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Abstract

In this article we study the existence of solutions for the following second order differential equation:

W(t) = F(tut), (1)) + h(t)
u(a) = u(b), u'(a) = '(b)

where B is a reflexive real Banach space, f : [a,b] X B x B — B is a continuous mapping and
h € L'([a,b], B). The proofs are obtained by using a recent generalization of the well known Bolzano-
Poincaré-Miranda theorem to infinite dimensional Banach spaces as well as the fixed point theory
involving measures of noncompactness.
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1. Introduction

This paper is mainly concerned with the second-order boundary value dynamical equation

U”(t) = f(t u(t), o' (t)) + h(t)
(1)
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The state u(-) takes values in a reflexive Banach space B, f : [a,b] x B x B — B is a continuous
mapping and h € L'([a,b],B). During the previous decades, some classical tools have been used
in the study of periodic solutions of Equation (1) in finite dimensional Banach spaces, including
the method of upper and lower solutions [8, 11, 14], degree theory and fixed point theory [9, 13].
In this sense, in [18] the author gave a generalization of Miranda-Poincaré theorem and using this
generalization proved theorems about the existence for systems of k equations z”/ = f(t,z, "), where
f:[0,1] x R*F x RF — RF is a vector function, subject to various boundary conditions.

In [19] the existence and uniqueness of solutions of a second order Dirichlet boundary value
problem posed in a general Banach space is studied by using Sadovskii’s fixed point theorem and
precise computation of measure of noncompactness. Recently, the existence of periodic solutions
second order differential equations on a general Banach space has been treated in several paper,
for instance see [15, 16, 3]. In [15] operator-valued Fourier multiplier theorems are used in order
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to study this problem. On the other hand, in [16] the authors developed an infinite-dimensional
version of Poincaré-Miranda theorem and they showed their relation with viability theory for dif-
ferential inclusions, apply them, in particular, in the context of constrained PDEs. In [3] by using
a generalization of Miranda-Poincare theorem, see [2], and Schauder fixed point theorem, Problem
(1) under the condition f(t,x,y) = f(t,z) is considered.

The aim of this paper is to give sufficient conditions in order to obtain existence of periodic
solutions for Problem 1 which, among other things, allow us to recapture the main result in [3].

2. Notations and Preliminaries

In this section we shall recall some definitions and results that are needed later on.

Throughout this article B will denote a real reflexive Banach space with norm ||-|| and we shall
denote its dual by B*. The closed ball of center xg and radius r is denoted by B, [z¢] and the sphere
of center zy and radius r by 0B,[z¢]. The symbol “ — ” is used to denote the convergence of a

sequence (or net) in B with respect to the weak topology o(B,B*), as well as the symbol “ — 7 is
used to denote the convergence of a sequence (or net) in B with respect to the norm topology.

Recall that the normalized duality mapping J : B — 28" is defined by
J(z) = {j € B": (x,j) = l|l=[*, 5]l = llzl|}, = €B.

Let (y,x)+ = max{(y,j) : j € J(z)} and let (y,z)_ := min{(y,j) : j € J(x)}. For more details,
see [7].

Denote by C([a, b], B) the space of B-valued continuous functions on [a, b] with the norm |[ul/cc =
sup{||u(t)|| : t € [a,b]}, and denote by L!(a,b,B) the space of B-valued Bochner integrable function

on [a,b] with the norm |jul; = f; [lu(®)||dt. Tt is well known (for instance, see [17]) that if u €
C([a,b],B) then, u € L*(a,b,B) and for each t € [a, b] we have that %(fat u(s)ds) = u(t), furthermore,

if u € L'(a,b,B) the function g : [a,b] — B given by g(t) := fat u(s)ds is a continuous, i.e, g €
C([a, b], B).

Let K be a nonempty subset of B. A mapping F' : K — B is said to be compact if F(C) is
relatively compact whenever C is a bounded subset of K. If, moreover, F' is continuous in K, then
F is called completely continuous. Clearly, every continuous mapping with closed domain in a finite
dimensional Banach space is completely continuous. On the other hand, F' is said to be weak-strong
sequentially continuous mapping if given any sequence (z,) in K such that z, — = € K the strong
convergence F(z,) — F(x) holds. It is clear that if B is a reflexive Banach space, K is a closed
convex subset of B and F : K — B is weak-strong continuous mapping, then F' is completely
continuous.

Let B(B) denote the family of all nonempty bounded subsets of B, BC(B) the family of all
nonempty closed and bounded subsets of B, and KC(B) the family of all nonempty relatively compact
subsets of B. For each nonempty subset M of B, we denote by conv(M) the closure of the convex
hull of M.

