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1 Introduction

Lepton number is an accidental symmetry in the Standard Model (SM) of particle physics.
Many extensions of this minimal model actually include sources of lepton number violation.
This is the case of all Majorana neutrino mass models, in which the U(1); lepton number
symmetry is broken. When this symmetry is global and its breaking is spontaneous, a massless
Goldstone boson arises in the spectrum, the majoron (J) [1-5]. This massless pseudoscalar
has dramatic phenomenological implications and can be probed by many experiments,
including the search for rare low-energy processes [6] and invisible Higgs decays at high-energy
colliders [7], as well as due to its impact on many cosmological observables [8-11].

The flavor structure of the majoron couplings to charged leptons is crucial for the
phenomenology [12, 13]. As explained below, flavor diagonal couplings are strongly constrained
by astrophysical observations, while the flavor off-diagonal ones may induce exotic processes
like £, — £ J, with a # (. Different models also induce majoron couplings to charged
leptons at different loop orders. Tree-level diagonal majoron couplings to charged leptons are
actually induced in many scenarios beyond the SM. For instance, in models that generate
them via mixing between the Higgs and the singlet that breaks lepton number spontaneously.
However, in this case the couplings turn out to be diagonal in the charged lepton mass basis.
An alternative mechanism must be introduced in order to generate tree-level off-diagonal
couplings. For instance, these are induced if the majoron couples directly to the charged
leptons or to other fermions that mix with them [14].

We study the 1-loop coupling of the majoron to a pair of charged leptons. In contrast to
previous works that focus on specific models, typically the type-1 seesaw with spontaneous



lepton number violation [2, 15-17], we derive general expressions valid for (virtually) any
model. We consider all 1-loop diagrams leading to a majoron coupling to charged leptons
and expand the resulting analytical expressions in powers of the light neutrino masses (or
other related low-energy scale). The main result of our work is a set of formulae that can
be readily applied to any majoron model of interest to obtain the couplings to charged
leptons. In order to demonstrate their use, we illustrate the application of our analytical
results to several example models. This allows us to recover well-known results in some
popular scenarios, which constitutes a non-trivial cross-check of our calculation. We also
obtain novel results in other less studied models.

The rest of the manuscript is organized as follows. We present our setup, discuss the
current bounds on the majoron couplings to charged leptons and derive general expressions
for them in section 2. These general results are applied to specific models in section 3.
This allows us to show how to use our analytical results. We summarize our work and
discuss further directions in section 4. Finally, appendices A and B contain additional
details about our results.

2 The majoron coupling to charged leptons

The Lagrangian describing the interaction of a majoron with a pair of charged leptons can
be generally written as [6],

Loy =T 03 (S] P+ S5 Pr) ba+hoc. = T 0 [$7 P+ (5°7) P ta. (21)

Here Pp g = % (1 Fv5) are the usual chiral projectors while ¢, 3 are the charged leptons,
with «, 8 = 1,2,3 two flavor indices, and

o = 87+ (S37) (2.2)

All flavor combinations are considered: Sa = {ee, uu, 77, eu, e, ur}. We note that majorons
are pseudoscalar states. This implies that the diagonal SP8 = S[LEB + (Sgﬁ >* couplings are
purely imaginary at all orders in perturbation theory [18]. We are interested in models that
induce flavor off-diagonal couplings at the 1-loop level. Therefore, while flavor diagonal
couplings will be allowed at tree-level, the off-diagonal ones will be absent and only generated
at 1-loop. In models that generate off-diagonal couplings at tree-level, the 1-loop contributions
considered in our work can be regarded as just corrections, hence expected to be subdominant.
For similar reasons, we will consider only diagonal tree-level couplings with quarks.

There are stringent constraints on both diagonal and off-diagonal majoron couplings to
charged leptons [6]. The former are constrained by astrophysical observations. If produced,
majorons would escape astrophysical scenarios without interacting with the medium, thus
leading to a very efficient energy loss mechanism. This has been studied in several recent
works [19-24], which have derived the limits

Tm S| < 2.1 x 107 *? (2.3)

and
[Tm S"*| < 3.1 x 1077 (2.4)



The off-diagonal majoron couplings to charged leptons also receive strong constraints, in this
case from searches of the flavor violating decays ¢, — 3 J. In order to specify the bound,
it proves convenient to define the combination

55| = (s ) 25
that enters the ¢, — fgJ decay width as

T(ly — L5.J) = ?%‘r ‘Sﬁa (2.6)

’2
The current limit on the branching ratio of u* — e J was obtained at TRIUMF [25]. Taking
into account all possible chiral structures for the majoron coupling, one can estimate the

limit BR (1 — e J) < 107° [26], which in turn implies

S| < 5.3 x 1071 (2.7)

Finally, the currently best experimental limits on 7 decays including majorons were set by
the Belle II collaboration [27]. They can be used to derive the bounds

‘567’
-

<35x%x1077,

(2.8)
<27%x1077.

2.1 General setup

Our goal is to obtain generic expressions for the majoron coupling to a pair of charged leptons.
We adopt a general setup with 3 light charged leptons, ¢, = {e, u,7}, N neutral leptons,
n; = {n1,...,ny}, out of which at least 3 must be light, and 6 quarks, ¢; = {u,c,t,d,s,b}.!
Note that only the usual SM charged leptons and quarks are considered and that all quarks
are generically denoted by ¢;, without any distinction between up- and down-type quarks.
We also assume the neutral leptons to be of Majorana nature, which implies that their mass
matrix in the gauge basis is symmetric. We also introduce a massive scalar p, a massive
pseudoscalar o, a singly charged scalar n*, a scalar leptoquark X and a vector leptoquark
Y,,. All these fields are mass eigenstates. In case more than one massive scalar, pseudoscalar,
charged scalar or leptoquark (of any type) is present in the model, our results can be easily
adapted by summing over all mass eigenstates. In addition, we note that at least one
pseudoscalar will always be part of the spectrum, namely the massless majoron. We will
consider the following general interaction Lagrangian:

L=L;+Ly,+Ls+Ly+Lrq+Lz+Lw+Ls. (2.9)

The first term describes the interaction of the majoron with a pair of neutrinos, a pair of
charged leptons or a pair of quarks, and is given by?

L;=mn; (AijPR + A;kzPL) n; J+lo Kaavs o J + G Liiys qi J . (2.10)

Tn the following, we denote the charged lepton flavor index with a Greek character, o = 1,2, 3, while the

neutral fermion and quark flavor indices will be denoted with a Latin character, ¢ =1,...,Nandi=1,...,6,
respectively.

2Tt may seem ezotic to consider a majoron coupling to quarks, but this interaction is indeed induced at
tree-level in models in which the scalar singlet responsible for lepton number violation gets a non-zero mixing
with the Higgs doublet after the electroweak and lepton number symmetries are spontaneously broken.



As already explained, we have considered only flavor-diagonal couplings between the majoron
and charged leptons and between the majoron and quarks (here, K and I are purely imaginary
diagonal matrices). The Yukawa interactions of the scalar p and the pseudoscalar o can
be written as

Ly =l (GapPr+ GyoPr) Lp, (2.11)
Lo =n; (BijPR + B;iPL) n;o + Za (CaﬁpL + CEaPR> fﬂ o. (2.12)

In principle, the scalar p can also couple to a pair of neutrinos, but we have decided to
ignore these couplings, since they would not contribute (at 1-loop) to the majoron coupling
to charged leptons. We also note that eq. (2.12) reduces to £, Cro Vsl o, with C, purely
imaginary, when one considers the interaction term between the pseudoscalar ¢ and a pair
of charged leptons with the same flavor. Similarly, eq. (2.11) reduces to lo Goo o 0, with
Gaa purely real, in the flavor diagonal case. The charged scalar n can also have a Yukawa
coupling to a charged lepton and a neutrino, given by

Ly = lo (D§'PL+ DFPp) nin +hc.. (2.13)

The X and Y leptoquarks couple to a quark and a charged lepton in the general form
Lrq = Lo (TR PL+ T'Pr) ¢ X + oYy (HE Po+ HY Pr) g; +hec.. (2.14)
Since we denote up- and down-quarks as ¢; indiscriminately, the electric charges of X and
Y are not fixed, but left as free parameters. However, these electric charges do not affect
any of the results that follow and hence there is no need to distinguish between quark types.

