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1<EY}/V0rde ) ) We present and analyze several prediction strategies in the 2D setting based on multi-
erglh:fd essentially non-oscillatory quadric radial basis function interpolation with either linear or Weighted Essentially Non
metho

Oscillatory (WENO) shape parameter approximation. When considered within Harten’s
framework for Multiresolution, these prediction operators give rise to sparse multi-scale
representations of 2D signals, whose compression capabilities are demonstrated through
numerical experiments. It is well know that the accuracy of multiquadric interpolation de-
pends on the choice of the shape parameter. In addition, in [6], it was shown that the
use of data-dependent strategies in the selection of the shape parameter leads to more
accurate reconstructions. We shall show that our local adaptive estimates of the shape pa-
rameters lead to non-separable, fully 2D, reconstruction strategies that lead, in turn, to
efficient compression algorithms.

Radial basis function interpolation
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1. Introduction

Image compression is a specific type of data compression whose aim is to reduce the amount of data necessary for
image storage and transmission [13,24]. As such, it has an increasingly important role in applications such as remote sensing,
videoconferencing, medical imaging and many more.

Many image compression algorithms rely on the use of classical wavelet based techniques, because they provide fast
multi-scale decomposition/reconstruction algorithms which lead to sparse representations of an image when a thresholding
strategy is applied to the multi-resolution representation of the data.

Among these techniques, compression algorithms based on Harten’s Multiresolution Framework (HMRF) have some distinct
advantages with respect to design and analysis. For example, the fact that the properties of the compression algorithm can
easily be related to the properties of the basic reconstruction technique that is used to build the Prediction operators in
the MR transformation has led to the development of the (nonlinear) ENO/WENO compression schemes in [3], which use
the ENO or WENO nonlinear, piecewise polynomial reconstruction techniques [19,23], which are well known for being able
to maximize the region where the reconstruction of piecewise smooth functions maintains its accuracy. These compression
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schemes have demonstrated their increased compression capabilities, when edges are the dominant features in an image
[1,3]. Other successful approaches to compression schemes within HRMF include the map-dependent approach described in
[2], which can be considered as ‘edge adapted’ compression schemes.

The study carried out in this paper is motivated by the recent results presented in [6], where the authors analyze vari-
ous reconstruction techniques based on locally scaled multi-quadric radial basis function (MQ-RBF) interpolation [11] for the
reconstruction of discontinuous (1D) functions. It is shown in [G] that the local shape parameter can be tuned to obtain in-
terpolatory reconstruction techniques that also maximize the region of high accuracy. The tuning considered in [6] involves
an adaptive computation that incorporates techniques borrowed from (one-dimensional) WENO interpolation, which repre-
sent an improvement, in terms of approximation power, with respect to the MQ-RBF reconstruction techniques proposed
in [14,15]. Since the accuracy of the reconstruction procedure has a direct impact on the size of the prediction errors, and
hence on the compression capabilities of the associated MR transformation, in this paper, we shall design prediction opera-
tors within a non-tensor product 2D HMRF based on 2D version of the 1D MQ-RBF reconstruction techniques proposed in
[6]. We shall examine the effect of different choices for the computation of the local shape parameters in the compression
capabilities of the associated compression algorithms. In addition, we also consider the possibility of including in the design
of the prediction operators information on the edges of the image. By computing an edge map of the image, we can also
adapt the reconstruction process used in the design of the prediction operators to the local geometry of the image. We shall
see that these map-dependent approaches do increase, the compression capabilities of the resulting MR transformation.

The outline of the paper is as follows: In Section 2 we recall the main notions regarding the mathematical tools
used in the paper. In particular, Section 2.1 briefly presents Harten’s interpolatory multi-resolution frameworks, and in
Section 2.3 some basic notions about kernel interpolation with radial basis functions are presented. In Section 3 we present
a local prediction step based on multiquadric RBF interpolation, while in Section 4 we focus on the design an analysis of
suitable estimations for the local shape parameters, either by considering linear or WENO estimates. In Section 5 we present
an alternative local prediction step for which the centers used for the MQ-RBF interpolation process are not centered around
the interpolation point; this is a first step in order to design the map-aided MR transformations described in Sections 5 and
6. Finally, in Section 7 we present numerical comparisons between the proposed compression schemes, both with synthetic
and real images.

2. Background knowledge

In this section we shall only cover the essential ingredients of HMRF and kernel Interpolation methods in order to make
the paper ‘essentially’ self-contained. The reader is referred to [2,4,17] for further information on Harten’s MRF, and to
[6,11,12] for further information on kernel Interpolation techniques.

2.1. Harten’s interpolatory MRF

Harten’s MRF is specified by a sequence of triplets (V, DE”,PZ‘_I), where V, is a finite-dimensional vector space and ¢ € Z
is an index that specifies the level of resolution associated to V,. Here we shall assume that the level of resolution (hence
the dimension of V,) decreases with ¢. D§‘1 :Vi_1 — V, (high to low resolution space) is called the decimation operator and
Pf | :Vy — V,_; (low to high resolution space) is the prediction operator. The decimation operators define the framework,
and they are often related to a particular class of discretization operators acting on suitable function spaces. In this paper we
shall work within Harten’s 2D point-value multi-resolution framework (MRF), where it is assumed that the discrete data sets
f! €V, are 2-dimensional arrays (such as a gray-scale images, or the data associated to a 2D simulation on a discrete grid)
which correspond to the point-values of a 2D function on an underlying grid which specifies the level of resolution attached
to V,. Thus, if fO € V), the finest resolution level in our context, corresponds to the point-values of an associated 2D function
on an underlying uniform grid of Jo = (Np + 1)? grid points, with Ny = 2N, the decimation operator in this point-value MRF
is obtained by 2D-downsampling, i.e.

ffi,zj = (D7 )05 = ffj_] 0<i,j<Ng27% ¢>0.
Hence f* is a (Ng2~¢ + 1)2 2D array that corresponds to the point-values of the underlying function which generated f°, on
a uniform (¢-th level) grid of J, := (Ng2~¢ + 1)2 points (dimV*¢ = J,).

