OFF-DIAGONAL ESTIMATES FOR THE HELICAL MAXIMAL
FUNCTION

DAVID BELTRAN, JENNIFER DUNCAN, AND JONATHAN HICKMAN

ABSTRACT. The optimal LP — L9 mapping properties for the (local) helical
maximal function are obtained, except for endpoints. The proof relies on tools
from multilinear harmonic analysis and, in particular, a localised version of
the Bennett—Carbery—Tao restriction theorem.

1. INTRODUCTION

1.1. Main results. Let v: I — R3 be a smooth curve, where I := [—1,1], which
is non-degenerate in the sense that there is a constant ¢y > 0 such that

|det(v™M(s), 7@ (s),7y®(s))| = ¢o for all se I. (1.1)

This is equivalent to saying that v has non-vanishing curvature and torsion. Pro-
totypical examples are the helix v(s) = (cos(2ms), sin(27s), s) or the moment curve
v(s) = (s,52/2,53/6). Given t > 0, consider the averaging operator

Af(x) = f f — t7(s)) x(5) ds,

defined initially for Schwartz functions f € S(R?), where y € C*(R) is a bump
function supported on the interior of I. Furthermore, define the associated local
maximal function

M, f(z) = sup |Auf()]

1<t<2
Here we are interested in determining the sharp range of LP — L% estimates for
M.,. To describe the results, let

T := conv{(0,0), (1/3,1/3), (1/4,1/6)} \ {(1/3,1/3)},
so that T is a closed triangle (formed by the closed convex hull of three points)
with one vertex removed. We let int(7) denote the interior of 7 and £ denote the
intersection of 7 with the diagonal: see Figure Standard examples show that
M, fails to be LP — L7 bounded whenever (1/p,1/q) ¢ T: see §9| The following
theorem therefore characterises the type set of M., up to endpoints.

Theorem 1.1. For all (1/p,1/q) € int(T) u L, there exists a constant Cy 4 > 1
such that the a priori estimate

HMWJCHLQ(R?’) < C%p7q|

fllems)
holds for all f € S(R?).
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FicUrRE 1. The known range of LP — L% boundedness for the
helical maximal function. In [2] and [I9], boundedness was shown
on the half-open line segment £ connecting (0,0) and (1/3,1/3).
By Theorem the operator is bounded whenever (1/p,1/q) €
int(7), the interior of the triangle with vertices (0,0), (1/3,1/3)
and (1/4,1/6). Frequency localised estimates are obtained at the
critical vertex (1/4,1/6) by interpolating multilinear inequalities

at (1/2,1/3), (1/12,1/12) and (1/2,0); see §3.5 below.

For the diagonal case (that is, (1/p,1/q) € L), the sharp range of estimates was
established in [2] and [19], building on earlier work of [25]. Hence, our main result
is to push the range of boundedness to the region int(7). As a consequence of
Theorem (or, more precisely, Theorem below) and [4, Theorem 1.4], (p,q’)-
sparse bounds for the full maximal operator Mf{u“f(x) = Sup,. | A+ f(x)| follow
for (1/p,1/q) € int(T) u L. We omit the details and refer to [4] for the precise
statements.

Maximal functions associated with averages over submanifolds have been object
of study since the influential work of Stein [29] on the spherical maximal function
in the late 1970s. The helical maximal function M., can be seen as a 3-dimensional
analogue of the circular maximal function in the plane, for which Bourgain [9]
proved sharp LP-bounds for p > 2 (implying differentiation-type results and re-
covering a geometric measure theory result of Marstrand [23] regarding packing
of circles). The LP — L% mapping properties for the circular maximal function
were addressed by Schlag [26] and Schlag and Sogge [27], with further endpoint re-
sults obtained by Lee [2I]. Theorem can be seen, therefore, as a 3-dimensional
analogue of the results of Schlag [26] and Schlag—Sogge [27].
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Higher dimensional versions of M, have been recently considered by Ko, Lee
and Oh [20], who showed that if v : I — R? is non-degenerate, then LP-bounds
for M., hold in the partial range p > 2(d — 1); in particular this has geometric
measure theory implications in the vein of Marstrand’s result. Adapting to higher
dimensions the examples in it is natural to conjecture that LP(R?) — LI(R?)
bounds for M., hold for (1/p,1/q) in the interior of the triangle with vertices (0, 0),
(1/d,1/d) and (575, 57%7). No off-diagonal results are currently known for
d=4.

1.2. Methodology. Here we provide a brief overview of the ingredients of the
proof of Theorem and the novel features of the argument. For fixed ¢, the
averaging operators A; correspond to convolution with an appropriate measure f;
on the t-dilate of . It is therefore natural to study these objects via the Fourier
transform, which leads us to consider the multiplier

) = | OO (s)as,

Stationary phase can be used to compute the decay rate of this function in dif-
ferent directions in the frequency space. This involves analysing the vanishing of
s-derivatives of the phase function ¢(&,s) := (v(s),&). Following earlier work on
the circular maximal function [24], it is also useful to study the Fourier transform of
A, f(z) in both the z and the ¢ variables. This leads us to consider the 4-dimensional
(&, 7) frequency space.

Broadly speaking, this approach was taken in both works [19] and [2] to study
the LP — LP mapping properties of M,. However, these papers focused on differ-
ent geometrical aspects of the problem. In very rough terms, the analysis of [19]
centres around a 3-dimensional cone I's in (&, 7)-space arising from the equations
0s9(&,8) = 0, 7 = $(£,5). On the other hand, the analysis of [2] centres around
a 2-dimensional cone T’y in the (&, 7)-space arising from the system of equations
as(rb(fa 5) = ag¢(€, S) =0,7= ¢(£7 S)'

It seems difficult to obtain almost optimal LP — L9 estimates using either the
approach of [19] or of [2] in isolation; rather, it appears necessary to incorporate
both geometries into the analysis. In order to do this, we apply a recent observation
of Bejenaru [I], which provides a localised variant of the Bennett—Carbery—Tao mul-
tilinear restriction theorem [7]. We describe the relevant setup in detail in §2f below;
moreover, in the appendix we relate the required localised estimates to the theory
of Kakeya—Brascamp-Lieb inequalities from [6]. The local multilinear restriction
estimate allows us to work simultaneously with the I's and I's geometries, by con-
sidering the embedded cone I'y as a localised portion of I's. See Proposition
below.

