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We systematically investigate the possible phenomenological impact of residual flavor groups in the
charged lepton sector. We consider all possible flavor charge assignments for Abelian residual symmetries
up to Zg. The allowed flavor structures of operators in Standard Model effective field theory (up to
dimension six) lead to distinctive and observable patterns of charged lepton flavor violating processes. We
illustrate the relevance of such selection rules displaying the current bounds on and the future sensitivities
to the new physics scale. These results demonstrate, in particular, the importance and discriminating power

of searches for lepton flavor violating 7 lepton decays and muonium to antimuonium conversion.
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I. INTRODUCTION

The Standard Model (SM) has been very successful
in describing and precisely accounting for a wide range
of phenomena in particle physics and cosmology.
Nevertheless, it has several shortcomings that call for its
extension: fermion masses and mixing can only be
adjusted, but not explained, a mechanism for generating
neutrino masses is missing, the baryon asymmetry of the
Universe cannot be correctly accommodated, and a viable
dark matter candidate is absent.

Discrete flavor symmetries (also in combination with a
CP symmetry) have been successfully applied to the lepton
sector in particular in order to explain the observed fermion
mixing; see, e.g., [1-5] for reviews. A particularly pre-
dictive approach assumes that in the charged and neutral
lepton sector different residual symmetries, G, and G,, are
preserved, whose mismatch corresponds to lepton mixing.
Such residual symmetries are Abelian in general, since
non-Abelian groups would impose too strong constraints
(for example, two exactly degenerate fermion masses).
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Well-known examples are the flavor symmetries A, and S,
that can predict tri-bi-maximal lepton mixing (see, e.g.,
[6-8]), if the residual symmetries are G, = Z; and
G,=27,x Zz.l The observation of the reactor mixing
angle being of the size of the Cabibbo angle, sin® 6,5 ~
0.022 [9], requires modifications to this result, and numer-
ous dedicated studies can be found in the literature; see for
instance [10-13].

Assuming the existence of a residual symmetry G,
among charged leptons, it is interesting to consider its
further phenomenological consequences. As has already
been pointed out [14-24], the residual Z; symmetry,
usually called lepton triality, constrains possible signals
of charged lepton flavor violation (cLFV). In A4 and S,
models, the charged lepton flavors, e, u, and 7, typically
transform differently under G, = Z3, e.g., e~ 1, y~w,
and 7~ ®* with @ being the third root of unity which
corresponds to e having flavor charge 0, u charge 1, and 7
charge 2 modulo 3. Then, radiative cLFV processes such as
u — ey are forbidden in the limit of an exact residual
symmetry, while the two trilepton decays 7 — eeji and
T — pue are compatible with G, = Z;.

This example shows how residual symmetries can lead to
the existence of certain selection rules that leave an
observable imprint on the pattern of cLFV processes.
This observation is of particular interest given that cLFV
is a general prediction of extensions of the SM that address
neutrino masses and other unexplained phenomena, while

'In the case of A4 the second Z, symmetry is accidental and
not contained in the original flavor group.
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at the same time it is subject to stringent experimental
constraints; see, e.g., [25-27]. The existence of selection
rules could entail that the discovery of cLFV signals does
not occur through the processes most searched for. On the
other hand, this highlights the power of cLFV searches to
discriminate among different residual flavor symmetries
and different new physics models more generally. There is
the exciting possibility that present and future experiments
are capable of unveiling the underlying organizing princi-
ple in the charged lepton sector. For earlier discussions
along these lines—not necessarily related to flavor sym-
metries—see, e.g., [28-34].

In this work, we analyze cLFV processes compatible
with different residual symmetries G, among the charged
leptons and different possible flavor charge assignments of
the flavors e, u, and 7. Concretely, we study all cyclic
groups Zy with N = 2, ..., 8 and all possible flavor charge
combinations, including those for which two of the lepton
flavors transform in the same way. First, we systematically
construct and classify all possible flavor structures (with up
to 16 charged lepton fields) that are compatible with the
imposed residual symmetry. Then, we apply these flavor
structures to SM effective field theory (SMEFT) operators
[35-39] and derive phenomenological implications and
constraints. In a first step, we work out which cLFV
processes, considering up to dimension-six SMEFT oper-
ators, are allowed and compare the results among different
residual symmetries G, = Zy, highlighting which patterns
of observables could provide evidence for a certain G, and,
potentially, also flavor charge assignment. We only include
operators that conserve the (total) lepton number, AL = 0,
since, in general, both the mechanism and the scale of
lepton number violation can differ from those of (charged)
lepton flavor violation. In a second step, we set the
coefficients of all permitted operators to values motivated
by different types of ultraviolet (UV) theories, derive lower
limits on the new physics scale A using existing exper-
imental bounds, and show the future reach in A based on
prospective sensitivities. This enables us to assess the role
of different cLFV observables in testing the discussed
selection rules within the context of the present and future
experimental landscape.

The remainder of this paper is organized as follows. In
Sec. II we give details about the motivation of this study.
Section III is dedicated to the systematic listing of the flavor
structures allowed for the different groups G, and the
different flavor charge assignments. Section IV comprises
the results for allowed and forbidden cLFV processes
for the different residual symmetries G, = Zy. In Sec. V
we use these results and make various assumptions regard-
ing the size of the coefficients of the allowed SMEFT
operators, in order to estimate present and future limits on
the new physics scale A. We summarize and give a brief
outlook in Sec. VI. The appendixes contain technical
details: a demonstration of the completeness of the study

(Appendix A), the list of the flavor structures for G, larger
than Z5 (Appendix B), all possible flavor charge assign-
ments for G, = Z5 (Appendix C), as well as the present
and future experimental limits employed in the analysis and
numerical bounds on A (Appendixes D and E).

II. MOTIVATION

In this section, we motivate different choices of the
residual symmetry G, and comment on possible flavor
charge assignments.

Typically, the discrete groups employed as flavor sym-
metries (and thus also their subgroups) are subgroups of
SU(3); see [5]. This constrains the possible combinations
of flavor charges, as their sum must equal zero modulo N
for G, = Zy. In this study, we do not impose this constraint
but do highlight the instances in which the flavor charge
assignment can correspond to the action of Z, being
represented by a special unitary matrix; see Sec. III B.

When explaining fermion mixing as the mismatch of two
distinct residual symmetries of a (discrete) flavor group, the
predictive power is maximized if the three fermion gen-
erations are distinguished by their charge under G, = Zy,
since otherwise at least one free parameter enters the
mixing matrix. Indeed, the choice G, = Z; is the minimal
one that can ensure the absence of such a free parameter.
We do not impose this as a constraint in the following, and
consequently, we include G, = Z, in the list of residual
symmetries and also permit combinations of flavor charges
for which two lepton flavors have the same charge.

The group G, = Z5 is not only the minimal possible
choice for maximizing the predictive power regarding
fermion mixing; it is also frequently the residual symmetry
in the charged lepton sector when considering different
flavor symmetries and deriving lepton mixing. Indeed,
many viable lepton mixing patterns can be obtained from
members of the series A(3n?) [40] and A(6n?) [41],
potentially combined with CP, where G, = Z;, while
the residual symmetry G, is a Klein group (or the direct
product of Z, and CP); for studies on lepton mixing,
see, e.g., [42-45].

An example with G, = Z, can be obtained from the
flavor group S4, where, together with G, = Z, x Z,, it
gives rise to bimaxmial mixing [46]. Similarly, for the
flavor symmetry As (and CP) the residual symmetries
Gy, =75 and G, = Z, x Z, (or G, = Z, x CP) can lead
to the so-called golden ratio mixing [47] (or golden ratio
type, if a CP symmetry is also involved [48-50]). The
residual symmetry G, = Z; instead can play a role in
scenarios with the flavor group PSL(2,7) [also called
%(168)]; see, e.g., [46]. Further examples of residual
symmetries G, are encountered, e.g., in the analysis of
the flavor groups X(n¢) [51]. Hence, it is well motivated to
study the phenomenology of residual symmetries in the
charged lepton sector other than lepton triality. Still,
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residual symmetries G, = Zy with N small usually occur,
and it is, thus, reasonable to only consider N < 8.

One may also employ direct products of cyclic sym-
metries as G,. However, they do not lead to new results as
the impact of G, = Z, x Z, can be deduced from the
combination of the results for G, = Z,, and similarly for
Gy, =27y x 2y X Zy as well as G, = Z, x Zy; see com-
ments in Sec. III E. The group Z, x Z; is isomorphic to Zg,
and therefore the results corresponding to this choice are
also covered in the present study.

