each family of
valid inequalities, in which ¢ will correspond to a given parameter that is used in some of these pro-
cedures.

3.1.1. Connectivity inequalities (4) and (13)

Connectivity inequalities (4) and (13) for each depot d can be exactly separated in polynomial
time. Given the support graph induced by the edges e € E such that ¥/ > 0, we calculate a max-
flow from d to each edge f or required vertex i such that )?‘/f. > 0 or E;" > (0. We use this algorithm
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only for identifying violated inequalities of type (13) because the number of required vertices in
our instances is not large. However, in what refers to inequalities (4), the exact procedure is time
consuming and usually produces many violated inequalities that are very similar to each other.
Therefore, we have decided in this case to use heuristic algorithms for separating them.

The first heuristic is well known and consists of the computation of the connected components
of the graph induced by the edges e € E such that X? + j¢ > ¢, plus the depot d, if necessary. The
inequalities (4) and (13) associated with each connected component and with the edge f with the
maximum x’; or the required vertex i with the maximum ¢ are checked for violation.

The second heuristic works in a smaller graph in which the connected components of the graph
induced by edges with ¥ > 1 — ¢ are shrunk into a single vertex each. Then, all minimum cuts be-
tween the vertex corresponding to the component containing the depot d and the remaining ones
are calculated, and their corresponding connectivity inequalities (4) and (13) are checked for viola-
tion.

3.1.2. Farity inequalities (14)

Given a subset S C V, Ghiani and Laporte (2000) described a procedure for choosing the subset
of edges F C §(S) that produces the most violated co-circuit inequality, if any, associated with this
cut-set. Given depot d € D, since parity inequalities (14) are derived from co-circuit inequalities,
we can adapt this method as follows.

Each edge e € §yr(S) with ¥/ — 7 > 0.5 and each e € §z(S) with X? > 0.5 are included in F. If
|F| is odd, we already have the optimal set F, and we proceed to check the corresponding parity
inequality for violation. If | F| is even, we need to add one more edge to F or remove one from it.
We look for the edge in F with the lowest value of ¥/ — 77 (or %) and the edge in §(S) \ F with the
highest value of ¥/ — 7/ (or /), and choose the best option between removing the first one from F
and adding the second one to it. Then we check the parity constraint for violation.

We apply this procedure for all the depots d € D and all the subsets S formed by one single
required vertex as well as for general subsets S obtained by computing the connected components
of the graph induced by the edges ¢ € Eyg with ¥/ — ¢ > ¢ and those in e € Eg with ¥/ > ¢, plus
the depot d, if necessary.

3.1.3. p-Connectivity inequalities (15)

To separate these inequalities, we consider the connectivity inequalities (4) found by the connectiv-
ity separation procedures that are satisfied with equality. Let S be the set of vertices associated with
one of these tight inequalities and assume that d € Sy = V'\S. Now we compute the connected
components of the subgraph induced in G(S) by those edges e € E(S) such that X/(e) > 1 —&.
For each connected component C;, we define w; = max{x? : e € E(V;), 2/ :i € V; N V&}, and for
each pair C;, C}, s;j = 254V V;) — 2min{w;, w;}, where V; denotes the set of vertices in C;. The
components that maximize s;; are iteratively shrunk while s;; is positive. In this way, we obtain sets
S1, ..., S, and the corresponding inequality (15) is checked for violation.
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3.1.4. Capacity inequalities (16)

Capacity inequalities (16) can be separated heuristically by using the following simple procedure.
First, we build the support graph G = (V, Ex U E yr), where E yg is defined by those nonrequired
edges with ¢, = > deD(}'cﬁ + 77) > 0. Required edges have unit capacity, and edges in Eyz have
capacity ¢,. For each depot d € D and each required vertex i € Vg, we compute the maximum
flow in G from d to i. Let (S : '\ S) be the associated minimum cut, with i € S. We define D’ =

DNSand K = (Z_/EVRHS dj/Q—|. If the maximum flow is less than 2 (K — |D’|), this cut-set defines
a violated capacity inequality (16).