Definition 2.1. By a measure of non-compactness on B, we mean a function p : B(B) — RT
satisfying that, for every M, N € B(B):

(i) (Consistence). The family ker(p) = {M € B(B) : u(M) = 0} is nonempty and ker(n) C K(B),
(i) (Invariance). p(conv(M)) = u(M),
(#9i) (Monotonicity). If M C N, then pu(M) < p(N),



Sometimes it is necessary to assume that a measure of non-compactness p enjoys some additional
properties:

(iv) (Cantor’s intersection). If (Mp)nen is a sequence in BC(B) such that M, 11 C M, for all
n € Nand lim u(M,) =0, then () M, is nonempty,

(v) (Maximum). For every z € E, p(M U {z}) = u(M).

(vi) (Permanence under translations). For every x € B, u(M + x) = p(M).

(vid

(
(
(Homogeneity) u(AM) = |A|u(M), where A\M = {\x: z € M},
(

(viii

)
)
) (Algebraic semi-additivity) u(M+N) < u(M)+p(N), where M+N = {a+y: v € M, y € N}
)

(i) p(MUN) = max{u(M), u(N)}.

When ker(n) = K(B), the measure of non-compactness p is called full. Let us notice that if a
measure of non-compactness y satisfies (v), then u also satisfies (iv), see for instance [4].

The most important examples of measures of noncompactness are the Kuratowski measure of
noncompactness (or set measure of noncompactness)

a(Q) =inf{r > 0 : @ may be covered by finitely many sets of diameter < r}.
and the Hausdorff measure of noncompactness (or ball measure of noncompactness)
Xx(Q) =inf{r > 0 : there exist a finite r-net for Q in E}.

These two measures of non-compactenss are full and satisfy all the above conditions.

Let B be a Banach space and let a : B(B) — R be the Kuratowski measure of noncompactness
on B. We can define the following function: g : B(C([a,b],B)) — [0, 00) given by

B(B) := Wo(B) +sup{a(B(t)) : t € [a,b]}, (2)

where B(t) := {u(t) : uw € B} and Wy(B) = lim._,o+ W (B, €) being W (u, ) = sup{||u(t) — u(s)| :
[t — s] < €} and W(B,e) = sup{W(u,e) : u € B}. It is not difficult to see that 8 is a measure
of noncompactness on C([a, b],B) which satisfies maximum property and thus it also has Cantor’s
intersection property. To discuss the existence we shall need the following results:

Lemma 2.1. ([19, lemma 2.12]) Assume that Q is a nonempty bounded subset of C([a,b],B). If
Wo(Q2) = 0, then Wy(conu(2)) = 0.

Lemma 2.2. ([10]) If B is a bounded subset of C([a,b],B) and Wo(B) = 0, then a(B(t)) is a
continuous function on [a,b] and

b b
a({/ u(t)dt . uwe B}) < / a(B(t))dt.

Lemma 2.3. (/5, Corollary 2.10]) Let Q be a nonempty bounded subset of C([a,b],B). Then we
have

a(/b Q(t)dt) < 4/b a(Q(t))dt.

If 11 is a measure of noncompactness on B (Definition 2.1) satisfying Cantor’s intersection in [1,
Proposition 3.2] the following fixed point result was obtained:



Theorem 2.1 ([1]). Let K be a nonempty, bounded, closed and convex subset of a Banach space B
and let F : K — K be a continuous function. If there exists a decreasing sequence {Cy)} of convex
closed and F-invariant subsets of K such that u(Cp) — 0 as n — oo, then F has a fized point.

Recently, in [2, Theorem 3.1] an extension of the well-known Bolzano-Poincaré-Miranda theorem
to infinite dimensional Banach spaces is obtained. A particular version of this result, which we will
used, is the following one (see Remark 3.1 and Corollary 3.1 in [2]).

Proposition 2.1. Given a reflexive Banach space B, a point z € X and a number R > 0, let
F : Bglz] = B be a weak-strong continuous mapping. Assume that there exists a functional [-,-],
B x B — R satisfying

(C1) [z,z], > 0 for all x € B with x # 0;
(C2) [Na,z]. = Nz, x|, for allz € B and X € R.

If [F(z),x — 2|, has a constant sign for all x € OBR[z], then F has at least a zero in Br[z].