As happens in models implementing the idea that the
mismatch of the residual symmetries G, and G, encodes
lepton mixing, none of the residual symmetries are exact.
In general, G, is broken, e.g., by (small) shifts in the
alignment of the vacuum of the flavor symmetry breaking
fields as well as by contributions of higher-dimensional
operators to the charged lepton sector that involve fields
that break the original flavor symmetry to G,; see, e.g., [6].
Consequently, we expect that a process forbidden by G, is
not strictly absent in a concrete model, but rather has a
signal strength that is (highly) suppressed compared to
those of processes that are compatible with G,. In the case
of lepton triality, for example, a signal of ¢ — puji should
be suppressed compared to 7 — eefi—see, e.g., [20].

Eventually, we point out that in concrete realizations the
branching ratios of two processes compatible with G, may
have different sizes, e.g., the branching ratio of 7 — pue is
much larger than that of 7 — eeji in the supersymmetric
version of the well-known A, model [21]. Nevertheless,
this conclusion depends on whether the flavor symmetry
breaking fields mix or not, as shown in [20]. Such a mixing
can be achieved via the inclusion of certain soft super-
symmetry breaking terms.

In the current study, we do not consider explicit models,
and thus we do not take into account corrections to the
breaking of the residual symmetry G, in the charged lepton
sector, nor effects that can induce a hierarchy among the
signal strengths of different processes allowed by G,.
Rather, we focus on the possible constraints on cLFV
processes arising from G, different from Z; and for all
possible flavor charge assignments.

III. FLAVOR CHARGE ASSIGNMENTS AND
FLAVOR STRUCTURES

We begin by systematically listing the flavor structures of
operators with charged lepton fields which are compatible
with the (nontrivial) flavor charge assignments for
the different choices of Gf.z With this at hand, we construct
in Sec. IV all allowed SMEFT operators up to dimension
six and categorize the cLFV processes that are permitted by a
given G, and flavor charge assignment. Thus, in this section,
the Lorentz and other structures of the operators are suppressed

*We assume that only charged leptons and no other SM
particles are charged under G,.

so that only their lepton flavor structure is specified. For
example, we have the following correspondences:

(Carle)(Cur't.) — een'n’ and  (p'@)(Z.e.p) — et',

(1)

where 7 is a left-handed lepton doublet of flavor 7; e; aright-
handed charged lepton of flavor j; ¢ denotes the Higgs field;
and e, p, and 7 are the three lepton flavors.

A. Constraints on number of charged leptons
and flavor charges

Consider an operator that conserves the number of
charged leptons and can contain any number of the three
flavors of the charged lepton fields. The individual charged
lepton numbers must obey the condition

(ng —ng) + (ny —ny) + (n7 —ny)

= An, + An, + An, = 0, (2)

where n;, ., n}, . are respectively the number of particle
and antiparticle fields of charged lepton flavor e, u, and 7
and An, . is the change in the corresponding individual
charged lepton number.

Similarly, for e, u, and 7 carrying flavor charge «, 3, and
y under G, = Zy, the conservation of lepton flavor charge
imposes the condition

aln, + pAn, +yAn, =0 mod N. (3)

These flavor charges are defined modulo N. Any operator
with individual charged lepton numbers satisfying Eqgs. (2)
and (3) is permitted by the residual symmetry G, and the
flavor charge assignment.

B. Notation of flavor charge assignments

We represent an assignment of lepton flavor charges
under G, = Zy as

Zy(a, B,y), (4)

with a, 5, and y being the flavor charges for e, y, and 7,
respectively. Using the two constraints in Eqgs. (2) and (3),
we can reduce the labeling of the flavor charge assignment
from three to two independent parameters. An allowed
flavor structure must satisfy Eq. (3),

0 mod N =aAn,+pAn,+yAn,
=a(An,+An,+An,)+6,An, + (6, +6,) An,,
(5)

with 6, = — a and 6, = y — f defined as the differences
between the assigned flavor charges. Taking into account
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the conservation of the number of charged leptons [see
Eq. (2)], we arrive at

0 mod N = §,An, + (6, + &,)An,. (6)

This leaves only a constraint on the parameters §; and &,,
while also being independent of An,. Note that the
particular permutation of the charged lepton flavors is
arbitrary. However, one of the differences of individual
charged lepton numbers is determined in terms of the other
two by means of conservation of the charged lepton
number; see Eq. (2). Therefore, we introduce the following
reduced notation:

N(61.6,). (7)

It can be derived from the notation used in Eq. (4), e.g., for
75(0,1,2), that we have

Sy=p—a=1-0=1, s=y-p=2-1=1, (8)
leading to

75(0,1,2) = 3(1,1). (9)

Importantly, the reduced notation, in general, does not
uniquely specify a flavor charge assignment. For example,
several of the latter correspond to 3(0, 1), i.e.,

75(0,0,1)
7,(1,1,2)
75(2,2,0)

- 3(0,1). (10)

Although the reduced notation in this example represents
three different flavor charge assignments, they all permit
the same flavor structures of operators.

If the three flavor charges sum to zero modulo N, the
action of the Zy symmetry on the charged leptons can be
represented by a special unitary matrix; see Sec. II. From
this point onward, we highlight these instances by display-
ing the flavor charge assignment in boldface. For example,
4(0,1) corresponds to Z4(1,1,2). Note, however, that
4(0,1) also comprises the flavor charge assignment
74(0,0,1), whose flavor charges do not sum to zero
modulo four. The reduced notation cannot separate these
cases. Indeed, the constraint on the flavor charges for
summing to zero is

3a+28, + 38, =0 mod N, (11)

which not only depends on the parameters J; and &,, but
also explicitly on the flavor charge of the electron, a.
Unless three divides N, 3a can take any value modulo N,
and thus there is always an assignment of the three lepton
flavor charges that sum to zero modulo N.

C. Equivalences and redundancies in notation

In the case two or more flavor charge assignments permit
the same flavor structures, we consider these assignments
equivalent. We have already shown that the reduced
notation N(&;,5,) represents a set of equivalent flavor
charge assignments. However, there are further possibilities
for such an equivalence. In the following, our choice of
conventions is emphasized in ifalics.

1. Common factors

Inspecting the constraint in Eq. (6), it is clear that
applying a common scaling factor to d;, d,, and N does
not change the constraint. Consequently, two flavor charge
assignments allow the same flavor structures, if they are
related by

N'(8).8,) <> AN(AS,.AS,). (12)

with A being a rational number.

The constraint in Eq. (6) is also invariant under the
scaling of just ¢; and J, by a nonzero integer B. The
important difference between these two scalings is that A is
always invertible, and thus there is a (two-way) equivalence
between the flavor charge assignments. On the contrary, B
can only be inverted in particular cases, meaning the
implication only applies in one direction in general. For
example,

4(0,2) =4(2x 0,2 x 1) (13)

with B =2 implies that flavor structures allowed by the
flavor charge assignment 4(0,1) are also allowed by
4(0,2). However, there is no requirement for all flavor
structures permitted by 4(0, 2) to be allowed by 4(0,1). In
particular, the flavor structure

eet’7' is allowed by Z7,(0,0,2) — 4(0,2),
but not by Z4(0,0, 1) — 4(0, 1). (14)

Two flavor charge assignments related by a scaling of §;
and 9, are only equivalent in cases where this scaling can be
inverted, while taking into account the definition of the
flavor charges modulo N. Indeed, this inversion is always
possible for N prime. For N not prime, the scaling can only
be inverted, if B and N are coprime. For example, the flavor
charge assignments 5(1,1) and 5(2,2) allow the same set
of flavor structures (with B =2 and the inverse scaling
factor B’ = 3), as do 8(0,1) and 8(0,3) (with B =3 and
B’ = 3); however, as argued, 4(0, 1) and 4(0, 2) do not. We
always use the smallest values of N, 6, and &, that
represent a set of equivalent flavor charge assignments.
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2. Permutations

The choice of the labels e, p, and 7 is somewhat arbitrary.
Although, for example, Z4(0,1,3) —» 4(1,2) and
Z4(1,3,0) — 4(2, 1) lead to different sets of allowed flavor
structures, they only differ by a permutation of the charged
lepton flavors, i.e., {e, u, 7} should be traded for {z, e, u}.
Where they are not important, we suppress permutations of
the flavor charges. By convention, we denote the flavor
charge assignments with lowest lexicographic ordering,
i.e., with 51 < 52.