The prediction operators in HMRF must satisfy the following consistency requirement with respect to the decimation

operators:

DIPLff=f1 VfieV,. (1)
In the interpolatory framework, (1) becomes
(D Py fNainj = fripj 1<i7<Ne27“+1 (2)

which specifies that predicted values at even-even locations of the coarser grid are kept unchanged.
Notice that for all f¢=! € V¢! we can write

f/é—l — 13571D§71f£71 + e/é—l’ e/é—l = (I _ 1)571D271)fZ71 c Vt‘—].
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Fig. 1. (a) O data at level ¢, O locations at level ¢ — 1 where detail coefficients are to be computed. (b)-(c)-(d) Reconstruction cases in Section 3. O centers
for the MQ-RBF interpolation. OJ interpolation point. Interpolatory Prediction Stencils of Section 4.1 e. (b) Horizontal. (c) Vertical. (d) Diagonal.

Hence, the information contents of f*~! are equivalent to those in (f¢, e‘~"), where f*=D:{1f~1 is the decimated data at
the next coarser level, and e‘~! = f¢=1 — P! | f¢ € V¢=1 is the so-called prediction error.

Notice that, for each pair of indices (i, j), 0 <1, j < Ng2~¢, the consistency relation eq.(2) implies that e2 2] = 0. By storing
the prediction errors at odd-odd (diagonal), odd-even (horizontal) and even-odd (vertical) locations, i.e. the three sets of
details

-1 . N

d%:%] 1= 2;2] 1= B fD2i2j-1, 1

d%f—ll 2 = %, 11 2j — (P f2im1.2) 1<i,j<Ng27,
- ¢ feN..

dz: 1.2j-1 = J2i-12j-1 — (Pz—lf )2171.2171’

together with the ‘horizontal’ and ‘vertical’ details for the first grid values

-1 . fe-1 Pt Fty. .. . ; —¢
dz:z; 17 aiaj (z 1fD2i2j1. 1=0.1=<j < N2,
I . AV ; —t
d21 1,25 " 2, 12] ( 1f )21—],2j’ ]_07 1 SISNOZ ’

we ensure a one-to-one correspondence between the sets (see Fig. 1-(a)),

{r=1{ra.

In our context, if fO is an image of dimension Jy = (2No + 1)2, such that the gray level of a given pixel in the position (m,n) €
[0,2M] x [0,2No] is f9 ,, and we consider L resolution levels in the multi-resolution framework with f¢ :=D{"1f-1, 1< ¢ <
L, repeating this two-scale process starting at the finest resolution level, we get an equivalent multi-scale decomposition
of f9, the finest resolution signal, in terms of a ‘coarse’ representation at the lowest resolution level fL and a sequence of
‘details’that include non-redundant information on the ‘prediction errors’ at all intermediate resolution levels,

(FOy={1.d% =-..={ftd",...d°%

MR-based compression algorithms work by setting to zero, or quantizing, small details in the MR representation of the
original signal. Hence, the properties of the prediction operators used to obtain the above multiscale decomposition are
crucial in order to obtain efficient (i.e. ‘sparse’), multi-scale, compressed representations of fine-scale data.

Notice that (2) is an interpolation condition on the prediction operator, hence, in Harten’s point-value (also called inter-
polatory) MRF, prediction operators may be constructed by considering interpolatory techniques for the approximation of
a function from its point-values on a given grid. Since the details are interpolation errors, the efficiency of compression
algorithms is directly related to the approximation properties of the interpolatory technique and the smoothness of the
underlying function that provided the highest resolution data.

2.2. 2D Interpolatory prediction

In the 2D interpolatory MRF, to describe the prediction operator associated to a specific interpolatory technique it is
sufficient to consider the following setting: Let u: Q c R? — R, be a piecewise smooth function and X = {pij}ijes Dij=
(x;,y;), a uniform grid of step-size h in both coordinate directions covering €2. Given a pair of indices (i, j), the goal is to
compute an approximation to u(P) (see Fig. 1), for

P=(x e ¥;) (Horizontal Approximation, HA),

P=(x,y j+l ) (Vertical Approximation, VA),

P= (xi+%,yvj+%) (Diagonal Approximation, DA).

Local interpolation techniques, in which the computation of the approximation to u(P) involves only a stencil of interpo-

lation points chosen as a convenient subset of {(XHm,‘VjJrn)}?nwn: for some p, g > 1, and the corresponding function values
usr = u(Xs,yr), are usually preferred.

—p
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Piecewise Polynomial Interpolation (PPI) provides classical examples of local reconstruction techniques which give rise to
local prediction operators. Interpolatory MR decompositions based on data-independent PPI techniques have been considered
in the literature [4,9,16].