On the other hand, the geometries of both I's and I's were previously exploited
in a non-trivial manner in [20] and [3] using the decoupling inequalities from [IT].
This approach is inspired by earlier work of Pramanik—Seeger [25]. Decoupling
is effective for proving L? — LP bounds for large p; here it is used to provide
a counterpoint for interpolation with the estimates obtained via local multilinear
restriction. See Proposition below.

1.3. Notational conventions. Throughout the paper, I denotes the interval [—1,1].
We let R denote the frequency domain, which is the Pontryagin dual group of R
understood here as simply a copy of R. Given f € L'(R%) and g € L' (R%) we define
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the Fourier transform and inverse Fourier transform by

f&) = | e @) an and gta) = g [ 90

R

respectively. For m € L® (@d) we define the multiplier operator m(D) which acts
initially on Schwartz functions by

1 . ~
— iz,&)
(D) (@) = gy [ @ COm© e
Given a list of objects L and real numbers A, B > 0, we write A <, Bor B2 A
to indicate A < Cp B for some constant Cy which depends only on items in the
list L and our choice of underlying non-degenerate curve v. We write A ~;, B to
indicate A <;, B and B <, A.

1.4. Organisation of the paper.

e In §2| we present the key localised trilinear restriction estimate.

e In §3|we describe a reduction of Theorem to three local-smoothing-type
estimates: trilinear L? — L3, linear L'? — L'2 and trivial L? — L.

e In §4 we describe the basic properties of our operators and prove the trivial
L? — L® estimate.

e In We prove the trilinear L? — L3 estimate using the trilinear restriction
theorem from

e In §6| we prove the linear L'? — L2 estimate using decoupling.

e In §7 we bound a non-degenerate portion of the operator.

e In we carry out the reduction described in and thereby bound the
remaining degenerate portion of the operator.

e In §9 we demonstrate the sharpness of the range 7T .

e Finally, in Appendix A we present a proof of the localised trilinear restric-
tion theorem from §2

Acknowledgements. The first and third authors would like to thank Shaoming
Guo and Andreas Seeger for discussions related to the topic of this paper over
the years. They would also like to thank the anonymous referees for their careful
reading and valuable comments.

2. LOCALISED TRILINEAR RESTRICTION

The key ingredient in the proof of Theorem [I.1] is a localised trilinear Fourier
restriction estimate. Here we describe the particular setup for our problem. As
in [I9], it is necessary to work with functions with a limited degree of regularity.

Definition 2.1. Let 0 < a < 1 and U < R? be an open set. We say a function
Q: U — Ris of class C1*(U) if it is continuously differentiable on U and, moreover,
the partial derivatives satisfy the a-Holder condition

IVQ(&1) — VQ(&)]

sup <
€1,66U &1 — &al™
E1#E2




ESTIMATES FOR THE HELICAL MAXIMAL FUNCTION 5

Consider an ensemble Q = (Q1, Q2, Q3) of maps Q;: U; — R of class CH1/2(U;)
where U; € R3 is an open domai for 1 < j < 3. The graphs
%= 1{(6Q;() : £ € U}

are hypersurfaces in @4, with some limited regularity. Each »; has a Gauss map
given by

. _ ! -VQ;(§) ‘
v U; — S, vi(€) = ERGIEE ( 13 ) for all £ € U;.

We further fix a smooth function u: Us — R satisfying |Vu(§)| > ¢o > 0 for all
¢ € Us. This implicitly defines a smooth surface Z3 := {£ € R3 : u(¢) = 0}, which
we lift to

Dy = {(§,Q3(8)) - £ € Zs}.

Thus, X% is a codimension 1 submanifold of ¥3, which is embedded in R4, Defining

1 \Y
vh: Zz — S5 v4(€) = V(@) ( %(£)> for all £ € Zs,
it follows that {v5(£),v4(€)} forms a basis of the normal space to 3% at (£, Q3(&))
for all £ € Z3.
We now fix a; € C.(U;) with |aj||p=@,) <1 for 1 <j < 3 and we assume the
transversality hypothesis

det (VQi(fl) VQi(fz) VQ:;(&) Vuéfza)) ' > coune > 0 2.1)

for all £ € suppaj, 1 < j < 3. Furthermore, given 0 < p < 1, we assume the
additional localisation hypothesis

[u(§)] < p for all £ € supp as. (2.2)

Finally, we define the extension operators

Ejf(z,t) := J@ (@O g (g) f(€)de  for fe LNU;), 1< <3.

The key localised trilinear estimate is as follows.

Theorem 2.2 (Localised trilinear restriction). With the above setup, for all e > 0
and all R > 1 we have

3
TTiEse
j=1

for all fj € LY(U;), 1 <j <3.

3
< RE /6 111/3
L3(B(0,R)) Qe it p 31:[1 Hfj HLz(U].)

Here the implied constant depends on the choice of maps @); and, in particular,
the lower bound in , but is (crucially) independent of the choice of parameter
W in and the choice of scale R.

If we consider smooth hypersurfaces rather than the C*'/2 class, then Theo-
rem is a special case of [I, Theorem 1.3]. We expect that the arguments of [I]
can be generalised to treat C1'® regularity for all o > 0. However, in Appendixwe
observe that Theorem is a rather direct consequence of the Kakeya—Brascamp—
Lieb inequalities from [6] (see also [31], 22] 32]).