3. Hermitian and complex conjugation

If an operator with a given flavor structure is allowed,
its Hermitian conjugate must be as well, implying a sign
change of the changes in individual charged lepton num-
bers An,, .. This amounts to an overall sign change in
Egs. (2) and (3), but does not alter the equalities. So,
whenever we list the allowed flavor structures for a certain
flavor charge assignment, it should be understood that
operators arising from Hermitian conjugation are implic-
itly included.

At the same time, it is clear that using the complex
conjugate of the flavor charges a, f, and vy, i.e., N —a,
N — B, N —y, leads to the same allowed flavor structures.

D. Systematic study of flavor structures

In the following, we systematically study all flavor
structures that are allowed for the different flavor charge
assignments and for different G, = Zy.

For each Gy, all possible flavor charge assignments are
given by Zy(a, ,7), where 0 < a, 5,y < N — 1. However,
it suffices to only search for the allowed flavor structures of
a single permutation of the flavor charges a, 3, y and then
permute the labels of the charged leptons in order to obtain
the results for the remaining permutations. Thus, we can
restrict the search to’

0<ac<p, 0<p<y, 0<y<N-1. (15)
In the next step, we consider the flavor structures. Each
flavor structure corresponds to a list of the changes in

individual charged lepton numbers, {An,,An,, An,}.

Ignoring trivial flavor structures, such as ee’, since

these do not have an effect on the change in individual
lepton number, a (negative) positive value of An,, .
corresponds to a net number of (anti)particles. For
example, {An,, An,, An,} = {2,—1,—1} encodes the fla-
vor structure eep’z". For each flavor charge assignment,

3Using the reduced notation [see Eq. (7)], it is sufficient to
take into account flavor charge assignments with 0 < §; < 6,
and 0 <6, < N-1. For G, = Zy with N <8, there is little
difference in computation time to scan over either set of
assignments.

we check the parameter space of flavor structures that is
spanned by
0<An,<N, -N<An,<N, An,=-An,—An, (16)
and filter those flavor structures that satisfy the conser-
vation of flavor charge; see Eq. (3). The conservation of
the charged lepton number is ensured by the choice of
An,. A few comments are in order: despite the flavor
charge being defined modulo N, we include both 0 and N
in the ranges in Eq. (16), as the individual charged lepton
numbers are counted without modulo N. For example, with
7,(0,0,1), the flavor structure eez’z’, corresponding to
An, =2, An, =0, and An, = -2, is allowed and cannot
be reduced to/deduced from ez, since the latter is not
permitted. Allowed flavor structures with values of An, , .
being outside of the ranges in Eq. (16) can be constructed via
Hermitian conjugation (for negative An,) or arise from a
combination of flavor structures with smaller values of
the changes in individual charged lepton numbers (for
|An, .| > N). The latter is shown in Appendix A.

E. Results

We summarize the results of the flavor structures allowed
by the flavor charge assignments for G, = Z with N < 8.
Taking into account the equivalences and redundancies in
notation outlined in Sec. III C greatly compacts the list of
flavor charge assignments to only the inequivalent ones.
For N <5, these can be found in Table I together with their
allowed flavor structures. The results for larger N are given
in Appendix B. Note that for N > 5 the different flavor
charge assignments allow for at most a single flavor
structure with no more than four charged leptons. Given
that these correspond to dimension-six SMEFT operators,
the study of residual symmetries G, = Z, with larger N is
phenomenologically less interesting. For this reason, we
focus on flavor charge assignments that can be obtained for
N <4 in Secs. IV and V.

For the sake of brevity, in Table I we do not include
Hermitian conjugates of the flavor structures, trivial flavor
combinations (e.g., ee’) or flavor structures containing
such combinations nor flavor structures that arise from
combining flavor structures already shown in this table for
a given flavor charge assignment. Flavor charge assign-
ments and their corresponding flavor structures that result
from a permutation of the labels of the charged leptons of
a flavor charge assignment shown in Table I are also
excluded. As mentioned in Sec. III B, flavor charge assign-
ments that comprise combinations of flavor charges which
sum up to zero modulo N are indicated in boldface. It is
interesting to note that all but one of the flavor charge
assignments shown in Table I, namely 3(0, 1), have this
property. In Appendix C we provide the list of all possible
flavor charge assignments for G, = Z3 as an explicit
example of the notation.
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TABLE 1. Allowed flavor structures for each inequivalent
flavor charge assignment for G, = Zy with N <5. For further
description and details, see text.

Flavor charges d, Flavor structures
2(0,1) 3 eu’
6 ppt'c’
eut'zt
eet’ 7!
3(0,1) 3 eu’
9 uppt Tt
L akakal
eept’tirt
eeet’tic’
3(1,1) 6 eut'tt
eu'y’z
eepu’rt
9 pupt' Tt
eeetitic’
eeep’ptut
4(0,1) 3 eu’

12 pupp 7Tl T
euppttitil
eeppt’tirict
eeeptiticicl
eeeet’ i1l

4(1,1) 6 ep'utc
eet’tf

9 euptitich

eeepty’tt

12 puppr 7Tl T
ceeep iy )t

5(0,1) 3 eu’

15 pppppt' T e 7t
eppppt i ririL
eepppt’titicict
eeeppt’titi 7l
eeeept’titiricl
eeeeer’tiririct

5(1,1) 6 eu'uz

9 eept’ vt

eeeu't'c’

12 epppr Tl
eeeep’ ' ptrt

15 uppppt Tt

(36@667+TTTTTTTT
eeeeep’ i 'yt u’

As indicated in Sec. II, results for residual symmetries
G, that are direct products of cyclic groups are not
explicitly discussed. Nevertheless, they can be deduced
from the information found in Table I. In general, for a
flavor charge assignment of such a direct product, the set
of allowed flavor structures can be constructed as the

intersection of the sets of allowed flavor structures for the
flavor charge assignments of each group in the product,
potentially, taking into account appropriate permutations
of the labels of the charged leptons. Furthermore, one has
to include larger flavor structures allowed by the flavor
charge assignments of each group. For instance, reading
from Table I, a flavor charge assignment 2(0,1) x 3(0, 1)
for G, = Z, x Z5 (corresponding to Zg) allows the
flavor structure eu’ (and those that can be constructed
following the above prescription). Additionally, it per-
mits flavor structures with twelve charged leptons made
from combinations of the allowed flavor structures with
six and four fields, respectively, for each group in the
product. Such flavor structures are, indeed, found in
Apepndix B for the flavor charge assignment 6(0, 1)
for G,f = Zﬁ.

In Table I, we have introduced the quantity d, as
the lepton mass dimension which is defined as
d, = (no. charged lepton fields) x 3/2. In this way, the
results for the flavor structures can be more easily applied
to SMEFT operators. One can clearly see that the largest
value of d, for which a given flavor charge assignment
results in nondecomposable flavor structures is 3N.
Moreover, such flavor structures always exist. They contain
N copies of flavor charged leptons that therefore trivially
conserve flavor charge. For flavor charge assignments with
two equal flavor charges, such as 2(0,1) or 5(0,1), the
flavor structures with the largest value of d, are the only
ones that differentiate among them.

IV. CLASSIFICATION OF ALLOWED
CLFV PROCESSES

We are now in the position to determine which combi-
nation of cLFV processes one can expect from a certain
residual symmetry G, and flavor charge assignment of the
charged leptons. To do so, we translate the flavor structures
studied in Sec. III into SMEFT operators [35-39]. We
choose SMEFT, since it is the most general framework for
studying beyond SM effects, mediated by new physics
heavier than the electroweak scale. As commented in
Sec. II, the group G, in general does not correspond to
an exact residual symmetry of the theory. As such,
references to the “observation”/nonobservation” of a
process in the following discussion should be understood
as amplification/suppression of this process in comparison
to others. Analogously, the “implication”/*exclusion” of a
certain residual symmetry G, and flavor charge assignment
has to be interpreted as these being favored/disfavored by
experimental results.