In this case, the prediction operators are simply linear filters acting on the given data [4] and the behavior of the details
at each resolution level depends on the stepsize of the underlying grid, as determined by the interpolation error formulas
corresponding to the degree of the polynomial pieces used in the interpolation process [3].

Adaptivity was introduced in this context by considering ENO-WENO PPI. These techniques are able to maintain the ac-
curacy of PP interpolants in a much larger region than their linear counterparts [3] and, as a consequence, ENO/WENO based
compression algorithms outperform their linear counterparts in many situations of practical interest. It is worth mentioning
that the stability of ENO-based compression algorithms with respect to perturbations needs a special approach [5], while
WENO-based compression schemes are stable ([8]).

Prediction operators for the point-value 2D MRF can also be built using kernel Interpolation techniques. For the sake of
completeness, we describe the essential ingredients of this type of interpolation next.

2.3. Kernel interpolation and radial basis functions.

The general setting for the kernel interpolation methods, is as follows: Let K : 2 x 2 — R be a symmetric kernel, defined

on a domain Q2 CRY, and P;,....Py c Q a set of points in the domain, called centers. If the kernel matrix A ¢ RN*N with
entries Ajj = K(P, Pj), 1 <1, j <N is positive definite, then for the data
U :={Uy,...,Uy} on datasites P:={P,..., N} )

an interpolating function

N
Spu(X) :=>_ AK(x,P)) (4)
j=1

can be completely determined by solving the linear system

Ar=U, U= U,...,UyT, (5)
which admits a unique solution. Kernels on R? can be scaled by a positive factor &, so obtaining a new kernel
K(x,y;8) :=K(xe,ye), Vx,yeR% (6)

The parameter ¢, called shape parameter, can be tuned by the user (according to the application) and plays an important
role both for the accuracy of the interpolation method and its stability. The choice of a good shape parameter is a well-
documented, problem-dependent issue (see [12] for a general review, and [7,25] for examples of particular approaches to
this issue).

Radial kernels are translation invariant kernels of the form K(x,y) := ®(x —y) where ®(.) is a radial function, i.e. ®(x) =
& (||1x]]2), with ¢ : [0, 00) — R denoting a function of a single non-negative real variable and || - ||, the usual Euclidean
norm. Scaled radial kernels obtained from the multi quadric (MQ) radial function

P(x) =1+, (7)

have been recently considered for the local interpolation of one dimensional, possibly discontinuous, function in [6,14,15].
In [14,15], the authors show that the shape parameter can be tuned in order to enhance the accuracy of the RBF interpolant,
and in [6], it is observed that it is possible to obtain accurate reconstructions both in smooth regions and in the vicinity of
jump discontinuities by incorporating WENO adaptive techniques in the computation of the shape parameter.

3. Local prediction operators based on MQ-RBF interpolation

In this section we describe a simple prediction scheme based on a parameter-dependent kernel interpolation technique,
as described in Section 2.3.

The required approximations to compute the prediction errors in the Horizontal, Vertical and Diagonal cases in Figure 1-
(a) shall be computed using the scaled M-RBF function (7) and a set of centers which are symmetric with respect to the
interpolation point, in each chosen direction (marked as O in Fig. 1-(b)-(c)-(d)).

Horizontal Approximation (vertical by symmetry). Considering the set of centers P = {P;, .} with P, = (x;.y;), P, =
(Xi41,¥j), with associated data u(R), [ = 1,2 (see Fig. 1-(a)), the MQ-RBF interpolant takes the form

2
RuX.y) =Y Amy/1+€2|[(x.y) — Pul 3. (8)

m=1
with A = [Aq, AT satisfying AL = u, (Um.n = U(Xm. Yn))

1 1+ €2h? T
A\vizeme 1 ) we bl
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After some straightforward algebra it is easy to arrive at the following expression
U+ Uj 4 + h2g2
2 1+ 1+ h2e?’

and using a Taylor expansion around x = 0 of ¥ (x) = -V 442 _ e obtain

1+4/1+x2

Ru(Xip1.y)) =

Ri(x;,5.¥)) = %(1 - éhzez + %h“e“) + O(h®g%).
Assuming that u is sufficiently smooth, we readily deduce that (uH%’j =u(x; + % i)
u(xi+h/2.y;) = Ry (X412, ¥5) = %(SZUH%J —ufy Ph* +O(h*). (9)
Hence, choosing the shape parameter as
u’
g2 = 21 L ohp), p>1, (10)

i+3.j

the interpolation error can be expressed as follows
Efly (en) i=u(i+h/2.y)) = Ry(xis1/2.y)) = O(h"*2) + O(h?) = O(hmintpr24)),

