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1. Introduction and statement of main results
1.1. Moser’s approach to inverse mean curvature flow (IMCF)

For p > 1, let u be a positive p-harmonic function or p-capacitary potential, that is,
a solution to

div(|Vu[P~?Vu) = 0. (1.1)

After the change of variable
v=(1-p)logu, (1.2)

the new function v satisfies
div(|Vo|P~2Vv) = [VolP. (1.3)

R. Moser developed in [35,36] the striking idea of taking limits as p N\, 1 of solutions
vp to (1.3) leading to weak solutions of the degenerate elliptic equation:

div (%) — [V, (1.4)

which has its own independent interest since, if v is smooth and Vv # 0, then the level
sets of v evolve according to the IMCF, that is, each point moves in the unit outward
normal direction with velocity given by the inverse 1/H of the mean curvature.

In particular, Moser constructs weak solutions of (1.4) by using explicit barriers to
first solve (1.1) with suitable Dirichlet boundary conditions. Unlike (1.4), the p-Laplace
equation (1.1) has the advantage of being the Euler-Lagrange equation of the variational
problem of minimizing the p-capacity.

Roughly speaking, the overall goal of this paper is to reproduce Moser’s successful
technique within an anisotropic framework by imposing the mildest possible require-
ments both for the anisotropy (in order to include the crystalline case) and the domains
where the solutions are defined. Moving beyond traditional Euclidean isotropic settings
is essential to allow for situations where attributes vary with direction, as this additional
flexibility will be decisive for applications to crystal development or noise reduction.

Having this in mind, as a starting point, in [12] we studied existence and regularity
properties of solutions to the anisotropic version of (1.1).
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1.2. Anisotropic implementation of Moser’s technique

Let N > 2 and Q ¢ RY be an open bounded set with Lipschitz-continuous boundary.
Hereafter, we will use the notation Q¢ for the exterior domain R™ \ Q. We can formally
define the boundary value problem:

div(FP~1(Vu)oF(Vu)) =0 in Q°,
u=1 on 02, (1.5)

u=0 as |z| — oo,

where F' is a norm on RY. Here the equality on the boundary is understood in the sense
of traces, and OF stands for an element of the subdifferential (for the sake of clarity,
we keep this formal notation to present our main results, see subsections 4.1 and 3.1 for
precise definitions).

As before, the transformation (1.2), leads to

div(FP~1(Vv)dF(Vv)) = FP(Vv) in Q°,
v=>0 on 01, (1.6)

v — 00 as |z| — oc.

As Moser’s scheme suggests, the natural candidate for a definition of anisotropic or
crystalline IMCF (A-IMCF) should be the limit of (1.6) as p \, 1:

div(9F(Dv)) = F(Dv) in Q°,
v=0 on 012, (1.7)

v — 00 as |x| — oo,

where Dwv represents the distributional derivative of a BV -function, which makes sense
as a Radon measure (for a comprehensive introduction to this framework, see subsection
2.4).

Indeed, our main result confirms the above heuristics.

Theorem 1.1 (Existence & uniqueness of weak solutions of A-IMCF). Let 1 < p < N and
consider @ C RN a bounded domain with Lipschitz boundary. If u, solves (1.5) and we set
vp = (1—p)logu,, there exists a sequence px, \y 1 and a function v € BVioc(Q°)NLYS, (2°)

such that v,, — v in LL _(Q°) for every 1 < ¢ < % and the limit has the following
properties:

(a) v is the unique weak solution of (1.7).
(b) The discontinuity or singular set of v has measure zero with respect to the (N —1)-
dimensional Hausdorff measure.
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(c) We can find constants 0 < r1 < ro with W,, C Q CW,, so that

Up, <0< vy, where vy, = (N —1)log (FO (;)), 1=1,2.
ri
Here F° denotes the dual of the norm F and W, its corresponding ball (Wulff shape)
of radius r.

Observe that, by translation invariance, we can suppose that 0 € € and, since € is
bounded, there exist 0 < r; < rq such that W,, C Q C W,,.

To the best of our knowledge, the most general existence and uniqueness result in this
spirit can be found in [19]. The authors obtain a weak solution v € Lipjo.(€2°) in the case
that Q has smooth boundary and for norms F € C*°(R™ \ {0}) with a strictly positive
definite Hessian matrix.

Here, we broaden the existing literature’s findings in a number of ways. In fact, we
just require the anisotropy to be a norm, without making any additional commitments
about smoothness or uniform ellipticity. Specifically, we permit norms whose dual unit
balls have corners and/or flat pieces, including crystalline situations as the £ or ¢;
norms in RY. Moreover, about the regularity of 2, we just ask for Lipschitz continuity
of the boundary, instead of the traditional C*° much stronger constraint.

In short, we deal with an unfriendly setting because we will not be able to produce
any argument that involves gradient or second derivatives of the functions v nor principal
curvatures (even in weak sense) of 9. To overcome these additional technical difficulties,
the proof of the existence in Theorem 1.1 strongly relies on the ideas developed in [4]
to study a Dirichlet problem coming from the total variation flow, and the subsequent
adaptation of them to study IMCF with a damping term on bounded [32] and unbounded
[33] Euclidean domains.

More precisely, we start by introducing a notion of weak solution to (1.7) (see Defini-
tion 3.1), where the equation makes sense as an equality for measures and which relies
on the existence of a bounded vector field z, whose divergence is a Radon measure that
plays the role of the left hand side of (1.4), even if Vv may vanish. To overcome this, we
exploit intensively Anzellotti’s theory of pairings [6] and the total variation adapted to
anisotropies by [1]. Let us highlight that measure divergence fields have already shown
their key role in physics as models of capillarity for perfectly wetting fluids [28] and in
continuum mechanics [40].

While we managed to follow the existence proof of [32,33] with suitable adaptations
and correction of several issues, the comparison principles there leading to uniqueness
fail in the case that F' is not strictly convex. Luckily, we manage to combine a trick
inspired by the uniqueness proof by Huisken and Ilmanen [23, Theorem 2.2] with the
use of truncation functions to achieve comparison results (and hence uniqueness) for the
A-IMCF (1.7). We stress that our uniqueness claim and proof differs quite from that in
[23] because of our different notion of weak solution.
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Furthermore, these new insights also work for the approximating problems (1.5) and
(1.6), even for generic boundary conditions, meaning that as a by-product of the tech-
niques developed here we attain an upgrade of our existence and regularity results in
[12]. With more detail,

Corollary 1.2. Let 1 < p < oo, Q C RN a bounded domain with Lipschitz boundary and
pE Wlf%’p(aﬁ). Consider either D = Q or D = Q°¢, then the weak solution of

div(FP~1(Vu)OF (Vu)) =0 in D
U= on 0f, (1.8)
u—0 as |z| = fD=Q° p<N

constructed in [12] is unique. In particular, if ¢ = 1, then uniqueness of minimizers

in {u € LPN/IN=P)(RN) . Vu € LP(RN), u > 1 in Q} of the anisotropic p-capacity
functional

Capg(ﬁ) = inf {/ FP(Vu)dz :u € CXRN),u>1in ﬁ} (1.9)
RN

s guaranteed.

Recall that, in physics, those minimizers are known as p-capacitary potentials and
are related to thermal or electric conductivity problems in heterogeneous media, where
properties of the environment are allowed to depend upon the direction.

1.3. Further reqularity and Harnack inequalities

In [12] we proved that solutions to (1.5) are Lipschitz continuous provided that the
domain is regular enough in the following sense:

Definition 1.3 (Uniform interior ball condition). Let r > 0. We say that {2 satisfies the
W,-condition if, for any 2 € 04, there exists y € RY such that

W,+yCQ and x€dW,+y).

Accordingly, it is natural to expect also extra regularity for the solutions of (1.7) under
the same circumstances. Indeed,

Theorem 1.4. Let r > 0 and suppose that § satisfies the W,.-condition. Then there exists
v € BVioe(Q°) N C%(Q°) unique solution of (1.7). Moreover, one can find a constant
C > 0 depending only on the dimension N, such that, if xg € Q° and p > 0 satisfy
Wa,(x0) C Q°, then
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0SCWy, (20)V < C,
where oscgv := supg v — infp v is the oscillation of v on a subset B.

The proof follows the strategy in [36] of constructing explicit barrier functions leading
to continuity via comparison arguments and getting a Harnack inequality of the type

<,
sup up <er-1 inf w,
WP(ZL’Q) WP(IO)

for solutions to (1.5), which after the typical transformation (1.2) and passing to the
limit as p \ 1, yields the claimed estimate for v.

1.4. “Classical” geometric properties of solutions

On the other hand, despite of our milder regularity assumptions and our a priori
different notion of solutions, the output of the developments here does not differ as
much as could be expected from those by Huisken-Ilmanen, since our solution v has also
a similar variational nature (see Proposition 8.2) and its corresponding sublevel sets

={z:v(x)<t} and Gi={z:v(z)<t} (1.10)

also minimize a suitable functional (cf. Proposition 8.3). Additionally, we recover the
continuity of the anisotropic version of the perimeter, exponential growth and minimizing
hull properties stated in [23].

Theorem 1.5 (Geometric properties of solutions of A-IMCF). The sublevel sets in (1.10)
satisfy the following properties:

(a) G, and E; are sets of finite perimeter for every t >t > 0.

(b) The amsotropzc perimeter P, of Gy and E; coincide for all t > 0.

(¢c) e tP.(FE:) is constant fort > 0.

(d) E; is outward F-minimizing for any t > 0, that is, it minimizes the anisotropic
perimeter when compared with all bounded subsets that contain it, while enclosing §2.

(e) Gy is strictly outward F-minimizing for any t > 0. Moreover, among the anisotropic
perimeter minimising envelopes of Q, Gqo is the one that mazimises the Lebesgue
measure.

We actually recover these classical properties (see [23, Property 1.4 and Lemma 1.6])
under much weaker regularity assumptions. This makes the proof quite more convoluted
since our functions are not continuous and, therefore, claims that were immediate in [23],
require a more careful study here, including the use of notions like the measure theoretic
interior or reduced boundary, not present in the original developments.
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For the proof of (a) we follow [33, Section 4] and fill some gaps of the arguments there,
while adapting them to the anisotropic environment. For the rest of items, we argue in
the spirit of [23] but modifying appropriately some notions to better suit our purposes
(see section 8 for precise definitions and further geometric properties of solutions).

1.5. Relevance of IMCF

Given a smooth manifold M of dimension N — 1, a classical solution of the IMCF is
a family of hypersurfaces X : M x [0,T) — R satisfying

v

3tX(p,t)—H(p,t), peM, 0<t<T, (1.11)
where v is the unit outward normal to the evolving hypersurfaces M; = X (M, t) and H =
div v is the corresponding mean curvature, which is assumed to be positive everywhere
so that the above equation is well-defined.

If the initial condition is smooth, star-shaped and mean convex (with H > 0), then
Gerhardt [21] and Urbas [41] obtained independently that the solution exists for all
times and the rescaled hypersurfaces efﬁMt converge to a round sphere as t — oo.
The anisotropic version of this result for smooth anisotropy and initial condition was
proved in [43].

However, without geometric conditions on the initial data, singularities may develop;
in fact, for the case N = 3 it is proved in [38] that singularities happen only if inf,;, H —
0 during the flow. Because of this, Huisken and Ilmanen [23] introduced the notion of
weak solution to (1.11) using the aforementioned level-set approach. Later on, they
showed higher regularity properties in [24]: every weak solution to the flow is smooth
after the first instant ¢, where a level set OE,;, becomes star-shaped.

The reason why this flow attracts so much attention is its well established effectiveness
to generate interesting inequalities which are geometric and physically meaningful. In
a nutshell, it was applied by Huisken-Ilmanen [23] to prove the Riemannian Penrose
inequality in asymptotically flat 3-manifolds, from which one gets a lower bound for the
total energy of a universe at a space-like infinity as a function of the largest black hole in
the system. Later on, Brendle-Hung-Wang [10] derived a Minkowski type inequality for
Anti-de Sitter Schwarzschild manifolds by means of IMCF, which leads to a Gibbons—
Penrose’s inequality in Schwarzschild spacetime [11]. Further development of such a
powerful tool in anisotropic situations should lead to new useful inequalities (see e.g.
anisotropic Minkowski inequalities in [43]).