Lz and Ly contain the usual gauge bosons interactions with neutrinos and charged leptons,
which can be written as [15-17, 28, 29]

g 9 5
Lrz7=—"—n, E,; P, —FE;P i+ —, — Lo s 2.15
2= Toostw 7 (Ey; P, — Ej; Pp)nj + cos Oy Z (ve — agys) (2.15)
_ 9 (;vow .
Lw =5 (baFoiW ™ Prmi +hic.) (2.16)

where F is an Hermitian matrix and vy and a; are the usual Z-boson couplings to charged
leptons. Finally, £g describes a cubic scalar interaction of the majoron with one scalar
and one pseudoscalar,

Ls=wdop, (2.17)

where w is a real parameter with dimensions of mass. Sums over charged lepton and neutrino
flavor indices are implicitly assumed in egs. (2.10)—(2.16). The generic couplings A, B, C,
Dr g, E, F and G g have model-dependent expressions in terms of the parameters of the



specific model under consideration. Nevertheless, they can generally be written as

Aij = Ukz Akr Urj y (218)
Bij = Uyi By Upj (2.19)
Dg' = DF* Uy, (2.20)
D = DF Uy, (2.21)
3
Eij = Uy B U5 =Y Ui Uiy, (2.22)
k=1
Foi = Fak Ui =Uk (2.23)

where U is the unitary matrix implicitly defined by
M;j = Uy My, Uy, (2.24)

with M = diag (my,,...,mMny) and M the neutral lepton mass matrices in the mass and
gauge bases, respectively. We have assumed that we work in the charged lepton mass basis.
Therefore, A, B, DL, r, E and F are the couplings in the gauge basis, while C = C and
G = G. Egs. (2.22) and (2.23) are completely general, since they just correspond to the
transformation of the usual neutral and charged currents, and the index ¢ = 1,2, 3 in these
equations tags a gauge non-singlet. In the case of quark couplings we prefer to keep them in
the mass basis, just for simplicity, since we are not interested in the gauge basis parameters.

2.2 1-loop coupling

Let us now move on to the computation of the 1-loop coupling of the majoron to a pair
of charged leptons. First of all, we consider all possible 1-loop diagrams leading to this
coupling. They are shown in figure 1. Other 1-loop diagrams vanish due to the pseudoscalar
nature of the majoron. For instance, this would be the case for the self-energy diagram in
figure 1(d) if we replaced the pseudoscalar o by the scalar p. It is important to notice a key
aspect. In the scalar diagrams, the fermion in the loop can either be a neutral or a charged
lepton. We shall consider both scenarios. We could in principle include charged leptons in
the Z boson diagram. However, given that this diagram is always flavor diagonal, such an
inclusion would constitute a correction to the tree-level majoron coupling, thus rendering
it negligible. For this reason we will not consider this option. If ¢ couples to quarks, an
additional og contribution, analogous to o/, would exist. The resulting M., amplitude can
be obtained by applying obvious £ — ¢ replacements to the M, amplitude and we decided
to omit it. Similarly, an additional Z boson contribution with a quark closed loop can be
added, again with a trivial n — ¢ change. Finally, let us note that non-trivial electrically
charged particles have been added to the spectrum. In such cases, we would have infinitely
many different possibilities (due to the charge combinations). However, we emphasize once
again that these electric charges do not affect our results.

The amplitudes of the Feynman diagrams in figure 1 will be denoted by M4, with
A={W,Zn,p,0,X,Y,on,ol,S}, and each amplitude corresponds to a different diagram.
For simplicity, we will work in the unitarity gauge, where the diagrams including SM Goldstone
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Figure 1. Feynman diagrams leading to the 1-loop coupling of the majoron to a pair of charged
leptons.

bosons are absent. Thus, the amplitudes are given by

. dk g 1 KRR\ k= 4m;
MW:2Ug /77}7 i 7Y, PLi (g’w— ) 1
52} (2m)d 2 TR g Mg, ) (k—r)2—m?
. k+p+m; g .
x (AiPretA5,Pe) o T2y WP (2.25)



My=—2—2 3 Yu (Ve — agys) u ! g"”—quqy (2.26)
z cos by V0o Ve AY5) Uty T M2 :

4 .
XZ/ dk LTI’ [VV(EijPL_EjiPR) W(AZJPR+A* PL) k+7:;2

2m)% 4 cos HW (k+q)? L2 _ ’
_|_
Qngﬁ/ (DBJP +D5]P ) W(Al]PR+A )
k—{_p—i_mz ai)* ai\* 1
XW |:<-DL) PR+(DR> PLj| k2_m727 Uga, (227)
k=7 +my, F+p+my,
Gg P+ G:sP —K 7
M Z'Uég/ ( By L+ A R) (k—T’)Q—mE ¥y S(k—i-p) 2
" 1
X (GWQPL—I—GOC,YPR) k2 5 U, (2.28)
p
My =M (G<—>C) (2.29)
k—y‘—i—m . %—i—p—i-m .
M / TB]P +TH P G 7 4
t %Z - ) (h=r?=md P (g p)? =
\ 1
x | (177 Pr+ Ty Pr, S Ul (230)
(12 P (1) )
_ d4k7 B3 Bj 1 v kHEY k—}"—i—m%
MY—”@Z/(%VW(HL PL+HR PR) 4]{2—M}2, g — M}Q/ (k‘—r)z mg
J J
%+p+mq] Oéj * Olj *
<5325 Gy =z o \(HE) Pot () P . (2:31)
d'k p\ _Krdrm NG i
Man—_lej:/le" [(BijPR+BjiPL) W (AngR"FA PL) W
X Vg (CBaPL+C PR) ! ——5 g, (2.32)
B af ma
Z/ d4k [ ) JéJrngmzW o F+my,
577 N9 _9 575 o
Y (k—i—q)z—mi glet ]{:Q_mtg7
1
CsoPr+C2 5P, 2.33
XWB( Bal L +Cop R) maue (2.33)
f+m .
Zveﬂ / (G,gVPL+GWPR) o (CWPLJrCMPR)
’7
! L (2.34)

X 2 2
(k—r)"=m2 (k+p)”—m2
The amplitudes in the previous equations have been computed with the help of Package
X [30]. Since the resulting exact analytical expressions are very involved, we have derived
approximate expressions, valid in most scenarios of interest. We now explain the main

ingredients in our calculation:
e A hierarchy of scales in the neutrino sector has been assumed, namely

Miight K MEW <K My . (2.35)



Here myjgns is a low-energy scale, to be identified with the scale of neutrino masses or
with other related low mass scales, mgw ~ myy is the usual electroweak scale and My
is a high-energy scale where the heavy mediators responsible for neutrino masses lie.
This hierarchy of scales allows us to expand our results in powers of the small mass
ratios miight/mew and mew/Mp and obtain approximate (but also simpler) analytical
expressions.

e As usual, all states at a given energy scale will be assumed to be degenerate at order
zero in myigne. For instance, all the heavy mediators will be assumed to have a mass
My, with possible corrections of order mijgne. In practice, this means that migne/mew
and mgw /My will be single expansion parameters and our approximations may be
invalid if large mass splittings exist among the states that lie at a given energy scale.

e In order to properly apply the mass hierarchy in eq. (2.35), we split the sum over all
neutral fermion mass eigenstates as
IIEDIEDIEDIIED I I (2.36)
ij il dgjeh il jeh gl ich

where ~ [ and ~ h refer to the sum over light and heavy neutral fermions, respectively.

e The couplings in the interaction vertices may include the unitary matrix U, see
egs. (2.18)—(2.23). This must be taken into account to properly expand our results,
since the entries of the U matrix involve the mass ratios that we use as expansion
parameters. In fact, we will make use of the identity

Z Urj mg Ukj = M:k: — Z Urj mg Ukj s (2.37)
j~h g~
which can be readily derived from the definition of U. This expression allows us to
identify up to which order in mjjgn; we must expand our analytical expressions in order
to be fully consistent. The first term, M:k, is much larger than the neutrino mass
scale, while >
under consideration predicts My, # 0, then the part proportional to the light neutrino

jmd U,jm; Ug; ~ my is of order one in myjgne. Therefore, if the model
masses does not contribute at leading order. In contrast, if My, = 0, the dominant
term will be proportional to myignt, and we must expand up to this order. In general,
when we expand the integrals using eq. (2.36), we find, mostly, that we must compare
Urj m; Ukj with >
that the first one is dominant because m; is much larger if j ~ h, rather than when

expressions of the form > Urjm; Uy;. A priori, one can think

jrh gl

j ~ l. However, we do not know the shape of the U matrix. In some models, the
suppression introduced by U in the heavy block compensates for the suppression of the
light mass. Ultimately, we cannot compare these expressions. For this reason, we use

eq. (2.37) intensively to transform these expressions into comparable ones.?