3. Preparatory results

Let f : [a,b] x B x B — B be a continuous function such that for every z € B, the function
fz2:]a,b] x B — B given by f.(t,z) = f(t, z, z) is weak-strong sequentially continuous.

For our study we introduce, for each element of Banach space C([a, b], B), an auxiliary mapping
and we will prove the existence and uniqueness of zeros of this mapping. Let v € C([a,b],B). We
define F, : B — B given by

/ F(r. [To(s) ds + x, v(r)) dr. 3)
Lemma 3.1. Let v € C([a,b],B) suppose that:

for each M > 0 there exists dpr > 0 such that (f,(t,y +x),z)_ >0
for allt € [a,b],y € Bal0), 2 € B [0] and [al] > our. 4)

Then, the mapping F, : B — B given by (3) has at least a zero in B.

Proof. Let v € C([a,b],B). First, we note that F, is weak-strong sequentially continuous because if
{z,} is a bounded sequence in B, then there exists r > 0 such that z,, € B, for all n € N. Since B is
reflexive, there exists a weakly convergent subsequence {zn, } of {zy}, say z,, — x € B,. We define
a sequence of functions given by gy, (t) := f(t, f 8)ds + xp, ,v(t)) for ¢t € [a,b]. By hypothesis,
fv(t is weak- strong sequentially contlnuous then for each t € [a,b] gn,(t) converges strongly to

= f(t, f s)ds + x,v(t)). Furthermore, since f is a continuous function and B is a reflexive

Banach space, for each ny we get to ||gn, (t)|| < K for all ¢ € [a,b], where K > 0 is the constant of
boundedness of f([a,b] X B, (p—a)|v|.. [0] X Bjjy| . [0]). Thus, for each k € N,

o (zn,,) — z)| < s)ds + xn,, , v( f(t, f s)ds + x,v(t H

- / lgms (8) — g(0)] dt




which implies, by dominated convergence theorem, the strong convergence of {F,(x,, )} to F,(x).

On the other hand, if we consider the functional [-,-], : B x B — R given by

[(E,y]c = <(E,y>+ ‘= sup <'ij> = max <'T7j>7
J€J(y) J€J(y)

then [, -], satisfies (C1)-(C2). Moreover, taking M := (b — a)||v|s we know that for all 7 € [a, b],
[Tv(s)ds € Bp[0] and v(T) € B [0]. By (4) there exists 6y > 0 such that (f(t,f;s v(s)ds +
x,v(t)),x)_ > 0 for all ¢t € [a,b] and ||x|| > dps. Therefore for all = € 9Bs,,[0] we have that

b
[Fy (), 2], = (Fy(a), z), > / (Flr, [T v(s)ds + z,0(r)), 2)— dr >0

Therefore, by Proposition 2.1 we deduce that F, has at least a zero in Bs,,[0]. O

Remark 3.1. Bearing in mind Proposition 2.1 and the proof of Lemma 8.1, In Lemma 3.1 we can,
clearly, replace Condition (4) by

for each M > 0 there exists dpr > 0 such that (f,(t,y +z),z); <0
for allt € [a,b],y € By[0], 2z € B%[O] and ||z|| > 0n- (6)

Lemma 3.2. Let v € C([a,b],B) and suppose that for every z € B the function f, is a strictly
accretive operator with respect to the second variable, that is,

<f2(t7x) - fz(t, y),l’ - y>— > O fOT’ a‘ll 3 € [avb]a x,y € Bv ’LUZth € 7£ Y. (7)
Then, if there is a zero of the operator F, : B — B, given by (3), it is unique.

Proof. Note that, by (7), F, is strictly accretive, that is, (F,(x) — F,(y),j) > 0 for all 2,y € B, with
2 # y and for all j € J(z —y). Indeed, for each z,y € B and j € J(x — y), we have that

b
(Fo(z) = Fuly), j) = </ (f(r, [ v(s)ds + z,v(r)) = f(7, []v(s) ds + y,v(7)))dr, j)

- / (F(rs [To(s) ds + 2, 0(r)) — f(r, [To(s) ds + g, 0(r), ) dr

Since j € J(x—y) = J(z— []v(s)ds—(y— [ v(s)ds)), from (7) we obtain that (F,(z)—F,(y),j) > 0
for all z,y € B, with « # y and for all j € J(z — y).