1.6. Structure of the paper

The paper is organized as follows. We first introduce in section 2 the basic background
material about anisotropies, functions of bounded variation, divergence-measure vector
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fields, pairing of measures and anisotropic total variation; in particular, the latter re-
quires to include the technical details of the proofs that lead us to get Cauchy-Schwarz
type inequalities (Lemma 2.11) under milder assumptions than those in the previous
literature. In section 3 we give our notion of solution of A-IMCF (see Definition 3.1)
and deduce the first consequences, that will be crucial for the rest of the paper, like the
nullity of the singular set with respect of the Hausdorff measure (Lemma 3.3). Next, we
prove a comparison result (Theorem 3.6) for sub- and supersolutions of A-IMCF, leading
to uniqueness of solutions. We start with Moser’s strategy in section 4, where we define
the corresponding approximating problems (before and after the change of variable) and
obtain suitable comparison theorems for them; this leads us to attain Corollary 1.2. In
turn, the proofs of Theorem 1.1 and Theorem 1.4 are carried out in sections 5 and 6,
respectively. The next natural step is to worry about the geometric properties of the
sublevel sets of the solutions of A-IMCF, which is the content of sections 7 and 8; these
altogether provide a proof of Theorem 1.5. Finally, we work out explicit examples of
solutions: the expected evolution of Wulff shapes, a rectangle whose vertices do not grow
linearly, as well as a concrete case where fattening occurs.

2. Background material: anisotropies and BV functions
2.1. Anisotropies

A function F : RV — [0, +00] is said to be an anisotropy if it is convex, positively
I-homogeneous (i.e., F(Az) = AF(z) for all A > 0 and all z € R") and coercive. We will
always consider additionally that F' is even, that is, a norm. In particular, as all norms
in RN are equivalent, there exist constants 0 < ¢ < C' < oo such that

clfl < F(§) < Cl¢] (2.1)

where | - | is the Euclidean norm in R¥.
We define the dual or polar function F° : RN — [0, +oo[ of F' by

P9 = supe-€ € RV, Fe) < 1) —swp {55 & e RV

for every € € RN, It can be verified that F° is convex, lower semi-continuous and 1-
positively homogeneous. Moreover, (2.1) leads to

1 o 1
ZIel < Fo(e) < el (22)
From the definition of F° one gets a Cauchy-Schwarz type inequality of the form

r-& < F°(x)F(€) for all z,& € RY. (2.3)
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The Wulff shape W, of F (centred at 0) is defined by
W, = { e RN : F°(¢*) < r}.

As we are dealing with even anisotropies, W, is a centrally symmetric convex body. We
say that F' is crystalline if, furthermore, W, is a convex polytope. More generally, the
Whulff shape centred at xg of radius r is given by

2o+ Wr =Wy (xg) ={z € RN F°(x — o) =r}.

Since both F' and F° are norms, it follows that they are Lipschitz functions. Therefore,
there exists VF and VF° a.e. in RY. Hence, arguing on points where VF°(z) is well-
defined, the following generalization of [42, Proposition 5.3] holds (with the same proof):

Lemma 2.1. Let F be any norm in RY | then for a.e. x € RV \ {0},

(i) F(VF°(z)) = 1.

(i4) FL(@ € OF (VF°(x)).

2.2. Approzimate continuity and differentiability of L' functions

Throughout the paper, set N > 2 a fixed integer, £V and HY~! will denote the
Lebesgue measure and (N — 1)-dimensional Hausdorff measure in RY, respectively. |E|
means the £V-Lebesgue measure of a subset £ C R¥ and fE = ﬁ fE the average
integral. Moreover, the integrals on the boundary of a set are computed with respect to
dHN L.

Hereafter, U stands for any open subset of RY with Lipschitz continuous boundary
and, as usual, B,(r) represents the Euclidean ball in RY centred at = with radius r.
Additionally, we consider the two half balls determined by a given direction v:

B, (z,v)* = {yeB.(z) : £(y —z)-v >0},

where - denotes the Euclidean inner product, and we will use |u| for the Euclidean norm
of a function wu.

Definition 2.2 (Approzimate discontinuity and jump sets). Let u € L (U).
o The approximate discontinuity set S, C U is defined in terms of its complement,
ie, x € S, if there exists a unique @(z) € R such that

lim u(y) — (zx)| dy = 0.
r\0 B, (z) ‘ ’

o u is approximately continuous at z if z € S, and a(x) = u(z), that is, if z is a
Lebesgue point of u.
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« We now distinguish jump points, where the nature of the discontinuity is more
specific: € J,, is an approximate jump point of u if there exist u*(z) # u™ (z) € R and
vu(z) € S¥~1 such that

lim u(y) — u®(z)| dy = 0.
TS B, (@ () | |

By Lebesgue’s differentiation theorem, one can show (cf. [3, Proposition 3.64 (a)])
that @ exists a.e. in U, and coincides with u; in particular, |S,| = 0.

Now take a family of mollifiers {p.(z) = E%p(:c/s)}oo, where p € C(RY) is a
non-negative, even function, with suppp C B1(0) and [y p = 1. By [3, Propositions
3.64 (b) and 3.69 (b)], we have the following result:

Lemma 2.3 (Convergence to the precise representative). For any u € L _(U), the molli-

fied functions u * p. € C*°(U) pointwise converge as € 0 out of Sy, \ Ju, to the precise
representative u* : U \ (S, \ Ju) = R given by

a(x), ifxeU\S,
ifx € Jy.
There is also a notion of approximate differentiability.

Definition 2.4. u € Li _(U) is said to be approximately differentiable at = € U \ S, if

loc

there exists Vu(z) € RY, called approximate gradient of u at x, such that

1
lim — — 1 —YVulz) - (y — dy = 0.
o T lu(y) — a(z) — Vu(z) - (y — z)| dy

2.8. Subdifferential of a functional and FP

Let X be a reflexive Banach space with dual X’, and denote by <', > the pairing
between X’ and X. A multivalued operator on X A4 : X — 2X " is said to be monotone
if

(€=m&=m) =0  forevery (&), (n,7) € graph(A).

Let @ : X — RU{oo} be lower semicontinuous, proper and convex; its subdifferential
0® : X — 2% is a multivalued operator given as follows:

§€09() <« @) —-2)=(6n—¢) forallneX.

This is a well-known example of a monotone operator from X to X’.
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In particular, we are interested in FP, which can be written in terms of 9F by means
of the chain rule for subdifferentials (see [8, Corollary 16.72]):

z € OFP(¢) <= z=pFP 1(¢)z, with zcIF(¢). (2.4)

This is indeed very useful because there is a well-known characterization of the sub-
differential for 1-homogeneous functions:

z € OF(Vv) if,and only if, z-Vv=F(Vv) and F°(z)<1. (2.5)
2.4. Functions of bounded variation

For a detailed study of the space of functions of bounded variation, we refer to [3]. Let
us denote by 9(U; RY) the space of all R¥-valued Radon measures, which is isomorphic
to the product space M(U)N.

Definition 2.5. We say that u € L'(U) is a function of bounded variation, and write
u € BV(U), if its distributional derivative Du, defined by

(Du, ) := —/Uudivgodm for all o € CHU;RY),

belongs to M(U; RYN). Alternatively, one can give the following equivalent characteri-
zation: u € BV (U) if, and only if, u € L'(U) and the total variation of Du is finite,
meaning that

| Du|(U) :/ d|Du| := sup{/ udive : p € CHU;RY), (ol < 1} < 00.
U U

Unlike Sobolev spaces, BV (U) includes characteristic functions of sufficiently regular
sets. The next result gathers some properties of BV -functions that will be useful in the
sequel:

Lemma 2.6. (a) [3, Theorem 3.78] Every u € BV (U) is approximately differentiable
LN -a.e. in U and S, is countably HN ~'-rectifiable; that is,

Su = (Sy \ Ju) U U K;, where HN71(S,\J,) =0,
€N

and each K; is a compact subset of a (n — 1)-dimensional Lipschitz manifold.
(b) BV(U) is a Banach space when it is endowed with the norm

lull vy = llullzr @y + [Dul(U).
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2.5. Decomposition of the measure Du

Given u, i two positive measures, we say that fi is absolutely continuous with respect
to w, and write i < p, if, given a measurable set F, u(E) = 0 implies g(E) = 0. In
this case, % means the Radon—Nikodym derivative of i with respect to u (called density
when p is a Lebesgue measure). In turn, pl E is the restriction of u to the set E.

Notice that Lemma 2.6 (a) implies that it is possible to define for H¥ l-a.e. x € J,
a unit normal vector field to Jy; in fact, v,(z) is an orientation of J,, and coincides
with %(m). Moreover, by Lemma 2.3, we get that the mollified functions u * p., with
u € BV (U), converge to the precise representative u* for #~~!-a.e. point in the domain
of u.

We may decompose Du in three mutually singular measures (see e.g. [3, Definition
1.24]), as follows (see [3, Section 3.9]):

Dy = D + D¢u,
Du = Vu LY + D*u, with { Diu= (ut —u") v, HN 1L J,, (2.6)
Dy = D3ul (U \ S,).

Here D*u is the singular part of Du with respect to Lebesgue measure £V, and for £V-
a.e. ¢ € U the vector Vu(z) is the approximate gradient of u at = (cf. [3, Theorem 3.83]).
Diy and D°u are measures known as the jump and Cantor part of Du, respectively.
Sometimes, one calls D% = Vu LY + D¢u the diffuse part.

2.6. Divergence-measure fields and weak normal traces

Here we revisit the integration by parts formula with weak regularity assumptions
for the domains of integration and the functions involved. With this aim, consider the
space of vector fields whose divergence in the sense of distributions is a bounded Radon
measure, i.e.,

DM (U) = {z € L®(U;RY) : diva € M(U;RY) and is finite},
where div z acts as a measure as follows:

/gpd(divz):—/TV(PdSC for all ¢ € C(U).
U U

Let B C U be any bounded open set with Lipschitz continuous boundary and v
the corresponding outward unit normal on dB. Now it makes sense to define as in [6,
Theorem 1.2] a weak trace of the normal component of z € DM (U) on OB as the
linear operator

[-,v] : DIM>(B) — L>=(0B) such that H[Z’V]HLOO(BB) < |1zl oo,

which coincides with z(z) - v(x) for all x € 9B when z is smooth enough.
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Here we gather the main properties of divergence-measure fields:

Lemma 2.7. For z € DI (U) the following hold:
(a) [18, Proposition 3.1] |diva| < HN L.
(b) [2, Proposition 3.4], [22, Lemma 2.4] divz can be decomposed as

divez < LV,

divz = div®z + div/z + div °z, with
div°z(B) = 0,if HN~1(B) < oo,

and
div’z = ([z,v)" — [z, 0] )HY T L s (2.7)
2.7. Pairing measures

Let U ¢ RY be any open set.

Definition 2.8 (Anzellotti’s pairing). Given the pair z € DI (U) and u € BV, (U) N
L2 (U), we define (z, Du) € D'(U) by means of

loc

((z, Du), ¢) ::—/Uu*apd(divz)—/Uuz~V<pdm for all ¢ € C§°(U).