Thus, in smooth regions Eﬁrl ,-(O) = 0(h?), and a second order approximation of the optimal shape parameter will pro-
1
vide the best possible approximation error, in the asymptotic sense. Diagonal Approximation. We consider as centers
P = {Pl N Pz, Pg, P4}, with
Pr= (X)), P = (Xi11,¥5), B5 = X1, Y1) Pa= (X, Yjs1),
and the associated data {ui+m,j+n}] (see Fig. 1-(d)) Then the MQ-RBF interpolant

m,n=0

4
Ro(x.y) =Y Ay/1+€2[[(x.y) — Pul3 (1)

m=1

where the coefficients A; are the solution of the linear system AA = u with

1 J1+e2h2 J142e2h2 1+ e2h? Ujj

_ | vY1+e2h? 1 V1+e2h2 V14 2e2h2 _ | Ui
VI+2e2i2 1+ 622 1 virerz |7 [ ugja
V1+e2hz  J1+2e2h2 1+ e2h2 1 Ujj

takes the form

/ h2
Ro(Xii1 ¥j41)) = M+ 22+ A3+ M)/ 1 +527

= (Uij +Uiprj+ Uir1 1 + Uije1)

h2
J1+e2%

1+ 21+ 2h2 + /1 +2¢2h?

and, using Taylor expansions as before
Rp(Xi 1.¥j01) = Wi+ Uiy j+ Uiy jur + Ui,jﬂ)(% — 5&2h? + %84}14) +0(g%hb).

As in the previous cases, the approximation error can easily be estimated in smooth regions by using Taylor expansions
of u(x,y) around the evaluation point. Straightforward, but lengthy, computations lead to

D = — (£ 1 1 2 4p4
E,-Jr%_H%(S) —U(XH%’}’H%)_RD(X,'JF%J’H%)— (TU—guxx—guyy)H%YH%h +0(e*h?)

so that choosing (if possible, i.e. ui+%‘j+% £0)

2 _ M) p
E ( 2w )iy O (12)
guarantees
EP . . . (ep) = O(hP*?) + O(h*) = O(h™in(P+2:4}y.
i+1.j+3

As before,under smoothness assumptions, Eg 1 (0) = O(h?), and a second order approximation of the optimal shape pa-
2:J+7

rameter is sufficient to ensure the optimal order in the interpolation error.

5
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3.1. A Local MQ-RBF Prediction scheme.

Based on the asymptotic expansions and error analysis made in the previous section, the following parameter-dependent
local MQ-RBF-based prediction operators (¢ > 0 is the resolution level, and f¢ the down-sampled image at level ¢) lead to
prediction errors that, under rather general smoothness conditions, can be of O((h)*):

Basic Prediction Formulas For 1 <i, j < Ny2~!

(Pgl_]fé)Zi.Zj—1 = (ff] + f,lj,l)<% - 1176h%85,2i.2j—])’
B[ Daim125=(fi; + fil—l,j)<% - 11*6”%8221‘_1,2]‘)’ (13)
Py fD2ir2= 5+ ff o+ fl+ fﬁxﬁﬂ(% - %h%gzz,zi_l,zjq)’

at the first grid locations at level ¢, the ‘horizontal’ and ‘vertical’ predictions formulas are

1 1 . .
(S = G+ 05— 36820y ) 1= = N2 i =0,

1 1 . .
(Pi_1fD2i12j = (ff; +fi€—1,j)(§ - Eh%‘gzzi—l.zj>’ T<i<N2™, j=0.

The computation of the local shape parameters determines the accuracy of the prediction scheme (hence it also de-
termines the efficiency of the associated compression scheme). Clearly, the computation of the shape parameters at each
location must be carried out using the data available in a suitable neighborhood of the interpolation point and, to ensure
the optimal accuracy under smoothness conditions, it is usually necessary to consider a data set which is larger than the
set of centers used for the MQ-RBF interpolation process.

The interpolatory prediction stencil (IPS) (at each desired location at each resolution level) denotes the set of
points/function values used in the basic prediction formulas. In all cases considered here, the IPS at a given location contains
the set of centers used in the MQ-RBF interpolation process.

In the following section we consider and analyze different strategies to estimate the local shape parameters, that lead to
different IPS and, thus, to prediction schemes with different approximation properties.

4. Parameter estimation strategies

If the underlying function u is sufficiently smooth, it is relatively simple to design linear strategies for the computa-
tion of the local shape parameters that attain the maximum asymptotic decay rate for the corresponding prediction errors.
However, as observed in [6], when the function has discontinuous profiles, the use of these simple estimates leads to a
complete loss of accuracy in the MQ-RBF interpolation technique and, hence, to large detail coefficients, in a wide band
around the discontinuous profile. To reduce the region of low accuracy, the authors in [6] propose to use nonlinear strate-
gies for the computation of the shape parameters inspired in the WENO technology. We examine next both strategies in
the context of 2D MQ-RBF-MR-based compression. For simplicity in the description, we shall continue using notation in
Section 2.2 throughout this section.

4.1. Linear strategies for the computation of the local shape parameters

Under smoothness conditions, second order centered approximations to the second order derivatives that appear in (10)-
(12) lead to the desired optimal order in the interpolation errors. The resulting IPS are centered with respect to the inter-
polation point (e in Fig 1-(b)-(c)-(d)). Horizontal Approximation (Vertical by symmetry) The following 2D version of the
linear estimate in Proposition 4.2 of [6],

Ui, — Uij — Uiprj +Uis2j

2 .
Einy = (14)
finH h2 (u; j + i1, j)
satisfies, under smoothness assumptions,
1"
i+3.j
Efin = 2 ~+0(h*) - Eﬁ%,j(s,zmﬂ) =0(h%). (15)
i+5.j

However, if the function u has a discontinuity at [x;_1,x;;»] x ¥}, then we easily get
Ein = 0(™%)  — E, ((ef, ) = O(1)

and, as a consequence the detail coefficient associated to the location associated to P is also O(1). Hence, an isolated dis-
continuity in [x;_1,X;;1] x y; produces a ‘band ’ of three large detail coefficients in the horizontal direction.