3The exception to this rule takes place when the heavy mass appears in the denominator, ij b Urj mjfl Uk;.
In this case, it does not make sense to perform this transformation, as we would artificially introduce the
dominant term into the total sum, and this will cancel out with the sum over the light states. Therefore, we
will include it in the zeroth order, as it is not explicitly proportional to any power of the light mass. The
actual order will depend on the model under consideration. Then, given a model, one can certainly derive the
form of the light neutrino mass matrix, and therefore, upon substitution, determine the order of this term.



o We have simplified the results and written them using matrix notation. In this process,
sums over repeated indices have been identified as matrix products whenever possible.

o The new scalar and vector states will be assumed to be much heavier than mj;gn; and all
charged leptons. In the case of leptoquarks, we impose that their masses are significantly
above the electroweak scale.

Before we present our results it proves convenient to introduce some matrices that will
allow us to write them in a more compact way:

it =3 A (M) ()]
fromt = ZA;W[(M) (MMT)m]STU bz, (2.39)
A= 37, [ () ()]

| )|

UmU*

sj o (2.38)

o Upjm5Us; (2.40)
At =3 Ay [ (011)" (M81h) "] UyymiUy (2.41)
k,r
Yoo = Y > Ap Ui U U Uy (2.42)
k,r i,5~1

We are now in position to present our results. We will do so explicitly splitting them
into different orders of myjgnt. The leading order contributions, as well as the divergent pieces
(when present), will be provided here. However, one should keep in mind that this splitting
in orders of Mgy is performed based on the explicit appearance of Mgy in the resulting
analytical expressions. As explained above, a term that is a priori of order zero in Mmijgns
might actually be of order one if the specific shape of the U matrix introduces one power of
the low scale. Therefore, the leading order contributions given below might be polluted with
higher order terms, which can in general be safely neglected. This is no longer true if the
order zero contributions vanish or turn out to be of order one due to cancellations. In this
case, a consistent calculation requires the consideration of all order one contributions. For
this reason, the expressions for higher order terms are given in appendix A.

First of all, the Z boson contribution can be written as

1

Mz =~

Ve, 5 TG ue,, (2.43)

where

.m iv
g = —i vg“ Im{ (FZ)(d )4 (Fz)(o) + O(mlight)} ) (2.44)

with (H°) = % the usual Higgs vacuum expectation value (VEV) that breaks the electroweak
symmetry and

3 2
» 1 5
) =303 G Ay | M | <A log (2 | =3 | = Mu Y UUs| o (245)

= M) 3 :
s=1 k,r jr~h

3 pLO0 4 1,00 AOL=1 | AOL-

SS] SS] o s8] 887 ) 2 4

> (Z > 3 ) (2.46)
s=1 jwl JNI’L



; 1
The term (FZ)(dlv) contains the dimensional regularization divergence —. It will only be
€

relevant in models leading to 0y A, # 0. Since the index s = 1,2,3 runs over gauge non-
singlet states, this will happen in models in which the majoron couples to non-singlet fermion
representations and in this case one expects a majoron coupling to charged leptons already
at tree-level. We have also included a finite piece in (FZ)(diV), the last term in eq. (2.45),
simply because it is also proportional to djs Ag, and vanishes whenever the divergent piece
does. Furthermore, the rest of the contributions can be generally written as

1

Mp =5

o, (L Pr+ R Pp) us, (2.47)

with B = {W,n,p,0,X,Y,on,0l,S}. The W-boson contributions are given by

o 2my o (0)
L = ’UQB {(Lﬁ,) +O(m11ght)}7 (2.48)

with

Ba\(0) Fi’gf* 2 1,00 Ag’é&'—l 7 AL
(LW) =2 12 T 3l6aj -2 T Tt | (2:49)

g~ j~h

The charged scalar contribution is given by

wpe =, [0 (07°)" (182), - (037) D} (227),

+me, [Dgp (D) (rm) — (D3)" Df; (EﬁR)sp] (2.50)
Cop (o) (12,
where
LﬁL = (L7L7L)(O + O(miignt) (2.51)
LRR — (L,?R) + O(miignt) (2.52)
LI = L,?L) + O (miight) (2.53)
ZgL:LL(f125678)<_>f(349101516 f13 4> F1-3, fua < Py, 4), (2.54)
Ly = L% (f(125678 < [(3,4,9,10,15,16), f13 <> F1,-3, f14 < Fy, 4). (2.55)

Here we have introduced the f and F' loop functions. Their explicit expressions can be
found in appendix B. We note that in the Z and W bosons contributions given above, no
loop functions appeared. This is because myz ~ my ~ mpw and we already expanded
our results in powers of mgw/Mpy. However, in contributions involving 7, p and o a new
mass scale appears, namely the mass of the new heavy scalar. Then, a complete expansion
cannot be made without introducing further assumptions on their mass scale. As already
explained above, our calculation assumes m,, m,, My > Myighy but, for the sake of generality,
we prefer to stay agnostic about how these scalar masses compare to M. Furthermore,

,10,



the notation f;, < f(r,....jo) means that the replacement fi, <> fj,, ..., fi, < fj,
is to be applied. We found

oin)
(LLL>(O> — (LRR> © (F STA o A) , (2.56)
(LRR> = fr Z Ayt Z {fahyt — BT — FosT0) (2.57)

+ Z {F57—1 Fs}n + Fe8,—2 F;pljo},

gl
2 2
() =g o g+ I S A 259
g~
3 [ (FS20)" — 4 (FS09)" — Py A28 + i ABY— P A
J
+ Z [ (nglj()) + Fl ,—2 (ngjo) + F3,—9 (ngljo) + F4’_10 (Fgfjo) } .
g~

Let us note that we have included a term proportional not to the mass of neutrinos but to
the square of the mass of charged leptons in the zeroth order expressions. Although this
term is not explicitly proportional to myignt, We expect it to be subdominant, simply because
my < Mpyg. However, in the event that both remaining terms of order zero and order one
were to cancel out, then this term would dominate over a possible order two, as myjgn; << my.
We move on to the contribution induced by the neutral scalar p, which can be written as

1 (div) (0)
Ba __ Ba Ba
L™ = 2m2 {(L ) + (Lp ) ] ’ (2:59)
with
o (div) 1 1 :u2
(Lg ) =3 l(m?g + m?a) + 2mg (1 + p + log m,%) (GKG)ﬁa ) (2.60)
M2 M?
( L§a>< ) _ (GT (113 +log —% > MKKG> —h.c. <G log —£ M; KG)
P Ba ,0 B

my

+ 727% (¢ixa) (2.61)

Ba

. . . . . . . L (div)
where I, is the n x n identity matrix. Again, we have included a finite piece in (Lga)
because it vanishes whenever the divergent piece does. A similar triangle diagram contribution
is induced by the pseudoscalar o, with

LE* = L™ (G < C,my 4> me) (2.62)