3.2. The cutting-plane algorithm

At each iteration, the cutting-plane algorithm applies, for each depot d € D, the first heuristic algo-
rithm for connectivity inequalities with ¢ = 0, 0.25, 0.5, where the value of ¢ is increased only if no
violated inequalities are found with the previous value. Moreover, the second connectivity heuristic
is applied with ¢ = 0, 0.1, 0.2, 0.3, 0.4. All the tight cut-sets obtained with the connectivity sepa-
ration procedures are stored and used by the p-connectivity heuristic with ¢ = 0, 0.15, 0.3. If the
above connectivity separation heuristics fail in finding violated cuts for the route associated with a
given depot d, the algorithm based on the exact separation procedure for connectivity inequalities
(13) is applied for this depot.

Moreover, at each iteration, we apply the exact parity separation procedure for single vertices
and the heuristic procedure for parity inequalities with ¢ = 0, 0.25, 0.5. The heuristic for identi-
fying violated capacity inequalities is applied only for depots for which no violated connectivity
inequalities have been found and only at nodes of the search tree whose depth is less than or equal
to four.

This cutting-plane algorithm is applied at each node of the search tree whose depth is less than
9 while new violated inequalities are found and the value of the objective function has increased
at least &,/% in the last 20 iterations, where &,/ = 0.02 in the root node and ¢,/r = 0.05 in the
remaining ones. Since we have observed that the number of cuts found decreases with the depth of
the node in the tree, we have decided not to use the cutting-plane algorithm for nodes of depth 9 or
greater and just branch.

4. Matheuristic algorithms for the MDdGRP

In this section, we present two matheuristic algorithms for solving the MDdGRP. Each MDdGRP
instance contains a set of required lines, a set of required locations, and a set of depots. Each line
of an MDdGRP instance is given by a polygonal chain with a large number of points and segments
that can be considered a very good approximation to the original line. If we assume that drones
can only enter and exit each line through the points of the polygonal chain, we have an instance
of the MDGRP, a discrete optimization problem. As the polygonal chains contain a large number
of points, the solutions of this MDGRP instance can be considered a very good approximation to
the solutions of the original MDdGRP instance. However, this large number of points makes the
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MDGRP instance usually too difficult to solve. The main idea of the procedures we propose here
is to work with smaller MDGRP instances by using only a few intermediate points of each line that
we consider the most promising ones. Thus, each MDGRP instance contains, for each line, its two
endpoints and a few intermediate points, perhaps none. The segments joining these points define the
required edges of the MDGRP instance, with a cost for each segment proportional to its length, so
that the sum of these costs is the service cost of the original line. Note that the addition or removal
of intermediate points in a given MDGRP instance generates a different MDGRP instance.

The two algorithms we present combine a construction phase based on an order—first split—
second procedure, which is described in Section 4.1, four local search procedures embedded in a
variable neighborhood descent (VND) algorithm for improving the solutions, described in Sec-
tion 4.2, and a set of rules to choose the intermediate points that will be added to the MDGRP
instance, detailed in Section 4.3. The overall algorithms proposed are described in Section 4.4.

4.1. Construction phase

Let us consider an MDGRP instance defined on an undirected graph G = (V, E). The first step in
order to find a set of initial MDGRP solutions is to compute a giant tour 7 on G traversing all
the required edges and visiting all the required vertices. This is done by defining a GRP instance on
G with the same sets of required edges and required vertices as the MDGRP instance and solving
it optimally with the branch-and-cut algorithm proposed by Corberan et al. (2007). This solution
of the GRP instance provided by this exact algorithm is an Eulerian graph, from which a giant
(directed) tour Ty is obtained by applying the algorithm proposed by Hierholzer (1873). The giant
tour 7 determines an ordered sequence of the tasks (required vertices and edges) but does not
satisfy the limitations of capacity and duration of the routes. Therefore, we consider several ways of
splitting it into D routes, each of them starting and ending at a different depot of D, by following the
procedure described below. Figure 2a illustrates a (directed) tour on an instance with three depots
(represented by red squares), two required vertices, and six required edges. Note that one depot is
incident with a required edge while the other two are isolated.