6
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Diagonal. We follow a similar strategy, using second order centered approximations to derivatives and to the value of
the function at the midpoint of a grid cell. For simplicity in the description we define the following auxiliary quantities,

_ 1
) 2
U1 jyl b= Z(ui,j+ui+l.j+ui,j+1 + Ui jp1) = Uiy g =G+ 0.

_ 1 _ _ _ _
(W) 1 oy 1= ﬁ(ui—l,ﬂ—% = Uy = Uiy g1+ Ui 1)

(Uyy)ig1 ji1 = ﬁ(”w%,]‘—] Uiy = Ui o+ o)
with
_ 1 _
Uim j+l = j(ui+m,j + Uipm,j+1)- Uipl jom = E(ui,ﬁ—m + Uit1,j4m)s (16)
for m=—-1,0, 1, 2. Again, under smoothness assumptions, taking into account that
2 2

1+O(h4) U1 i =U 1 h—u +O(h4)

u; 1 =U; i+3.j+m 1+7,J+m+ 2 Tit3.jt+m

i+m, j+3 i+m, J+] +5 2 1+m J+s

it is easy to prove that
(ﬂxx)l#%,ﬁ% = (uxx)pr%,]ur% +0(h?), (uyy)pr gty = (uyy)pr i +0(h?).

hence

2 Wedigy gy + Wyl iy _ (uxx-i-uyy

Elinp = 21, 2u >(Xi+%’yj+%)+o(h2)' (a7

i+1.j+3

Therefore, under smoothness conditions, we get
ED, 1y (F0p) = O(H™).

A similar accuracy loss occurs in the diagonal direction when there is a discontinuity that invalidates any of the approxima-
tion formulas used in the derivation above. In this case
2 -2 D 2
Einp =0(h™°)  — EH 1.j+) (&inp) = 0(1)
which leads to a band of large prediction errors around isolated discontinuities and, as a consequence, to a reduction of the
compression capabilities of the multiressolution transformation.

4.2. WENO-Like strategies for the computation of the local shape parameters

As observed in the 1D study carried out in [6], a more effective estimation for the optimal shape parameter can be
obtained via adaptive WENO-like strategies. In this section, we shall provide WENO-type estimates for the shape parameters
for MQ-RBF-interpolation of Section 3 and examine its effect on the accuracy of the MQ-RBF interpolation in the presence
of discontinuities in the neighborhood if the interpolation point.

Horizontal Approximation (Vertical by symmetry) The starting point in our derivation are the following observations,
which hold under smoothness conditions:

. Mg~ 2Uig Uiy

i, = = =uf, ;+0(h), (18)
_ Ui i — 2Uj 1+ Uj

0]y 1= = 0, (19)
‘l_ ‘l_ Ui 1:—Ui; — U 4+u4 .

jul{;] . + zul/;l R = i—1.j Lj 2h21+1‘1 i+2,j — ”1{;%,14% +O(h2). (20)

Notice that (18) holds when u is smooth on [x;_1,X;1] x y;j, (19) holds when u is smooth on [x;, x;;»] x ¥;, while (20) re-
quires u to be smooth in [x;_,X;,,] x y; to hold.
Following the WENO-strategy of substituting the optimal weight coefficients (1/2, 1/2) in (20) by appropriate WENO-
weights (Proposition 4.6 of [6]), we can easily define a second order WENO-like approximation for u:;% i as follows:
13 2, 1 2
I = *(UH.]‘ —2U j + Ujyq,j)° + Z(“H,;’ —4u; j + 3uiq,)°,

13 1
I =13 (uz] 2+ Uiy )+ Z(ui+2,j —u; )%
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With the same techniques used in [6], it is easy to show that the interpolation error is O(1) only at the interval where the
discontinuity is located:

1. If u is smooth on [x;_q, X;,2] x [y;], then Eﬁ%,j(gfven.y) = 0(h%).

2. If u has a discontinuity in [X;_1,%;] x y;, or in [X;,1, X;;2] x ¥}, then Eﬁ%,j(ga/en.H) = 0(h3).

Diagonal Approximation Taking into account (16) and the derivation in Section 4.1, we can write

Uigjed —Uiged —Uipn gt Pl 1l — 2055, 0 + Ui i1
2h2 2 h2
n 11— 2ui+1,j+% t Ui gl
2 h2 ’
Ui djor Uil Ui Uit o 1 (ui+%.j—1 —2U, +ui+%.j+1)
2h2 2 h?
1 (ui+%.j - 2ui+%.j+1 + ui+%,j+2)
2 h2 '

Hence, we can apply again the same WENO-like strategy as before, by defining appropriate smoothness estimators as fol-
lows:

_ 1B - m - 2, 1 - m - 2
I = 2 (Ui jyy = 20 5,0 + Ui j1)” Z(UH,H% — Al 1+ 3l )"
13 _ _ _ 1 _ -
X o 2 2
Tr = 35 Wiy =20 gy + Ui )™+ g Wi oy — 1 51)%
13 . _ _ 1 _ _ _
y._ 2 2
I, = 12(ui+%.j—1 =20y U )T+ Z(UH%.]’—] — Al 43U )7