Here an open domain in R is an open, bounded, connected subset of R%.
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3. INITIAL REDUCTIONS

3.1. Local smoothing estimates. The multipliers of interest are of the following
form. For I := [-1,1], let v: I — R3 be a smooth curve and fix p € CX(R)
supported in the interior [1/2,4]. Given a symbol a € C*(R?*\{0} x R x R), we
define

my[a](§;t) = mlal(&;) = f e T Ea (g t;5)r(s)p(t) ds, (3.1)

R
for some ¢; € CL(R) with support lying in I. Fix n € C(R) non-negative, even
and such that
nry=1 ifrel and suppnc[-2,2]
and define 3, 8% € C*(R) by
B(r) :=n(r) —n(2r) and B*(r):= B(27Fr) for all k € Z. (3.2)

By an abuse of notation, we also write n(¢) := n(|¢|) and 8% (€) := B*(|¢|) for ¢ € R3.
For a € C*(R3\{0} xR x R) as above, we form a dyadic decomposition by writing

-5 oo [al&ts) pR(E) for k=1
a = kgoak where ag(&;t;8) = { aléts)n(E)  fork—0 - (3.3)

With the above definitions, our main result is as follows.

Theorem 3.1 (LP — L local smoothing). Let v: I — R? be a smooth curve and
suppose a € C*(R3\{0} x R x R) satisfies the symbol condition

|8?6§8§a(§;t; s)| Savij |§|7‘°“ for all a € Ng and i, j € Ny (3.4)
and that
3
2 GV), 012 6] for all (&) € suppea x 1. (3.5)
j=1

Then for all (1/p,1/q) € int(T) there exists some £(p,q) > 0 such that

2 1/q
(L Hm[ak](D, t)f“%q (R3) dt) $p,q Q*k/Q*E(Pﬂ)kaHLP(RS)

holds for all k € Ny, where ay is defined as in (3.3)).

The desired maximal bound follows from Theorem using a standard Sobolev
embedding argument; we omit the details but refer the reader to [30, Chapter XI,
§3], [25] §6] or [2 §2] for similar arguments.

By results of [2], Theorem is known to hold along the diagonal line £. By in-
terpolation, it therefore suffices to prove an estimate at the critical vertex (1/4,1/6)
in the Riesz diagram (see Figure .

Proposition 3.2. Under the hypotheses of Theorem[3.1] for k € Ny and all € > 0,
we have

2 1/6
( f Imlan] (D30 5 ey dt) <o 2750 f e, (3.6)

By the preceding discussion, our main theorem follows from Proposition [3:2}
Henceforth, we focus on the proof of this critical estimate.
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3.2. Trilinear reduction. If the hypothesis (3.5)) is strengthened to
1KY (5), ] + <7 (8), &) = |€] for all (£;s) € suppg a x I, (3.7)

then one can deduce the critical estimate as a consequence of known local
smoothing inequalities from [25] (see Theorem below) and the Stein—Tomas
Fourier restriction inequality. Given a small number 0 < § < 1 and k € N, we
perform this analysis on the symbols

aro0(&5t8) == ar(& s 8) (1 — n(2776720G,(5;€))) (3.8)

where Ga(s;§) := 2321 [{79)(s),€)|; note that ay o satisfies ([3.7) with an implicit
constant depending on §. We discuss this case in detail in §7}

The main difficulty is then to get to grips with the degenerate portion of the
multiplier. For the above choice of 0 < § < 1, this corresponds to the condition

[V (), 1 + (V" (5), ) < 6%°lg] for all (&;5) esuppeax I3 (3.9)

note that this is satisfied on the support of aj, := ar—ay,¢. To control the degenerate
part, we work with a trilinear variant of Proposition [3.2] from which we deduce the
corresponding linear estimate (3.6]) via a standard application of the broad-narrow
method from [12] (see also [I7]).

To describe the trilinear setup, we introduce some notation. For 0 < § < 1 as
above, let J(9) denote a covering of I by essentially disjoint intervals of length 4.
Let 335°P() denote the collection of all triples J = {J, Ja, J3} < J(&) which satisfy
the separation condition dist(.J;, J;) = 106 for 1 < ¢ < j < 3. Given a bounded
interval J € R, we let v; € C%(R) satisfy suppt; < J and [0V (s)| < |J|7V
for all N € N. Similarly to (3.1), given a symbol a € C* (R3\{0} x R x R), we define
the multipliers adapted to an interval J € J(d) by

m?[a] (€ ) = m? [a](€:1) = f OO a(e )y (s)p(t)ds.  (3.10)

R

With this setup, we prove the following estimate.

Proposition 3.3 (L* — LS trilinear local smoothing). Let k € Ny, ¢ > 0 and
6 > 0. Under the hypotheses of Theorem and further assuming (3.9)), we have

2 1/6 B B 1/3
( L ’thJ[ak](D;t) Pl dt) T s oWk T g
€

JeJ
whenever J € 33%P(§) and fr € S(R?) for J e J.

6
LS(R3)

Here we use the notation O(1) to denote an unspecified absolute constant. In
applications, we work with relatively large values of § (namely, § ~. 1) and accord-
ingly there is no need to precisely track the § dependence. We will also assume
without loss of generality that 0 < § < ¢ where ¢ > 0 is a small absolute constant,
chosen to satisfy the forthcoming requirements of the argument, and & is sufficiently
large depending on 6 1.

As mentioned above, the (ostensibly weaker) trilinear estimate in Proposition
implies the linear estimate in Proposition (under the additional assumption
(3-9)) using a variant of the procedure introduced in [I2]. We postpone the details
of this reduction to §§ below.
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3.3. Reduction to perturbations of the moment curve. At small scales, any
non-degenerate curve can be thought of as a perturbation of an affine image of the
moment curve v (s) := (s, s%/2, 5%/6). We refer to [2, §4] for details (which involve
the affine rescalings described in below), and just record here that it suffices
to consider curves in the class &(d) defined below for 0 < §p < 1 sufficiently small.

Definition 3.4. Given 0 < dp < 1 and M € N, let &(dy, M) denote the class of all
smooth curves v: I — R? that satisfy the following conditions:

i) 7(0) = 0 and 4)(0) = &; for 1 < j < 3;

i) |y —vollom(r) < do-
Here €; denotes the jth standard Euclidean basis vector and

= (4) M (7.3
IVl : 15?343'52?'7 (s)  forall ye CH(L;R”).