This is a well-defined Radon measure on U, and (z, Du) < |Du| (see [14, Lemma
5.1]). Moreover, we can write (see [18, Theorem 3.2])

(z, Du) = (z, Du)® + (z, Du)? + (2, Du)®, with (z, Du)* =z - Vu L",
and a further characterization for the jump part (cf. [17, Theorem 4.12]) is

Z7V’u]+ + [Z7l/u]_
2

(z, Du)? = [ (ut —u"YHV L . (2.8)
Lemma 2.9 (Generalized Green’s formula and product rules). For a wvector field z €
DM (U) and u € BVioc(U) N LS. (U), it holds

loc

/Qu*d(div z) + /Q d(z, Du) = /aQ[Z’ VjudHN 1, (2.9)

for any open and bounded Q) C U with Lipschitz continuous boundary. Moreover, we get
the product rules:

(a) div(uz) = u*divz + (z, Du) as measures,

(b) [17, Proposition 4.9] For z € DM (U), and u,v € BVio.(U) N LS (U),

loc loc

(u-‘r _ ’LL_>(’U+ —

; ) div 2L (Ju 0 ). (2.10)

(vz, Du) = v*(z, Du) +
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Hereafter, unless otherwise specified, we will always identify any BV function v with
its precise representative v*, without explicit use of .

2.8. Anisotropic total variation

For an anisotropy F, an open set U and v € BV(U), the F-total variation or
anisotropic total variation F(Du) = |Dul, € M(U) of Du is given by

|Du|,, := F(vy,)|Dul (2.11)
= F(Vu)LY + F(v,)|u™ —u~ | HN L J, + F(v,)|DCul.

We will use the notation |Dv|.(U) = / dF (Dv).
U

Here are the main properties:

Lemma 2.10. Let U C RN be a bounded open set with Lipschitz continuous boundary and
u € BV(U). Then,

(a) the F-total variation of Du in an open bounded set A C U with Lipschitz contin-
uous boundary can be computed as follows (cf. [1])

|Du|,(A) :sup{/ udivz :z € CH(A;RY), F°(z) <1 a.e. in A}. (2.12)
A

(b) / dF(Du) is L*(U)-lower semicontinuous on BV (U).
U

Notice that (a) is proven in [34, p.185] while (b) is obtained in [1, Theorem 5.1]. On
the other hand, we note that if divz € L?(U), the following result has been shown in [13,
Proposition 4.1] for item (a) and (b) can be found in [34, proof of Theorem 7]. However,
we need to work out the technical details to be able to obtain the same conclusions under

milder assumptions.

Lemma 2.11. Let U be an open set with bounded Lipschitz boundary, and z € DI (U).
Then the following Cauchy-Schwarz type inequalities hold:
(a) |[(z, Du)| < [|F°(2)|| @) F(Du), for all u € BVioc(U) N LS, (U).

loc
(b) |12, V]| < [|F°(2)|| 1) F(v), HN*-a.e. on OU.

Proof. In order to prove (a), we first extend u to all of RY; let g € WLL(RN \ U) such
that g = u at OU (see, for example, [29, Theorem 18.18]). Then, let @ := uxy + gxr~¥\v
and consider u, := Ux p, € C°(RY), with {p, }en a sequence of mollifiers. We have
that u,, — u in L}(U) and, by Lemma 2.3, u,, — u* H¥ ~1-a.e. as n — co. Moreover, by
[3, Proposition 3.7],
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/A|Vun| 22 |Dul(A)  for every open set A € U with |Du|(DA) = 0.
Then, by Resethnyak’s continuity theorem ([3, Theorem 2.39]) and (2.11),
/A F(Vuyp) =2 |Dul,(A) for every open set A € U with |Du|(DA) = 0.

Therefore, given an open set A € U such that |Du|(0A) = 0 and ¢ € C§°(A), by the
definition of Anzellotti’s pairing,

((z, Du), @) = — /Auz -V — /Au*god(divz)

=— lim (/ unz~V<p—|—/ um@d(diVZ))

—lim [ ¢z Vu, < [F@]llellien i [ F(Tu)
A n o0 A

n—oo

=[|F°(2)| L @)l ¢llLo a)| Dul . (A),

which implies (a).
Before proving (b), we need the following approximation result:

Claim: Given z € DI (U) there exists z, € C(U; RY) such that
z, —zin LL (U;RY), divz, > divz in M(U).

The claim is proved as the corresponding result for vector fields with divergence in LP(U);
see [26, Lemma 2.3] (cf. [5, Lemma 3.6]).

Take a partition of unity of U, {0;}f_, c Cg°(RY), 0 < 6; < 1, satisfying the
following: if supp 6; NOU # 0, then there is a bounded open cone C; with vertex 0 such
that x + C;NU = () for all z € U Nsupp 0; and there exists r > 0 such that x — C; C U
for all x € OU N (supp 6; + B,(0)). Moreover, for each j € {1,...,k}, take a mollifier
pj € C(RY) with the property that, if supp 6; N OU # (), then supp p; C Cj.

Letting pjn(x) := n"p;(nx), we define

k .
z, inU
Z, = 0% (0,Z) € C°(RY:RY), where Z= ’
= Dt 07) € CXRYRY o e
Note that, if z € OU Nsupp 0, then x — C; C U and supp p; C C; thus

(psn» 02)(0) = [

MMz—m@@WWMy:/URMz—m@wﬂWMy
m—Cj U
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By construction, z, — z in L{. (U;RY). On the other hand, for any j = 1,..., k,

loc

div (0,Z) = div (0;z) + (0,7, vJH" 1L oU, (2.13)

where div (0;z)(E) = div (6;z)(ENU) for any E C RY. Now, for z € RV,
pin* (052, VI HNTILOU) () = / pin(x —y)[0;Z, V) (y)dH" " (y),
oUNsupp 6

thus p; ., * ([0;Z, VJHN1LOU) = 0 if OU N supp 6; = 0. Otherwise, one gets y + C; C
RN\ U for all y € OU N supp 6, and supp p; C C;. In this case, if y € OU N supp 6;,
pjn(x —1y) # 0 only if 2 € y +supp p; C RV \ U so

/ pin(x —9)[0;Z,v](y)dHY " (y) =0 for every x € U,
oUNsupp 6

that is, pjn * ([0;2, VJHN"1LOU) =0 in U. Hence, using (2.13), we can write
(le (pj,n * (0_]2))) LU = (pj,n * div (9]2)) LU = (pj,n * div (HJZ)) LU.

Consequently,

k k
div (2,) LU = > _div (pjon * (0,2) U =Y _ (pjon * div (0;2)) LU.
j=1 j=1

Letting n — oo, since (div (6,;2z)) LU = div (;z), we finally obtain the claim.

Therefore, by the definition of the normal trace [z,v] (cf. [2, Section 3]) and the
classical Green’s formula, we obtain, for any 0 < ¥ € C>°(U) N WH1(U) with bounded
support,

k
\Ilzn-l/:/ v (pjn*(0;Z))
/BU ou ; ’ !
/\I/ Zp]n*dlv (0;2) + /V\Il Zp]n* 6,z))
v

7H—OO>/\I/d(divz)—|—/V\I/~z:/ U [z,v].
U U oUu

Then, by approximation we have that

lim \I/zn-V:/ U [z, V]
oo Jou U

for every ¥ € WH1(U). Consequently, for any such ¥ and by (2.3),
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/BU\IJ[Z,V]

Snlil%og [ v@ ([ mate =500 1at) vl dy ) ds

< lim Z [ v@re) ([ e - 8,00 @)y ) ds

<@l [ VFO).
oUu
This last inequality directly gives (b). O
3. Definition and uniqueness of solutions for A-IMCF
3.1. Definition of solutions and first properties

As in [32,33] we introduce the following notion of solution for (1.7):

Definition 3.1. A non-negative v € BV}.(02°) N L2 (2°) is said to be a weak solution of

loc

(1.7) if there is a vector field z € DIMC (Q°), with F°(z) < 1, satisfying

loc
divz = (z,Dv) = F(Dv) as measures in °, (3.1)

together with the boundary conditions

v=20 HN1-a.e. on 09,
(3.2)

v(z) = 0o as |z| = 0.

Remark 3.2. In the terminology by Moser (see e.g. [37, Definition 1.1]), the behaviour at
infinity in (3.2) means that all our solutions are proper, which geometrically implies that
solutions stay bounded at finite times, and hence the corresponding sublevel sets are
precompact. Thus we do not need to add the latter as an extra assumption as in [23]. As
pointed out in [27], there are some manifolds that do not admit a proper solution, even
in more regular settings. We stress that the lack of properness leads to non-uniqueness
of solutions (cf. [36, Proposition 2.4]).

Lemma 3.3. A weak solution v of (1.7) in the sense of Definition 5.1 has no jump part,
i.e., it satisfies Div = 0.

Proof. Let u € 9M(Q°) be such that u < HY1LJ, and let us denote by 67*[u] the
Radon-Nikodym derivative of u with respect to HY =1L J,. Now by (3.1) and (2.8) we
can write
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z,v|" + [2,v0]”
2

07 (F(Dv)] = 6% (2, Dv)] = | (v — )

_ (9 v [(2iiv z)

+ [z,z@]’)(zﬂr —v7),

which follows from (2.7). Using now that, by (3.1), divz = F(Dv) as measures, we get
by means of 2.11 (b)

o P00 (1= 57 ) = (0" o)

< |[F°(2)] o (o) F (o) 0 — o7 |
< Fy)pvt —v7 | = R [F'(Dv)],

where we applied F°(z) < 1 and (2.11). This leads to vt > v~ HV¥~l-a.e. Redoing the
above argument, but substituting [z, v,]” instead of [z, ,]T by means of (2.8), one can
reach the reverse inequality. Thus v+ = v~ HV"!-a.e., and by (2.6) the claim follows. O

In [22], BV functions with null singular set with respect to the Hausdorff measure
HN~! were named as Diffuse BV functions and denoted by DBV. We recall some of
their properties, which will be useful in the sequel.

Lemma 3.4. Let U C RY be an open set, v € DBVioc(U) and f : R — R be a locally
Lipschitz function. Then, the following chain rules hold:

(a) D(f o) = f'(v) Do.

(b) For any z € DMS.(U), if f is non-decreasing, we have
(b1) (z,D(f ow)) = f'(v)(z, Dv).
(b2) If additionally (z, Dv) = F(Dv), then

(2, D(f o)) = F(D(f ov)).

Proof. (a) follows from the standard chain rule formula for BV functions [3, Theorem
3.99]. In order to show (bl), we proceed as follows:

z ow :M ow :(Z’DU) ov
(2.D(f o) =L D o) = 2D iD(s 00)
/() %L D) = (o) (2, D),

| Do

where the second equality is due to [17, Proposition 4.5 (iii)] and the third one comes
from (a). Now, we obtain (b2) by combining the previous items in the statement with
(2.11). Indeed,
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(2, D(f o)) =f'(v)(z, Dv) = f'(v)F(Dv)
=["(0)F ()| Dv| = F()|D(f o v)| = [F(D(f o )|

Here we have used that vfo, = @g;zz;‘ = vy, D(fov)ae O

Corollary 3.5. Let v be a weak solution of (3.1) with associated vector field z. Then the
measure divz = F(Dv) vanishes when restricted to the level sets, that is,

divzlL{v=¢t}=0 forall t>0.

Proof. Asin [33, Remark 4.4] one proves that Dvl{v =t} = 0 for any v € DBVj,.(Q°)N
LOO

o.(2¢), and then uses the anisotropic total variation and equation (3.1). O

3.2. Uniqueness of the anisotropic IMCF

Theorem 3.6. Suppose that u; and uy are a non-negative weak supersolution and a non-
negative weak subsolution of (1.7) in the sense that uy, us € DBVioe(Q°) N LE.(Q°) and

loc

there exist vector fields z; € DS, (Q°), with F°(z;) <1, i = 1,2, satisfying
div(z1) < (z1, Duy) = F(Duy) as measures in Q°,
and

div(za) > (22, Dus) = F(Dus) as measures in °,

together with boundary conditions

)

{ u; = p; HN=1_q.e. on 09,

ui(x) = o0 as|z] = oo
with @; € Ll(aQ), such that pa < @1 HN-L g.e. Then us < uy a.e. in Q°.

Proof. Let 7" : R — (—o0, h] be the truncation operator defined by

if s<h
This) =45 H5=" .
(s) {h its > h. (3.3)

Suppose by contradiction that us > u; holds on a set of positive measure. Then, since
uy > 0, there exists A > 0 such that 7" (uy) > u1 on a set of positive measure. Therefore,
we can find € > 0 such that [ := esssup {Th(ug) - lu—je} —¢& > 0 (note that I < h).