The scalar leptoquark contribution is given by

1 = g [3)* + 22)°] a9

— 11 —



po\(@v) 1 2 2 9 1 LQ ;
(LX ) =75 (me[3 + mza) +2Mx |1+ . + log M}Q{ <TLITR)ﬁa , (2.64)
(0) M2 M2
(Lég(a> = My, (TR (HS + log ]\ﬁ) Mg]TE) —h.c.| — (TL log ]\ﬁMZZITJ];>
X Ba X Ba
Mg, Mg t
Tt (TRI TL) sa (2.65)

In the same way, we find for the vector leptoquark contribution

8 1 (div) (0)
Ly" = =z (257) 7+ () | (2.66)
where
Ba (div) 1 ; ;
(Ly) Z{MEHLMQIHL—FHRMQ[H M£+2MEHLIH M,
2
2 — 1 (Lo
+ 2HpR (MQ 3My]13) IHL] 5o (e + log M32/> (2.67)
and

0 1 M? 1 M2
(L@a)( ) T MeHL Mo (8 log M% - 7H3> 1! + JHrMq (8 log M—g - 7]13> THM,

Q Q
M2

+ MyHLTHLM, + Hg (Mg + 4M3 log Vg — M§H3> IH] (2.68)
Q

Note that the expressions in egs. (2.59), (2.62) , (2.63) and (2.66) are exactly of order
zero (no expansion has been made). This is easy to understand since there are no neutrinos
in the associated loops. Lastly, the on and ¢/ contributions are given by

1 iv
L35 = —5 Csa | (Lon) ™ + (Lon)® + Olmigy)| | (2.69)

o

with
iv « 1 2
(Low) @) — Re {Z By + B, (105 +T00)] (3 +2- +2log A‘}) } . (2.70)
J H
o) _ e [=01,0 010 1 0.20 | 0,12 2 1,1,1
(Lon)'” = Re{ D28, [rsm T - (P90 + TG )] iz b By,Ak
j

0,2,0 0,1,0 , 10,1,0 5 ALl-1
- Z (Fsm =3l + L ) - Z BapA;j } ) (2.71)

g~ jr~h

and

« 1 iv
L7 = =5 Cha Tt | (Lon) ™ + (Lon)”)] | (2.72)

g
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with
. 1
(Loo) ™) = KMZCH (I + 6) (2.73)

2
(Log)® = K M?log ]\M@QCT . (2.74)

The cubic scalar interaction contribution leads to

w

4y ) o
p o

with

(L’g“)(O) _ (GCT Mg)ﬁa <m§+m§+m§10g :E) - (MggT C) N <m2+m§+milog:§>

g

2
~2(GM;C) (m2—m?) log%. (2.76)

Again, the last three expressions are exactly of order zero in mijgy; since there are no neutrinos
in the loop. We also note that only the real parts contribute in egs. (2.70) and (2.71). To
conclude, the right chirality couplings are given by

RO = 190" (2.77)

Finally, the majoron coupling to a pair of charged leptons, defined in eq. (2.1), can be written
in terms of the results presented in this section as

(0% ]' « (0% (6
she = 52 <&5 Z+ZB:L/; ) . (2.78)

Some comments are in order. First of all, we emphasize that these expressions are
very long because they are meant to be completely general. In specific models, most of the
terms will simply vanish or take very simple forms, as we will show explicitly in section 3.
Secondly, while most contributions are perfectly finite, some include divergent pieces. As
already explained, these only appear in contributions that would necessarily lead to the
existence of a majoron coupling to a pair of charged leptons already at tree-level. In this
case they are expected to induce just small (finite) corrections, but we included them for
the sake of completeness.

3 Application to specific models

In this section we show several example models and illustrate how our general results for
the majoron coupling to charged leptons apply to these specific cases. We consider several
neutrino mass models, some of them very well known. Instead of breaking lepton number
explicitly, as usually done, we promote it to a global conserved U(1), symmetry that gets
spontaneously broken by the vacuum expectation value (VEV) of a scalar x. This implies
the presence of a majoron in the particle spectrum of the theory.

,13,



field spin generations SU(3). SU(2), U(1)y, U(1),

N 3 1 1 0 1

1
2
Y 0 1 1 1 0 2

Table 1. New particles in the type-I seesaw with spontaneous lepton number violation.

3.1 Type-I seesaw

The type-I seesaw with spontaneous lepton number violation [2] extends the SM particle
content with 3 singlet fermions N and a scalar singlet x, all charged under the global U(1),
as shown in table 1. The Yukawa terms relevant for our discussion are

. 1 _
—,CzyLHN—l-i)\xNCN—i—h.c.. (3.1)

Here H is the SM Higgs doublet, with H = iooH*, y a general 3 x 3 matrix and \ a symmetric
3 x 3 matrix. We will work in the basis in which A is a diagonal matrix with real entries.
The x singlet can be decomposed as

1
X = = (e +ptid), (3.2)

V2

where (x) = % is the x VEV responsible for the breaking of U(1);, p is a massive CP-even
scalar and J is the massless majoron, the Goldstone boson associated to the spontaneous
violation of lepton number. After symmetry breaking, a Dirac mass term, Mp, that mixes the
left-handed neutrinos in the lepton doublets with the singlet neutrinos, as well as Majorana

mass term for the singlet neutrinos, Mg, are induced. They are given by

v v

In the basis {v§, N}, the resulting 6 x 6 Majorana mass matrix for the neutral fermions

M= ( 0 MD) . (3.4)
ML Mg

If one assumes the hierarchy Mp < Mp (equivalent to mpw < My in eq. (2.35)), the

can be written as

light neutrinos mass matrix is given by m, = —Mp My ! Mg, hence leading to naturally
suppressed masses. This is the usual type-I seesaw mechanism [31-35].

Since p does not couple to the charged leptons at tree-level, the only diagrams that induce
a majoron coupling to charged leptons are those with gauge bosons, shown in figure 1(a)
and 1(b). Therefore, we only need to adapt the general results for I'; and Ly to the type-I
seesaw. We first identify the general couplings of egs. (2.18)—(2.23) that are involved in
these contributions. In this model, the majoron coupling to a pair a neutral fermions is
given in the gauge basis by

My, if ke =4,5,6
QUX

0, otherwise
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The A, E and F couplings in the mass basis are then given by eqgs. (2.18), (2.22) and (2.23),

(div)

although they are not necessary for our computation. First, we note that (I'z) vanishes

exactly since 0;5 Ay, = 0 for s = 1,2, 3. Then, we just need to compute 2 jm fé’o%o, 2 jm Fé’g}o,
2 jmh A%’al;._l and > p, Agi}_l. In order to do that we need to know the form of the U
matrix. In the type-1 seesaw this unitary matrix can be written as [36]

U, 0 VI; — PPf P
U=|" ’ =U,U;. (3.6)
0 U, -pt /13— PiP

Here U; brings the neutral fermions mass matrix into a block-diagonal form, while Us finally
diagonalizes, independently, the light and heavy sectors of the matrix. U;, U, and P are
3 X 3 matrices. The matrix P depends on the matrices Mp and Mg in a non-trivial way.
However, one can expand P in inverse powers of the large Mg scale as

P=> P, (3.7)
i=1

with P; o Mgi. At leading order in Mﬁl, one finds

VIs — PPt = /Iy — PIP =Ty + O(Mz?), (3.8)
and
P =P +0OMgp? = Mp Mz + O(Mp?). (3.9)

With these expressions at hand it is straightforward to expand the sums in egs. (2.38)—(2.41)
and find

.6 3
STl = 5o 30 3 M MU UL, U,

i~ X kr=aj=1
~ 1 Pt t
= ( Is MpMj; MRMD)[M =~y (MDMD)/M , (3.10)
. 6 3
SUTE =5 2> M MU,
gl X kr=4j=1
~ b 1T _ b f
= (—MpMpMg' ME Hg)ﬁa = % (MDMD)aﬂ : (3.11)
. 6 6
_ i . _ _
ZA%;; 1 o 3 ZM;W (MMT)ak Uyjm; ' Us;
jrh X k=4 j=4
b e a1 Ty _ 1 t
= o (Mp M My MRMRMD)BQ = (MDMD)QB , (3.12)
. 6 6
A01,-1 _ v v YavVal O
%Aﬁaj ~ 20, k§4jz:;1Mkr (MM >Br Ugjm; Ua;
~ b “eiyt) - b i
> (MpMpMpMg' My MD)BQ = o (MDMD)M . (313)
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field spin generations SU(3). SU(2), U(1)y, U(1),

N 3 3 1 1 0 -1
s 3 3 1 1 0 1
x 0 1 1 1 0 -2

Table 2. New particles in the inverse seesaw with spontaneous lepton number violation.