If M = 4, then we will simply write &(dy) for &(do,4)
Henceforth we will always assume that v € &(dg) for o := 10719,

3.4. Microlocal decomposition. Under the assumption (3.9)), the non-degeneracy
condition (1.1 ensures that

<" (5), &z [§]  for all (§;¢;5) € suppa; (3.11)
indeed, for v € &(do) this condition holds for all ({;¢;s) € suppg a x R x I. We can

then assume that s — (¥"(s), &) has constant sign and henceforth we assume that
& > 0. Following [2, §6], let 0 : suppg @ — I be the smooth mapping such that

(" 06(6),6) =0 for all § € supp a.

It is clear that 65 is homogeneous of degree 0. Let
u(€) = (7 062(€), &) for all & € suppe a, (3.12)

and note that the points § € supp; a satisfying u(§) = 0 are contained in the conic
variety

[':={{esuppea: (9 (s),6) =0, j=1,2, for some s e I}.
Since (3.11]) is satisfied on the support of each
A 1= ap — a0, (313)

we decompose each of these pieces with respect to the size of |u(€)| which, roughly
speaking, measures the distance of a point § € suppga to I Given € > 0 and
0<d <1, we write
ar = apo + Z k0 + A k)3 (3.14)
LeA (k)
where a0 is as in (3.8)) and
ax(&t58) B(27Fu(€)) if £ € A(k),
ake(&t;s) 1= (3.15)
ap(&;tys) (27 FFAA=2RBly(6)) if £ = k/3

for

A(E) == {LeN:[log,(67%)] < £ < |(1—2¢)k/3]}. (3.16)
Here we assume that k is large enough so that the decomposition makes
sense; note that Theorem [3.1] trivially holds for small values of k. In particular, we
concern ourselves with k € N satisfying k& > 4log,(6=8). In the definition , for
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any x € R, we let |«| denote the largest integer less or equal than x and [z]| denote
the smallest integer greater or equal than x. It will also be useful to introduce the
notation
A(k) := A(k) U {k/3}.

Note that the indexing set A(k) depends on the chosen § and e, but we do not
record this dependence for notational convenience. We also note that here the
function 3 should be defined slightly differently compared with (3.2); in particular,
here 3(r) := n(272r) — n(r) (we ignore this minor change in the notation).

As mentioned in for the extreme case ¢ = 0 we have the non-degeneracy
condition (with an implied constant depending on ). This situation is easy to
handle using known estimates: see @ below. On the other hand, for £ € A(k), the
multipliers m[ay ¢] are degenerate in the sense that now holds. A key aspect
of this decomposition is that for £ € A(k), Taylor series expansion shows that

1Y (), 1+ 274y (5), ] 2 2872 for all (&, 5) e suppage(-3t;-);  (3.17)

see, for example [3, (5.15)] for a detailed derivation. The weak non-degeneracy
condition will allow for improved estimates depending on the value of /.
Bounding these pieces, and the piece for ¢ = k/3, is the difficult part of the argument
and is the focus of §§5H{6] below.

3.5. Microlocalised estimates. Throughout this section we work under the hy-
potheses of Theorem and, in addition, assume that (3.9) holds for a speci-
fied value of §. That is, we let v : I — R3 be a smooth curve and suppose

a e C*(R3\{0} x R x R) satisfies 34, and (3.9). Furthermore, we define the
symbols ay ¢ as in .

The key ingredient in the proof of Proposition [3.3] is a trilinear estimate for
the multipliers associated to the localised symbols ay . To describe this result,
we work with a triple of integers £3 = (£7) ey indexed by J € J*5°P(§) and write

U] := ZJEJ ly.

Proposition 3.5 (L? — L? trilinear local smoothing). For k € N, ¢ > 0 and
0<d <1, we have

i m°|a . J1/3
(J, T i000s

whenever J € J35°P(§), Ly = (£7) je3 with £;5 € A(k) and f; € S(R3) for J e J.

/3 <. §—O0MW)g—k/3+|t5]/18+¢k H HfJHIL/ZS(Ra)

)
L3(R3) iel

Proposition [3.5] is a fairly direct consequence of Theorem we describe the
proof in §5] below. To deduce the critical L* — LS estimate stated in Proposi-
tion [3-3] we interpolate Proposition [3.5 with the following linear inequalities.

Proposition 3.6 (L'?2 — L'2 local smoothing). For ke N, e > 0,0 <6 <1 and
0 e A(k), we have

2 12 1/12 _k/6—£/12+ck
(], Imlod(D: 01 sy de) - 522 I £ z12ws)-

Lemma 3.7 (L? — L® estimate). For ke N, > 0,0<§ <1 and ¢ € A(k), we
have

sup [mfa,](D;t) f| e @s) S 2572 fllL2es).

1<t<2
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We remark that 0 < § < 1 plays no significant role in the proofs of Proposition
[3.6) and Lemma and it is used only to set up the underlying decomposition in
the a¢. Similarly, € > 0 plays no significant réle in Lemma

Proposition [3.6] is a minor variant of estimates which have appeared in, for
instance, [20] and [3]. The result is highly non-trivial, and relies on the ¢? decoupling
inequality for the moment curve from [I1]. We discuss the details in

Lemma [3.7] on the other hand, is elementary. It follows from basic pointwise
estimates for the multipliers aj ¢, obtained via stationary phase. We discuss the
details in

Given the preceding results, the key trilinear L* — L5 local smoothing estimate
is immediate.