Let {t1, t2, ..., tjgz+ vz} be the sequence of tasks (required vertices and edges) in the order de-
termined by the giant tour 7. First, we select a depot d; € D (Fig. 2a). The first route R; starts at
d, and deadheads to the closest vertex. From there, R, follows the giant tour 7 while the duration
(taking into account the time of the way back to the depot) and capacity limits are satisfied. Let #;
be the last task of T performed by R;. Then, a new route R, starts at the depot of D \ {d,} closest
to task ;1. It continues following 7 until adding one more task would make R, infeasible. This
procedure is repeated until D — 1 routes have been generated. The last route Ry, which is rooted at
the last nonused depot, includes all the tasks not serviced in any previous route in the same order
as Tg (see Fig. 2b). Note that this solution (set of D routes) may not be feasible due to the last route
violating the capacity or duration constraints. If this happens, we apply the local search procedures
described in Section 4.2 to this solution in order to try to make it feasible. If, after applying these
methods, the solution is still not feasible, we discard it.

Now consider depot d;, and the set of tasks performed in route R;. We select a task ¢ in R; and
generate a new solution by starting the first route at d;, going directly to task ¢, following the giant
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Fig. 2. Construction of D routes from 7.

tour 7 in the opposite direction, and splitting 7 into routes as described above (see Fig. 2¢). By
choosing a different task 7 of R; each time, we generate several different solutions.

We repeat the construction phase explained above by selecting each depot in D as starting depot
d,. Let us call S to the set of feasible MDGRP solutions generated by this construction phase.

4.2. Local search procedures

To improve a given MDGRP solution, or trying to transform an infeasible solution into an MD-
GRP solution, we have implemented the following local search procedures that iteratively explore
different ways of exchanging tasks within a route and between routes:

(i) Intraroute move. This first procedure is applied to each route R in order to try to reduce its cost.
Iteratively, each task in R is moved to the position of that route that minimizes its total cost
until no improvements can be found.

(ii) Destroy and repair move. This second method randomly selects n tasks among all the routes,
where 7 1s a random number between 2 and 8, and removes them from their routes. Then, for
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each removed task, we evaluate the cost of inserting this task in all the possible routes and
positions and insert it in the route and position that minimizes this cost. If the new solution
obtained is not better than the starting one, or if it is not possible to insert a task in any route
without exceeding Q or L, the changes are discarded and a new iteration is executed. This
procedure stops when it,,,, consecutive iterations that do not improve the current solution are
performed, where it,,,. is a given parameter.

Given a parameter £,,,., the following two methods use a first improvement strategy by swapping
chains of at most £,,,,, consecutive tasks between two different routes.

(iii) 0 to € exchange. Starting with £ = 1, this procedure explores the removal of all the possible
chains of ¢ consecutive tasks from a route and its insertion into another route and position
that minimizes the total cost (and does not lead to infeasible routes). £ is incremented by 1 if
no improved solution is found and reset to 1 each time the current solution is improved. If £
reaches £,,,,, and no move improves the current solution, the procedure stops.

(iv) €, to £, exchange. Similarly to the previous one, this procedure explores the exchange of a
chain of £; consecutive tasks of a route with another of /, consecutive tasks from another
route. We start with £; = ¢, = 1 and then increase £, by one unit at a time. When ¢, reaches
£ax (Without improvement), we increase £; by one and reset ¢, to 1. We proceed in this way
until an improvement is achieved (and then both parameters are reset to 1) or £; = £, = £,,,4x.

Given the set of solutions obtained in the construction phase of Section 4.1, we apply these four
local search procedures to those solutions that did not satisfy the capacity or duration constraints
to try to transform them into feasible solutions. When evaluating each possible move of the local
search procedures, we first check if it turns an infeasible route to a feasible one. If this happens, we
apply this movement even if the total cost worsens.

In order to improve the MDGRP solutions in S, we have embedded the above improvement
procedures into a VND algorithm (see Hansen and Mladenovic, 2001).

Once the VND procedure has been performed, an optimization procedure is applied to each
route of the solutions in S. For each route R, we define a GRP instance on the graph induced in G
by the required edges and vertices serviced by R plus its depot, if necessary. This GRP instance is
solved to optimality with the branch-and-cut algorithm proposed in Corberan et al. (2007).

4.3. Selection of intermediate vertices

Let us denote by C the set of polygonal chains of the “original” MDGRP instance and let V; =
Ve U Vp be the set of vertices incident with the segments of C, where Vg are those vertices that are
endpoints of the original lines and Vp are the intermediate points. Given a subset U C 1V, we define
Ve(U) as the union of the vertices of all the polygonal chains that have some vertex in U. In order
to create a smaller MDGRP instance, we will select only a subset of intermediate vertices, which
will be called Z, after applying the following rules:

R1 For each depot d € D, we first select the vertex v; € Ve \ Ve({d}) closest to d and the vertex
vo € Ve \ Ve({d, v1}) closest to d, and they are added to Z if they belong to Vp. If v; or »
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belong to Vg, we try with a third vertex v3 € Ve \ Ve({d, vi, v2}) closest to d and is added to 7
if it belongs to Vp.