Define u; := 1= and @y := T"(uz) — I. We have

div(z1) < (1 — &) F(Dw,), (3.4)
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diV(Zz) Z .F(D’LLQ)7 (35)
esssup{us — U1 } = ¢, (3.6)

and we note that s (x) > w;(x) implies ug(x) > ui(x).

Hereafter, we use the notation uy := max{u,0} for the positive part of a function
u. Since U3 — oo as |z| — oo and Wy < h, we have (u2 — u1)+ = 0 on OBg for R
large enough. Moreover, (uy — U1)+ < (ug — u1)4+ = 0 on 9. Therefore, if we integrate
(Wy —1 )4 over Br\ ) with respect to the measures in (3.5) and (3.4), take the difference
between them and integrate by parts, we get

— / 7d(Z2 — 2, D(ﬂg — ﬂ1)+) (37)
Bgr\Q

> /BR\ﬁ(ﬂZ — 1)y d(F(Dug) — F(Duy)) + 6/)31%\5(@2 — @), dF(Day).

We observe that, by Lemma 3.4 (b2), (z;, Du;) = F(Du;), i = 1,2. Therefore, since
F°(z;) <1,i=1,2, by (2.3) and Lemma 3.4 (bl) the first integral on the left hand side
is nonpositive:

/ d(zs — 21, D(@y — W) 4) = / Nposmsoy d(zs — 20, D — ) > 0,
BR\Q BR\Q

On the other hand, multiplying the inequality of measures div(z;) < F(Duy) by 3 ((u2 —
u1)4)?, integrating by parts and using again Lemma 3.4 (b1), we obtain

/ (@ — )4 d(F(DT) — F(Dy)) > —/ 7%%@@. (3.8)
Bgr\Q Bgr\Q

Therefore, since

|- d( (D) - FOm) = [ (- w) d(F(Dw) - (D))
Br\O

BR\Q

(3.8) together with (3.7) yield

/BR\Q(ﬁQ ~ W)+ (s W) LF (D) < 0.

Now, letting R — co we have

/e(a2 —m), <5 - mrf”*) dF (D) < 0.

Thus, by (3.6),
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/e(ﬂg —ﬂ1)+ dF(Dﬂl) =0.

This, in turn, yields

/ (T — )4 d| Dy | = 0.

Moreover, from (3.7), we get

| @ m)dpm < [ (@ - m). dDu| ~o.
e Qe

Finally,

LD — ) PI() = / (@ — W) dD(@ — )|

g/ (ﬂg—ﬂ1)+d|Dﬂ1|+/ (ug — 1)+ d|Dug| =0,

which implies that (e — @1)4 is equivalent to a constant in €. Since Uy — u; — 0 as
|z| = oo, such a constant is zero. This is in contradiction with (3.6). O

4. Definition and uniqueness of solutions of the approximating problems
4.1. Anisotropic p-Laplace equation and change of variable

Definition 4.1. A function u € LPN/(N=P)(Q°) such that Vu € LP(Q°) is said to be a
weak solution of the problem (1.5) if its trace on 9 is equal to 1, | lim wu(z) =0 and

€] o0
there exists z € OF(Vu) such that
div(FP~(Vu)z) =0
in the weak sense, meaning that
/ FP Y (Vu)z - Vo =0 forevery e W,P(Q°). (4.1)

In [12] we proved an existence theorem for weak solutions of the above problem:

Theorem 4.2. If 1 < p < N and Q C RY is a bounded domain with Lipschitz-continuous
boundary, there exists a weak solution u of the problem (1.5) satisfying the estimates

T1 T2

(F°) 51 (3) < u(z) < (F°) 1 (1> a.e. in Q° (4.2)

for any constants 0 < ry < ry such that W,, CQCW,,.



22 E. Cabezas-Rivas et al. / Journal of Functional Analysis 287 (2024) 110642

We will see that the transformation (1.2) gives a weak solution to the problem (1.6)
in the following sense:

Definition 4.3. We say that a function v € Wé’f(ﬂe) is a weak solution of (1.6) if its trace
on 90 is 0, lim w(z) = oo and there exists z € 9F(Vv) such that

|z|— 00
div(FP~!(Vv)z) = FP(Vv) in the weak sense,

that is,
—/ Fp—l(w)z-w:/ FP(Vv)ep, (4.3)

for every ¢ € L>°(02°) with compact support whose distributional gradient Vi belongs
to LP(Q¢;RY).
Proposition 4.4. If u is a weak solution of (1.5), then v given by (1.2) is a weak solution
of (1.6).
Proof. Notice that

z € OF(Vu) ifandonlyif z=-z¢€ dF(Vv). (4.4)

Indeed, by 1-homogeneity of F', we have

Z'Vv:(p—l)z'%:p_lF(Vu):F(l

—bp
U

w) = F (Vo).
u

Because of the lower bound in (4.2), for each open and bounded set B C Q°, we
can find a constant C = C(p,ry, N,B) > 0 so that u > C on B. As r + 1/rP71 is
Lipschitz-continuous away from zero, a well-known result by Stampacchia [39] ensures
that 1/u?~' € W1?(B), and hence for any ¢ € W,**(B) N L>°(B) it holds that

— 1\pr—1
(=) vewi(B)nL=(B)

can be used as a test function in (4.1). Accordingly, for z € 0F(Vu) we have

o= [ (e v [ (2 )

where we applied the homogeneity of F' and that Vu -z = F(Vu). Now, as z2 = —z €
OF(Vwv), this can be rewritten as

0= —/BFP’I(Vv)iV@—/BFp(VU)%

as desired. O
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As an immediate consequence of Theorem 4.2, we conclude:

Corollary 4.5. If Q C RY is a bounded domain with Lipschitz-continuous boundary, there
exists a weak solution v of the problem (1.6). Moreover, v satisfies the estimates

(N - p)log (F (ﬁ) ) < wv(z) < (N - p)log (F <£> ) ae inQ°,  (4.5)

T2 1

for any constants 0 < rqy < rqo such that W,, CQ CW,,.
4.2. Comparison theorems for sub- and supersolutions

Consider the following generalization of (1.6) with generic Dirichlet boundary condi-
tions:

div(FP~1(Vv)dF(Vv)) = FP(Vv) in Q°
v=o on OS2 . (4.6)

v = 00 as || = oo

Theorem 4.6. Suppose that vi and vy are a non-negative weak supersolution and a
1
non-negative weak subsolution of (4.6) with boundary values o1 > @o € W' 2P (98),

respectively, on 0%, i.e., v; € I/Vlz’f(ﬁe), its trace on 0N is equal to ¢, ‘ llim vi(z) = 00
xT|—00
and there exist z; € OF(Vu;), for i = 1,2 such that

div(FP~!(Vuy)z1) < FP(Vuy) in the weak sense,
and

div(FP~!(Vug)zo) > FP(Vua) in the weak sense.
Then vy > vg a.e. in Q°.

Proof. The proof follows the ideas of the proof of Theorem 3.6, suitably adapted to this
more regular case. Let T" : R — (—oo0, h] be the truncation operator defined by (3.3).
We argue by contradiction. Suppose that vy > v1 holds on a set of positive measure.
Then, since v; > 0, there exists h > 0 such that Th(Uz) > v1 on a set of positive measure.
Therefore, we can find € > 0 such that [ := esssup {Th(7}2> - 1”71} — 5 > 0 (note that

I
I < h). Define vy := - and U3 := T"(vz) — I. We have

div(FP~1(Voy)z1) < (1 —€)FP(Voy) in the weak sense, (4.7

div(FP~!(VD2)zs) > FP(VT3) in the weak sense, (4.8)

esssup{vs — U1} = = (4.9)
p
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Since v; — o0 as |z| = oo, we have Ty > h on dBpg for all R large enough. Therefore,
since Ty < h, (T2 —U1)4+ = 0 on OBpg for all R large enough. Moreover, (U — 71)4 <
(v2 — 1)+ = 0 on 9N. Accordingly, if we multiply (4.8) and (4.7) by (T2 — T1)4 over
Br \ ©, take the difference between them and integrate by parts, we get

*/ 7(Fp71(V52)Z2 pr’l(Vﬁl)zl) 'V(EQ *51)_5_ (410)
Bgr\Q

> /BR\Q(FP(WQ) — FP(V1,)) (T2 — T1) 4 + E/BR\Q FP(VE) (B — 7).

We recall that by (2.4) it holds pFP~1(Vv;)z; € OFP(V;), i = 1,2, by the chain rule
for subdifferentials (2.4). Therefore, by the monotonicity of OF?, the integral on the left
hand side is nonpositive. On the other hand, multiplying the inequality

div(FP~1(Vo1)z1) < FP (Vo)

by £((72 — 71)+)? and integrating by parts, we obtain

/ (FP(V3) — FP(V01)) (T — B1) 4 > —/ Frwo) @2 =T00)° )
Br\Q Br\Q 2

Therefore, (4.11) together with (4.10) yield

[ (o= 2 e, <o

Now, letting R — oo we have

/C(Wz — 1)+ (e — w> FP(V5,) <0.

Thus, by (4.9),

(e —701)+ F (Vo) =0 a.e. in Q°.
Moreover, from (4.10), we get

(U2 —01)+ F(VU3) =0 a.e. in Q°.

Finally,

SV~ )] =

(U2 = 1)+ V(02 —11)| < (T2 — 01)+ (VU1 + [VD2])
< %(52 —71)4 (F(VYy) + F(V13)) =0  a.e. in Q°.
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This implies that (U2 — 71)4+ is equivalent to a constant in Q€. Since (U2 — v1)4+ = 0 for
|z| large enough, this constant has to be zero, which contradicts with (4.9). O

Remark 4.7. We actually do not need to assume lim;|_,o v2(x) = 00.
4.3. Uniqueness of the p-capacitary potentials

As a by-product of the techniques in the previous proof, we manage to achieve unique-
ness of solutions of (1.5), which enhances our existence and regularity results in [12].

More precisely, we show that the transformation (1.2) allows us to obtain a comparison
pN

principle which yields uniqueness of solutions of this problem. In fact, setting p* = Np

Theorem 4.8. Suppose that u1 and us are a weak subsolution and a weak supersolution

of (1.8) with D = Q¢ that have boundary values 1 < @o € Wlf%’p(aQ), respectively,
on 99, i.e., u; € LP" (Q°), Vu; € LP(Q°), its trace on O is equal to @;, ‘ lim u;(z) =0

z|—o0
and there exist z; € OF (Vw;), for i = 1,2, such that
diV(Fpil(vUQ)ZQ) <0< div(prl(Vul)zl)
in the weak sense. Then u; < ug a.e. in €.

Proof. Let T,i‘f : R — [h,+00) be the truncation operator defined by

h1 if s S hl,
Tfff(s) =4 s ifhy <s<hs,
hz if s Z hg.

Suppose by contradiction that u; > us holds on a set of positive measure. Then, there
exist 0 < h < 1 and h < b/ such that either T} (uy) > T} (ug) or T} (—uy) < T} (—uy)
holds on a set of positive measure. We may assume without loss of generality that the
former holds, since otherwise we can consider the solutions @; = —u;, i = 1,2, of (1.5)
and get to a contradiction in the same way. Moreover, we can assume that A’ = 1, since
otherwise we consider the solutions i; = %ui, 1=1,2.

Now, let v; = v} == (1 — p)log(T}}(u;)) € W,LP(Q°), i = 1,2. Note that 0 < v; <
(1 —p)logh and v; > vo on 0. We claim that, similarly as in Proposition 4.4, one can
show the inequalities

div(FP~1(Vv1)(—21)) < FP(Vv1)  in the weak sense,
and

div(FP~(Vvy)(—22)) > FP(Vus) in the weak sense.
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From this point on, the proof follows exactly the one of Theorem 4.6. Therefore, we
are led to a contradiction (we omit the details). O

Recall that the solutions of (1.8) with D = ¢ and ¢ = 1 are known to be minimizers
of the anisotropic p-capacity (see [12] for more details). Accordingly,

Corollary 4.9. There exists a unique minimizer in {u € LP" (RY) : Vu € LP(RN), u >
1in Q} of Capg(ﬁ) defined as in (1.9), that is, p-capacitary functions are unique.