A. Flavor structures of dimension-six
SMEFT operators

For any realistic observation of cLFV, we are restricted
to SMEFT operators at dimension six or lower. The
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dimension-five Weinberg operator violates the Ilepton
number [52], and thus it is beyond the scope of the present
study. Moreover, it does not contribute to cLFV processes
other than through the modification of the lepton mixing
matrix where it suffers from suppression by the smallness
of neutrino masses. Consequently, we work within a theory
defined by the effective Lagrangian

1 _
Lsmerr = Lsm + cmxoﬁf_ﬁv (17)

where A is the new physics scale and C, denotes the Wilson
coefficient (WC) of a given dimension-six operator O¢=°,
For simplicity, we assume a common new physics scale A
for all dimension-six operators.

Dimension-six SMEFT operators comprising leptons
either contain two or four of them [53]. Typical SMEFT
operators with two charged leptons are the dipole operators
(¢i6"¢;)pB,, and (Z;6'"e;)pW,,, with the U(1), and
SU(2), field strength tensors B,, and W,,, respectively.
Upon electroweak symmetry breaking via the vacuum
expectation value, (¢) = v/ V2 and v~ 246 GeV, these
operators combine into the photon dipole operators
\/LE (epi0"e;)F,, with e;; being a left-handed charged
lepton of flavor i and F,, the electromagnetic field strength
tensor. At low energy, these operators induce radiative
decays of heavier charged leptons into lighter ones, i.e., the
processes y — ey, T — iy Or T — ey.

The operators containing four leptons, such as
(Zir,¢;)(Cy*¢)), can be divided into three categories
depending on their flavor structure. First, we have non-
trivial four-lepton operators. These correspond to the flavor
structures labeled with lepton mass dimension d, =6
in Table I and include operators that lead to processes
such as 7 — eeji, muonium to antimuonium conversion
M — M (that is, a bound state M = pe~ converting into
M = u~e"), and scattering processes such as ee — 77
(standing for e*e® — 7t7%). Second, there are semitrivial
four-lepton operators with one pair of charged leptons
forming a trivial flavor combination (e.g., ee’). Although
they can lead to more complicated processes such as
T — uee, these operators are equivalent to two-lepton
operators in terms of the information they provide about
the residual symmetry G, and the flavor charge assign-
ment. Note that operators with a flavor structure such as
eeu’ ' can be constructed as the duplicate of a two-lepton
flavor structure, namely eu'; however, they do not neces-
sarily admit the same set of G, and flavor charge assign-
ments; cf. Table 1. Such operators are still considered
nontrivial four-lepton operators and studied independently
from their two-lepton counterparts. Finally, there exist
trivial four-lepton operators that are constructed from
two trivial two-lepton flavor structures such as eefpuu’.
They are of little interest to the analysis at hand as they

carry no information about the residual symmetry G, and
the flavor charge assignment of the charged leptons.

B. Implications for G, and flavor
charge assignments

Focusing on flavor charge assignments that allow for at
least two (independent and nontrivial) flavor structures with
up to four leptons, d, < 6 (see Table I), Fig. 1 illustrates the
residual symmetries G, = Zy and flavor charge assign-
ments compatible with these flavor structures. In doing so,
we take into account the possibility of permutations among
the charged lepton flavors. This figure highlights the
restrictions that combinations of different observed cLFV
processes could place. For example, it shows that if both
trilepton decays 7 — pue and 7 — eeji are observed, the
only viable nontrivial flavor charge assignment is 3(1, 1).4
The table at the bottom of Fig. 1 lists the restrictions on the
flavor charge assignments that result from a single flavor
structure (corresponding to the observation of one type of
cLFV process). For instance, we clearly see that if at least
one u — e transition is observed (the flavor structure ey’ is
allowed), the muon and the electron have to have the
same flavor charge [see also 2(0,1) in the figure], or no
(approximate) residual symmetry G, is present among
charged leptons.

From Fig. 1, one can see that in most instances, the
observation of cLFV processes corresponding to only two
different flavor structures is sufficient to constrain the size
of the minimal equivalent residual symmetry to Z, with
N =2, 3 or 4, considering only lepton mass dimension
d, < 6. All processes allowed by each of the flavor charge
assignments for G, = Z, are also allowed by a corre-
sponding flavor charge assignment for G, = Z,. In order to
distinguish these, the relevant radiative cLFV decays would
have to be scrutinized.

Several combinations of observed cLFV processes,
corresponding to different types of flavor structures, could
be used to (strongly) disfavor the existence of a residual
symmetry G,—one that at least partially distinguishes
between the three charged leptons. Arguably, the simplest
such combination consists of two radiative cLFV decays.
Figure 1 shows that cLFV processes corresponding to a
maximum of five different flavor structures with d, < 6
could be observed (which would be in the case of G, = Z,)
before excluding the existence of any (approximate)
residual symmetries considered.

“Also flavor charge assignments equivalent to 3(1,1) as per
Sec. III C are viable (except that the permutation of the lepton
flavors e, u, and 7 is fixed). Concretely, for G, = Z5 the flavor
charge of each charged lepton cannot be uniquely determined,
since the flavor charge assignment 3(1,1) corresponds to three
different flavor charge combinations and, furthermore, 3(2,2)
leads to the same allowed flavor structures; see Appendix C and
Sec. III. Thus, we can only conclude that the three charged
leptons possess distinct flavor charges.
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eut

eprirt
(epp — 77)

Restrictions from single flavor structure

et - N(0,a)
prt - N(a,0)
ert - N(a,N —a)

FIG. 1.

eeptut - 2N (N, a)
purtrt - 2N (a, N)
eertti - 2N(a, N — a)

eeplrt - N(N —a,2a)
eptutt - N(a,a)
epttrt - N(2a, N — a)

Ilustration of compatibility between flavor charge assignments and flavor structures with d, < 6, taking into account

permutations of the charged lepton flavors. Colored segments indicate compatibility. Only flavor charge assignments that allow for at
least two (independent and nontrivial) flavor structures with up to four leptons, d, < 6 (see Table I) are shown. For each flavor structure
an example of a cLFV process is given in parentheses. The table lists restrictions on the flavor charge assignments from observing
(at least) one cLFV process corresponding to a certain flavor structure, again accounting for permutations among the charged lepton

flavors. The parameter a is an integer.

The flavor charge assignments shown in Tables I and II
that do not explicitly appear in Fig. 1, can be discussed
according to the categories found in the table at the bottom of
this figure. Concretely, the flavor charge assignments
3(0, 1), 4(0,1), 5(0,1), 6(0, 1), 7(0,1), and 8(0,1) all
only generate the flavor structure ey’ (take a = 1 in the
mentioned table), when restricting to dimension-six SMEFT
operators. The analogous flavor structures, uz’ and ez,
are achieved by permuting the lepton flavors e, u, and 7.
Consequently, the flavor structure uz’ is allowed by
the flavor charge assignments 3(1, 0), 4(1,0), 5(1,0),
6(1, 0), 7(1,0), and 8(1, 0), being of the form N(a, 0) with
a = 1. Likewise, for the flavor structure ez’ viable flavor
charge assignments are 3(1, 2), 4(1,3), 5(1,4), 6(1, 5),

7(1,6), and 8(1,7), meaning N(a,N —a) for a=1 in
agreement with the table at the bottom of Fig. 1. The flavor
structure eu’ "7 is allowed by the flavor charge assignments
5(1,1), 6(1,1), 7(1,1), and 8(1, 1), all being of the form
N(a, a) witha = 1. Applying permutations among the lepton
flavors e, u, and 7, the flavor structures eeu’z’ (up to
Hermitian conjugation) and euz' 7" arise. Examples of flavor
charge assignments allowing eeu'z’ as only (nontrivial)
flavor structure with d, < 6 are 5(4,2), 6(5,2), 7(6,2),
and 8(7,2), whereas euz’z" is permitted by, for example,
the flavor charge assignments 5(2,4), 6(2,5), 7(2,6), and
8(2,7). The two flavor charge assignments 6(1,2) and 8(1, 3)
both lead to the flavor structure eez'z!, cf. flavor charge
assignment 2N (a, N —a) with a =1 in the table at the
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bottom of Fig. 1. Analogously, the two flavor structures
eeu' " and put'c’, arising from permuting the lepton flavors
e, u,and z, are allowed by 6(3, 1) and 8(4, 1) as well as 6(1, 3)
and 8(1,4), respectively, which follow the general forms
2N(N,a) and 2N(a, N), always with a = 1; see the table at
the bottom of Fig. 1. Lastly, we observe that the flavor charge
assignments 7(1,2) and 8(1,2) do not allow for (nontrivial)
flavor structures with d, < 6. It is, thus, not possible to test
these with the cLFV processes discussed in this study.