Now suppose that z;,zo € B are two zeros of F,, with x7 # z2. Since F), is strictly accretive,
(Fy(z1) — Fy(22),4) > 0 for all j € J(z1 — 22) which contradicts to F,(z;) = 0, i = 1,2. Therefore,
z1 = 22, that is, if F}, has a zero, it is unique. O

Remark 3.2. Checking the proof of Lemma 3.2 we can replace Condition (7) by let f, be a strictly
dissipative operator with respect to the second variable for every z € B, that is,

(fo(t,2) = fo(t.y), 2 —y)5 <O for all t € [a,b], 2,y € B, with x #y. (8)



4. Main result

Now we can prove the main result of this work related to the existence of a periodic solution of
Problem (1). To this end, we introduce the following hypotheses:

(Hy) f:]a,b] x BxB — B be a uniformly continuous function on each bounded subset of B,
(H2) for every z € B the function f, : [a,b] x B — B is weak-strong sequentially continuous,

(H3) let « be the Kuratowski measure of on compactness on B. For any A, C € B(B), there exists
l € L} ([a,b],R) such that a(f(t,A4,C)) <I(t)a(C),

(Hy) there exist k € L! ([a,b],R), a € [0,1] and T : [0,00) — [0,00) nondecreasing such that
1tz 9) | < T(ll]) + k@) [lyl|* for all ¢ € [a,b], 2,y € B.

Theorem 4.1. Let f : [a,b] x B x B — B be a function satisfying conditions (Hy) — (Hy) and (4)
and (7) (or (6) and (8), respectively). Let h € L*([a,b],B) be a function with fab h(t)dt = 0. Then,
Problem (1) has at least one solution u € C?([a, b],B) whenever the following assumptions holds.

(A1) [A growth condition]

lim

2(b—a)?
500 s 1

T(s + 6,) e L O L TR |
< £, 0<a<1
if, 0<

3—a)?
where ds is the constant given in (4).

Proof. For the sake of clarity, the proof will be divided into seven steps.

Step 1. Notice that if consider v(t) = u/(¢) then Problem (1) is equivalent to solve the following
problem

V'(t) = f(t, [Lv(s)ds + D,v(t)) + h(t)
v(a) = v(b), 9)
[Po(t)dt =0,
where D is any element of B depending of v, because vy is a solution for (9) if and only if, ug(t) =
fat vo(s)ds + D is a solution for (1).

Step 2. By Lemmas 3.1 and 3.2, for each v € C([a,b],B), there exists a unique zero D, for F in
Bgr|0] where R :=0p; and M := (b —a) ||v|| -

Integrating Equation 9, we deduce that the previous problem is equivalent to the following
integral equation

v(t):/ f(7'7faTv(s) dS—l—DU,’U(T))dT—‘r/ h(T)dr + v(a),

where we take

o(a) = ! - /ab (/at(f(f, JTu(s) ds + Dy, o(r)) + h(r) dT) dt,




because in this case it is clear that f ) dt = 0. Moreover, notice that since

/f s)ds + Dy, v(r ))dT)—Oand/h o,

then v(a) = v(b). Thus, we consider the operator T : C([a,b], B) — C([a, b],B), given by

/ F(r, [To(s)ds + Dy, v(r ))dr-l—/ath(T)dT—&-v(a),

and therefore to find a fixed point for the operator T' is equivalent to find a solution of Equation (9).

Step 3. Let us see that T is continuous. Let {v,} be a sequence in C([a,b],B) that converges
strongly to v € C([a, b],B). Note that (D, ) is a bounded sequence and since B is a reflexive Banach

space we may assume that D, — D. Now we can define g,(t) := f(t, f vp(8)ds + D, ,v,(t)) and
f(t, f s)ds+ D,v(t)). For each T € [a,b] we obtain

lgn (1) = gD < lgn(r) = f(7, [ va(s)ds + Do, o(r))|| + [|£ (7, [; vn(s)ds + Dy, ,v(1)) = g(7)]]

Since there exists r > 0 such that for all ¢ € [a, b], v, (t),v(t), Dy, , D € B, and f satisfies (Hy),
then f is uniformly continuous on [a, b] X By(y—q)4r X By. Therefore,

gn(T) — f(7, ’ vn(8)ds + D, ,v(7))|| = 0 as n — oo, (10)
o1t | |

a

moreover, since f satisfies (Hz) and [] vy (s)ds + Dy, — [ v(s)ds + D, we obtain

a

— 0 asn — oo. (11)

]f(r, [ ons)is + Dy vr)) = at7)

Hence, by (10) and (11) we conclude that ||g,(7) —g(7)|| = 0 as n — oo for all 7 € [a,b] and,
furthermore, g, (t)|| < K for all ¢ € [a,b] where K > 0 is the constant of boundedness of f([a, b] x
By—ayr4+r %X B;). Then, by dominated convergence theorem, we obtain F, (D,,) — F,(D) as
n — oo, and by Lemma 3.2 we derive that D = D,,.