With a similar proof to that of Theorem 4.8 we obtain a comparison principle, thus
uniqueness, of weak solutions of (1.8) on bounded domains.

Theorem 4.10. Suppose that uy and us are two weak solutions of (1.8) with D = Q and
1
boundary values o1 < o € Wl_F’p(ﬁQ), respectively. Then uy < ug a.e. in .

Summing up, the results in this subsection give altogether a proof of Corollary 1.2.

5. Existence of solutions to A-IMCF

Theorem 5.1. If Q C RY is a bounded domain with Lipschitz-continuous boundary, there
exists a weak solution v of the problem (1.7). Moreover, v satisfies the estimates

(N - 1)log (F <3> > < w(z) < (N —1)log (F (3> ) ae inQ°,  (5.1)

T2 1

for any constants 0 < ry < ry such that W,, CQCW,,.

Proof. By Corollary 4.5, we know that for each p > 1 there exists a weak solution v, of
(1.6) in the sense of Definition 4.3. Moreover, by uniqueness, v, = (1 — p) log u,, where
uyp is the unique weak solution of (1.5).

In particular, (4.3) holds for some z, € 9F(Vv,). We aim to construct a solution of
problem (3.1) as a subsequential limit of {v,},~1 as p \, 1. We divide the proof into
several steps.

Step 1: BV-estimate. Let B C Q° be an open and bounded set and 0 < ¢ € C°(02°)

such that ¢ = 1 in B. Then we take ¢ as a test function in (4.3) and, by means of
Young’s inequality with p’ := ﬁ, we get

/ FP(Tup)” = —p / FP1 (Vo) g, - Vo
Qe Qe

<o [ (P(V0,))" P (a) (V)

p
<= | FP(Vup)e? + [ FP(Vo).

P Jqe Qe
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Here we have used (2.3) and F°(z,) < 1, where the latter follows from (2.5). Conse-
quently, for all 1 < p < 3/2, we have

P 3 ,
o< (£) [ w2 (S 1+l <e,  (52)
P 2
B ¢ P Jsuppy ¢ SuUpp ¢

where ¢, C are the constants from (2.1). Hereafter C denotes any constant which depends
on B, c and C, but is independent of p, whose concrete meaning may change from line
to line. Now Hélder’s inequality leads to

/|VW‘§C forall 1<p<3/2.
B

Since, by (4.5), {vp} is pointwise bounded independently of p for p € (1,3/2), we
conclude that {v,} is bounded in W'1(B) for every B C Q¢ open and bounded, and
hence by the embedding theorem [3, Corollary 3.49], we get a function v € BVjec(€2°)
such that, up to subsequences and as p \, 1,

o 12
vp = v in Ly,

and a.e. in Q°, (5.3)

N
(Q°) forevery 1 <g<
N
Vu,L B — DvlL B weakly-* as measures for each open bounded B C Q°.

Notice that the behaviour of v as |x| — oo, as well as the estimates in (5.1), follow
directly by taking limits in (4.5).

Step 2: Existence of z. The aim is to find z € DINS (Q°) with F°(z) < 1 and satisfying

loc
FP=Y(Vu,)z, =2z weakly in L _(Q%RY) asp\, 1. (5.4)

First, for B € Q° fixed, we show that the sequence {FP~(Vu,)zp}t1<pes/n is equi-
bounded in L!'(B;RY). Indeed, by (2.1), (2.2), Holder’s inequality and (5.2), we have
for1 <g¢g< z%

/ |Fp71(vvp)zp|q < Cq/ Fq(pil)(vvp)Fo(zp)q < Cpq/ |va‘q(p71)
B B B

-1 a
< OV | ) BT < €

with a(p) — 1 as p — 1. Therefore, for any 1 < ¢ < 0o, we conclude that there exists a
subsequence so that

FP~Y(Vu,)z, — zp weakly in LY(B;RY).

Claim 1. z, € L>®(B;RY) with F°(zp) <1
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Proof of Claim 1. We adapt to our setting an argument from the proof of [4, Lemma 1].
For any k > 0, define

Byr={z€B : F(Vu,(x)) > k}.

By means of (5.2) and (2.1), we can estimate the measure of this set by

’Bp,k| S/ M <

o for every 1 < p < 3/2 and k > 0. (5.5)

Tlo

D,k

Now,
prl(va)szBpﬁk — g, =2ZBXnB,, weaklyin LY(B;R™) as p \, 1.

Choose ® € L>(B;RY) with F(®) < 1. Then, since F°(z,) < 1 because z, € dF(Vuv,),
Cauchy-Schwarz (2.3) and Holder’s inequality lead to

C

[ P | < ol Bl <

where we used (5.2) and (5.5). Taking limits as p N\, 1 and choosing ®  sgn(g;,), we get

/ lgi| < g, for every k > 0.
B k
On the other hand, we have that

FO(FP~ Y (Vup)zp Xp\B,.,.) = FP (Vup)xe\n,  F°(2p) < K
for any p > 1. Accordingly,
FP=Y(Vv,)z, X\, , — Fr =28 XB\B,, Weakly in L'(B;R"Y) as p\/1,
with F°(f,) < 1. In short, for any k& > 0, we can write z, = g, + f;, so that
Fo(z,,) < F°(gg) + F°(f) <1+0(3),

from which we conclude that F°(z, ) <1, as desired. O

Next, we choose an increasing sequence {B,, },,en with B, € Q¢ such that U,en B, =
°. One can perform a diagonal argument to establish that (up to a subsequence) (5.4)

holds, where z : Q¢ — RY is a vector field such that z|p = zp for each B € Q¢ and,
consequently, z € L>®(Q¢;RY) with F°(z) < 1 by virtue of Claim 1.
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It remains to check that z € DS, (2€). Now, (4.3) and (5.2) ensure that the sequence
{div (FP~1(Vv,)z,)} is bounded in L{ (9% RY). Therefore, we can find a Radon mea-

loc
sure p such that, as p \, 1, we have the subsequential convergence

div(FP~Y(Vuv,)z,) — . weakly- * as measures.

In particular, recalling also (5.4), we have that, for any open and bounded set B C Q¢
and ¢ € C}(B),

/F”_l(va)zp-Vga—>—/godu:/z-Vgo7
B B B

thus ¢ = divz. The latter implies that divz has locally bounded total variation, as
desired.

Step 3. divz = (z,Dv) = F(Dwv) as measures. Take 0 < p € C°(Q°) as a test
function in (4.3) to have

/ FP=Y(Vo,)z, - Vo + [ FP(Vuy,)e = 0.
e Qe

On the other hand, Young’s inequality yields

1 1
/ F(Vu,)p < = / FP(Vo)¢ + — / .
e P Jae P Jae

1/ -~ p—1
=—~ [ FrYVu,)z, Vo+— .
» Jo (Vup)zy 4 p Qe@

This inequality joint with lower semicontinuity (see Lemma 2.10 (b)) give

/ wdF(Dv) §limi{1f/ F(Vvp)p < 7/ z- Vo,

P\

which follows from (5.4). Hence,
—divz + F(Dv) < 0. (5.6)

To prove the reverse inequality, let us take ¢ € C2°(2°) and use e "rg as a test
function in (4.3). By means of (2.5), we reach

0= / e P (Vu,)z, - V.
se
Since e7%» < 1, by (5.3) and the dominated convergence theorem we have that e=%»

converges to e~V in Li(supp ) for all 1 < ¢ < co. Then we may take limits as p \, 1,
and get
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O:/ e Yz -V,

where we applied (5.4). In particular, we have
div(e7™¥z) =0 in D'(Q°). (5.7)
Here we can use the product rule from Lemma 2.9 (a) and write
0=e"divz+ (z,D(e”")) > e " F(Dv) — F(De "),

where the inequality follows from (5.6), the Cauchy-Schwarz type inequality from
Lemma 2.11 (a) and F°(z) < 1. By definition of the precise representative (cf.
Lemma 2.3) and of F(Dv) in (2.11), we can write

—_pt —v—
v e

0> e " F(Dv)d + & ——Fw)|ot = o [N L, — F(De ™). (5.8)

Notice that, as we are integrating over a compact subset by the choice of ¢, we can
apply the chain rule for BV functions (see [3, Theorem 3.99]) and the 1-homogeneity of
F' to reach

F(De ") = e "F(Dv)! 4 [ — e |[F(r, ) HN 1L J,.

Substitution of the latter into (5.8) yields

—vt —v"
0> (%hﬁ —v7| = |€7U+ —e“‘)F(VU)HNll_JU. (5.9)

Given a > 0, we let

h

f(h)y=e" <§(eh +1)+e - 1) .

It holds that f(h) > 0 in R™ and f(h) = 0 if, and only if, h = 0. Therefore, taking
a =min{v~(z),v"(z)} and h = |[v* —v~|, having in mind (5.9), we obtain that v~ = v*

HN"Laein J,; ie. v € DBV, (92¢). Consequently, from (5.7) and Lemma 3.4 (b1), we
get

0=div(—e "z) = —e "divz+e Y(z,Dv) in D'(Q°),
which implies, by means of (5.6) and Lemma 2.11 (a), that

F(Dv) <divz = (z, Dv) < F(Dv) in D'(Q°).
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Finally, an approximation argument ensures
divz = (z, Dv) = F(Dv), as measures.

Step 4. Boundary condition. The aim is to show that v = 0 on 99 in the sense of
traces. Take R > 0 big enough so that Q C Br(0) and take (v, as a test function in
(4.3), where ¢ € C°(RY) given by

o<c<1 ) 1, if 2] <R
€Tr) =
- 0, if [z| > 2R.
Doing so, we obtain
F(Vo)ug =~ [ FrTu)C~ [ PV, v
Qe € Qe

From here, by means of Young’s inequality, we reach
CF(V0,)+ [ F(To,)06

1
< - , CFP(Vu,) + / ¢+ - / vpCFP (V) + —/ Up¢
Qe e e

Qe

—1
. ‘(1+vp)c—5/e P (V,)z, - VC. (5.10)

Set Qr := Bar \  and recall that v, vanishes on dQ. Then, by lower semicontinuity
(see [34, Theorem 5 and 7]), we can write

CdF(Dv) + /69 vF(v,) < liminf CF(Vup),

Qr NI Jap

as well as

¢ 2 / v?
2 < .
5 dF (Dv?) + 5 —F(v,) hm\Hlf o Cvp F(Vup)

Qr o0

Adding these inequalities up and taking limits in (5.10), we have

CdF(Dv)—i—/ F(uy)v+ (vdF(Dv)—i—/aQ F(W% < _/Q vz -V,

Qg a0 Qr

where we also applied (5.4).
On the other hand, if we combine the product rule from Lemma 2.9 and the generalized

Green’s formula (2.9), we reach
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—/ vz V(= Cvd(divz) + ¢d(z, Dv) — / v[zZ, vy
Qr

Qg Qg Gle)

= CvdF(Dv) + ¢dF(Dv) — / vz, vy,
Qg Qr oQ
which follows from the equalities in Step 3.
Accordingly, by substitution of the latter into (5.11), all the integrals on Qg cancel
out, and we conclude

1
/ (F(l/v)’U + U[Z,VU]) + 7/ F(vy,)v? <0.
09 2 Jon
Notice that v[z,v,] > —vF ()| F°(2)]lcc > —vF(v,) by Lemma 2.11(b), and hence on
the left hand side we have the sum of two non-negative quantities. Thus we get that v
vanishes on 0N in the sense of traces, as desired. O

6. Extra regularity for domains satisfying a uniform interior ball condition

We recall that, if € satisfies the W,.-condition stated in Definition 1.3, then solutions
to the approximating problems (1.5) are Lipschitz continuous ([12, Theorem 1.5]). Ac-
cordingly, it is natural to wonder if for the limiting problem (1.7) we also get additional
regularity in case that one can slide a Wulff shape of uniform size along the boundary
of Q.