R2 For each required vertex i € V', we proceed as in R1, with v; € Ve, vy € Ve \ Ve({v1}) and v; €
Ve \ Ve({vi, v2}).

R3 For each vertex v € Vg, we study candidate points vy, v,, and v3 as in R1, but now only the first
vertex belonging to Vp is added to 7.

The previous rules generate an MDGRP instance, which we will denote MDGRP(Z), in which
the set of vertices is V' = Vx U VE UZ. In subsequent steps of the matheuristic algorithms, once a
set of solutions has been obtained, further intermediate vertices can be added as follows:

R4 Given a set of solutions of MDGRP(Z), for each u € 7 incident with a nonrequired edge used
in any of the solutions, we proceed as in R3, thus generating a new set 7/ 2 7.

4.4. Overall algorithms

We describe here the algorithms we have developed for solving the MDdGRP that combine all the
procedures detailed in Sections 4.1-4.3.

4.4.1. Algorithm Matl

The first matheuristic (MaT1) applies first the rules R1-R3 described in Section 4.3 for generat-
ing the MDGRP(Z) instance, containing already some intermediate points, and then performs the
construction phase of Section 4.1 in order to obtain a set of initial solutions. These solutions are
improved with the VND and the route optimization methods described in Section 4.2. The resulting
solutions form a set Sp. )

Let S; be the set of the 10 best solutions in Sy. With this set, the algorithm computes now a
new MDGRP(Z’) instance by following rule R4 described in Section 4.3. Each solution s' € S is
transformed into an MDGRP(Z') solution s” as follows. Each required edge (7, j) of s is replaced
by pi; + 1 required edges (i, i1), (i1, &2), - . ., (ip,;, j), where p;; denotes the number of intermediate
points of the original line joining 7 and j that are included in MDGRP(Z’). The VND and route
optimization procedures of Section 4.2 are applied again to the adapted solutions, and the best
MDGRP(Z’) solution obtained is selected as the output of MATI.

4.4.2. Algorithm Mat2
The second matheuristic (MAT2) starts by performing the construction phase of Section 4.3 to
the MDGRP(0) instance (the MDGRP instance in which each original line is represented by a
single required edge with no intermediate points) to obtain an initial set of solutions. Then each
MDGRP(0) solution is improved with the VND algorithm and the route optimization procedure.
The resulting MDGRP(0) solutions form a set Sp.

Next, the MDGRP(Z) instance is generated by following the rules R1-R3. This instance in-
corporates some new intermediate points. The best 10 solutions in Sy are transformed into an
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MDGRP(Z) solution as explained in MATI. All the transformed solutions are improved with the
VND and the route optimization procedures and define a new set S;.

Rule R4 is applied using the set S; to obtain a new MDGRP(Z') instance. Each solution in
S, is transformed into an MDGRP(Z') solution as explained above, and the VND and route
optimization procedures are applied again. The best MDGRP(Z’) solution obtained is selected as
the final solution of MAT2.

Note that, although the same name is used, the MDGRP(Z’) instances generated by algorithms
MAT1 and MAT2 are not necessarily the same.

5. Computational experiments

In this section, we describe the computational experiments we have run to analyze the performance
of the proposed branch-and-cut and matheuristic algorithms.

Since there were no available MDdGRP benchmark instances, we have created a set of instances
with a set of depots, a set of required vertices, and a set of required lines. The algorithms have been
coded in C++, and all the tests have been run on an Intel Core i7 at 3.4 GHz with 32 GB RAM.

For the implementation of the branch-and-cut algorithm, we have used IBM Ilog Cplex 12.10
with Concert Technology. Cplex heuristic algorithms were turned off, and Cplex’s own cuts were
activated in automatic mode. The optimality gap tolerance was set to zero, the best bound strategy
was used for the tree exploration, and the strong branching strategy was used for choosing the
variable for branching.

5.1. Instances

In order to test the solution methods proposed, we have randomly generated some multidepot
drone GRP instances (networks with families of polygonal chains, required vertices, and several
depots) on a grid as follows.