Proof (of Proposition . By multilinear Holder’s inequality, Proposition and
Lemma [3.7] imply their trilinear counterparts. Since

3 (1) 7 1 (3
<)=5<112>+20<>+20.<2>’
1 0
interpolation of those two estimates and that of Proposition immediately gives

2 6 1/6
(f H H |mJ[ak75‘]](D;t)fJ|1/3‘ dt) <. §-O0()g—k/6—|ts]/180+k H HfJHUB
17 Jes

S
for L3 = (£7)jey with 0 < €5 < k/3; see Figure[l] Here we carry out the interpola-
tion using a multilinear variant of the Riesz—Thorin theorem: see, for instance, [8]
§4.4] Using the geometric decay in 2717 for each J € J, we sum these bounds to
deduce the desired result. O

O = |
Wl N

To prove Proposition it therefore remains to establish Proposition
Proposition [3.6] and Lemma We carry this out in §§4H6] below.
One should note that Proposition [3.6] and Lemma are crucial for the proof
of Proposition The multipliers m[ayg ¢] satisfy the elementary bound
sup [mlak,e](D;t) f[ree@s) € f] Lo w3 (3.18)
1<t<2
this can be shown, for instance, via some of the arguments in §6| Since (1/4,1/6) =
£+(1/2,1/3)+%-(0,0), one can deduce a trilinear L* — LS local smoothing estimate
by interpolating Proposition with (a trilinear version of) (3.18). However, the
resulting inequality carries a geometric loss in the parameter ¢; which does not
allow one to conclude Proposition [3.3

4. BASIC PROPERTIES OF THE MULTIPLIERS
4.1. Elementary estimates for the multiplier. Using stationary phase argu-

ments, we can immediately deduce Lemma

Proof (of Lemma . By the Cauchy—Schwarz inequality, we have the elementary
inequality

1/2
(D) fll e g5y < ] sy [supp ] 2 -

2AlternaLtively7 a suitable multilinear interpolation theorem can be proved by directly adapting
the argument used to prove the classical Riesz—Thorin theorem.
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Fixing t € R, in view of the above it suffices to show
[mlaw,ed(- )l < 27F7972, Jsuppmlar,d(-;1)| < 2%

Since Vu(€) = 4/ 002(€) is bounded away from zero, the latter estimate is clear. On
the other hand, the former estimate is a consequence of a simple stationary phase
analysis. Indeed, for ¢ = k/3 we apply van der Corput’s inequality with third order
derivatives. For ¢ € A(k), we apply van der Corput’s inequality with either first or
second order derivatives, using the lower bound Iﬁ? For further details see, for

example, [25] Lemma 3.3], [3, (5.15)] or Lemma [4.3| below. O

4.2. Scaling of the multiplier. Let 0 € I, 0 < A < 1 be such that [c— X, 0+ A] <
I. Denote by [v], the 3 x 3 matrix

Mo = [vP(e) v@(0) ()],

where the vectors vU) (o) are understood to be column vectors. Note that this
matrix is invertible due to the non-degeneracy hypothesis (1.1)). It is also convenient
to let [v],,» denote the 3 x 3 matrix
Vo = []o - Da (4.1)
where D), := diag(\, A%, \?) is the diagonal matrix with eigenvalues A, A2, \. With
this data, define the (o, \)-rescaling of v as the curve v, \ € C®°(I;R3) given by
Yoa(s) =[5 5 (v(0 + As) = 7(0)). (4.2)

A simple computation shows
det ([7]U+)\s)
det ([v]»)

and therefore ., is also a non-degenerate curve. Furthermore, the rescaled curve
satisfies the relations

GI(8),6) = ¥ (0 + As), ([Wlon) 7€) forall j = 1. (4.3)
If, in addition, we assume that

det [VU,X] s =

2
DIND (), < MJ¢| for (&t s) € suppa, (4.4)

j=1
we have that (4.3]) and the fact that v, » is non-degenerate imply

3 .
6l 2 1A, 01 s Xl(1en) el < I8 (4.5)

for (([v]o.n)~"&;t; s) € suppa; here the last inequality is a simple consequence of

the definition (4.1)).

Defining the rescaled symbol

as (& t5) = al([7]en) " TE 0 + As), (4.6)
a change of variables immediately yields
my[al(D;t) f(z) = Amsy, [ao2](Ds5t) for(([1]o,0) ' (2 = t9(0))) (4.7)

where f, » := f o[v]sa. In particular, by scaling,

1_1
Hmw[a](& ')fHLP(lR3)—>L‘?(R3+1) < AF6g P)||m%,x[%,k](D; ')||LP(R3)—>Lq(R3+1)-
(4.8)
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Finally, we observe that if the original symbol satisfies and the condition
0ga(&t;5)] <a €)1 for all e N, (4.9)
then the rescaled symbol a,, ) continues to satisfy . Indeed, by the definitions
and , we have
(08 a0 2) (& 8 8)] Sa A0 @) (Vo) T €t 0+ As)].
In view of the hypothesis and , it follows that

(0202 ) (15 5)] Sa A3 ([]00) 7 TE| T <0 g1
as required.

4.3. Critical points. We next describe the critical points of the phase function
s — {v(s),&) which, under the setup of depend on the sign of the quantity

u(£) introduced in (3.12).

Lemma 4.1 ([2, Lemma 6.2]). Let € supp, a and consider the equation

((s),€) = 0. (4.10)

i) If u(§) > 0, then the equation (4.10) has no solution on I.
it) If u(§) = 0, then the equation (4.10) has only the solution s = 02(€) on I.
iit) If u(§) < 0, then the equation (4.10]) has precisely two solutions on I.

Following [2], §6], we can use Lemma [4.1| to construct a (unique) pair of smooth
mappings
07 : {¢ esuppea:u(§) <0} -1
with 07 (&) < 67 (¢) which satisfies
(Y 00£(£),€) =0 for all £ € supp, a with u(€) < 0.
Define the functions
vE(€) = (" 0 05 (€),6) for all £ € supp; a with u(§) < 0.

Taylor expansion yields the following.

Lemma 4.2 ([2, Lemma 6.3]). Let { € supp, a with u(§) < 0. Then

o ()] ~ 185 — 62(6)| ~ 167 (€) — 07 (©)] ~ ()|

4.4. Stationary phase. We next use the approach in [19] and apply stationary
phase to express the multipliers m” [ak,¢] as a product of a symbol and an oscillatory
term. In what follows, we let

@(6) == {yob(£),&) and  ¢f (&) :={y00F(£),&

for any value of £ such that the expression is well-defined. Our analysis leads to
various rapidly decreasing error terms. Given R > 1, we let RapDec(R) denote the
class of functions e € C*(R? x R) which satisfy |e(¢;t)| Sy R~ for all N € Np.