We reiterate that while observations have the potential
to constrain G, and the flavor charge assignments, these
alone are not sufficient in order to arrive at any conclusion,
since, at the same time, the cLFV processes corresponding to
forbidden flavor structures have to be (strongly) suppressed.

V. SENSITIVITY OF CLFV SEARCHES TO
NEW PHYSICS SCALE

In the preceding section, we have presented the inequi-
valent flavor charge assignments for G, = Z that are
compatible with flavor structures up to lepton mass
dimension d, < 6. We now examine the bounds on the
new physics scale A that can be derived from various
current and prospective cLFV experiments; see, e.g.,
[25-27] for reviews. In Sec. VA we focus on low-energy
cLFV experiments, while we comment on possible cLFV
searches at high-energy colliders in Sec. V B. The results
for flavor charge assignments not explicitly mentioned in
Fig. 1 can be found, for completeness, in Appendix E.

A. Low-energy cLFV experiments

The tightest experimental limits on cLFV processes exist
in the p — e sector, with the strongest bound recently
released by the MEG-II experiment on the decay
ie, BR(u" — ety) <1.5x1073(90%CL)
[54]; see Appendix D. This result is to be further improved
by MEG-II itself [55]. The decay ut — eTeTe™ is best
constrained by measurements from SINDRUM, BR(ﬂ+ -
etete™) < 1.0 x 10712(90%CL) [56], and probes the
same flavor transition as the decay u*™ — e™y, although
ut — etet e is currently less sensitive to the cLFV dipole
operators. Upcoming searches by the Mu3e Collaboration
[57] are expected to improve this limit by three to four
orders of magnitude, matching the prospective MEG-II
sensitivity to the cLFV dipole operators, and largely
exceeding MEG-II if other SMEFT operators are the domi-
nant sources of cLFV. Strong constraints in the y—e
sector are also provided by searches for y — e conversion in
nuclei N, 4N — ¢™N, with the strongest limit currently
given by the SINDRUM-II experiment for ;1 — e conversion
in gold, CR(u~Au — e~ Au) < 7 x 1073(90%CL) [58].
This already stringent bound is foreseen to be improved by
about four orders of magnitude by the Mu2e [59] and
COMET [60] Collaborations using aluminium targets.
Such an improvement corresponds to more than one order

pt—ety,

of magnitude increase in the sensitivity to the new physics
scale A; see Appendix D. In the long run, the Mu2e-II
experiment can possibly achieve an even stronger limit by
employing nuclei heavier than aluminium [61]. A several
orders of magnitude weaker constraint on the new physics
scale A in the y — e sector is obtained from the bound on
the muonium to antimuonium conversion probability,
P(M — M) < 8.2 x 10711(90%CL) [62]. In the case in
which y — e transitions are not allowed by the residual
flavor symmetry G, and the flavor charge assignment of
the charged leptons, the limit on P(M — M) can be the
dominant constraint in the p — e sector. Moreover, this
bound is expected to be improved by about three orders of
magnitude by the proposed MACE experiment [63].

The various cLFV 7 lepton decays give rise to the
next strongest constraints on the new physics scale A.
These are, however, a few orders of magnitude weaker. The
mass of the 7 lepton allows for many possible decay channels,
and thus experiments searching for them are vital in discrimi-
nating among residual flavor symmetries G, and flavor
charge assignments that forbid u — e transitions. The current
best limits on cLFV 7 lepton decays, reaching the level
(’)(10_8), come from Belle, BABAR, and Belle II [64-71].
All of these are expected to be improved by one to two orders of
magnitude by future searches performed at Belle II [72-74].

Other tests of cLFV can, in principle, be performed at
high-energy collider experiments searching for cLFV
scattering processes and cLFV decays of heavy SM bosons.
Current constraints from these sources, where they exist,
are significantly weaker than those from muon and 7 lepton
decays; see Sec. V B.

For each of the mentioned processes, we can calculate
the corresponding observable in terms of the WCs of the
contributing SMEFT operators and the new physics scale A
[cf. Eq. (17)] by means of the formulas collected in [75].
We then translate the experimental upper bound on the
observable into a lower bound on A, making different well-
motivated assumptions about the WCs. The results are
shown in Fig. 2.

We primarily consider two scenarios in which new
physics contributes at the tree and the one-loop level,
respectively. In the case of tree-level new physics, we set all
WCs of the operators allowed by a certain residual
symmetry G, and flavor charge assignment to C, =1,
except for those of the dipole operators that are generated at
the (one-)loop level within any realistic UV-complete
model. Hence, we set C; = ¢/(162%) ~ 0.002, where e =
Véara =~ 0.30 is the electromagnetic coupling at low energy.
In the case that all new physics effects arise at the one-loop
level, the WCs of the dipole operators remain the same,
while all other (nonzero) WCs become suppressed by a
loop factor, C, = 1/(162%) ~ 0.006.

It is worth also considering a third scenario, in which the
WCs of the dipole operators are further suppressed by the
Yukawa coupling of the decaying lepton, representing a
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FIG. 2. Current lower bounds on and future sensitivities to the new physics scale A (in TeV), based on experimental limits for various
processes at 90% CL. The results are grouped according to the residual flavor symmetry G, and flavor charge assignment of the charged
leptons; cf. Table I and Fig. 1. Present bounds (dark colors) and future sensitivities (light colors) are shown for the two different scenarios
with tree-level (blue) and loop-level contributions (orange). The results for the scenario with chirally suppressed contributions are
indicated by a horizontal black line, where relevant. See text for details and Appendix D for the numerical values of the new physics

scale A in the different considered scenarios.

mass insertion as required to perform a chirality flip. This
leads to C, = \/2me/(167°v). The effects of this further
suppression are shown by black lines in Fig. 2 for the
processes with contributions from the dipole operators.
This type of suppression is negligible, if the WCs of the
nondipole operators are already dominant, as is the case for
several 7 lepton decays.

Finally, note that we consider neither renormalization
group (RG) running of the WCs from the new physics scale
A to the relevant energy scale of a given process nor the
matching of SMEFT operators to low-energy effective field
theory operators at the electroweak scale. Since in the current
approach all operators allowed by a certain residual symmetry
G, and flavor charge assignment are present in the UV with
a comparable strength and, furthermore, G, prohibits for-
bidden operators to arise through RG running, this simplifying
assumption only makes us overlook corrections to the WCs,
e.g., of the order a(;)/(4x) [76]. These are numerically
negligible, even when stemming from perturbative QCD.

In Fig. 2, we display the lower bound on and future
sensitivity to the new physics scale A, obtained from
various relevant cLFV searches. Comparing the values
of A across the three different scenarios (with tree-level,

loop-level, or chirally suppressed contributions) provides
an idea of the model dependence of the results. The
(current/prospective) experimental bounds and numerical
values for A are tabulated in Appendix D.

Following the discussion in Sec. 1V, the processes in
Fig. 2 are grouped according to the residual flavor
symmetry G, = Zy and the flavor charge assignments
they are compatible with. In this way, we can contrast the
resulting selection rules with the reach of present and future
cLFV experiments.

Since in all considered cases the present experimental
limits entail A larger than the electroweak scale, the
adoption of SMEFT is justified. As expected, the limits
on A arising from u — e transitions are far stronger than
those of other processes, predominately 7z lepton decays,
which is consistent with similar analyses available in the
literature; see, e.g., [53,75,77—85].5 However, we see that

’Nevertheless, numerical differences are expected with respect
to these studies because of the different treatment of the WCs of the
dipole operators and, more importantly, the choice of including all
allowed SMEFT operators, whereas previous studies typically
display results obtained by considering a single operator at a time.

075031-10



SELECTION RULES FOR CHARGED LEPTON FLAVOR ...