First, we generate a GRP instance on a grid with m xn points whose coordinates are multiples
of 100. The graph initially contains all the vertical and horizontal edges of the grid as well as some
random diagonals. We randomly select the location of ndep depots among the nodes of the grid.
Each edge is considered required with probability p. The vertices, except for the depots, that are
not incident with required edges are now removed. Following the procedure described in Campbell
et al. (2018) for the drone rural postman problem, the coordinates of all the vertices are slightly
perturbed, the shape of the required lines is altered according to parameter curvature, and a series
of vertices are added splitting each required line into segments of similar length. We now generate a
set of nvreq required vertices with random coordinates. If the Euclidean distance between a required
vertex and the closest vertex is less than a certain value, the required vertex is removed and a new
one is generated. Each required vertex i is assigned a demand d; chosen at random in {1, 2}. The
deadheading cost ¢;; between any two vertices 7, j is equal to the Euclidean distance between them.
The cost of each segment of a line is computed as the Euclidean distance between its endpoints
multiplied by 1.5, and the cost of the line is equal to the sum of the costs of its segments.
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A total of 15 different grid sizes have been considered, ranging from 5x 6 to 10 x 10. Parameter
ndep has been chosen in {2, 3, 4} for grids with less than 50 nodes, {3, 4, 5} for those with between
50 and 70 nodes, and {4, 5, 6} for grids with more than 70 nodes. For each grid size and value
of ndep, two instances have been generated. The first one is with p = 0.3, curvature = 0.4, and
nvreq a random number in [3 xndep, 4 x ndep] (version 1), and the second one is with p = 0.4,
curvature = 0.3 and nvreq in [2 xndep, 3 x ndep] (version 2). We have a total of 90 instances, which
we have grouped into three groups: small, with less than 50 nodes, medium with between 50 and 70
nodes, and large, with more than 70 nodes.

For each instance, the maximum duration L and the load limit Q of the drones are calculated as
follows:

e L= %ﬁﬂ;) +max{c;; : i, j € V'} rounded up to a multiple of 100.
. Q — [Zieg1<d’] +2

If an instance is infeasible with these values of L and Q, they are slightly increased until it be-
comes feasible.

Table 1 summarizes the characteristics of the MDdGRP instances. Each row corresponds to
a set of three different instances, each one with a different number of depots. The digits at the
end of the name on the first column indicate the values of parameters m and n and whether the
instances have been generated as version 1 or 2. Thus, for example, the instances grouped as “MD-
dGRP5_10_2" were generated with m = 5, n = 10, and version 2 (p = 0.4, curvature = 0.3, and
nvreq in [2 x ndep, 3 x ndep]). Column “Depots” shows the number of depots used for the instances
of each group. Columns 3 and 4 report the average number of required vertices and lines, respec-
tively, of the three instances, while column 5 shows the average number of vertices not considering
the ones generated to split the required lines. These 90 instances, as well as the results obtained in
the experiments explained in what follows, can be found at http://www.uv.es/plani/instancias.htm.