Lemma 4.3. Let k€ N and J € J(9).
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i) For some ey 13 € RapDec(2¥), we may write

m” [ay 1/3](&t) =27 k/3 ﬂtq?(g)b‘] /3(2 TFE) + e psa(&it) (4.11)

where by g3 € C% (R3*+1) is supported in B(O7 10), satisfies |u(&)| < 27 2k/3+4ek/3
and dist(05(), J) < 8 for £ € supp, by k3 and

|oN b k/3(2_k§; t)| Sy 23keNFek for all (&;t) e R**! and all N e Ny. (4.12)
ii) For (€ A(k) and some ey o € RapDec(2F), we may write

L+ _
m[ag, ] (&51) = 27702 Y e M ORRE QTR ) + e (&5t) (4.13)
+
where the bg,} e C°(R3*1) are supported in B(0,10), satisfy |u(¢)| ~ 272¢ and
dist(02(§), J) < & for £ € suppg bk]f and

ONbrr (7Rt <v 1 for all (&t) e R*! and all N € Ny. (4.14)

Remark 4.4. In part ii) of the lemma, u(¢) < 0 always holds on the support of
the b]{:ei and therefore, by Lemma the functions Hli (&) are well-defined. The
portion of the multiplier supported on the set where u(§) > 0 is incorporated into
the error term ey, ¢.

Proof. i) By a change of variables,

m’[ag k3] (€5 1) = 27710 ©) JR THPED (& 4:27M%s) ds

where:
e The symbol aj € C*(R3\{0} x R x R) satisfies

lu(€)] < 20/3HARB el < 2P+ |t <4 and 6y(€) +27%B3se . (4.15)
for (&;t;27%/35) e supp o and 0N oM (&;t;s)| <amrv 1 forall M, N € Ny;
e The phase ®, is given by
i (€ 5) = (7(02() +27M75),6) — (70 62(6),6).

If |s| > 2°F and k is sufficiently large then, by combining (#.15) with a simple
Taylor expansion argument, we see that |0,®x(&; s)| = 2¥. Therefore, by repeated
integration-by-parts, we obtain (4.11)) for

Blaa@ H6it) = | e Eal (G2 sz s)ds
R

and some ey, ;3 € RapDec(2%).

By ([#.15), we have dist(f(€),J) < 27F/3+k < 62 for ¢ € supp; by /3~ On the
other hand, (4.12)) now immediately follows for N = 0, using the triangle inequality.
For larger values of N, the bounds follow from the estimate

| (&;5)] < 23ke for all (&,t;5) € supp o with |s| < 2°%.
which is again a consequence of (4.15) and Taylor expansion.
i) If u(¢) > 0, we know from Lemma [4.1] that the phase function s — (y(s), &) has

no critical points, and one can therefore obtain rapid decay of the portion of the
multiplier where this condition holds; see [2, Lemma 8.1] for similar arguments. We
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thus focus on the portion of the multiplier where u(§) < 0. Arguing analogously to
the proof of part i), for a given p > 0 we may define

by (27Fgt) = (kfé)/227ff TR ED I E (6 12 o)) ds
R

where:

e The symbols ai:z—r e C*(R3\{0} x R x R) satisfy

u(@)] ~ 2572, JoR(e)l ~ 2270 g <2t <4, 6RO +27"sed

for (&;t;27%) e suppozi:ei and |oN oMo ‘]+(§ t;s)| <mn 1forall M, Ne
No;
e The phase fIJIJ;r ¢ is given by

OF (&5) =27 30 (0F (&) +27"5) — y 0 0 (€), €.

Moreover, s = 0 is the only critical point of s — @fz(ﬁ; s) on the support
of ak’* if |s| < p for p > 0 sufficiently small.
An integration-by-parts argument similar to that in [2, Lemma 8.1] then shows

([4.13)) holds for some ey, , € RapDec(2F).
By the support properties of the a‘kj’f and Lemma we have

dist(02(€), J) < 02(€) — 07 ()] + dist (05 (€),J) <27F < 6> for £ € supp, b,{;}

and ¢ € A(k). On the other hand, (4.14) for N =0 follows from van der Corput’s
lemma, since \6384),%”4(5;0)\ = 2_’”’2\@ ( )| ~ 1 on supp ozk 7. For N > 0, it suffices
to show that

)J A T (€9) (k= Mok (& )) O‘M HGUPE ds‘ <27 (=302 (4.16)

By Taylor expansion, we have

s2

B y(Es) = S [27H 0O + 27wl 9)s] (4.17)

where |w(&;s)| < 2F for all (&;t;s) € supp agzz—r; in particular, |<I>ie(§;s)| < 1in
the support of ozkzr In view of the factor s? in , the bound (4.16)) is again

a consequence of van der Corput’s lemma with second-order derivatives (in the
specific form of, for example, |28, Lemma 1.1.2]). O

5. PROOF OF THE L? — L® TRILINEAR ESTIMATE

In this section we prove the key trilinear estimate from Proposition After
massaging the operator into a suitable form, this is a consequence the localised
multilinear restriction inequality from Theorem
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5.1. Reduction to multilinear restriction. Define the Fourier integral opera-
tors

Uisl(a.t) i [ O mO], 07k 7€) de

and

. + _ ~
U of (1) :ZZJ]ﬁ (@Ot O] E (9-kg 1) () de
+ 3

for £ € A(k). Let J € 3>%P(6) and £y = (£;)jeg with £; € A(k). In light of
Lemma [£.3] to prove Proposition it suffices to show

T s SRR Sl I (A1 CRY
JeJ JeJ

L3(B%+1(0,1))

for Uy := U,CJ’ZJ and f; € S(R?) for J € J. This reduction follows from a standard
localisation argument since the kernels K ,;] ¢, associated to the propagators UkJ’ ¢
satisfy the bounds

|Kic],z($7t)| <y 2PNz~ forall [z] 21, N >0,

via an integration-by-parts argument.
We may remove the t-dependence from the symbols bi, k/3 and biei using a stan-
dard Fourier series expansion argument. Owing to the L?-norm on the right-hand

side of (5.1), we may also freely exchange f and f . Thus, after rescaling, we are
led to consider operators of the form