PHYS. REV. D 112, 075031 (2025)

1 — e transitions are only allowed by flavor charge assign-
ments such as 2(0, 1) that forbid cLFV 7 lepton decays. On
the contrary, flavor charge assignments such as 2(1,0) can
be best probed with 7 lepton decays, showing that cLFV
searches for processes involving 7 leptons can be the key in
order to underpin the existence of a certain residual
symmetry G, and flavor charge assignment. In particular,
Fig. 2 shows that if one cLFV 7 lepton decay is observed
at Belle II, while not observing several more, this would
disfavor G, = Z, as residual symmetry among charged
leptons. Moreover, cLFV searches for the trilepton decays
T — eeji and 7 — pue are suitable to test flavor charge
assignments associated with the residual symmetries
G, = Z3 and G, = Z4. In general, along with stronger
constraints on muonium to antimuonium conversion,
stronger constraints on 7 lepton decays could provide
information on the plausibility of all the discussed flavor
charge assignments. Furthermore, we note that, although
several residual symmetries G, and flavor charge assign-
ments allow muonium to antimuonium conversion, this
quantitative study shows that stringent bounds from y — e
transitions render this process unobservable for the flavor
charge assignment 2(0, 1) and G, = Z,, while it could be
observed, but alongside cLFV 7 lepton decays, if either the
flavor charge assignment 2(1,0) or 2(1,1) is (approxi-
mately) realized in nature. Additionally, experimental
evidence of muonium to antimuonium conversion alone
is compatible with (and could provide support for) the
flavor charge assignment 4(2,3) and G, = Z,.

B. High-energy colliders

The limits in Fig. 2 do not take into account SMEFT
operators corresponding to flavor structures in Table I that
contain two same sign 7 leptons. These would be directly
tested, when searching for the scattering processes

+,+ + +

etet - T, +t

et -ttt + 4+

urpt — ot
(18)

There are no current colliders at which any of these could
be probed. One may argue that tests of the SMEFT
operators involving two 7 leptons are not strictly necessary.
As mentioned, the flavor charge assignments belonging to
G, = Z4 may be distinguished from the corresponding
ones for G, = Z, by scrutinizing the relevant radiative
cLFV decays. However, the preceding discussion has also
shown that the observation of cLFV processes correspond-
ing to distinct flavor structures is necessary to build up
potential evidence of a certain residual symmetry G, and
flavor charge assignment. If observed in combination with,
respectively, 7 — pué, muonium to antimuonium conver-
sion, or T — eefi, the three processes in Eq. (18) would be a
solid indication for one of the flavor charge assignments for
G, = Z4, as illustrated by Fig. 1.

An environment in which part of the processes shown in
Eq. (18) could possibly be searched for is the proposed
UTRISTAN project [86]. The proposal involves two
operation modes: (i) employing two 1 TeV u™ beams to
deliver utu™ collisions with center-of-mass (c.m.) energy
V/s =2 TeV; (ii) colliding a 1 TeV u* beam with a 30 GeV
e~ beam achieving a Higgs factory with /s ~ 346 GeV.
The first operation mode could directly be used to search
for u™u™ — 77t and uTut — eTet. The flavor structure
corresponding to the latter process is, however, already
probed by muonium to antimuonium conversion. A modi-
fication of the second operation mode employing an e*
beam instead of an ¢~ beam could, in principle, be used to
constrain the process e*u* — 777+, When induced, as in
the case at hand, by four-lepton SMEFT operators, e.g.,
(Z:7,€,)(€2r*¢,,), these scattering cross sections increase
with the c.m. energy squared:6

s |G
N

~25 fb(zﬁvf(:;’;%)“, (19)

while for o(e*u™ — 777 ") this formula should be divided
by a factor of four, because the initial-state particles are not
identical. From here, we can see that yTRISTAN would
have the capability to test the scattering u*u™ — 7" up
to A~30TeV for C,=1" Hence, it probes scales
comparable to the expected sensitivities of searches for
cLFV 7 lepton decays and muon to antimuonium
conversion.

Alternatively, SMEFT operators with flavor structures
such as eer’z’ and uur'z" could be tested in heavy boson
decays. The example of the four-body Z decay Z — r7é e,
and the analogous decay Z — zzji i, is discussed in [31].
However, currently there are no experimental limits on
these processes, and requiring them not to be in conflict
with the well-measured (and well-predicted) Z decay width
only leads to the extremely weak constraint A = 1 GeV. If
future Tera-Z factories, such as CEPC [89] and FCC-ee
[90], can set a limit BR(Z — zzee) < 10712, the constraint
would be strongly improved, A 2 250 GeV [31]. Still, such
a sensitivity seems to be insufficient to exceed the current

o(utput — ")

SNotice that this is consistent with unitarity as long as /5 < A,
that is, in the regime of validity of SMEFT. For a discussion of
processes induced by cLFV SMEFT operators in the context of
high-energy ete™ colliders, we refer to [87]. See also [23,88] for
studies on possible searches for cLFV at yTRISTAN.

Since the signature is free of (irreducible) physics back-
grounds, we conservatively assume a selection/detection effi-
ciency of e = 10%, and that evidence for the process can
be achieved for a number of signal events n, = o(u u" —
T77T) X ey X L = 3, where the expected integrated luminosity
is £ =100 fb~! [86].
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limits from 7 lepton decays, shown in Fig. 2, and is just
barely within the regime of validity of SMEFT.

VI. SUMMARY AND OUTLOOK

Predictive models of lepton flavor with a discrete flavor
(and CP) symmetry often feature a residual symmetry G,
for charged leptons, which restricts the allowed cLFV
processes. We have analyzed the resulting selection rules
and phenomenological consequences for all possible flavor
charge assignments and G, = Zy with N < 8. These
reduce to a small set of unique flavor charge assignments.
For each, we have provided a complete categorization of
the allowed flavor structures; cf. Tables I and II. In the
phenomenological analysis, we have matched each flavor
structure with no more than four charged leptons to SMEFT
operators, up to dimension six; see Fig. 1. We have found
that the observation of cLFV processes corresponding to
more than one of these flavor structures can constrain any
combination of flavor charge assignment and (approxi-
mate) residual symmetry G, = Zy to be equivalent to one
with N < 4. The results illustrate the patterns of cLFV
processes that, if observed, could point to the existence of a
certain residual symmetry G, and flavor charge assignment
for the charged leptons.

The quantitative analysis in Sec. V has demonstrated that
evidence for the obtained selection rules can indeed be
achieved with current and near-future experiments. The
lower limits on and prospective sensitivities to the new
physics scale A shown in Fig. 2 can be interpreted as the
scale of a possible UV completion of the lepton flavor
theory. At the same time, they indicate the order of
magnitude of the breaking scale of the employed flavor
(and CP) symmetry. An important observation is that flavor
charge assignments which distinguish among the electron
and the muon do not allow u — e transitions. As a
consequence, searches for cLFV 7 lepton processes and
muonium to antimuonium conversion can be crucial to
provide complementary information.

Let us comment on directions in which this study is
worth extending. On the one hand, one could consider
concrete models with G, being one of the analyzed
symmetries, and possibly focus on specific UV comple-
tions. On the other hand, one could study effective
operators that also violate lepton number (in general,
assuming a different scale Ajyy) since these may have
interesting phenomenological consequences. For example,
neutrinoless double beta decay could be forbidden and u*
to e~ conversion in nuclei allowed, such that evidence for
lepton number violation could be first observed at con-
version experiments such as Mu2e [59] and COMET [60].
Furthermore, the consideration of lepton number violating
processes may distinguish flavor charge assignments of the
charged leptons that lead to the same set of allowed lepton
number conserving processes. Additionally, one could
apply a similar logic to the quark sector and discuss

processes of quark flavor violation. In doing so, one
possibility is to apply the residual symmetry of the charged
leptons, and potentially also their flavor charge assignment,
to quarks.8 Another option is to have different residual
symmetries for up and down quarks, as for example in
[92,93], which generally also differ from the symmetry G,.

ACKNOWLEDGMENTS

L.C. and C.H. thank the School of Physics of the
University of New South Wales (UNSW) for its hospitality
and financial support during the initial stage of this project.
L. C. acknowledges financial support from the National
Natural Science Foundation of China (NSFC) under Grant
No. 12035008. C. H. is supported by the Spanish MINECO
through the Ramén y Cajal programme RYC2018-024529-
I, by the national Grant No. PID2023-148162NB-C21, by
the Generalitat Valenciana through PROMETEO/2021/
083, by the MCIU/AEI Severo-Ochoa Project
No. CEX2023-001292-S as well as by the European
Union’s Horizon 2020 research and innovation program
under the Marie Sklodowska-Curie Grant Agreement
No. 860881 (HIDDev network) and under the Marie
Skitodowska-Curie Staff Exchange Grant Agreement
No. 101086085 (ASYMMETRY). M. S. acknowledges
support by the Australian Research Council Discovery
Project No. DP200101470. J.V. is supported by an
Australian Government Research Training Program
(RTP) scholarship.

DATA AVAILABILITY

The data supporting this study’s findings are available
within the article.