5.2. Computational results

We have used a representative subset of 10 MDdGRP instances with different sizes and number of
depots in order to choose the values for the parameter it,,,, (the maximum number of consecutive
iterations without improvement in the destroy and repair procedure) and ¢,,,,, (the maximum num-
ber of tasks that can be considered in an exchange move). We have tried all the combinations of
values for it,,,, in {10, 20, 30, 40} and for ¢,,,, in {5, 10, 20, 30, £}, where the value £ is computed
for each instance as £ = [(|Eg| + |Vr|)/D]. The computational results obtained with each com-
bination of these values on the subset of instances are reported in Table 2. In this table, column
3 shows the average computing time, in seconds, used to solve the instances with the parameters
indicated in columns 1 and 2, while column 4 shows the total cost on average. The “Gap” col-
umn provides the average percentage gap between the solution obtained with the parameters of its
corresponding row and the best solution found among all the considered combinations. Since the
average computing time is not much larger and they provide the best deadheading cost and gap, we
have chosen it,,,, = 30 and ¢,,,,, = 20 as the values that will be used in the matheuristic algorithms
in the following computational experiments.
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Table 1
Characteristics of the multidepot drone GRP instances
Instance name Depots Required vertices Required lines Vertices
MDAGRPS5_6_1 9.0 17.0 32.0
MDdAdGRP5_6_2 10.3 22.3 36.7
MDdAGRP6_6_1 9.0 21.0 36.0
MDdJGRP6_6_2 10.0 29.7 43.0
MDdAGRP5_8_1 2,3,4 9.0 25.0 42.0
MDdAGRP5_8_2 9.7 36.3 44.7
MDAGRP6_8_1 9.0 29.0 47.0
MDdAGRP6_8_2 10.0 48.3 54.0
MDdGRP7_7_1 9.0 30.0 48.0
MDAdGRP7_7_2 11.0 47.7 54.3
MDdAGRP5_10_1 12.0 30.0 50.0
MDdAdGRP5_10_2 13.7 49.7 60.3
MDAGRP6_10_1 12.0 40.0 65.0
MDdAGRP6_10_2 13.3 56.0 67.3
MDdGRP7_9_1 3,4,5 12.0 45.0 68.7
MDAGRP7_9_2 133 58.7 67.3
MDdAGRPS8_8_1 12.0 45.0 64.0
MDdGRPS_8_2 13.7 60.7 72.0
MDAGRP7_10_1 12.0 51.0 71.3
MDdAdGRP7_10_2 13.0 64.0 71.0
MDdGRP8_9_1 15.0 53.0 77.0
MDAJGRP8_9_2 15.7 63.3 78.0
MDdGRP9_9_1 15.0 55.0 79.0
MDdGRP9_9 2 17.0 69.3 85.3
MDAGRPS8_10_1 4,5,6 15.0 60.0 89.0
MDdGRP8_10_2 16.0 73.0 92.0
MDdGRP9_10_1 15.0 55.0 82.3
MDAGRP9_10_2 17.7 69.7 87.0
MDdAdGRP10_10_1 15.0 67.0 100.7
MDdGRP10_10_2 15.7 86.3 99.0

Table 3 reports the computational results obtained with algorithms MaTl and MAT2 described
in Section 4.4. The instances have been grouped into three blocks labeled “Small,” “Medium,” and
“Large” according to their size, with 30 instances in each group. Each row presents the average
results obtained for the 10 instances with the same number of depots, which is given in the second
column. Columns 4-7 contain the results obtained by MaT1, and columns 8-11 are those obtained
by MAT2. Both blocks show the average total cost for the 10 instances with the same characteristics,
the average percentage gap between the best cost known (considering both algorithms) and the cost
obtained with the corresponding algorithm, the number of times (f best) that the algorithm has
found the best solution, and the average computing time (in seconds). The last row provides the
average of the columns except for the number of best solutions found, that is the sum of them.

It can be seen that algorithm MAT2 outperforms MATI, obtaining the best solution in 64 of the
90 instances, while the average computing time is very similar for both methods. The difference
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Table 2
Sensitivity of the matheuristics to the parameters it,,,, and €,,,,.
itmax Lnax Time Cost Gap
5 25.85 13,781.32 1.54
10 25.59 13,663.46 0.84
10 20 3291 13,583.08 0.34
30 31.43 13,596.81 0.45
L 30.66 13,605.37 0.50
5 17.82 13,785.75 1.61
10 23.48 13,687.60 0.99
20 20 29.67 13,578.20 0.33
30 29.85 13,583.80 0.36
L 26.84 13,652.38 0.74
5 16.58 13,816.64 1.73
10 22.98 13,668.09 0.85
30 20 30.02 13,577.11 0.31
30 31.06 13,595.96 0.42
L 27.83 13,611.80 0.51
5 18.37 13,824.73 1.93
10 24.10 13,709.49 1.13
40 20 31.68 13,617.25 0.54
30 30.61 13,581.67 0.33
L 27.52 13,616.88 0.57
Table 3
Results obtained with algorithms MAT1 and MAT2
Martl MaT2
Size D # inst Cost Gap # best Time Cost Gap # best Time
Small 2 10 7,925.91 0.02 8 35.13 7,930.24 0.09 8 17.58
3 10 8,720.39 0.18 7 16.67 8,726.37 0.22 5 13.12
4 10 9,515.99 0.68 4 13.89 9,453.31 0.10 8 15.83
Medium 3 10 12,351.82 0.03 7 61.61 12,363.74 0.11 6 41.16
4 10 13,148.02 0.46 5 44.16 13,119.80 0.15 8 3597
5 10 14,015.02 0.96 4 38.54 13,936.70 0.34 6 33.62
Large 4 10 17,044.32 0.84 5 49.48 16,918.60 0.19 5 73.10
5 10 17,391.29 0.96 1 56.59 17,230.81 0.00 9 83.59
6 10 18,331.65 0.76 1 118.75 18,216.29 0.11 9 93.27
Total 13,160.49 0.54 42 48.31 13,099.54 0.15 64 45.25

between these two procedures is particularly evident in the larger instances and those with a larger

number of vehicles.