13 _ _ _ 1 _
Y ._ 2 2
Iy = 12 (ui+%,j - 2ui+%,j+1 + ui+%,j+2) + Z(ui+%,j+2 - ui+%,j) ’

v4 v4
1 1 . o . o

Gime—, =, Wii= —Ft—, ="
¢ £ ol +af T o+ of

Tememr T 2w eR

o Wil e = 20 s Uy ) AW g = 20 e Uy 1)
EmenD = 290 (22)
it+3.+3
+W¥,(ui+%,j—1 - 2ui+%.j + ui+%,j+l) + W¥(”i+%,j - 2”i+%,j+1 + ui+%,j+2) (23)
5= .
h 2”i+%,j+%

Straightforward, but lengthy, computations lead to
1. If u is smooth on [X;_1,X;;2] x [yj_1.¥j;2], then E{:’r%wf%(sfven_l)) =0(h*).
2. if u is smooth but for an isolated discontinuity curve located in one and only one of the following regions: [x;_1, X;] x

Wi—t, Vil X, il < Vi1, V2l [xic1s xi2] < V-1, Y5 [Xio1s X2l X V1, Y js2], then Eﬂl el (€wen,p) = O(h3).
2’ 2

Hence, for sufficiently isolated discontinuities, the loss of accuracy is, again, restricted to the grid cell that contains the
discontinuity.

5. Map dependent local reconstruction and parameter estimation
The design of nonlinear prediction schemes in the previous section relies on WENO strategies in order to choose IPS that

move away from discontinuity curves. Similar nonlinear (i.e. data-dependent) strategies can be considered if an edge map
of the image is available. In this section we present a map-dependent local prediction scheme which uses the information
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given by a previously constructed edge map of the image in order to choose the IPS at each interpolation point and each
resolution level.

The first step in this algorithm is the construction of a binary edge map that contains information on the location of the
discontinuities in the image. The edge map is required to have two pixels for each ‘detected’ discontinuity, one before and
one following the luminosity change in the image.

A simple computation of an appropriate edge map at the finest resolution level is carried out in the following three
steps.

Step 1. At a given location on the finest grid, compute the horizontal and vertical gradient of the image and an edge
map with the Sobel edge detection algorithm ([20,21]).

Step 2. For both horizontal and vertical gradients, we define as edge points couples of consecutive pixels obtained with
the Sobel edge detection algorithm such that the sum of their respective gradient values is greater than the sum of the
4-adjacent gradient values.

Step 3 The remaining marked points are chained one to the other using North-East-South-West (NESW) chain codes [10],
as it is done in [2]. A control of the length of the obtained chains is performed and, according to a threshold, L;,, leads to
a rejection from the map of the marked points belonging to chains of length smaller than L;,. We take L, € [20, 120]
pixels, depending on the size and the geometry of the image. To be able to define the sequence of map-dependent prediction
operators, we need to compute the edge map corresponding to each resolution level. The following sketch provides the code
for obtaining the edge map at each level.

1. input: Let m9 be the binary edge image at the finest level, and L the number of levels
2. fore=0:L-1do
(a) ifmfj =1 and m“]Jr1 =1 then
(1) If i is even then

(1) If j is even, then m‘", =1 and m""}, = 1.
2:2 39+
(2) If j is odd, then m‘"% | : =Tandm'™l =1
5.5 2
(2) If i is odd then
(1) If j is even, then m“l o =1and m{"! = 1.
2 73t
i 1
(2) If j is odd, thenmf*1 g 1:1 andmf.;j%lzl
(b) end
3. end

4. output: m¢, ¢ =0, ...,L, maps at each compression level

Proceed analogously when mf =1 and mHl =1, switching the roles of i and j.

The edge maps serve to separate the smoothness regions in the image at each resolution level. This information can be
used to chose IPS that move away from the discontinuity curves (contours) in the image. We exemplify some instances of
this process in the following section.

5.1. Map-dependent MQ-RBF interpolation

The basic idea behind our map-dependent interpolation procedure is as follows: in a smooth region of the image, the
centered choice of IPS described in Section 4.1 guarantees the optimal order in the interpolation error, and should be
adopted, but if the centered IPS crosses a discontinuity, a non-centered IPS selection should be adopted instead, in order
to maintain at least some accuracy in the approximation. Obviously, the best IPS selection at each location and resolution
level will depend on the orientation of the family of edge maps. The general procedure is given in Section 5.2, and it is
based on considering MQ-RBF extrapolation for the approximation of the required values, as explained in the next subsec-
tion, where we exemplify the process by describing two particular cases.

5.1.1. Horizontal (vertical by symmetry)

Consider the case displayed in Fig. 2 (top-left). Here, according to the information contained in the edge map, the set of
centers for the MQ-RBF interpolation must be located to the right the approximation point, in order to keep all of them on
the same smoothness region of the function.

For this situation, and using the notation of Section 3, the corresponding MQ-RBF interpolating function uses the set of
centers displayed in Fig. 2 (top-right), which is given by

2
Ra(x.y) = 3 dayf 1+ €2 (0~ Xiom)? + (7 — ¥ 2). (24)
m=1
Proceeding as in Section 3, we arrive at the following expression for the interpolation error

E(P°) = 2 (u,+ & -l ])h2+ w/,

2\p3 4
i+1.j BuH]Js )h® + O(h*),

9
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Fig. 2. Map dependent prediction of Section 5.1. Top Row: Horizontal case. Bottom Row: Diagonal case. Left Column: the O symbol denotes edge points at
level ¢, the o symbol denotes edge points at level ¢ — 1. Right Column: () denotes MQ-RBF centers used to approximate at .