APPENDIX A: COMPLETENESS OF STUDY

Here, we show that permitted flavor structures with at
least one |An,, .| > N can be decomposed into a combi-
nation of allowed flavor structures with |An,, .| <N.
Consider an arbitrary flavor charge assignment
Zy(a,p,7) and an allowed flavor structure encoded in
{An, An/’,, An}. Since this flavor structure is allowed, the
constraints in Eqgs. (2) and (3) are fulfilled, i.e.,

An, + Any, + An; =0 and

aln, + pAn, +yAn; =0 mod N. (A1)
For integers a, b, ¢, we can write the changes in the
individual charged lepton numbers as

8Consequently, quark mixing would vanish at the level of exact
residual symmetries (see, e.g., [91]), and a small breaking could
explain the smallness of the quark mixing angles.
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An, = aN + An,,
Any, = bN + An,,,
An), = ¢N + An,, (A2)
where 0 < An, <N and —N < An,, An, < N. We have to
show that integers a, b, ¢, and An,, An,, An, exist
such that the latter also correspond to an allowed flavor
structure, 1.e.,

An, + An, + An, = 0, (A3)

aln, + pAn, +yAn, =0 mod N. (A4)
Plugging Eq. (A2) into the second equation in Eq. (A1), we
immediately find

aln, + pAn, +yAn, =0 mod N, (AS)
meaning that An, , . conserve the flavor charge (indepen-

dent of the values of a, b, and c). Plugging Eq. (A2) into the
first equation in Eq. (A1), we instead get

An, + An, + An,

b
(a+b+c)+ N

0. (A6)

We discuss the implications of Eq. (A6) on a case by case
basis. First, note that if

An, + An, + An, # zN (A7)

with z being an integer, it must hold that a + b+ ¢ =0
and An, + An, + An, =0 separately, as the former is
integer valued, and the latter, when divided by N, is not. If
so, also An, , . fulfill the constraint on the charged lepton
number; see Eq. (A3). On the other hand, if

An, + An, + An, = zN, (AB)
then a + b + ¢ = —z must be true, and by definition of
An,, ., the integer z can only take values in the interval
—2<z<3.Forz=0, Ane‘w satisfy the condition on the
charged lepton number immediately. If z = 1(—1), we
can assume that An, >0 (An, < 0). We can then repara-
metrize An, such that An, - An,—N and b — b+ 1
(An, = An, + N and b — b — 1). This reparametrization
leads back to the case of z = 0. For z = 2(-2), both An,
and An, must be positive (negative). In a similar fashion to
the previous case, we can modify An,, ., i.e., An, - An, —
N and An, — An, — N together with b - b+ 1 and ¢ —
c+1 (An, - An,+ N and An, — An,+ N together
withb — b — 1 and ¢ — ¢ — 1), and apply again the results
for z = 0. In the case where An, = N(0), we could also
remove (add) N from (to) An, and one of either An, or
An,. Finally, for z = 3, necessarily An, , . = N. Then, we
may choose to reparametrize An, , . by removing either N
from each An, , . such that An, , . = 0, or we may remove
N from An, and 2N from either An, or An,, or remove N
from either An, or An, and 2N from the other one, while
not changing An,. All of these reparametrizations restore
the situation of z = 0.
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APPENDIX B: ALLOWED FLAVOR STRUCTURES FOR G, =Z¢73 (EXTENSION OF TABLE I)

In Table IT we display the allowed flavor structures for G, = Z; 7 g, complementing the information available in Table I.

TABLE II. Allowed flavor structures for G, = Zy, 6 < N < 8.
We use a shorthand notation for repeated lepton flavors, e.g.,

TABLE II. (Continued)

¢% = ee. For further details, see Table I and main text. Flavor charges dy Flavor structures
Flavor charges dy Flavor structures 7(1,2) 9 eél(z(JT;F
e“(u")r
i .
6(0, 1) 3 6@/1_‘_ . Eut(th)?
18 ﬂs(r -;-)6 15 e(ut)Stt
ew’ (v ) e*u(rt)’
() &S ()it
e (e')° 7 (7Y
’ 21 (7"
645”2(13)66 ()7
e:(<z)>6 (')
e’(7'
8(0,1) 3 eu’
6(1,1) 6 e(u')r 24 ud(zh)?3
9 &3 (7H)3 2 i
12 e g(rly en'(z *)8
4 ”Jr 20.4)2 ep (@)
e (ﬂ4) gfs) ()3
15 esy (:4)7‘ e‘ﬁti(r*)z
5
18 ‘ 8{ ?)Z 66u2(r:)8
poT euP(7h)
W CI
. 8(,1\8
6(1, 2) 6 2 (zh)? e’ (t")
9 W (")’ 8(1.1) 6 e(u)?r
e (ut)’r 12 e*(zh)*
12 et(ut)3ct 15 St (eh)’
18 eS(u)e 5(H\2 (A3
K () (TTG)
7(0.1) 3 eu' 18 enie)
21 w7 e (u)* (")
eus ()7 21 eub ()7
(') e’ (u)%"
24 8(;1)8
() w)?
et («h)? )
5,207
i) sy 9 eulr'y
) (') e
e’(7h) 12 (et
40,52 ()2
70,1) 6 e(u)r W)
18 Ot (1)’
12 eu(r)? 6# TS
4,7 (71)3 ')t
eu' () &
15 23 (1) 24 e(t )8
St ()2 ')
18 ew(zh)° 8(1.3) 6 ()2
6(,1\5,1
e 5;4 2 ;’ 12 e(ut)ie?
21 /47(2)7 63(/ﬁ)41
e7 (TT)7 15 eut (')’
e (ﬂ ) 65 HT)4TT
8(-1)8
(Table continued) 24 H (T )
(')
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APPENDIX C: FLAVOR CHARGE ASSIGNMENTS FOR G, =73

In order to clarify the number of possible flavor charge assignments, we list all of them for G, = Z; in Table III.

TABLE III.  All flavor charge assignments for G, = Z3. P, P,, and P; label the permutations of the charged
lepton flavors.

P Py Py
N(8,,6,) Explicit form N(8,,6,) Explicit form N(81,6,) Explicit form
30,1) 7,5(0.0,1) 31, 2) 75(0,1,0) 3(2,0) Z5(1,0,0)
7,(1.1.2) 75(1,2,1) Z5(2.1.1)
75(2,2,0) 75(2,0,2) 75(0,2,2)
3(0,2) Z5(0,0,2) 32, D 75(0,2,0) 3(1,0) Z5(0,1,1)
75(1,1,0) 75(1,0,1) 75(1,2,2)
75(2,2,1) 75(2,1,2) 75(2,0,0)
Pias
N(5,,6,) Explicit form

3(1,1) 75(0.1,2)

73(1,2,0)

75(2,0,1)

3(2,2) 73(0,2,1)

75(1,0,2)

73(2,1,0)
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APPENDIX D: NUMERICAL VALUES FOR A FROM CURRENT AND FUTURE CLFV SEARCHES

In Sec. V, the calculation of lower limits on and future sensitivities to the new physics scale A is discussed, and the results
are displayed in Fig. 2. In this appendix, the experimental limits employed and the numerical values of A are tabulated in
Tables IV and V.

TABLE IV. Numerical values of the current lower bounds on and future sensitivities to the new physics scale A. All experimental
limits, current and expected, are given at 90% CL. Three different scenarios are considered: one with tree-level contributions, C, = 1,
except the WCs of the dipole operators, C; = ¢/(167%), leading to the limits denoted as Ar; one with loop-level contributions,
C, = 1/(1672), resulting in A; ; a third one with chirally suppressed WCs of the dipole operators, C; = v/2me/(16z*v), in each of the
former two scenarios, corresponding to A, and Ay, respectively.