Consequently,

1T (on)(t) = TN < [ llgn(1) = g(D)I dT + [lvn(a) = v(a)|

< | lgn(7) = g(Dll d7 + [lon(a) — v(a)|
<2 [ lgn(7) = g(7)ll dr,

for all n € N. Then, ||T(v,) — T(v)||,, < 2fab lgn(7) — g(7)|| dr, for all n € N, which means that T
is continuous (applying again dominated convergence theorem).

Step 4 We next show that there exists a ball in C([a,b], B) T-invariant. Indeed, for a function
v € C([a,b],B), it is clear that for all ¢t € [a, ]



1T () ||<2/ £ (7, [To(s)ds + Dy, o(r))| dr + 2111, .

Since f satisfies (Hy), taking M := (b — a)||v||c0, from the above inequality, we derive

b
1T ()OI < 2(/ (C(M + 0nr) + k(8 [[0][S)dt + [[All1)

. (12)
< 2(b— )T (M + dar) + 2] hlls + 2]l0l|2, / K(t)dt
Now, from (12) we have that
ITO)oe g _ gy LT £000) I +2||va1/bk(t)dt (13)
Tl ] ol T2 )

Bearing in mind growth condition (A;) and (13), we get

b
iy 1T _ [ 20— R0 2 [T E(dt = 1if =1
ollee o0 [Jvflo 2(b—a) 5tz =1 0<a <1

This case yields the existence of K > 0 such that Bg|[0] is T-invariant.

Step 5. We claim that if B € B(C([a,b],B)) then Wy(conw(T(B))) = 0. Since B is bounded,
there exists s > 0 such that |lul|,, < s for all u € B, moreover we call M = (b — a)s. If we suppose
that t,s € [a,b] and s < ¢, we have

ITu(t) - Tu(s)| < / dr + / Ih(r)lldr < |t — 5|8 + / 1) dr,

£, / w(r)dr + Du, u(T))’

where S is the boundeness of f([a,b] x Barys,, X Bs), which means that Wy (T'(B)) = 0 because the
function ¢ — fat |lh(7)]|d7 is uniformly continuous.

Finally, applying Lemma 2.1, we obtain that the claim holds.

Step 6. We next prove that there is a decreasing sequence of bounded, closed, convex and
T-invariant subsets (C,,) such that 5(C,) — 0 as n — oo.
By step 4, we can find K > 0 such that Bg|0] is T-invariant. Let

Co := Bg[0], Cy =conv(T(Co)), -+ Cn =conv(T(Cn-1)), n € N. (14)
we shall show
(@) Co2C12---2C, D -+,
(b) B(Cr) — 0, as n — oco.



By (14), we know that Cy = eono(T(Cp)) C Co, hence T(Cy) C T(Cy), therefore Cy C Cy. Now
the method of induction allows us to prove (a).
By step 5, we have that Wy(C,,) =0 for n =1,2,--- . This fact says that

B(Cy) =sup{a(Cy(t)) : t€a,b]}, n=1,2,---.

The properties of the Kuratowski measure of noncompactness yield:

a(C1 (1)) = a(T(Co(t <a{/ / (s)ds + Dy, u(r ))dT—l—/:h(T)dT: ue Col)

t

+ —a / / / $)ds + Dy, u(rT ))dT—‘r/a h(r)dr)dt: u e Cp}) (15)

{/ / $)ds + Dy, u(r))dr = u € Co))
4 704 / / / §)ds + Do, u(r))dr)dt : u e Co}) = I + I,

where I} = a({fat f(r, faT u(s)ds + Dy, u(t))dr : u € Co}) and Ir = -« f f f(r f s)ds +
Dy, u(r))dr)dt : u € Cy}).
By Lemma 2.3 and (H3) we obtain that

t

I < 4/ o({f(r, /Tu(s)ds—kDmu(T)) L we Co))}dr < 4/ 1(r) o Co(r))dr

a
which means that

b

b
I < 4/ U(7)dTsup{a(Cy(t)): t € la,b])} < 4/ U(7)dTB(Cy).
On the other hand, By Lemmas 2.2, 2.3 and hypothesis (H3) we have
1 b b
I, < - Iidt < 4/ I(1)dTB(Cy).
Consequently
b
5(Cy) <204 [ Un)anB(Co).