In this section we show that, under these circumstances, the solution to (1.7) is ac-
tually continuous and satisfies a Harnack inequality. The strategy to prove this closely
follows that of the corresponding statements for the Euclidean IMCF with obstacles ([36,
Theorem 2.5 and Proposition 2.7]).

Theorem 6.1. Let r > 0 and suppose that Q satisfies the W,.-condition. Then the unique
solution of (1.7) is continuous.

Proof. Let 2y € 0. Then, there exists 1o € RY such that
W, +1yCQ and z0€ O Wr +yo) -

Define

p—N
Fo(x — yo)) o

r

)= (

Then 7, is a solution of (1.8) with 7, < 1 on 99Q. Therefore, by Theorem 4.8, 1, < u, in
Q€. In particular,

vp(x) = (1= p) log uy(x) < (N —p)log (M) in Q.
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Fig. 1. Different regions for the comparison arguments.

Then, for any § > 0 and = € (Ws + x0) N Q°, we have

R —m) , Floo-m)

(o) < (¥ = p)tog (4 )

S(N—p)log(g—Fl).

Consequently, for any € > 0 we may choose § > 0 small enough, depending on r,e and
N (but independent of (), such that

vp(x) <e forx € Ws+zo) NQE.

For |h| < ¢, define

v;‘(x) =vp(x+h)+e for z€Q—h

Then (see Fig. 1),

vzl;:s on 9(Q—h) and v;‘ze on 00N (Q°—h).
Now, v, and vf! are two solutions of (4.6) on the exterior domain RY \ E, with E =
QU (2 —h), so that v, < U;} on OF. Therefore, by Theorem 4.6 we get that

v, <ol on RVY\EDRM\(Q+1wy).

Since the same is true for —h instead of h, we conclude that |v,(z +h) —v,(z)| < e
for every |h| < 6 and x € R\ (Q + 1Ws). That is, the v, are equicontinuous outside of
any neighbourhood of Q. In particular, they are equicontinuous on any compact subset
of ¢, thus the Arzela-Ascoli theorem ensures that v is continuous on Q¢. O
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Theorem 6.2. Let v the unique solution to (1.7) for a given domain Q which satisfies a
W condition for some s > 0. There exists C > 0 such that, if xg € Q¢ and p > 0 satisfy
Wa, (o) C Q°, then

0SCyy, (20)V < C.

Proof. Assume that p € (1, 2]. Let u, € W'*°(Q°) be a weak solution of (1.5). Given
xo € Q°, let p > 0 be such that Wh,(z) C Q°. Since the equation in (1.5) is invariant
under translations and dilations, we may suppose that zg = 0 and p = 1.

For ¢ € R\ {0} and r € (0,2] we denote

Now, by Hoélder’s inequality, if g1 < ga,

1 2 I
W, |1 /w ug ) W[ e = I(ga, 1),
T -

thus I(g,r) is non-decreasing in g. Moreover, since u,, is continuous,

I(qlvr) S

I(oo,r) = lim I(g,r) = supu,

and

I(—OO,T) = qgr—noo I(qu) = lwnf Up-

Let v, := (1 —p) logu,. Following the proof of Proposition 4.4, we get that v, satisfies
div(FP~1(Vu,)0F (Vup)) = FP(Vu,) in Wh

in the weak sense; that is, there exists z € 9F(Vuv,) such that

—/ Fp_l(va)z -V = FP(Vu,)ep,
Wz WZ

for every ¢ € L (W,) with compact support in Wy whose distributional gradient Vi
belongs to LP(Ws; RY). Now, for any such ¢, by (2.3) and Hélder’s inequality we have

/ FP(Vu,)p? = */ P PPN (Vup)z - Ve
W2 W2

< (/m F”(va)sop> ' (/WQppr(Vw)y
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Thus

FP(Vup)p? <p? [ FP(Vp).
W2 W2

In particular, for any yo € Wa and r such that Wa,.(yo) C Wa, we may appropriately
choose ¢ to obtain

N pp
][ FP(Vo,) < =2
Wi (y0) P

Then, the Poincaré inequality for anisotropic balls (proved as in [20, Section 5.8 Theorem
2]) yields

Foome-wlese wit 5=
Wi (yo) Wi (yo)

Hereafter C denotes any constant depending only on N. Then, by [25], there exists a > 0
independent of N such that

(o)) =,

2
ewp—%m) <c.

That is,
I((p—1)a,3/2) < C71I((1 - p)a,3/2). (6.1)

Now, by the Sobolev inequality, for any s € R and non-negative function ¢ € C§ (W),
we have

(/Wz @p*uf;p*> g <C (/w2 F”(V(@uf}))); (6.2)

<C (/ F%Vgp)ui”) ’ +C|s] (/ wpuf,p_pr(Vup)> ’ )
Wz WZ

where p* = NN—_’;. Moreover, if s < 0, and as by (4.4) —z € OF (Vu,), then

[ ) = | e (V) -a) -

1
= — PP (V) (—2) - VusPPH
sp—p+1 AZW (Vup)(—2) P

p

=t i1, & T (V) () - Ve,
2
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which follows by taking u;p_p+1<pp as a test function in (4.1). Now using (2.3) and

F°(—z) <1 it holds
Wa

‘E\‘,_‘
Tl=

_ P _
QPUSPTPFP (V) < ———— </ P usP P FP(Vu ))
/W2 P i’ |Sp - P + 1| W P b

Therefore,

_ pP /
A A T g — L
/w;p b ( p)_|3p—p+1\p W (Veluy

which, together with (6.2), gives

C o\ Islp ;
P, Sp P sp
(/WQSO “r ) SC(1+ lsp—p+1] WQF (Ve)uy

Now, for 1 <r < R < 2, choosing ¢ appropriately we get

) eaS (et (L)
') < 1 )
(/wru” ) _R—T( 1) W,

Hence, letting 6 := N/(N — p) and noticing that mf% <1 for s <0,

1Bsp,r)" = 1(sp", 1) < 22— T(sp, R)". (6.3)

Set so := (a(1 —p))/p and rg := 3/2. For k € N, let s3, := 0¥s0 and r, = 1 42~ *+1),
Letting s = sy, = rp1 and R = 7y, in (6.3), since sp 11 = Osg, 7 —rpr1 = 2~ FF2) and
sk < 0, we obtain

1 k+3

I(sg41p;T41) = Con 2 5k I(skp, 7))
for every k. Consequently,

I((1 = p)a, 3/2) = I(sop,ro) < 2% C ™70 I(sop, 71)
<27 THC TR S I(sypra) < - o < 2CPT(—00, 1),

where

oo

1 N

and, as p < N,
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That is,
I((1 = p)a,3/2) < CF1I(—00,1),
which, together with (6.1), gives
[¢]

I((p— 1)a,3/2) < er-11(—00,1).

This is equivalent to

1
supv, < C — —log (7[ e_o“’l’).
Wy @ Wa

We want to consider positive values of s too. However, the factor
|slp
g(s) =
|sp—p+1

. . . . . 1
appearing in the previous computations is unbounded near 1% = pT. Therefore, set

2N -p
70 = 2Nyp'

so that
2N —p

1
Oy ST T YT (N )y

and g(og) = g(o1) = 2N/p — 1. Hence, for any [ € Z and s = §'0y we have

2N
g(s) < — — 1.
(s) ’

Let ko € Z such that

«@
0*o gy < - < gFotlgy.
p

For s, := 0%tk gq and ry, := 1+ 2~ #+1) | we may repeat the arguments above to get
C

supu, = I(00,1) < er-11(—00,1) = er T inf up.
W1 Wl

This is equivalent to
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oscyy, vp < C.

Since, by the proof of Theorem 6.1, v, converges (up to a subsequence, not relabelled)
locally uniformly to v, we obtain that

oscy, v <C. O
7. About the anisotropic perimeter of sublevel sets

Concerning notation, all the sets appearing in this and the subsequent sections are
considered to be Borel measurable subsets of RV,

7.1. Anisotropic perimeter, densities and coarea formula

A set E within an open subset U C R is said to be of finite perimeter in U if
X € BV(U). In this case, P, (E;U) denotes the anisotropic perimeter (or F-perimeter,
for brevity) of E in U, and is defined as

If U = RY we simply write P, (E) = P,(E;RY). We say that E has finite F-perimeter
inUif P.(E;U) < oco. In turn, E has locally finite F-perimeter in U if, for every open set
B € U, it holds that P, (F; B) < co. By (2.1), the finiteness of Euclidean and anisotropic
perimeter are equivalent.

If F has locally finite perimeter, it makes sense to consider the reduced boundary

a*E:{xeRN; Jim 22X (Br(@).

=: v, () exists and belongs to SN_l},
™0 [Dxg|(Br(w)) "

where v (z) is known as the measure-theoretic normal to E at z, and clearly v, = Vx -
Then by de Giorgi structure theorem (see e.g. [31, Theorem 5.9]) and (2.11), it is known
that

P_(E;U) :/Una*EF(VE)dHNl' (7.2)

Recall that, for a € [0, 1], the set of points of density « in F is given by

B, (z) N E| }
EY:={zeRVN: lim|—:a .
{ ™0 B (2)]

Typically, E' is known as measure theoretic interior of E. Hereafter EAA := (E\ A) U
(A\ E) denotes the symmetric difference of the sets E and A.
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Lemma 7.1. If E is a set of finite perimeter, the following properties hold:

(a) (Federer) [3, Theorem 3.61] O*E C EY2. Moreover, E has density either 0 or
1/2 or 1 HN"t-a.e. in RYV.

(b) [31, Example 5.17 and Remark 15.2] [EAE*| = 0. Consequently, P, (E) = P, (E")
and O*E = 0*E1.

The goal of this section is to deal with the sublevel sets F;, Gy C Q€ of solutions of
A-IMCF, defined as in (1.10), and show that their F-perimeters are finite and coincide.

Notice that we can extend the solution v of (3.1) to be identically zero within Q
(in fact, the boundary condition in (3.2) guarantees that this is well-defined and hence
the extended function belongs to DBVie(RY) N L (RY)). We will use the extension
when needed without further mention, but the corresponding vector field z will not be
extended.

Accordingly, G; and E; are redefined as

Go= o 0@) <t} for o(x) v(x), if z € Qe
={z: v(z or v(z)=
! = 0, ifzeQ,

so that Q C Gy for all ¢ > 0, and similarly F; = {z : v(z) < t}.

Remark 7.2. Observe that, as the measure |Dv|, L{v = t} vanishes and v has no jump,
by the previous extension, it also holds

[ Dol ({v = 0}) = [ Do .(Go) = 0. (7.3)

As the solution v from Theorem 5.1 belongs to BVjoc (]RN ), the anisotropic version of
the coarea formula [1, Remark 4.4] yields

|Dvl,.(U) = / P.({v>t};U)dt for every open set U C RY. (7.4)
R

In particular, this ensures that the measures / |DX{U>” ’F(A) dt and |Dv|,(A) agree
R

for any open subset A of U, and thus coincide. Hence, for any B C U,

D0l (B) = [ 1DX, o[ o(B) (7.5
Notice that (7.4) guarantees that the superlevel sets {v > t}, and thus G have locally
finite F-perimeter for a.e. ¢ > 0. On the other hand, since v tends to oo as |z| — oo, we

can find r(¢) > 0 such that

G; C Br(t) (O) (7.6)
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and hence the sublevel sets G; have finite F'-perimeter for a.e. ¢ > 0. The goal is to show
that they actually have finite F-perimeter for all ¢ > 0.

7.2. Reduced boundary of the sublevel sets

We need an auxiliary result about the reduced boundary of the sublevel sets. Let us
first prove it for a.e. ¢ > 0.

Lemma 7.3. Let t > 0 be such that G; has finite F-perimeter. Then
v=t HNlae. ind*G,.