From these results, it seems that it is a better strategy to start by applying the matheuristic to a
smaller instance with few or no intermediate nodes and then incorporate new intermediate points

wisely (MAT2), rather than adding many intermediate points from the start (MAT1).

Rule R4 of the matheuristic algorithms adds new intermediate points to the instance based
on the intermediate points used by the previously constructed solutions. One could think about
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Table 4
Effect of rule R4
Before R4 After R4
Cost Time Cost Time Imp (%) f imp
MATI 13,209.73 37.03 13,160.49 48.31 0.32 46/90
MAT?2 13,104.33 32.50 13,099.54 45.25 0.03 11/90
Table 5
Results with the B&C on the MDGRP(0) instances
Size D # inst # opt Gap 0 Gap g imp UB Time
Small 2 10 9 3.34 0.19 1 9.95
3 10 7 4.52 0.51 4 147.67
4 10 7 4.57 1.19 4 542.04
Medium 3 10 3 4.06 1.62 3 113.49
4 10 3 4.64 2.55 3 1383.53
5 10 0 5.50 3.94 0 —
Large 4 10 0 5.07 4.06 0 —
5 10 0 5.54 4.55 0 -
6 10 0 5.13 4.52 0 —

applying this rule again to the new solutions obtained in this way in order to try to find new
intermediate vertices that could improve the solutions even further. To study if adding one more
round of intermediate vertices would help, we have studied the effect of rule R4 on the quality of
the solutions. Table 4 shows the average cost of the solutions obtained for all the 90 instances with
and without applying rule R4 as well as the average computing time. The last two columns report
the average improvement after applying R4, and the number of instances in which an improvement
was observed. As can be seen, the improvement in the case of matheuristic MAT2 is very small, so
we do not think that adding more intermediate vertices applying this rule again will be worth the
computational effort. The improvement observed in MATI is a bit larger, but the average value of
the solutions is still behind MAT2 even without R4,

Figure 3a and b illustrates an example of a solution obtained with MAT2 before and after adding
the promising intermediate points. Figure 3a shows the solution without intermediate points, and
the deadheading cost is 2265.83. Figure 3b depicts the solution with intermediate points obtained
after applying rules R2-R4, and its deadheading cost is 2221.02. Adding intermediate points allows
us to reduce the deadheading cost by 1.98%. In the new solution, there are three lines in which
drones enter at an intermediate point. Moreover, the service of one of these lines is shared by
two drones.

In order to assess the performance of the branch-and-cut algorithm presented in this paper,
we have tested it on the instances described above without using intermediate points, that is,
MDGRP(0). The exact algorithm uses as the initial upper bound the one obtained in the first
phase of the heuristic algorithm MAT2 without using intermediate points. The time limit has been
set to 1 hour. The results obtained are reported in Table 5. As above, the instances have been
grouped by size. Column “g opt” reports the number of instances for which the optimal solution
has been found within the time limit. “Gap 0” and “Gap” columns provide the average percentage
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(a) Before adding intermediate points

(b) After adding intermediate points

Fig. 3. A solution before and after adding the promising intermediate points.

gap between the best upper bound found by the procedure and the lower bound obtained at the
end of the root node and the final lower bound, respectively. The number of instances for which the
branch-and-cut algorithm (B&C) has been able to improve on the initial upper bound is given in
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Table 6
MaT2 performance compared with MDGRP(0) bounds
MDGRP(0) MDdAGRP

Size D Gap LB (%) g opt DH Red. (%)
Small 2 0.26 8 —1.07

3 1.13 2 0.84

4 1.42 3 —0.20
Medium 3 1.65 3 —-0.97

4 2.64 0 —0.82

5 3.94 0 -2.21
Large 4 4.06 0 —1.53

5 4.55 0 —2.94

6 4.52 0 —-1.20
Total 2.69 16/90 —-1.11

column labeled “f imp UB,” while the last column shows the average computing time, in seconds,
for those instances that have been solved optimally.