Let us obtain 8(C5). By the above argument we know that 3(Cs) = sup{a(T(C1(t))) : t € [a,b]}.

(16)



where J; = a({fat f(7, [T u(s)ds + Dy, u(r))dr : u € C1}) and Jp = ﬁa(fj(fat f(r, [T u(s)ds +
Dy, u(r))dr)dt : u € Ch}).
By Lemma 2.3 and (H3) we have that

J1 §4/ a({f(r, /T u(s)ds + Dy, u(t)) : ue Cr})}dr < 4/ I(r)a(Cy(7))dr
< 42/ l(T)(/Tl(s)ds)deup{a(Co(t)) : t € [a,b]} (17)

UL oot 1< fa)

which means that

20 (Y 17V dr)2
BT )

On the other hand, By Lemmas 2.2, 2.3 and (H3) we obtain

42( 7 1(7)dr)?
2

J1 <

1 b
I < m/ Jydt < B(Co).

Therefore,

B(C2)

Finally, by using a recurrence argument we get that

20 (Y 1(F)dr)2
SPAaGLIETEN)

8(C) < 22D g ) (19)

Inequality (18) implies that 5(C,) — 0 as n — +o0o and therefore (b) holds.

Step 7. Notice that the above steps allow us to apply Theorem 2.1 and thus we can guarantee
that T has a fixed point.

O

4.1. Consequences

Corollary 4.1. Let B be a finite dimensional Banach space and let f : [a,b] x B xB — B be a
continuous function satisfying condition (Hy) and (4) and (7) (or (6) and (8), respectively). Let
h € L'([a,b],B) be a function with f; h(t)dt = 0. Then, Problem (1) has at least one solution
u € C?([a,b], B) whenever the following assumptions holds.

(A1) [A growth condition]

2(b—a)?

lim { )
W, lf, 0SO{<1

§—00 S

(s +0,) 3 { 172fabk(t)dt7 i oa=1

where d5 is the constant given in (4).
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The main result in [3] can be obtained as a consequence of Theorem 4.1. Indeed, let g : [a, b]xB —
B be a sequentially weak-strong continuous function satisfying that

for each M > 0, there exists dp; > 0 such that (g(¢t,y + z),z)_ >0,

19
for all ¢ € [a,b],y € By[0] and ||z| > dp. (19)

and it is a strictly accretive operator with respect to the second variable, that is,
(9(t,z) — g(t,y),x —y)— >0 for all t € [a,b], z,y € B, with = # y. (20)

If g satisfies conditions (19) and (20), then the mapping f : [a,b] x B x B — B defined by
f(t,z, z) = g(t, x) fulfills conditions (4) and (7). Let us see that f also fulfills conditions (Hy)— (H3).

By hypothesis g is weak-strong sequentially compact, then f satisfies (Hz) and moreover since
B is reflexive a(f(t, A, C)) = a(g(t,A)) =0 < 0-a(C), hence f also satisfies (Hj).

Next we will show that f verifies condition (Hp). Otherwise, there exist A € B(B) and € > 0
such that for every n € N we can find (¢, 2n), (Sn,yn) € [a,0] x A with [[(tn, 2,) — (sn,yn)|| <
and with ||g(tn, Zn) — g(Sn,Yn)|| > €. Since B is reflexive, we can assume that (¢,,x,) — (to, o) and
(SnsYn) — (to, o). Because g is weak-stong sequentially continuous, we have

9(tn,xn) = g(to, z0), g(sn,yn) = g(to, xo),
therefore
9(tn, x0) — g(8nsyn)l — 0,

which is a contradiction.
Finally, if there exists a non-decreasing function I" : [0,00) — [0, 00) such that

lg(t )| <T([|lz]]),  forall (t,z) € [a,b] x B.
It is clear that
Itz <T(=)+0-llyll,  forall (t,2,y) €[a,b] xBxB

and hence f satisfies (Hy).
Summarizing, as a consequence of Theorem 4.1, we may affirm:

Corollary 4.2. ([3]) Problem

{ ((t) gt u(t)) + it o

) —u(b) =u'(a) —u'(b) =0,
has at least one solution u € C?([a,b], B) whenever the following assumptions hold.
1. g:[a,b] x B — B be a sequentially weak-strong continuous function satisfying (19) and (20),
2. Let h € L*([a,b],B) with [*h(t)dt =0,
3. there exists a non-decreasing function T': [0,00) — [0,00) satisfying

lim T(s+ds) - 1
i
s—o0 S 2(b—a)?’

where 05 is the constant given in (4), such that

[f& )| <T(lzl)),  for all (t,z) € [a,b] x B.
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Next, we will show that in Theorem 4.1, neither the hypothesis f: h(t)dt = 0 nor condition (4)
cannot be omitted:

Example 4.1.
meey _ ul(t)
0=
u(0) = u(1), (22)

Does not have solution.