Fig. 3. Original 513 x 513 pixel images.

so that

u’ )
g2 .= +3.J + O(hp) N E(PC) — O(hml"{2+p’3}).
uz’+%,j

Hence, by choosing a sided set of centers, we can still achieve a third order approximation.
By using Taylor expansions, we easily get that

1 9 212 3 3 o 3
RZ(XH%»_V}‘) = (—5 + EE h )ui+2,j + (i - Eg h )uiﬂ,j +0(h°), (25)
and an appropriate selection of the shape parameter, using function values from the smoothness region, could be as follows
62— (Uig1,j — Ui j + Uig3 j) /2 _ u
HR h2 (Buiy — uig2)/2

1"
ey
2L 0(h) > Eyy (enr) = O(h).
i+1.j
The resulting IPS at the location of P° would then be {x;,1,X;;5.X;;3} x y; and the prediction formula would consider the
first two terms in (25).

It is worth noticing that E; 41 j(O) = O(h?), which only requires {X;,1.,%;,2} x y;j as the IPS, i.e. the set of centers used for

3

the MQ-RBF extrapolation.

5.1.2. Diagonal

Consider now the case shown in Fig. 2 (bottom). To keep the approximation point and the set of centers
in the MQ-RBF interpolation process on the same smoothness region, we need to consider the set of centers
{1, Y)s Kig1: Yjg1), Kisa, ¥j)s iz, ¥j41) ) In this case, the lack of symmetry with respect to the interpolatory point leads
to rather complicated asymptotic expressions which, in addition, require quite involved formulas for the determination of

10
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the shape parameter (within smooth regions). To keep the formulas as simple as possible, we use only the 0-th order terms
(i.e. setting € = 0), which in this case leads to

3 1 1 3
Ra(i+h/2,yi+1/2) = JUicaj— gUiaaj = gUic2jer + Zlivnjo + 0(h?), (26)

ie E 1 1 (0) = O(h?), and use the first four terms in (26) in the prediction formulas.
2’ 2

Obviously, the determination of a 4-point set of centers (which is also the IPS) in a smooth region in the diagonal case is
much more complex than in the Horizontal/Vertical cases, but can be done taking into account the edge maps at consecutive
resolution levels and the orientation of the edges. We sketch our map-dependent prediction operators next.

5.2. Map-dependent prediction

The idea is to use the edge maps at each resolution level to choose an oriented IPS at each required location and each
resolution level, which shall be used to compute the MQ-RBF prediction.

In order to decide the appropriate approximation formula at each location, we use first the edge maps to decide if
an edge crosses the symmetric 2-point (horizontal and vertical) or the 4-point (diagonal) set of centers used the basic
prediction of Section 3.1 (the centers of the MQ-RBF interpolation are centered with respect to the prediction point). If this
is the case, an oriented IPS selection, and corresponding approximation formula is required. For this, we analyze how the
other edge points around the approximation point are distributed and we check the local discrete tangent versor for each
edge point (this computation can be easily performed by using the MATLAB function regionprops) ([21,22]).

A sketch of the code used for the process is provided next.

Let ¢ > 0 be the compression level we are at. Our aim is to reconstruct level ¢

1. Horizontal case (symmetrically for the vertical case): the aim is to determine the local reconstruction at (x;, 1.¥;)
2

(a) 1fm‘“r1 _mfﬂj_l
(are edges of the (¢ + 1)th level map)
we consider the map at level ¢

(1) if mj; 2j = mgi+1,2j =1
and msz’zj =0: (x,y;) and (xi+%,yj) are edges and (x;,1,y;) is not: use the set of centers {(Xiy1,¥;), (Xi2.¥;)}

to compute the MQ-RBF approximation. ((25) and Fig. 2 (top))

l —
if my;, ;. 2j = Maii05=1
4
and My o =0:

use the set of centers {(x;_1,¥;), (x;,y;)} to compute the MQ-RBF approximation,
else use Basic Prediction Formulas (13) (i.e. the set of centers is {(x;.y;). (Xi11.¥;)}
(b) else we use Basic Prediction Formulas (13)
2. Diagonal case, the aim is to compute the local reconstruction at (x; il )y

(a) we consider the map at level ¢ + 1,

iey)

z+1 0+1 a1 ] —
(b) if m - mH—l J ml j+1 mi+l,j+1 =1
we COl’lSldel‘ the map at level ¢, and we compute the reconstruction as follows:

(1) if mgm 2711 =1 and Z?j;; ]mgls >3, and the angle of the discrete normal versor v; ; ; 1 of the edge in

2tz
My 550 =15 in (5. JU[SF, ]: we use the centers {(x1.¥)). (Xii1.¥j41). (Xis2. V). (X2, ¥j1)} ((26) and
Fig. 2 (bottom)),

2j+3 ¢
if mzm 241 =1and ¥/ 271 Maitas = >3, and the angle of the discrete normal versor Vz+ g+