Therefore, given 0 < 7 < t such that G, and G have finite F-perimeter, HN~1(9*G; N
0*G,) = 0; in particular, HN~1(0*G, N 0*Q) = 0, leading to

P (G Q) = Po(Gy). (7.7)

Proof. Since HV~1(S,) = 0 as there is no jump part (cf. Lemma 3.3), and by Lemma 7.1
(a), it is enough to prove the claims for Lebesgue points of density 1/2, that is, for x so
that

y |B.(x) NG| 1 and i |Br(z)n{v>t} 1
im —————— = - an im —
™0 | Bp(x)] 2 ™0 | B, ()] 2

(7.8)

The first equality leads to

lim lv —v(z)| < 2lim v —ov(z)| =0,
™0 J B, (2)nGy ™0 /B, (2)

where the latter follows because x is a Lebesgue point of v (recall Definition 2.2). In
particular,

v(z) = lim v <t
™0 J B, (2)nG,

By an analogous argument but with the second equality in (7.8), we reach

v(z) = lim v>t,
70 B, (z)N{v>t}

which finishes the proof of the first claim. Now (7.7) follows directly from the fact that
0G:,NQ=0. O
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7.3. Anisotropic perimeter of the sublevel sets

Lemma 7.4. Let v be a weak solution in the sense of Definition 3.1. Then the sublevel
sets Gy have finite anisotropic perimeter for every t > 0.

Proof. By the general coarea formula in [17, Theorem 4.2] and equation (3.1), we can
write, for any set B C Q°,

[ @Dx B it = 2. D0(B) = D0l (B) = [ [Py, [o(B)

where the latter follows by (7.5). From here, since —(z, Dx,,) < |DXct !F, we have the
equality

—(2z,Dx,,) = | Dxo, ’F as measures in Q¢ for a.e. ¢ > 0. (7.9)

Claim 1. P, (G:) — |Dv|,(Gt) = A, where A is constant, for a.e. t > 0.

Take two times 7" > 7 > 0 satisfying (7.9) and so that Gr and G, have finite F-
perimeter, and hence (7.7) holds. Now by substituting (7.9) in (7.1) and applying Green’s
formula in B,.(7)41(0) N Q°, where r(T) is the radius from (7.6), we get

Po(G) = Po(Gr) == [ (@.Dxe)+ [ (mDxa)

= _/ (Z, DX{T<UST})
Q¢NBy(7)4+1(0)

:/ X;@g}d(divz) :/ d(divz),
QeﬂBT(T>+1(0) {r<v<T}

where for the last equality we use that x* =1on {7 <v < T} and Corollary 3.5.

{r<v<T}

Hence equation (3.1) yields

|Dv|F<GT>—|Dv|F(GT):/ d|Dvl, :/ d(divz)
{r<v<T}

{r<v<T}

= PF(GT) _PF(GT)'

Thus the claim follows for a.e. t > 0 because we argued for any pair of times satisfying
(7.9).

d+
Claim 2. E|D’U|F(Gt) = A + |Dv|,.(G;) for every t > 0, where % denotes the right

derivative.
First, notice that by (7.5) we have

t t t
Dol (@)= [ [ IPxesal, ds= [ ] D0l ds= [ P@as
0 JRN 0o JRN 0
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In particular,
t — |Dv|,.(Gt) is absolutely continuous on each bounded interval. (7.10)

Moreover, for any A > 0 and any ¢ > 0, Claim 1 leads to

D — D 1 t+h 1 t+h
s G D@ L [ = [ a6y
t t

Taking limits as h — 07T, this implies that there exists the right derivative and the
claimed equality follows.

d+
Claim 3. P, (G;) < E\DU|F(G1§) for every ¢t > 0.
Fix t > 0 and h > 0, for which we consider the Lipschitz continuous function 7 : R —

[0, 1] given by
1, if s <t,
t—s .
n(s)=14q 1+ 7 if s € [t,t+h), (7.11)
0, if s>t+h.
Notice that, for s # ¢,t + h, it holds 7/(s) = —%X(t,wh)(s)- Using this, together with

Corollary 3.5, we reach

|Dv[ (Gen) — [Dv] o (Gr) }/
h h Jt<co<tsny

dF(Dv) = /R i (W)dE(DY)

=/ dF(D(nowv)) > /RN n(v)divw,

for any test function w € C}(R™; RY) with F°(w) < 1. Notice that the first equality in
the second line follows from the chain rule in Lemma 3.4 (a), while the last inequality
comes from (2.12).

Accordingly, taking limits as h — 0%, we have that

d+
GG =[x, divw
dt Ry

and, taking the supremum over all such vector fields w,

d+
¢ 1PVl (Ge) = |Dxe, |, (RY) = P.(G),

thus the claimed inequality follows.
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Summing up, if we join Claims 2 and 3, by means of (7.6) one can conclude
P.(Gy) <A+ |Dv|.(Gy) <oo foreveryt>0. O

Remark 7.5. Now the conclusions of Lemma 7.3 are valid for all times. Moreover, as
we are interested in properties involving the F-perimeter, which are invariant under
modifications of 0-Lebesgue measure by Lemma 7.1, hereafter we will identify any finite
perimeter set (in particular, Gy for any ¢ > 0) with its measure theoretic interior.

Lemma 7.6. Let v be the weak solution from Definition 3.1. Then the sublevel sets E;

have finite anisotropic perimeter P, for everyt > 0.

Proof. Arguing exactly as before, but for h < 0, one gets that, for the left derivative and
the same constant from Claim 1 above, it holds

P
=7 1Pvle(Ge) = A+ | Dl (Ge).

One can also mimic the proof of Claim 3, but using the following function instead of
the one introduced in (7.11):

1, if s <t+h,
—1
&(s) = Sh , ifseft+h,t,
0, if s > t.

Doing so, we conclude

d-
P.(E;) < E\DU\F(GQ for all ¢ > 0,
and arguing as before the statement follows. O
7.4. The generalized unit outward normal and continuity of F-perimeter
Here we show that, in case of extra regularity, the vector field z corresponding to the
weak solution v of (3.1) represents the generalized outward unit normal to 9*G;. Recall
that
Vg, = Vpug, = Vo HN "1 ae. in 0*G,.

Proposition 7.7. With the same notation of the previous subsections, we have the equality

—(z,Dxg,) = ’DXGt ‘F as measures on Q¢ for all t > 0. (7.12)
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In particular, if z - v, is continuous, this leads to
z-v,=—F(v,) HN l-a.e in0*G,.

Remark 7.8. Notice that the last equality means that —z € OF (v,). In case that F is
smooth, this implies that z points in the direction of the anisotropic outward normal to
0*Gy HN1-a.e., and then the left hand side of (3.1) is actually the anisotropic mean
curvature Hp = divz. Hence our definition of A-IMCF recovers that of [19].

Proof. Consider the function 1 defined in (7.11) for any ¢ > 0. By means of Green’s
formula applied on €, := Q°N B, ;)41 so that (7.6) holds, we get

/QT(Uov)d(divz) - _/QT (2, D(0v)) +/{m[z,y}7

where we have applied that n(v) =1 on 9 since v vanishes on the boundary.
Now, as —n is a Lipschitz non-decreasing function, by Lemma 3.4 (b1),

(z,D(—nowv)) = —n'(v)(z,Dv) as measures.

Hence, by means of equation (3.1), we obtain

/Q (nov)d(diva) - /8 ] = /Q o ()dF(Dv) = : /{ o A

_ |Dv]p(Gign) — |Dv| . (Gr)
— 2 ,

where we applied Corollary 3.5. Letting h — 07 yields by Green’s formula

dr « .
E|DU|F(Gt> :/ chd(dwz) —/ [z, V]
Q. a0
= — d(z, Dxg,) < dF(Dxg,) < P.(Gy), (7.13)
Qe Qe

which follows from the Cauchy-Schwarz type inequality in Lemma 2.11 (a) because
F°(z) < 1. This means that we have equality in Claim 3 within the proof of Lemma 7.4,
that is,

+
P.(Gy) = Cfi_t|DU|F(Gt) = A+ |Dv|,(Gt) forallt>0. (7.14)

Hence we get equality also in (7.13), that is, 0 = [,,. d(—2, Dx,, ) — dF(Dx,,) which,
again by Cauchy-Schwarz from Lemma 2.11 (a), proves the first assertion of the state-
ment.
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For the second claim about the vector field z, when z- v, is continuous, by using (2.8)
and (2.11), we have

[z, v,] " + [z, 1]
2

=—F(v,) HY lae. in 0*Gy,

Z- vy = [Z,10] =
where the first equality comes from [16, Corollary 4.6]. O
7.5. Continuity and exponential growth of the F-perimeter

Next, we show that, despite possible fattening of the weak solution of the A-IMCF,
the F-perimeter is preserved.

Corollary 7.9 (Continuity of the anisotropic perimeter). Let v be a weak solution of the
A-IMCF in the sense of Definition 3.1, then the function t — P, (G;) is right-continuous
for every t > 0 and t — P, (E}) is left-continuous for every t > 0. Moreover, it holds
P.(Gy) = P,.(E:) for allt > 0. (7.15)
Proof. First, notice that by (7.14), we have that for any s > 0
Pp(Gs) = A+ |Dvl - (Gs),

and taking limits as s \ ¢, thanks to (7.10), we get

iy P (Gs) = A+ |Dvl (Gr) = Pr(Gh),

which gives the claimed right-continuity.
Repeating the arguments from the proof of Proposition 7.7 for the sublevel sets FEy,
one can show that

P.(E,) = Ccll—t|DU|F(Gt) =A+|Dv|.(G,) forallt>0,

which leads to the claimed equality thanks to (7.14). The left continuity follows arguing
as before. O

Summing up, if we introduce the functional
Jo(E) := P.(E) — |Dv|.(F) for a bounded set E C R",
we conclude from (7.14) that

P.(Go) = T»(Go) = A = T,(Gt) = Tp(Er) for every t > 0. (7.16)
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Here the first equality comes from (7.3), and the last one using Corollary 3.5, as well as
(7.15).

As in the classical (smooth and isotropic) case, it follows that the rescaled F-perimeter
e 'P.(G;) stays constant.

Corollary 7.10. Let v be a weak solution of the A-IMCF in the sense of Definition 3.1,
then it holds

P.(Gy) = €' P, (Go) =e'P.({v=0}) forall t>0. (7.17)

Proof. By (5.7), we have that div (e~z) = 0 as measures in ¢, and hence by application
of Green’s formula in B,.;)41(0) N Q€ satisfying (7.6), we reach

0= —/ div (e™"z) :/ (e_”z,DX{K“SH) :/ e v (Z’DX{S«@})’
{s<v<t} e e

where the latter follows from (2.10). As X, _,.,, = Xg, — Xq,» (7-12) yields
0= / e’ (Z,DXGt) —/ e’ (Z,DXGS)

:_/ e—”|DxGJF+/ e~ | Dy,
Qe Qe

On the other hand, for 0 < s < ¢, we can apply Lemma 7.3 recalling that by (7.2) the
Radon measure |DXGS ’F has support in 9*G§, and hence

(7.18)

.

e7S]DF (GS) - eitPF (Gt) - 678/ |DXGs F B eit/ |DXGt |F
RN RN

:/]RN eiUIDXGS . _/]RN 67”|Dxct‘F =0,

which comes from (7.18). The statement follows by letting s — 0. O

8. Outward minimizing properties of solutions
8.1. Variational definition of weak solutions

As in [23,37] we consider a variational version of the definition of weak solutions, and
we will show that the solution from Definition 3.1 is also a solution in the following sense:

Definition 8.1. A function v € BV, (2°) N L2 (9°) is a weak variational solution of

loc
A-IMCF if for every compact set K C Q¢ and for every w € BVj,.(2¢) N L2 (2°) with

loc
w = in Q°\ K we have
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I (v) < IS (w),

where ZE is the functional given by

TE (w) ::/KdF(Dw)—i-/KwdF(Dv).

Proposition 8.2. The weak solution v in the sense of Definition 3.1 is a weak variational
solution of A-IMCF.