Tlg,k/gg(xat) = J@S ei(<z’§>_tq2(§))bl°c’,k/3(5)9(5) d§
and
: +
T,;],Zg(x,t) — ZL@ PRICCR IS (5))1)5(5)9(5) d¢
+

for ¢ € A(k), where the symbols bi,k/?ﬂ b,‘cj”z—r € C°(R®) are bounded in absolute
value by 1 and further satisfy

supp by /5 S {€ € B3(0,10) : dist(62(£), J) < & and |u(§)| < 272M/3H4K/3L (5.2)

and
suppbj’y < {€ € B*(0,10) : dist(62(€), J) < & and |u(¢)| ~ 27} (5.3)
for £ € A(k). In particular, to prove the desired estimate (|5.1)), it suffices to show
T 1/3‘ < 5~ O(1)9—|L5]/9+ek 5.4
T IO, [Tla/1iesy G

for Ty := Tk,éJ and gy € S(R3) for J € J and £y = (£;)je5 with £; € A(k).

5.2. Verifying the hypotheses of Theorem Enumerate the intervals in J
as Ji, Jo, J3 so that, writing ¢; := £, and T; := T,, we have 0 < {1 < {3 < 3 <
k/3, £; € A(k). The trilinear estimate is a consequence of Theorem where
we exploit the additional localisation of the symbol of T3 to the set |u(¢)| < 272 E|
In order to apply Theorem [2.2] we must verify the regularity and transversality
hypotheses.

30r the slightly larger set |u(€)| < 272K/3+4k/3 i the case £3 = k/3.
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We begin by noting, as a consequence of the definition of the functions 6, and
607, that

Vg2(€) = y002(6) + u(§) V() and  Vgi(§) =007 (€). (5.5)

Regularity hypothesis. We first show that the functions ¢o and qli all satisfy (at
least) the C''/2 condition. It is easy to see that the function gy is C™! in the sense
that

IVa2(61) = Vaa(&2)| S |€&1 — & for all &, & € suppby ;.

On the other hand, the functions ¢ are less regular and only satisfy a C1-1/2
condition, as first observed in [19, Lemma 3.5].

Lemma 5.1. For ¢ € A(k), we have

Vai (€1) — Var (&) < min {27,261 — &f} + |6 — & < |6 — &'
for all &, & € supp bg%
Proof. Fix &1, & € supp bif In view of , it suffices to show

10 (&1) — 0 (&2)] < min {27, 2°)¢; — &|} + |61 — &| < & — &[V2 (5.6)

By differentiating the defining function for Hli, we see that

"o 87 (€|
Vo = Woil ~2¢ for £ € supp b,
| 1 (5)‘ |’Ui(£)| g k.l
Thus, the fundamental theorem of calculus implieﬁ
0 (61) — 61 (&2)] < 2161 — &l (5.7)

On the other hand, by Lemma
163 (1) — 07 (&2)] < 167 (1) — 02(E0)| + [02(&1) — B2(E2)| + [62(E2) — 6 (&2)]
<& — &l +275 (5.8)
Combining and (5.8), we deduce that
07 (61) — 0 (&2)] < min {27°,2°|61 — &} + |61 — &
which is precisely the first inequality in . Furthermore,
min {274, 2°16 — &} = min {276 —&[ 772,216 — &) 6 — Lo < |6 — &',

and, since |§;| < 1 for & € supp b,‘cj’ei7 the second inequality in (5.6) immediately
follows. O

4Here we must be a little careful in applying the fundamental theorem of calculus because
the crucial condition |u(€)| ~ 272¢ does not hold on a convex set. If |€1 — £2] « 272¢, then this
presents no problem. However, if |¢1 — &| 2 272¢, then to apply the Fundamental Theorem of
Calculus we construct a continuous, piecewise smooth curve connecting &1 to £&2 which consists of
two linear segments of length O(272¢) and a curve of length O(|¢1 — &2]) which traverses the level
set {¢ € B(0,10) : u(¢) = 2724},
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Transversality hypothesis. We now turn to verify the transversality hypothesis from
(2.1). This involves estimating expressions of the form

‘det <VQ1(51) VQ;(&) VQ:;(S:S) Vué&s))‘

where each @); is either of the functions gz or qf—r. The columns where Q); = g2 are
slightly more complicated since the formula for Vgo(§) in involves multiple
terms. However, we can always treat the second term as an error and effectively
ignore it. Indeed, if Q; = g2, then we must have ¢; = k/3 and so we consider
£ € suppbik/& In this case, |[u(§)] < 272F/3+4k/3 and, by differentiating the
defining equation for 6y, we also have |V02(¢)| < 1. Since k is large, we can
therefore think of Vgo(€) as a tiny perturbation of v 0 65(£) on supp bgMS. On the
other hand, for the final column we have

Vu(g) =" 0 02(8). (5.9)

In view of the support conditions (5.2) and (5.3) and the derivative formulae
(5.5) and (5.9), the transversality hypothesis would follow from the bound

!
det <7(<191) 7(182) W(f:ﬁ) 7%3))‘2V(sl,32,53)|31—53||52—53| (5.10)

for all s1, s9, s3 € I, where here and below

Vit ootm) =[] ti—t))

1<i<gys<m

denotes the Vandermonde determinant in the variables ¢1,...,t,, € R. In order to
make this reduction, we use the bound |02(&) — 07 (¢)] < 27¢ < 6® from Lemma
For (5 € A(k), we can think of f5(¢) and 63 (€) as approximately equal; this allows
us to reduce to a situation involving only three variables si, s2, s3. Here we use the
fact that the right-hand side of is bounded below by (a constant multiple of)
9% for s; € I with dist(s;, J;) < 20 for 1 <i <3 and J = (Jy, Jo, J3) € J>5P(0).