At this point we just need to combine all these results into a final expression for the majoron
coupling to charged leptons. For the Z boson contribution we make use of eq. (2.46) to obtain

) = - T(MpM}), (3.14)
2’UX

whereas for the W boson contribution, using eq. (2.49), we find

Ba\(© B L 1
(23) " = o (MDMD)BQ . (3.15)
Finally, replacing these contributions into egs. (2.44) and (2.48), and using the generic
Lagrangian in eqgs. (2.1) and the expression for the coupling S in eq. (2.78), we recover the
known formula for the majoron coupling to charged leptons in the type-I seesaw [15-17],
iJ

Y 9 T T _ i
16W2U%X€[Me Tr(Mp M})ys + 2MMp M}, P — 2Mp ML MPr| €. (3.16)

Loy =
The natural size of these couplings can be readily estimated from this expression. The
coupling S in eq. (2.78) is estimated as

Mg M% Mg my
1672020, 167202’

SType—I ~ (317)
where we have used that m, ~ M3 /Mg and Mg ~ vy in this model. The resulting coupling
is strongly suppressed, not only by the loop factor, but also by charged lepton and neutrino
masses. For instance, with M, ~ m, and m, ~ 0.1eV, one finds Stype—1 ~ 10718, This
generic result clearly respects the bounds in section 2 (egs. (2.3), (2.4), (2.7) and (2.8)). In
fact, using eq. (2.6) one finds branching ratios as low as BR(u — e J) ~ 10720, well below
any foreseen experimental search.

In summary, in the type-I seesaw one generally expects tiny majoron couplings to the
charged leptons. The only way out of this conclusion is to take advantage of the fact that
neutrino masses and the majoron coupling to charged leptons actually depend on a different
product of matrices (MpMp 1Ml:§ versus M, DM]Tj /vy ). Therefore, one can in principle evade
the generic expectation of eq. (3.17) by adopting specific textures for the y Yukawa matrix.

3.2 Inverse seesaw

The inverse seesaw with spontaneous lepton number violation [37] introduces the new fields
in table 2. In this case, in addition to the usual 3 N fermion singlets, 3 S fermion singlets
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are included too, with opposite lepton number. The relevant Yukawa Lagrangian terms
are given by

. _ 1 _ 1 _
—E:yLHN+MRNCS+§A’X*NCN+§A><SCS+h.c.. (3.18)

We note the presence of two Yukawa terms involving y, with couplings A’ and A, two symmetric
3 x 3 matrices. Moreover, Mp is a general 3 x 3 matrix with dimensions of mass. However,
we will work in the basis in which Mp is a diagonal matrix with real entries. This choice
is particularly convenient for our computation, since Mp will be taken below as expansion
parameter. Again, the singlet x can be decomposed as in eq. (3.2), including a massless
majoron, J. Furthermore, symmetry breaking leads to a Dirac mass term, Mp, as in the
type-1 seesaw, as well as to Majorana mass terms for the singlet neutrinoss, y’ and u, given by

v ’ ,’UX 'UX
—, =N X =X, 3.19
5 H VA Vo (3.19)

In the basis {v{, N, S}, the 9 x 9 Majorana mass matrix for the neutral fermions can be

Mp =y

written as
0 Mp O 0
_ m
M= | ML W Mg z< ch)» (3.20)
m
0 Mgr p b
with
"M
Q=" TH. (3.21)
Mr p
and
mp = (Mp 0) . (3.22)

If one assumes the hierarchy u, u’ < Mp < Mg, the light neutrinos mass matrix is given by
my, = MpMp ! uMglMg, hence leading to naturally small neutrino masses. We note that
the u/ parameter does not contribute to neutrino masses at leading order in the expansion.

In this model, just as in the type-I seesaw, the only diagrams contributing to the majoron
coupling to charged leptons are those with gauge bosons, shown in figure 1(a) and 1(b). Then,
we only need to compute 'y and Ly at leading order. In order to do that we must identify
the general couplings of eqs. (2.18)—(2.23) that participate in these contributions. In the
gauge basis, the majoron coupling to a pair a neutral fermions is given by

M, if k=456
2vy
Aer =9 My, if k=789 (3:23)
2vy
0, otherwise
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The A, E and F couplings in the mass basis can be readily obtained with the help of

egs. (2.18), (2.22) and (2.23). Again, the divergent picce (Iz)™™) vanishes exactly due to

T 1,0,0 1,0,0 0,1,—1
OpsApr =0 for s =1,2,3. Therefore, we must compute }_;_; Fﬁaj s 2jed Fﬁa] s 2jeh Aﬁaj

and >, p AY% ,Ba . In order to do that we need the form of the U matrix, which in this model
is a 9 x 9 unitary matrix. When the mass matrix M in eq. (3.20) is written in terms of
the matrices @) and mp in egs. (3.21) and (3.22), one obtains an expression that is formally
equivalent to that in the type-I seesaw, see eq. (3.4). Therefore, U takes the same form, namely

U 0 VI3 — PPf P
U=|"' ’ =U,0,, (3.24)
0 U, —pt VIg— PTP

with U; and Uy, two 3 x 3 and 6 x 6 matrices, respectively. P is a 3 x 6 matrix that can be
expanded in inverse powers of the large Mg scale as in eq. (3.21). At leading order one finds

VI3 — PPt =15+ O(Mz?), (3.25)
VIe — PP =15 + O(Mz?), (3.26)

and
P =P+ OMz%) =mp (@) + 0. (3.27)

With these expressions, one can readily find

Thoy =3 Z( > - Z )MM (a) U (3.28)

Gl =1 \k,r=7 k=4
:——(MDM_I,UM_I//MT)
2UX R R D av
=100 & *
L= z( DY )MM<M*> UiV (529
le k’l’ 7 kT 4
~ x / —1 —1 T
o~ TUX (MDM R MMy MD)ga’
01,-1_ & Yav, —1
Sl (Z > ) (WE8T) Ui U (330
]Nh _4 k,r=7 kT 4
:_E(MDM i Mg uMpMpb+Mj My MMTM£+M5M§2“/M§1MMS)Ba’

> Mg =3 i Z( > - Z )Mm(MMT) Ujm; 'Ua, (3.31)

j~h =4 \k,r=7 k=4

(MDMRMM};WM]g1ML+MD//T//M];2ML+MDMRMM§1M’M§2M},)

_E Ba'

Now we just need to introduce these results into the expressions for the leading order Z and
W boson contributions. For the Z boson contribution we use eq. (2.46) to obtain

Z. !/ _
(12)” = 6o Ir (Mp [ + 2t + 20| M2 ML) (3.32)
X
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whereas for the W boson contribution, using eq. (2.49), we find

(£32)" = 5 ZUX (Mp | —pp’ — et 4 St 4 500 T MPMh) o (3.33)

Finally, replacing these contributions into eqs. (2.44) and (2.48), and using the generic
expressions in egs. (2.1) and (2.78) we can write the coupling of the majoron to a pair of
charged leptons in the inverse seesaw as

1J

['Jff = T~ 5 5
9672020y,

€{2Mz Tr (MD [uu’ +2upt + 2M'W} M1§2M1T)) ¥s
+ My Mp (5ppa® + 5" — ' = T pt) M2, Py
— Mp (5ppt + 50/ =t = ) MM, Mg PR} 0. (3.34)

In the case of p/ = 0 (or, equivalently, A’ = 0), an assumption that is often made in the
literature, this expression reduces to
iJ

7y tar=2 )t
967r21)21)x€ {4Mg Tr (MD pp My, MD) Y5

Lo =
+ 5My Mp st M M, P — 5Mp ' Mp® M, My Pl €. (3.35)

To the best of our knowledge, this is the first time that this coupling is computed in the
context of the inverse seesaw. We can now proceed in the same way as in the type-I seesaw
and estimate its size in the inverse seesaw. In this case, and assuming y’ = 0 for simplicity,
the coupling S can be estimated as

My M3, p? Mypm, — Mym,
9672 v2 v, M3 96m2 020, 96m2 02’

Siss ~ (3.36)
where we have used that m, ~ M,%,U,/MI% and p ~ vy in this model. The resulting coupling is
again very strongly suppressed. In fact, one finds the same suppression factors as in the type-I
seesaw (see eq. (3.17)) and thus expects Siggs ~ SType—1. One could in principle increase Sisg
by introducing a large non-vanishing u/ (or '), since this coupling does not affect neutrino
masses at leading order. However, it does enter subleadingly, see for instance [38]. Therefore,
i’ cannot be increased indefinitely.