Proof. Fix any function w € BVj(29) N L2 (2¢) such that {w # v} is contained in a

loc

compact set K C 2¢. We also take an open and bounded set B with Lipschitz boundary
and so that K C B C Q°.
We know that there exists a vector field z € DI (2°) with F°(z) < 1 and satisfying

loc

divz = F(Dv). If we multiply this equation by w, integrate over B and apply Green’s
formula (2.9), we get

—/ d(z,Dw)+/ (2, v]wdHN ! z/ wdF(Dv).
B aB B
Now, Lemma 2.11 (a) ensures that (z, Dw) < F(Dw), and hence
/ [z, v]jwdHN 1 < / dF(Dw) +/ wdF(Dv).
oB B B

On the other hand, arguing as before with v instead of w, we have that

[ fmvvan = [ apwo + [ varoo)

where we have also applied the second equality in (3.1).
Next, notice that v = w on 9B, which leads to

/BdF(Dv)—&—/BvdF(Dv)§/BdF(Dw)+/wdF(Dv).

B
As this holds for all B, we have that ZX (v) < ZK (w), as desired. O

8.2. Geometric definition of weak solutions

To achieve a geometric notion of weak solutions as in [23], we consider the minimiza-
tion problem

inf {J,(E) : QC EeRV}. (8.1)

The goal is to prove the following result:
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Proposition 8.3. Let v € BVjo.(Q2°) N LS. (Q°) be a weak solution of (1.7). Then, for each

loc

7 >0 and t > 0, the minimum in (8.1) is attained for E; and G,.
Proof. We start by considering the following slight modification of (8.1):
inf {J,(E) : QC E RV}, (8.2)

and proving that the corresponding minimum is achieved at Gy with ¢ > 0.
Let E be a bounded set containing Q. Then,

Ju(E) = Jo(Gt) = Pp(E) = Pp(Gi) — |Dv| . (E\ Gi) + |Dv|. (G \ E). (8.3

In turn, Lemma 7.3 ensures that P.(G:) = P.(G;Q°), which implies by means of
Cauchy-Schwarz from Lemma 2.11 (b) that

PF(E) 7PF(Gt) > (‘DXE|F - |DXGt|F)(Qe)
2 _/ed(Z7DXE)+/ed(Z7DXGt)
= _/ed(Z7DXE\Gt)+‘/§Z€ d(ZﬂDXct\E)'

Now, Green’s formula on an open bounded set with Lipschitz-continuous boundary B D
Gy UFE and (3.1) allow us to conclude

Po(E) = Py(Go) = [

d(divz) — / d(div z)
E\G: G \E

= [Dv[o(E\ Gy) = [Dv](G: \ E),
which, by substitution into (8.3), leads to
jU(E) - jv(Gt) Z 0.

Let us now prove that, in fact, the minimum in (8.1) is attained for G;. Given E D ,
consider E = EUdQ D Q. Then, by the corresponding claim for G; concerning (8.2),

Jo(Ge) < To(E) = Po(EUOQ) — |Dv| . (EU8Q) = P,.(E) — |Dv|,.(E) = J,(E),

because |02 = 0 and, by (7.3), |Dv|.(9Q) = 0.
Finally, the statement for G and E; follows by (7.16). O
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8.3. Definition and proof of the outward minimizing properties

We first define the anisotropic analogue of the notion of minimizing hull or outward
minimizing set.

Definition 8.4. A measurable subset £ C RY of finite F-perimeter is said to be outward
F-minimizing if

P.(E)< P, (A) forall Ec AeR".

We say that it is strictly outward F-minimizing if the above inequality is strict unless
|[A\ E| =0.

Notice that for smooth F and OF of class C2, the above definition implies that F is
F-mean convex (i.e., Hp > 0).
On the other hand, as pointed out in [15, p.625], it holds

Lemma 8.5. If E is outward F-minimizing, then E' is open.

Recall that we consider E! as a representative of each finite perimeter set (cf. Re-
mark 7.5), thus we may assume that outward F-minimizing sets are open.

Proposition 8.6. Let v € BVj,.(Q¢) N L2

loc

(Q°) be a weak solution of the A-IMCF. Then

(a) Ey is outward F-minimizing for any t > 0.
(b) Gy is strictly outward F-minimizing for any t > 0.

Proof. (a) Fix ¢ > 0 and take any bounded A D E;. By Proposition 8.3
Py (Er) — |Dvl, (By) < Pp(A) = [Dvl.(A).
Hence
P (Et) < Pp(Er) + [Dv[.(A\ Ey) < P (A)

as desired. Similarly, G; are outward F-minimizing for any ¢ > 0.
(b) Let us see that Gy is strictly outward F-minimizing. With this aim, take a bounded
set A such that Gy C A and

PF(Gt) = PF(A)7

which implies that A is also outward F- minimizing. Recall then that we take open
representatives for both G; and A. Arguing as before,

PF(Gt) < PF(Gt) + ‘DU|F(A\G15) < PF(A)‘
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This implies that |Dv|,. (A \ G;) = 0, which yields that v is equivalent to a constant on
each connected component of the open set A\ G.

However, as Gy is outward F-minimizing, the reduced boundary of these components
intersect 0*Gy on a set of positive H¥~!-measure. Indeed, suppose otherwise that C
is a connected component of A\ G; with HN~1(0*C N 9*G;) = 0. Then, this yields
HN-1(O0*CNo*(A\ C)) =0, which implies that

Pp(A\C) = Pr(A) - Pp(C) < Pp(A) = Pr(Gh);

but Gy C A\ C, this is in contradiction with G; being outward F-minimizing.

Thus HV~1(9*C N 9*Gy) > 0 for each connected component C of A\ G;. Therefore,
as v € DBV is constant on each of these connected components and, by Lemma 7.3,
v=1tHNla.e. on 9*Gy, we conclude that v =t on A\ G;. Consequently, A C G and,
as we are assuming the other inclusion, equality holds, as desired. O

Now we introduce the notion of F-minimal hull (strictly outward F-minimizing hull)
of a bounded set E C RY.

E = m {S : S bounded, strictly outward F-minimizing and S D E}

Remark 8.7. As we are working up to measure zero modification, the above definition
may be realized by a countable intersection. Then arguing as in [7, Proposition 1.3],
as the proof basically relies on subadditivity of perimeters, one gets that E’ is strictly
outward F-minimizing.

Corollary 8.8. With the same assumptions from Proposition 8.6, it holds
Q' =Gy and E;, =Gy up to null sets and for all t > 0.
In particular, P,.(Gp) < P.(Q).

Proof. Since F; C G and, by Proposition 8.6 (b), G; is strictly outward F-minimizing,
E! C G;. Similarly, Q' C Gy.

We now argue by contradiction and assume that |G \ Ef| > 0 for ¢t > 0. Then, since
E; is strictly outward F-minimizing and E, C Gy, P,(E;) < P.(G;). However, since
G\ E; C {v =t}, Lemma 7.3 (see also Corollary 3.5) implies |Dv|,.(G; \ E}) = 0 thus,
by Proposition 8.3,

PF(Gt) <P, (E;) + |DU|F(Gt \ E{) =P, (E£)7

which contradicts P, (E}) < P,.(G¢). Hence the statement follows.
Analogously, if we assume that |Go\€'| > 0, arguing as before (using also Remark 7.2)
we reach a contradiction. O
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9. Explicit examples of solutions

We begin by showing that Wulff shapes play the role of spheres in the case of the
A-IMCF (3.1); i.e. the level sets of the solution are Wulff shapes with exponentially
growing radius.

Example 9.1. Let Q = Wg, for some R > 0. Then, the solution to (1.7) is given by

v(z) = (N — 1) log (FT@) .

Note that v € Lip,,.(02¢), Vu(x) = W=LVI(@) 5 6. in Q° and v(z) = 0if z € ON. Then,

o (x)
by Lemma 2.1 (i), we have F(Vu(z)) = Ifﬂ\{)zﬂ})
On the other hand, considering z(z) := Fo(zys it is immediate to check that div(z) =

lé\f,(ll) Finally, since by Lemma 2.1, z € 9F(VF°(z)), we conclude that v is the solution

to (1.7).

Example 9.2. Take a rectangle =] — %, %[x] —1,1[ in R? with norm F = /1, and hence
Wi =] — 1, 1[2. The solution is given by

1 VY2 —3/4
—log vl + vy / ., if y? > 22 + 3/4,
2 3yl = Vy* —3/4)

1 Va2 +3/4

—log ol + va? +3/ , if y? < 2?4+ 3/4.
2 3(v/x? +3/4—|z|)

It suffices to define

T

———— sign , if y? > 2% +3/4,
e gn(y) y /

z(x,y) =
Y

VaZ+3/4)’

Notice that the vertices of the level sets do not evolve linearly (see Fig. 2), they instead

sign(x), if y? < 22 + 3/4.

move along the curve y? = 22 + 3 /4.
We finish this section with an example of fattening:
Example 9.3. Let Q C R? be the union of 3 squares centred at (0,2), (+2, —2) with sides

of length 1 and consider F(z,y) = [|(z,y)l|1. In this case, @ = W1 (0,2) UW1 (-2, -2)U
W1 (2,-2). We claim that the solution to (1.7) is the following function (see Fig. 3):
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Fig. 2. Evolution of an initial rectangle with respect to the ¢;1-anisotropy. Plot of the level sets.

log(2), if (z,y) € W3\ Q,

log([|, y — 2[[c), if (z,y) € Wi (0, 2)\W%( 2),
v(z,y) = § log2lle + 2,y +2]l0), if (2,y) € Wi(=2,-2) \ W1 (=2,2),

log(2l|z — 2,y +2[|l0), if (z,y) € Wi(2, —2)\ Wi (2,2),

log (3|7, ylloc) - if (z,y) € R\ W.

Notice that there is fattening at time t* = log 2: Ep» = Wy (0,2) UW;(—2,2) UW1 (2, —-2)
while Gy« = Ws. Moreover, it holds Pp(Gy+) = Pp(Ey) = 24 = ¢! Pp(Q), consistent
with (7.17).

A direct computation shows that

(‘T7y B 2)
2,y — 2[00’

(x + 2,y + 2)
2 +2,y+ 2]l
(x—2,y+2)
|z -2,y + 2]’
(z,y)
2, ylloo”

(mvy) € W1(072> \ w (072)7

Nf=

Wi(-2,2),
Wi (2,-2),

(z,y) € W1(=2,2) \

[SIE

z(z,y) ==
(x,y) € Wi(2,-2) \

N

(z,y) € R?\ W,
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Fig. 4. Left: level sets of the solution. Right: Compatibility conditions of the vector field at the time of
fattening.

satisfies all the requirements for v to be a solution in (R2? \ W3) U (W;(0,2)U
Wi (=2,2) UW;(2,-2)) \ Q. In order to complete the proof, we need to extend z to
A= Wi\ (Wi(0,2) UWy(—2,2) UW;(2,—2)). To achieve this aim, we need a vector
field z4 : A — W, such that

{div z4 =0 in A,

compatibility conditions on JA.

Next, we briefly sketch how to specify the latter on 0A. Let

Z in R?\ (QU A),

7 :=
z4 = (28, 25) in A

Then, since divz = F(Dv) << £2(R?\ Q), it follows that z4 - v = Z - v, with v being

the outer unit normal to JA. Therefore, we need

A
1

9.1
x,£3) =1, 254 (x,£1) = F1, (1)

{z (£3,y) = +1, 2{(+1,y) = +sign(y)
for (z,y) € OA. In Fig. 4, we plot the compatibility conditions at 9A. The arrows
represent the orientation of the normal component of z.

The construction of z# follows as in [9, Theorem 5] (see [30, Theorem 5] for the ¢;
anisotropy). In particular, it is obtained as a minimizer of

/ (div£)? dL2
A
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among vector fields n € L>°(A) satisfying (9.1). Moreover, div€ = divn is constant for
any two minimizers £, . Now, using integration by parts,

/divadEQZ/ z4  vds =0,
A A

and, since divz® is constant, necessarily divz? = 0. This finally shows that v is the
solution to (1.7) with associated vector field z.
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