It can be observed that the branch-and-cut algorithm is capable of solving most of the small-size
instances (23 out of 30), but it struggles to solve the medium-size ones (only 6 out of 30) and
cannot solve any of the large ones. The final gap, which is in general small, also presents a similar
behavior, increasing from 0.19% in the smallest instances to 4.55% in the largest ones. Regarding
the gap at the root node, although a small increase can also be observed, this increase is smaller,
only from 3.34% to 5.54%. This seems to indicate that the lower bounds obtained at the root node
are quite good, specially considering that, for the largest instances, the branch-and-cut algorithm is
not able to obtain any new upper bounds, so the comparison is made against the solution provided
by the heuristic, which may still be far from the optimal one.

Table 6 compares the results obtained with the best matheuristic, MAT2, with the lower and
upper bounds obtained by the branch and cut for MDGRP(0). The results are grouped according
to the size of the instances and the number of depots as in previous tables. Column “Gap LB(%)”
shows the average gap between the solution for the MDGRP(0) instance with respect to the lower
bound obtained by the branch and cut, while column “f opt” reports the number of instances for
which the solution of MAT2 is optimal. We can observe that the performance of the matheuristic is
very good, being capable of obtaining solutions that are guaranteed to be optimal in 16 instances,
while for those that are not proven to be optimal, the gaps are small.

The last column of Table 6, labeled “DH Red.(%),” presents the average percentage reduction of
the deadheading cost obtained by the final solution of MAT2 compared to the deadheading cost of
the best solution found by the branch and cut for the MDGRP(0) instance (negative values mean
that there is an improvement). With these values, we want to assess the improvement obtained by
using intermediate points in the edges versus just solving the instances without them. Note that,
since these are heuristic solutions, some of them can be worse than the optimal solutions obtained
for the MDGRP(0) instances. This behavior can be observed in the second row, where we get a
positive average value. As can be seen, the average improvement is 1.11%, although in some sets of
instances this value comes close to 3%. Therefore, we can conclude that we can use this matheuristic
algorithm to obtain better solutions that take profit of the possibility of using intermediate points
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while using small computation times. Even in many of the instances where the optimal solution of
MDGRP(0) is known, such as the small instances with two depots, the matheuristic is capable of
obtaining better solutions.

6. Conclusions

In this paper, we have addressed the MDdGRP with duration and capacity constraints, a con-
tinuous optimization problem which is an extension of the classical GRP incorporating multiple
depots and a drone located in each one of them. The objective is to collectively perform all services,
visiting the required nodes and traversing the network lines, while minimizing the total flight
duration considering drone capacity and range.

We have presented an integer formulation for the MDGRP, a discrete version of the problem,
along with some families of valid inequalities that strengthen this formulation. We have imple-
mented a branch-and-cut procedure that incorporates separation algorithms for these inequalities.
Furthermore, we have proposed two matheuristic algorithms for the MDdGRP focused on trying
to find better solutions by sequentially adding some promising intermediate points for drones to
enter and exit the lines.

The results obtained from both matheuristic algorithms demonstrate the superiority of the algo-
rithm that starts by generating solutions without intermediate points and subsequently adds some
promising ones to the best solutions found. This approach outperforms the algorithm that first
adds some intermediate points to the instance and then finds a set of initial solutions.

The branch-and-cut algorithm is capable of solving almost all the MDGRP(0) instances of small
size but it struggles to solve the medium ones and cannot solve any of the large ones. By comparing
the results of the branch-and-cut algorithm with those obtained with the first step of the best
matheuristic (before including intermediate vertices), we have shown that the matheuristic is capa-
ble of obtaining optimal solutions in some instances. For those instances in which optimality is not
proven, the gaps are significantly small. The inclusion of intermediate points, as evidenced by the
solutions obtained by the matheuristic algorithm, allows us to obtain, within short computational
times, better solutions than without them, even when using exact procedures.

As future lines of research, we want to consider an extension of the problem in which the number
of depots is greater than the number of available drones and we have to choose which depots to
use. This allows for considering a wide range of potential depots and selecting the optimal ones
for launching the drones. Furthermore, we intend to study the situation in which each drone can
perform an indefinite number of flights from its depot as well as considering different objectives.
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