!

Suppose that ug is a solution of (22), then if we call v(t) = ug(t), we have

fo s)ds + up(0)
1+ ‘fo ds-i—uo(O)‘

v (t) = +2,

Then,

fO ()dS+'LLO(0)
1|y ws)ds + uo(0)

dt +2,

This means that

/1 fO dS + U()(O) dt — _9
0 1+‘f0 ds+u0(0)’

which is a contradiction.

On the other hand, it is not difficult to see that the function f : [0,1] x R — R defined by
flt,z) =5 73777 is under the conditions of the main result (see [3, Exampe 5.1]), therefore hypothesis

f: h(t)dt = 0 cannot be omitted.

If we call f(t,x) = 1 +2, we may say that in the main result condition (4) cannot be removed.

1+|m

5. Examples

In this section we present two example of application of Theorem 4.1 for a systems of n € N
second order differential equations.

Example 5.1. Consider the Banach space (R", || - ||1). If h € L*([a, b], R™) with f; h(t) dt = Ogn (
1 g 1 1 ..
for instance, h(t) = (\/|HT“7t|’ {}/b%ait,(), ,0)) and k € [0,1), then the problem

ey — ) u(t)
L@l 1+ [u@)l
u(a) = u(b), (23)

v (a) = u'(b),

+ ()

12



has at least a solution in C?([a, b], R™). Indeed, just to note that (23) can be rewritten as Problem (1)

where f: R™ x R™ — R" is given by f(x,z) = + ﬁ Here, ||-||; denotes to the 1-norm of
1

R™.

oz
I+l

It is clear that f is a continuous function. On the other hand, for each M > 0, taking dy; =
w we have that (f(y+x,2),z)— > 0forall y € By[0], z € B [0] and ||z||; > 0ar. Indeed,
fix y € By[0], z € B%[O] and ||z||; > d, for any j € J(x),

1 .
(Pl .2).3) = T g+ = 0) + b
> g Ul = lel ) - w2
M
> ol (o7~ 9 20
since ||z[|, > dpy = WEDEEM

Furthermore, || f(z, )| < T(||z]]) +k||y||°, where we can take T'(s) = 1. f(, 2) is strictly accretive
(see [3]). By Corollary 4.1, we deduce that Problem (23) has at least one solution u € C?([a, b], R™).

Remark 5.1. If one checks carefully the above example, other kinds of systems of equations can be
solved. Just consider another norm ||| in R™. For example, we can ensure the existence of at least
a periodic solution of a system of nonlinear second order differential equations of the following type:

) — b0 u(t)

T lwe@] T T ey T

Example 5.2. Let Q be an open convex and bounded subset of R™ and consider p : [a,b] x Q2 — R a
function. This example deals to study the existence of solutions for the following partial differential
equation:

Z 0 5 <a¢(t,x) - p(t,x)) = k%(t,x) + ¢(t,x), for all (t,z) € (a,b) x Q

i=1 €Ty ot? ot

$la) — 0(b.2) = 92 a,2) — 2 (b,0) = 0, for all v € 0 (24)
2

%(ta@ —p(t,x) =0 for all (t,z) € (a,b) x ON.

In order to do this study by using the above results, consider the operator A : L?(Q2) — L?(Q)
with domain D(A) := Wy*(Q) N W22(Q) and, given y € D(A), define Ay = 31, (%;y(x), where
the partial derivatives are taken in the sense of distributions over Q. Therefore, if we call u(t) :=
o(t,-) € L*(Q) and h(t) := p(t, ) € L*(2). We interpret and rewrite Problem (24) as follows:

{ AW (t) — h(t)) = ku'(t) 4 u(t)

u(a) —u(b) = u'(a) —u'(b) = 0. (25)

Our idea is to show that there exists at least u € C?([a, b]; L?(2)) which is a solution of (25). To get
it, we are going to assume that h € C([a, b], L?(Q2)) and moreover f; h(t)dt = 0.