Current (A in TeV) Future (A in TeV)

N(8,,6,) Observable Constraint Ar(Ar,) AL(Ary,) Constraint Ar AL
2(0,1) e’ BR(u — ey) 1.5 x 10713 [54] 3000 (73) 3000 (73) 6 x 10714 [55] 3900 3900
BR(u — eee) 1.0 x 10712 [56] 500 (290) 520 (23) 1071 [57] 5000 5200

CR(uAu — eAu) 7 x 10713 [58] 1800 (1800) 430 (140)

CR(uAl - eAl) 6 x 10717 [59,60] 15000 4000

i P(M - M) 8.2 x 1071 [62] 9.5 0.76 10713 [63] 51 4.1

2(1,0) utt BR(z = uy) 4.2 x 1078 [66] 20 (2.1) 20 (2.1) 6.9 x 1072 [73] 32 32

BR(z = up) 1.7 x 1078 [67] 21 (20) 5.9 (1.6) 5.5x 10710 [73] 49 14

BR(7 — ug) 2.3 x 1078 [67] 14 (14) 32 (LD 8.4 x 10710 [73] 33 7.3

BR(7 — un) 1.1 x 1077 [64] 7.8 0.62 7.1 x 10710 [73] 28 2.2

BR(z = uK) 2.3 x 1078 [69] 14 1.1 4.0 x 10710 [73] 39 3.1

BR(7 — pupji) 1.9 x 1078 [71] 16 (16) 5.3 (1.3) 3.6 x 10710 [73] 42 14

BR(7 — pee) 1.8 x 1078 [70] 15 (15) 5.3 (1.2) 2.9 x 10710 [73] 42 15

eep’ ' P(M - M) 8.2 x 107" [62] 9.5 0.76 10-13 [63] 51 4.1

eeu’st BR(7 — eefi) 1.5 x 1078 [70] 16 1.3 2.3 x 10710 [73] 45 3.6

2(1,1) et’ BR(z — ey) 3.3 x 1078 [68] 22 (2.2) 22 (2.2) 9.0 x 107 [73] 30 30

BR(7 — ¢p) 2.2 %1078 [67] 20 (19) 5.6 (1.5) 3.8 x 10710 [73] 54 15

BR(7 — e¢h) 2.0 x 1078 [67] 15 (15) 34 (1.2) 7.4 x 10710 [73] 35 7.7

BR(7 = ern) 8.0 x 1078 [65] 8.5 0.67 7.3 x 10710 [73] 27 2.2

BR(7 — eK) 2.6 x 1078 [69] 14 1.1 4.0 x 10710 [73] 40 3.2

BR(7 — eee) 2.7 x 1078 [70] 15 (15) 7.3 (1.2) 4.7 x 10710 [73] 40 20

BR(7 — euji) 2.7 %1078 [70] 14 (14) 7.3 (1.1) 4.5 x 10710 [73] 38 20

eeptu’ P(M = M) 8.2 x 107! [62] 9.5 0.76 10713 [63] 51 4.1

eu'uz BR(z — pue) 1.7 x 1078 [70] 16 1.2 2.6 x 10710 [73] 44 35

3(1,1) eu'uz BR(z — pue) 1.7 x 1078 [70] 16 1.2 2.6 x 10710 [73] 44 3.5

eeptr’ BR(7 — eefi) 1.5 x 1078 [70] 16 1.3 2.3 x 10710 [73] 45 3.6

41,1 eutu's BR(7 — pue) 1.7 x 1078 [70] 16 1.2 2.6 x 10710 [73] 44 3.5

4(2,3) eeutut P(M — M) 8.2 x 107! [62] 9.5 0.76 10713 [63] 51 4.1

4(3,2) eeu’t’ BR(7z — eefi) 1.5 x 1078 [70] 16 1.3 2.3 x 10710 [73] 45 3.6

TABLE V. Compilation of current limits on and future sensitivities to the new physics scale A arising from high-energy probes of
cLFV physics. All calculations assume the scenario with tree-level contributions; see Sec. V B for details. The notation follows that of
Table IV.

Current (A in TeV) Future (A in TeV)

N(8,,6,) Observable Constraint Ar Constraint Ar
2(a,b)", 4(3,2) upt'zt o(ptut - oheh) 0.3 fb [86] 30

BR(Z — i i) 2% 1073 [31] 0.001 10712 [31] 0.25
2(a,b)", 4(1,1) eer’z BR(Z — trée) 2x 1073 [31] 0.001 10712 [31] 0.25
2(0,1),3(1,1),4(2,3) eprtst BR(Z — 12 i) 2 x 1073 [31] 0.001 10712 [31] 0.21

*2(a, b) stands for 2(0,1), 2(1,0), and 2(1,1).
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APPENDIX E: CONSTRAINTS ON A FOR REMAINING FLAVOR CHARGE ASSIGNMENTS

We present for the flavor charge assignments not appearing in Fig. 1 the tables analogous to Tables IV and V (see
Tables VI and VII) as well as the figure corresponding to Fig. 2 (see Fig. 3).

TABLE VI. Numerical values of the current lower bounds on and future sensitivities to the new physics scale A for flavor charge
assignments listed in the table at the bottom of Fig. 1. Conventions are the same as in Table IV.

Current (A in TeV) Future (A in TeV)

N(8,,6,) Observable Constraint Ar(Ary,) AL(Ay,) Constraint At Ap
N(0,a) eu’ BR(u — ey) 1.5 % 10713 [54] 3000 (73) 3000 (73) 6 x 1074 [55] 3900 3900
BR(u — eee) 1.0 x 10712 [56] 500 (290) 520 (23) 10-1¢ [57] 5000 5200

CR(uAu - eAu) 7 x 10713 [58] 1800 (1800) 430 (140)

CR(uAl — eAl) 6 x 10717 [59,60] 15000 4000

N(a,0) ut' BR(7 — uy) 4.2 x 1078 [66] 20 (2.1) 20 2.1) 6.9 x 107 [73] 32 32

BR(z — up) 1.7 x 1078 [67] 21 (20) 5.9 (1.6) 5.5 x 10719 [73] 49 14

BR(7 — u¢) 2.3 x 1078 [67] 14 (14) 32 (1.1) 8.4 x 10719 [73] 33 7.3

BR(7 — un) 1.1 x 1077 [64] 7.8 0.62 7.1 x 10719 [73] 28 22

BR(7 — uK) 2.3 x 1078 [69] 14 1.1 4.0 x 10710 [73] 39 3.1

BR(7 — upji) 1.9 x 1078 [71] 16 (16) 5.3 (1.3) 3.6 x 10719 [73] 42 14

BR(7 — pee) 1.8 x 1078 [70] 15 (15) 53 (1.2) 2.9 x 10719 [73] 42 15

N(a,N —a) et’ BR(7 — ey) 3.3 x 1078 [68] 22 (2.2) 22 (2.2) 9.0 x 107 [73] 30 30

BR(z — ep) 2.2 x 1078 [67] 20 (19) 5.6 (1.5)  3.8x107'0[73] 54 15

BR(7 — e¢) 2.0 x 1078 [67] 15 (15) 34(1.2)  7.4x1071°[73] 35 7.7

BR(z — en) 8.0 x 1078 [65] 8.5 0.67 7.3 x 10710 [73] 27 22

BR(7 — ¢K) 2.6 x 1078 [69] 14 1.1 4.0 x 10719 [73] 40 32

BR(z — eee) 2.7 x 1078 [70] 15 (15) 73 (1.2) 4.7 x 10710 [73] 40 20

BR(7 — eufi) 2.7 x 1078 [70] 14 (14) 7.3 (1.1)  45x107'° [73] 38 20

2N(N, a) eeu’u’ P(M — M) 8.2 x 107! [62] 9.5 0.76 10~13 [63] 51 4.1
N(N —a,2a) eeu's’ BR(7 — eeji) 1.5 x 1078 [70] 16 1.3 2.3 x 10710 [73] 45 3.6
N(a,a) eu'y’t BR(z — ppe) 1.7 x 1078 [70] 16 1.2 2.6 x 10719 [73] 44 3.5
TABLE VII. Compilation of current limits on and future sensitivities to the new physics scale A arising from high-energy probes of

cLFV physics for flavor charge assignments listed in the table at the bottom of Fig. 1. Conventions are the same as in Table V.

Current (A in TeV) Future (A in TeV)

N(6y,6,) Observable Constraint Ap Constraint Ar
2N(a,N) uut Tt o(putut - ohch) 0.3 fb [86] 30

BR(Z — rtji i) 2 x 1073 [31] 0.001 10-12 [31] 0.25
2N(a,N — a) eer’t! BR(Z — 112 @) 2 x 1073 [31] 0.001 1012 [31] 0.25
N(2a,N — a) ept’tt BR(Z — tréfi) 2 x 1073 [31] 0.001 10712 [31] 0.21
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FIG. 3.

Current lower bounds on and future sensitivities to the new physics scale A (in TeV), based on experimental limits for various

processes at 90% CL, for flavor charge assignments listed in the table at the bottom of Fig. 1. Conventions are the same as in Fig. 2.
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