We conclude that in the version of the inverse seesaw with spontaneous lepton number
violation considered here one also expects tiny majoron couplings to the charged leptons.
Again, as in the type-I seesaw, one can evade this conclusion by properly tuning the Yukawa
matrices. This may be used to break the generic expectation in eq. (3.36). Furthermore,
this conclusion may not hold in alternative versions of the inverse seesaw with spontaneous
lepton number violation [39, 40].

3.3 Scotogenic model

In the Scotogenic model [41, 42] with spontaneous lepton number violation, the particle
spectrum is extended with 3 fermion singlets, IV, a scalar doublet, 1, and a scalar singlet,
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field spin generations SU(3). SU(2), U(1)y U(), Zo

N 3 3 1 1 0 1 -
1

n 0 1 1 2 i 0o -

x 0 1 1 1 0 2+

Table 3. New particles in the Scotogenic model with spontaneous lepton number violation.

X- A new Zo parity is introduced as well, under which N and 5 are odd while the rest
of the fields in the model are even. The fields and their charges under the symmetries of
the model are given in table 3. The terms of the Yukawa Lagrangian that are relevant
for our discussion are given by

_ 1 _
—L=yLyN + 3 AxNEN + h.c.. (3.37)

with 7 = io9n*. The doublet 7 is assumed to have a vanishing VEV, (n) = 0 in order to
preserve the Zo symmetry. This ensures that the lightest Zo-odd state is completely stable.
The singlet x can be decomposed as in eq. (3.2), giving rise to a massless majoron, J. The
breaking of U(1); induces a Majorana mass term for the singlet fermions, My, defined as

v
My =X—X. 3.38
o (3.3%)
Note, however, that the Zs symmetry precludes any Dirac mass term mixing the SM neutrinos
with the fermion singlets. This in turn implies that neutrinos remain massless at tree-level.
In fact, in the basis {v§, N}, the tree-level 6 x 6 Majorana mass matrix for the neutral
fermions can be written as
- 0 0

M= , (3.39)
0 My

which trivially leads to U = Ig.

In the Scotogenic model, the majoron interacts at tree-level only with the N fermion
singlets, which are mass eigenstates since the v;, — N mixing is exactly zero. For this reason,
the gauge bosons contributions to the majoron coupling to charged leptons are absent in this
model. The only 1-loop contribution is given by the n charged scalar, as shown in figure 1(c).
We just need to compute Ly, given in eq. (2.50). The relevant couplings in the gauge basis are

M
i?ﬁ%“ﬁhr:&&G
_ Uy
Agr = (3.40)
0, otherwise

4In the Scotogenic model, neutrinos get non-zero masses at the 1-loop level. This is due to the breaking
of lepton number in two units by the x VEV. In this work we are interested in the 1-loop coupling of the
majoron to charged leptons. Any effect on this coupling associated to the 1-loop neutrino mass would be of
higher order in pertubation theory, hence not relevant for our discussion.
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and

¥ =0, (3.41)

6
== ¥ o (3.42)

The couplings in the mass basis can be computed using egs. (2.18), (2.20) and (2.21). Since
. 0
D% = 0, we only need to compute (L,?R)( . This contribution involves the sums over

light states >, H09 and > rhLo

spj it Dspi s but these are trivially zero, since they both involve

the product AkrUk] = /_lkrcsk] =0 for j = 1,2,3. Therefore, we are left with >, A(S]I’}]’_l,
> Ag;}j’l, > Fip(;o and }; F;}]’O. They are found to be
_ _ M?
S AL =3 (BNTT) a0y = o, (3.43)
; v
j~h Ux k,r=4 X
My _ M
01,1 _ . MnN + N
S Ay = ZE Spr (MM ) 0rjml &gy = = gy S (3.44)
J k,r=4
1,00 _ : ( - T) M%
pLo0 M) 646, =i 6, (3.45)
Z spj Uy k§4 o O3 Opj 20, P
1,1,0 o /- tr ot M3,
Zr%v _ zvx g;l (MININIT) 51565 = g G- (3.46)
With these results one can directly obtain from (2.57) and (2.55)
(LRR>(O):_L (f M? + f M4)6 (LRR)(O) L(f M? + f M4)6
n sp QUX 5 vl 6N ) Osp, sp 21})( 9 MM N 10 M N ) Osp
(3.47)
Using the f; and Fj; ., loop functions defined in appendix B, we find
8 ME mp
(Ly)™* =iMyy ; ; (MN m +m log e > Yyl (3.48)
2v, (MN — mn)
and we recover the known result of [43, 44]°
1/ —
—Lo = ((Myy©y' PL—yOy' M, Pg)¢ 3.49
L e 167T20X(4ny yOy eR), (3.49)
with ) )
M
Op=—-""L—73 (MN m +m log M2>5 (3.50)
(5,-)

It is important to emphasize here that calculating this coupling in this general form in this
model is an overkill. In this model, as explained above, the majoron only interacts with the
fermion singlets and the coupling can be taken to be diagonal without loss of generality. This

5The definition of the y Yukawa matrix in [44] differs from ours by a complex conjugation.
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field spin generations SU(3). SU(2), U(1)y, U(1),

N 3 3 1 1 0 1
x 0 1 1 1 0 -2
Hy 0 1 1 2 3 0

Table 4. New particles in the type-I seesaw with two Higgs doublets and spontaneous lepton number
violation.

fact implies that the resulting loop integral is straightforward, since the light neutrinos do
not enter the loop. Therefore, if we were to perform the explicit calculation, we would obtain
a simple integral that would directly yield the reproduced result. In other words, we would
not need to carry out any expansion. Hence, the fact that our calculation, after considering
the most general possible model and carrying out all expansions while accounting for all
possibilities, returns the correct result is a very strong validation of our outcome.

Finally, one can estimate the size of the majoron couplings to charged leptons in the
Scotogenic model. In this model, the coupling S can be estimated as

Myy?>  2Mym, 32n?
S ~ ~ ~ S _ 3.51
Scot 167‘(’2 vy )\5 1)2 )\5 Type—I» ( )

where we have used that m, ~ \5v%y?/(32m2My), with A5 the coupling of the quartic scalar

term (H Tn)Z, and My ~ v, in this model. We have also assumed that all loop functions
are of O(1) and have compared to the result for the type-I seesaw in eq. (3.17). We find
a large enhancement compared to the tiny value obtained in the type-I seesaw. In fact, a
relatively small A5 coupling would naturally lead to the violation of the bounds in section 2.
For instance, the current limit on BR( — e J) ~ 1077 /A2 would be violated for A5 < 1076.
This result confirms previous findings in the literature, which have already shown a very rich
majoron phenomenology in the Scotogenic model. We refer to [44] for a detailed exploration
of the phenomenology of the ¢, — f3J decays in this model.