(x,Jrl y]Jrl) is in [T[ 37-[]U[57T 7ﬂ] we use the stencil {(Xl’y]) (Xl’y]+1) (Xl 1 YJ) (Xl 1: y]-H)}

of the edge in

if mzm 2541 =1 and Z?'*z‘? 1m§ 2= 3, and the angle of the discrete normal versor v,+ g+l of the edge in
(40 ¥5,9) 1 10 (5. F1ULE. SF1: we use the stencil (8. yye1). (50¥j12). G Vjs0). (et vy
if m§i+l,2j+1 =1 and Zf'*z? ymé 2j1223 and the angle of the discrete normal versor Vieljed of the edge in

Xy 1Ypep) B8 in (=5 FIULZE 51 we use the stencil {(x. ). (4.Yj 1), (is.¥): (ia. Yy 1),
else we use Basic Predlctlon Formulas (13)
(c) else we use Basic Prediction Formulas (13)

6. Map-building prediction

In this section we present the different map-aided prediction strategy, also based on the error analysis of the various
local multiquadric-RBF interpolatory techniques considered in this paper.

The basic idea for this method is to check which IPS/prediction formula is better suited to carry out the local reconstruc-

tion at each point on each resolution level, on the decomposition step of the MR transformation. This involves determining

1
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Table 1
Outcomes of different image compression methods applied to the image of
Fig. 3(a). Comparisons in terms of number of non-zero elements, bytes and PSNR.

type L q nnz bytes PSNR
details map details map
lin 3 32 5365 0 4087 0 34.73
lin 3 64 4560 0 3431 0 32.30
lin 3 128 1118 0 1632 0 25.48
WENO 3 32 5232 0 4028 0 38.33
WENO 3 64 4512 0 3459 0 34.87
WENO 3 128 1094 0 1581 0 25.81
WENO map 3 32 690 7696 1379 774 49.43
WENO map 3 64 576 7606 1176 774 42.25
WENO map 3 128 257 7696 689 774 36.71
WENO map-b. 3 32 47 4550 402 679 47.36
WENO map-b. 3 64 30 4550 375 679 45.79
WENO map-b. 3 128 15 4550 363 679 4427
Table 2

Outcomes of different image compression methods applied to the image of
Fig. 3(b). Comparisons in terms of number of non-zero elements, bytes and PSNR.

type L ¢q nnz bytes PSNR
details map details map
lin 3 32 8936 0 7284 0 31.06
lin 3 64 2873 0 2998 0 27.88
lin 3 128 504 0 923 0 24.72
WENO 3 32 9087 0 7686 0 31.83
WENO 3 64 3069 0 3308 0 28.50
WENO 3 128 502 0 885 0 25.04
WENO map 3 32 8331 3455 6992 700 31.80
WENO map 3 64 2388 3455 2695 700 28.56
WENO map 3 128 370 3455 776 700 25.91
WENO map-b. 3 32 4678 4974 4744 2222 3139
WENO map-b. 3 64 755 4974 1236 2222 29.36
WENO map-b. 3 128 121 4974 458 2222 2817

which reconstruction technique, among a (small) set of those considered in the previous sections provides the smallest pre-
diction error at each location/resolution level. To implement this strategy, we compare the prediction errors obtained from
the reconstruction with centered stencil where the IPS are obtained using WENO (Basic Prediction Formulas) of Sections 3-
4 with those obtained from several different reconstructions with non-centered stencils: Two each for horizontal (Figure 2,
top right) and vertical cases, and four for the diagonal case (Figure 2 bottom right). Then and finally we select the one
which provides the smallest prediction error, keeping the IPS/prediction formula identified in a map, which is being built
along with the decomposition step. The entries of the map are {0, 1, ..., 4}, where O represent centered points reconstruc-
tion and 1 to 4 the other options. The information stored in the map is then used in the reconstruction of the image after
compression takes place.

7. Numerical experiments

In this Section we compare the efficiency of the compression algorithms associated to our methods on two different
types of images: a synthetic image and the peppers photographic image, displayed in Fig. 3.
The algorithms used in the prediction operators that define the MR transformation are the following

« pure linear and WENO methods (Sections 3-4)
- map-dependent method with WENO parameter estimation (Section 5)
- map-building method with WENO parameter estimation (Section 6)

In each case, we take L =3 and three different quantization parameters q = 32, 64, 128 for compression purposes. The
comparisons, presented in Tables 1 and 2, take into account

« the number of non zero details (and eventually non-zero map entries) and the number of bytes that are required to store
them,

« the quality of the reconstructed image, after compression takes place, measured by the Peak Signal-to-Noise Ratio (PSNR)
[18].

The tables show that the map aided methods outperform the pure linear and WENO methods, and this is especially
evident for synthetic images, where the edges are more pronounced. We also find that even when the linear methods have

12
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US US UR L

Fig. 4. Decompressed images, with L = 3 and q = 64. First column: LINEAR parameter esimation. Second: WENO parameter estimation. Third: map depen-
dent method with WENO parameter estimation. Fourh: map-building method with WENO parameter estimation.

ALAA

Fig. 5. Zoom of decompressed images, with L =3 and q = 64. First column: LINEAR parameter estimation. Second: WENO parameter estimation. Third:
map dependent method with WENO parameter estimation. Fourh: map-building method with WENO parameter estimation.

compression ratios which are comparable with the WENO methods, with the latter, the reconstructed image has better
visual quality, as can be observed in Figs. 4 and 5.

Data availability

No data was used for the research described in the article.
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