13



It is well known (for instance, see [? ]) that A is an m-dissipative operator in L?(2). Moreover,
by using Green’s formula, we obtain that for u € D(A)

@uu) == [ (90, 90) =~ ulf
Q
this implies, by Poincaré inequality (see Proposition ??), that
9 1
1Aullzllullz 2 [Vallz 2 = [IVullz [|ull2
and, bearing in mind (?7?), we obtain that

1
e 1 [ull 2 < |Aull, for all uw € D(A). (26)

The inequality given in (26) says that A is an m-y-expansive dissipative operator (it is enough to take
¥(t) =t/(cVe2 + 1)). Then, Remark 4.12 in [? | guarantees that there exists A=! : L%(Q) — D(A)
and it is a strictly m-dissipative operator in L?(Q). This fact allows us to rewrite Problem (25) as

follows:
{ W (t) = A7 (k! () + u(t)) + h(t)

u(a) — u(b) = u'(a) — u'(b) = 0. (27)

Finally, in order to show that Problem (27) admits at least a solution, we only have to check that
f:L*(Q) x L2(Q) — D(A) given by f(u,v) = A™1(u + v)satisfies the conditions of Theorem 4.1.

First, let us see that A~1 : L2(Q) — D(A) is sequentially weak-strong continuous. Indeed, from
inequality (26) it is clear that

1Al < IAT 12 < eVe? + 1] Jull2, (28)

which means that A=! : L?(Q) — D(A) is continuous because it is linear, then this operator is
also weak-weak-continuous. On the other hand, if M is a bounded subset of L?(), from (28), we
have that A=1(M) is a bounded subset of W12?(Q) and since the embedding W12(Q) < L?(Q) is
compact (Rellich-Kondrachov’s theorem), we have that A~!(M) relatively compact in L?(Q), since
A~ is continuous we may conclude that A is a weak-strong continuous map.

On the other hand, let us see that A=1 : L2(2) — D(A) satisfies Condition (6). Indeed, let M > 0
and consider g € Bys[0] C L?(£2), we have to check that (A=Y (u+ g),u) = (A u,u) + (A71(g), u).

If we call 2 := A~ (u) € W, *(Q) N W22(Q), we may consider that Az = u, Therefore by using
Green’s formula, Cauchy—Bunyakovsky—Schwarz inequality and (28), we derive that

(A7 u+g),u) < ~[[V2]3 + A7 g2 ]lull2

< — V2l + e Ve +1]g]2 ull-

This means that, for every g € Bj,[0],

(A (u+g),u) < —[[V2]3 + e Ve + 1M [ull2.

Now, by using (?7?), we get

_ 1
(A7 utg),u) < — 577 I2lta + e vVe? + 1M Jlullz.

14



Finally, since it is clear that ||Az||s < ||Az

1,2 < ||z|l1,2 we conclude that

_ 1
(AN u+g),u) < T2 lull + e Ve + 1M ||ul2

= |lull2(e vV +1M —

o lull) <0,
whenever M ¢ (c? + 1)%/2 < ||ul|2, hence we may take 6y, := M ¢ (c? + 1)%/2.

Second, we have already seen that A~! : L?(Q) — D(A) is a strictly dissipative operator and
thus it satisfies Condition (8).

Last step, if we define I" : [0,00) — [0,00) by I'(s) := eve?+1s. From (28) we have that
A ullz < T(||ullz) for all u € L*(Q2). Thus,

lim T(s+ds)

5—00 S

=cver+ 1+ +1)2

Therefore, as a consequence of Theorem 4.1 we have the following result which guarantees the
existence of periodic solutions of the differential equation (27).

Proposition 5.1. Let Q2 be an open convex and bounded subset of R™ and ¢, p : [a,b] x @ = R be two
functions. Assume that ¢(t,-) € L*(Q) fort € [a,b]. Ifh(t) := p(t,-) satisfies that h € C([a,b], L*(Q))
and fj h(t)dt = 0, then Problem (27) has at least one solution in C*([a,b]; L*(R2)), whenever

1

202 2
C C2+1+C(C +1) <m,

where ¢ = ¢(Q) is the constant in Poincaré’s inequality.

Remark 5.2. The optimal constant ¢ in the Poincaré inequality (Proposition ??) is sometimes
known as the Poincaré constant for the domain . Determining the Poincaré constant is, in general,
a very hard task that depends upon the value of p and the geometry of the domain ). Nevertheless,
it is well known, see [15, Theorem 3], that if Q = {(z,y) € R* : z € (0,1), 0 <y < 1 — 2z}
then the Poincaré constant ¢ = ¢(2,2) = % Therefore, from Proposition 5.1,we may derive that
Problem (27) on this domain § has at least one solution whenever 0 < b—a < 1.
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