3.4 Type-1I seesaw with two Higgs doublets

In order to better illustrate our results, we now consider a non-minimal model: the type-I
seesaw with two Higgs doublets and spontaneous lepton number violation. This model extends
the Two Higgs Doublet Model (2HDM) particle content with 3 singlet fermions N and a
scalar singlet x, all charged under the global U(1); as shown in table 4, just as the type-I
seesaw discussed in section 3.1. In addition, this model adds a second Higgs doublet, Hs.
In the following we assume that we are working in the Higgs basis, in which Hs does not
acquire a VEV. The Yukawa terms relevant for our discussion are

_ _ . _ 1 _
—£:YLH@R—|—Y2LH2€R+yLHN+y2LH2N—|— 5)\XNCN—|—hC (352)

Since we work in the Higgs basis, Mp and Mg are given by the same expressions as in
eq. (3.3). Similarly, the charged leptons mass matrix is

My =Y % . (3.53)
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Furthermore, Y5 and y2 are two general 3 x 3 matrices. Neutrino mass generation takes place
in exactly the same way as in the minimal type-1 seesaw and the same holds true for the
majoron. Consequently, the gauge diagrams remain identical to those we computed previously
in section 3.1. However, as in any 2HDM, the presence of a second Higgs doublet implies
the existence of physical charged and CP-odd scalars. Following the same notation as in
section 2, they will be denoted as n and o. These states induce the Feynman diagrams with
amplitudes M,, and M, shown in figures 1(c) and 1(d). In order to compute them, we first
identify the new couplings, not present in section 3.1, defined in eqs. (2.18)—(2.23). These are

i(y2)g, » if k=1,2,3and r =4,5,6

By, = (3.54)
0, otherwise
C =~ (Ya)je » (3.55)
(Y2) - ifk=1,2,3
Dk = (3.56)
0, otherwise

(y2)ak ) it k= 47 57 6
DY = (3.57)

0, otherwise

In our computation we will assume that m,, m, < Mpy. Let us start with the computation

of the charged scalar contribution. We have to obtain expressions for LE LEE L,L]L, LEL

and LffL. We will start by computing the first order of LER and INJ,?R. One can easily find

0,1,1 1,1,0
Z ASPJ Z 1ﬂsp] = 7MR 5Sp + O(MR) (3.58)
171771 1 00
> Ag Z FLO0 = -L MR s, + O(MY), (3.59)
Jroh X

while other terms are of lower order in Mz and hence subdominant. With these results
one can directly obtain

(Wﬂgz—iyﬁﬂﬁ+ﬁMﬂ5wa(ﬁ%gz—gxﬁﬂ@+ﬁﬂﬁ)%-
(3.60)

It is now useful to notice that f; ~ M 192 for i odd and f; ~ M 194 for i even. Therefore, the
two terms in the previous expressions are of the same order in Mpg. In fact, making use of the
expressions for the f; and F; ; ., loop functions in appendix B, and using m,, < My, we find

0 =3 = 0 -1
RR _ ot RR _ v
(Lt )sp = T 0o (2 )sp = g0 O (3.61)
where we have used that % = 0sp at first order. Our result is easy to understand:

since both the majoron and the charged scalar couple directly to the singlets N, which are
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essentially the heavy neutrinos, there is no mixing in the loop (no mass suppression) at leading
order. For this reason, one expects L,?L and I~/£L to be subdominant, as two mixings are
required in the loop. This fact is reflected in our results and an explicit calculation confirms
this reasoning. Moreover, one could be tempted to make a similar argument for LTI]%L7 which
requires one mixing. However, we must be careful with this term because it is not proportional
to the charged lepton masses in eq. (2.51). In fact, the introduction of Mp is equivalent to
the charged lepton mass, since Mp ~ My. Let us see it explicitly. One can easily find

“(00) =AY an = 2) =g (Mpah) , 00MR). (36

J~l

S ALy =AY =DM =X () = o (MRM)) | +0(MR), (363)

jr~h gl ’

while other terms are of lower order in Mz and can be neglected. With these results,

(LRL) ip) _2i [(f?) Mg+ fu M}‘%) MB} ap (3.64)
and, using the expressions for f; and F;; . ., we obtain
(5),) = =5 (1b),, (3.65)
And, with both results, finally,
(Ly)™ = i (Meyayl + s Mp y%)ﬁa : (3.66)
X

Let us continue with the CP-odd scalar contribution, M,,,. First, we note that the divergent
piece vanishes, as expected. This is because only the real part contributes, see eq. (2.70),
and (L, )(dw) turns out to be purely imaginary. To show it we compute 3, A;’S(;-’l, > L0

spj
and Y, T00°,
101 b (riont
XJ:AW = (MRMD)p_&S , (3.67)
010 _ & 9
;Fsm = (MDMR)p_g’s : (3.68)
0,1,0
> T =0. (3.69)
J
Therefore,

(L)@ = Re { - QL [Tr (o MEM],) = T (ys MEMD)] <3 +2 % +2log A’;) } —0.

Ux
(3.70)
We then consider the finite piece. We have already computed several terms required for the

(0)

evaluation of LnRL . With these results (and a few more), one can show that Ly vanishes for
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the same reason as for the divergent piece. This means that the leading order contribution
from the o scalar is, at most, of order one. This includes the explicit order one contribution
given in appendix A as well as the hidden order one contribution in L((,%). However, one can
show that this order also cancels out, so Ly, = O(M }52), and in this way, we can safely
neglect this contribution. In summary, the majoron coupling to a pair charged leptons in

the type-1 seesaw with two Higgs doublets is given by

iJ - MpM| MpM|
Loy = 75—y Me Tx # Y5 + 2 Mz# ~ Mgy} — Yo Mpyb | PL
16m=v, v v
MpM|
— 2 (?}2 DMg—ygy;Mg—ng})YJ) PR}E (371)

Let us now study the size of the coupling S in this model. It can be split as

SType—1+2HDM = SType—I + S2HDM , (3.72)

where Stype—1 is given in eq. (3.17) and Segpm contains the new terms associated to our
2HDM version of the model, not present in the type-I seesaw (with one Higgs doublet).
The latter can be estimated as

1

(Mo + 92 Yo Mp) ~ 7oy (M M + M Mp Mp) , (3.73)
X

1
SN ™ g

where we have defined M; and M}, analogously to M, and Mp, simply replacing Y and y
by Y5 and 3. This allows us to obtain the ratio

Sa _ (Mp ", M )

Stype—1 Mp My Mp

This result hints at an enhacement of the majoron coupling to charged leptons compared to
the type-I seesaw if M}, > Mp and/or M; > M,. Let us suppose M; = 0 (or, equivalently,
Y> = 0) and consider M}, > Mp (or, equivalently, y2 > y). One should note that ys
does not participate in the type-lI seesaw contribution to neutrino masses, but it does

induce a Scotogenic-like 1-loop contribution, m.=1°P ~ \5v2y3/(3272Mpz).° Imposing
ml7looP <y, = mie then leads to
As y2)2
— (=) <1. 3.75
3272 ( y) ~ ( )

Assuming now y ~ 1075, the typical size of the Yukawa couplings for a type-I seesaw at the
TeV scale, eq. (3.75) implies A5 y3 < 10710, This is fulfilled for y ~ 1 if A5 < 10719, In this
case, Mp,/Mp ~ 10° and one expects an enhancement of the majoron couplings of about 12
orders of magnitude with respect to the type-I seesaw. Such a huge increase would indeed
lead to conflict with the bounds in egs. (2.3), (2.4), (2.7) and (2.8). However, less pronounced

%In the absence of mixing between the CP-even scalars, s is the coupling of the quartic scalar term
2
(H THg) . Otherwise, if the CP-even components of H® and HY mix, \s is a combination of scalar potential
parameters associated to this mixing.
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BR(u—eJ)>10"°

102 10!
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Y

Figure 2. Contours of BR(u — e J) (black) and AP#* (blue, dashed) in the yi!-y3! plane. The rest

of y2 Yukawa couplings are set to zero for simplicity, while A = 1 and v, = 1 TeV. Here Ag*** is the

maximal value of A5 compatible with all the entries in m!~°°P being smaller than those in m{re

The shaded region is excluded by i — e J searches while the vertical and horizontal red dotted lines
determine the upper limits on ya® and y3!, respectively, derived from eqs. (2.3) and (2.4).

hierarchies lead to observable effects, for instance in ¢, — {g J decays, in agreement with
the current constraints. This is shown in figure 2, which displays contours of BR(y — e J)
and AP in the yal-y3' plane. Here A1 is the maximal value of A5 compatible with all the
entries in m}71°°P being smaller than those in m!r®. The rest of y» Yukawa couplings are set
to zero for simplicity, while A = 1 and v, = 5 TeV. This plot clearly shows that the model can
achieve large i — e J braching ratios, almost as large as the current bound, in the region of
parameter space that has been considered. In conclusion, the extension of the type-I seesaw
with a second Higgs doublet induces novel contributions to the majoron couplings to charged
leptons that may increase them notably and lead to observable consequences.

4 Final discussion

The majoron is present in any model that breaks a global lepton number symmetry sponta-
neously. In the absence of explicit sources of U(1); breaking, its mass is exactly zero. This
has a strong impact on the phenomenology of the model, which changes dramatically with
respect to the variant with explicit breaking. We have derived general analytical expressions
for the 1-loop coupling of the majoron to charged leptons. These couplings are known to be
crucial for the phenomenology of the model and, in fact, they often lead to the most stringent
constraints. Our analytical results can be used in virtually all models featuring a majoron.
We have provided several example models that illustrate how to use them. Due to our lack
of imagination, we could not find examples for all possible contributions, but they can be
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present in some (less popular) models. In any case, we found perfect agreement with the
results obtained in all models for which the majoron coupling to charged leptons was known.
This is a clearly non-trivial cross-check of our analytical expressions.

The main limitation of our approach is the assumption of a hierarchy of mass scales, which
is nevertheless common to most Majorana neutrino mass models, such as those based on the
seesaw mechanism. We have also focused on scenarios that actually require the computation
of the 1-loop majoron couplings to charged leptons. For instance, since we did not consider
additional fermions in the particle spectrum, one may wonder about the applicability of our
results in models with heavy leptons. While our analytical expressions cannot be directly
applied in this case, we note that (i) the analogous expressions with heavy neutral leptons
can be easily adapted, and, more importantly, (ii) models with heavy charged leptons induce
majoron couplings with the light charged leptons already at tree-level, thus making our 1-loop
results mere corrections. In conclusion, our analytical expressions are applicable to any model
in which the 1-loop majoron couplings to charged leptons must be computed.

Our results go beyond the majoron. One can use them to obtain the 1-loop couplings of
any massless (or very light) pseudoscalar to a pair of charged leptons. In fact, the majoron
can be regarded as a particular and theoretically well-motivated type of axion-like particle
(ALP). Whenever the assumptions of our approach are fulfilled, our results can also be
applied to compute the 1-loop couplings of an ALP to a pair of charged leptons. Therefore,
they may be of interest in scenarios not necessarily related to neutrino mass generation
and lepton number violation.

The study of majorons and lepton number violation represents a fascinating frontier in
particle physics, pushing the boundaries of our understanding of the fundamental building
blocks of the Universe. Our contribution constitutes just another step in the ongoing quest to
detect and characterize majorons. As we delve deeper into the mechanisms behind neutrino
masses and lepton number violation, we not only expand our knowledge of the SM but
also pave the way for potential breakthroughs that could revolutionize our understanding
of particle interactions and the origins of mass.
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A Higher order terms

We present here our results for the contributions of higher order in my;gn; not included in
section 2, using exactly the same notation and conventions:

3 2
(I’Z)(l):—z Z Ay UpiUyilog <m]> (U miUL + U, 4m~U*-> (A.1)
T 1Yry) M]Q{ stllt U gg s)HP) ¥ s ) .

s=14,5~1
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(L) = 3 A UsimilUiUay Uy, { 6+310g(MW>+210g(M ﬂ

i,~1 "
- * 7 my
_i;lAkrUmmiUkiUﬁjUrj [6+210g(MH):| , (A.Q)
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(L{;L) :(Lf;m) (mi<>mj,k<r,s<p), (A.3)
Ln W A UpjmjUsj | (Fs7-1— f13) Okp — (Fs 2+ f1a) (MTM
P LT kp
log 7+
+>  UnUy; "], (A.4)
il 77
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311,-1 (R TR |+ la12 20, +112 2047 |, (A.5)
gl
_ 2 -
(Lon)™ :Re{z [Bsp (—MQA}D’J’1 +A +A},£’1> } (A.6)
el H

spTs) T pt

_ _ M?2
(Lon)®) :Re{ > ApUrjUs [BspUpjUs,»mjmzJr B U*U* (m§+m§)} 1ogn£}. (A7)
i,jel J

B Loop functions

We define the following loop functions, which turn out to be relevant for the charged n

scalar contributions:

2
—M%+m%+(2M%—m%)log(%§>

flz 2(M2 _m2)2 ) (B1>
—M?{—i-m +M3 log<mH>
2M12_I(M%I—m )+(— 3MHm +m )log(m?{>
f3= SO 2P , (B.3)

M2
_M§I+m%+2M%Im%log< m?) -
Ja= 20, (M2 —m2)? ’ (B4)

2
6M§,—5M;&Im,27—2M};m;§+mg—2(6M§1m,27—4M};m;§+mg)1og(ﬁ%f)
4(Mg—m2)4 ’

fs=

M2
, _3Mg—2M;§mg+7M§Img—2mg+(8M;§m%—2M%1m%)log(mg’)
6:

AMZ (M3 —m2) ’

1 9 + ; 2
5 BA
' 6(M2H—m%)5 ( )
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2
—Mg—9M}‘f1m%+9M£{m§,+mg+6Mgmg(Mé—i—m%)log(%@I>
n

fs= : (B.8)
3(MZ—m2)’
2
2Mg—11M;§,m$+10Mgm§—mg+(8Mgmg—2mg)1og(Anfgf)
f9: . ) (Bg)
A(Mf—m3)*
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fl():_ i ’ (BlO)
D0
DM, +3 My m2 —6 MEmi-+mS —6 Mfm2log it
Ju= Y L, (B.11)
4(MH—mn)
2 2
M§+4Mém%—5mg—4Mémglog%—2mélog%
fi2=— . — . (B.12)
4(Mz-m3)
2
3M;§—4M,%,m?7+mg+2M§,10g(A";g>
fiz=— LA (B.13)
2(MI2{—m,27)3
2
2(M%—m%)+(M%1+m%)log<;Z%>
f14: ) (B14)
2(Mz—m2)3
2
Mg_SMgmg+8Mgmg_mg_le;f,mglog(;;g)
fis= 5 =, (B.15)
6(M3—m3)
2
—Mg+9M;§m3+9M,%,m§,—17mg+6(3M§Imé,+mg)1og(A’Zg)
H
- B.16
In addition, we define
F; ;i = sign(i) f; + sign(j) f; + sign(k) fi - (B.17)

The functions in this appendix take simplified expressions if m, < Mg and m, > Mpy. In
the light n limit (m, < Mpy) they take the approximate expressions

1 M?2
= —1+42log | —£ B.18

1 M?
=——|-1+1log | =& B.19
Al o0

1 M?
fi3 oM2 [3 2log <mH>] ) (B.20)

H
M

] , (B.21)

— 29 —



2 3 1
I3 3f5 5 f1=2fo=2f11 =06/ M (B.22)
2 3 1
Ja 3f6 5 /8 =2fi0=2f12 =616 oML (B.23)
whereas in the heavy 7 limit (m, > Mp) they can be approximately written as
M2
——— |~-1+1log [ & B.24
1 M3
_ 1 H B.25
f3 2m% 0og < ’I7’L727 ) ’ ( )
1 M?
fs = oo [1 —2log (ﬂg)] , (B.26)
n n
1 M?
Jo=—1—5 |1 +2log (Trf;)] , (B.27)
n n
M2
=—— |5+2log | & B.28
f12 4m%M12{ + 2log ( m% >‘| ) ( )
m2
fuu=———1|-2+1log (n)] , (B.29)
2mg M3
f ! ln 6log ( iy )] (B.30)
16 = =51 - 2 || > .
12m% M3
1
fe=Jfa=fs = fro= “omEAg (B.31)
1
3fr=2fu1=fis=3f15= om3” (B.32)
1
n
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