By repeated application of the fundamental theorem of calculus, we may express
the left-hand determinant in as

S92 S3 ts S3 Ug / " m
dog (V031 V() "us) TN G g dusdisdts.
oo L 1 0 0 0
s1 JSs2 2 3 us

By continuity and the reductions in the inner determinant is single-signed and
bounded below in absolute value by some constant.

By the observations of the previous paragraph, the left-hand side of is
comparable to the same expression but with + replaced by the moment curve
Yo(s) = (s,%/2,5%/6). Consequently, it suffices to prove (5.10) for this partic-
ular curve. However, in this case the left-hand side of @ corresponds to (the
absolute value of a scalar multiple of) d;V (s, s2, 83, 83 + t)|t=0. A simple calculus
exercise shows this agrees with the expression appearing in the right-hand side of
(5-10), as required. For similar arguments, see [15, 19].
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6. L2-LOCAL SMOOTHING

In this section we upgrade the LP-local smoothing estimates of [25] for p = 12 by
exploiting the localisation of the spatio-temporal Fourier transform of m[ay ¢](D;t) f
with respect to the 2-dimensional cone 'y in (€, 7)-space from the introduction. The
arguments are similar to those of [20] and [3]. Crucially, we apply a decoupling in-
equality from [3], which is a conic variant of the celebrated decoupling inequality
for non-degenerate curves [I1], [16]. After this step, the remainder of the argument
is similar to that of [25]E|

6.1. Decomposition along the curve. Fix (e C*(R) with supp ¢ < I such that
ez C(+ —p) =1. For ke Nand £ € A(k), we write

are(§t:8) = Y are(&5t55)C(2°02(8) — ).

HEZ

Using stationary phase arguments, as in the proof of Lemma [4.3] we may localise
s to lie in a neighbourhood of 65(£). Let p > 0 be a small ‘fine tuning’ constant
chosen to satisfy the requirements of the forthcoming argument; for instance, we
may take p := 1075, We then define

aly (&t 5) := are(§ 15 5)¢(2°02(€) — p)m(p2° (s — 62(€)))  for L€ A(k),
a5 (&5t s) 1= aro(&65)C(2520(€) — pin(p2"2 7 (s — 6(€)))
for all u € Z.

Lemma 6.1. Let 2 < p < . For all ke N and £ € A(k), we have

Hm[ak,e - Z a£7e](D; ) f
HEZL
By Lemma if |s — 02(€)] » 27¢, then s is far from any roots 65 (£) of the
phase function. Hence Lemma follows from non-stationary phase, as in the
analysis of the error term in Lemma ii). Moreover, the proof is very similar to
that of [2, Lemma 8.1] and we therefore omit the precise detailsﬁ
The support properties of the symbols af:, ¢, are best understood in terms of the

New 27N flporey  for all N eN.

Lp (]R3+1)

Frenet frame. Recall, given a smooth non-degenerate curve v : I — R?, the Frenet
frame is the orthonormal basis {e1(s), ..., e4(s)} resulting from applying the Gram—
Schmidt process to the vectors {7/(s), ..., @ (s)}. With this setup, given 0 < r < 1
and s € I, recall the definition of the (1, r)-Frenet boxes 71 (s; r) introduced in [2];
namely,

mi(s;r) = {€ e R [(ej(s), )l < ¥ for j =1,2, [es(s),6)] ~ 1}.
We have the following support property.
Lemma 6.2. Let ke N, (€ A(k) and € Z. Then
suppg a’,j’g c 2ok 1 (S 27,

where s, 1= 27

The proof is similar to that of [2, Lemma 8.2, (a)], so we omit the details.

5Decoupling is also used in [25], but only with respect to a cone in &-space, leading to non-sharp
regularity estimates.

6The argument is in fact entirely the same as the proof of the case |k/3]e < ¢ < |k/3| from [2}
Lemma 8.1].
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6.2. Spatio-temporal localisation. The symbols are further localised with re-
spect to the Fourier transform of the t-variable. In particular, define the homoge-
neous phase function ¢z(§) := (y065(§),&) as in Lemma and let

Xee(&,7) = 77(2*(16*3[)746’“(7' + qg(f))) for £ € A(k).
We introduce the localised multipliers mg, 0> defined by

Felmi (& )](7) == xw,e(&, 7) Fe[mlag; (& )] (7).

Here F; denotes the Fourier transform acting in the ¢ variable. A stationary phase
argument allows us to pass from m[a}, ,] to m} ,.

Lemma 6.3. Let2 < p <. ForallkeN, £ € A(k) and u € Z, we have
H( ak Z mz,l) (D7 : )f”Lp(R3+1) sN,e 27kN”f”Lp(R3) fOT‘ all N € N.

The proof, which is based on a fairly straightforward integration-by-parts argu-
ment, is similar to that of [2] Lemma 8.3] and we omit the details.

To understand the support properties of the multipliers mz’ s> We introduce the
primitive curve

S
5: T —R?, ¥ s [SOSW].

Here {;~ denotes the vector in R* with ith component {;~; for 1 < < 3. Note
that 4 is a non-degenerate curve in R* and, in particular,

|det (D (s) - AW (s)) | =|det (yP(s) -+ AO)(s))] for all se I.

Let (€;(s))]_, denote the Frenet frame associated to y and consider the (2, r)-Frenet
boxes for ¥

Mo (s; 1) 1= {2 = (£,7) e R¥xR : |(&;(s),E)| < r¥77 for 1 < j < 3, [(@a(s),E)| ~ 1},
as introduced in [2].
Lemma 6.4. For all ke N, (€ A(k) with ¢ > [4ek] and p € Z, we have
supp Fi [mf;é] cok. o5 (Su; 2ickg—ty,
where s, := 27"y and F; denotes the Fourier transform in the t-variable.

The proof is similar to that of [2, Lemma 8.4] and we omit the details.

6.3. A decoupling inequality. With the above observations, we can immediately
apply the decoupling inequalities in [3, Theorem 4.4]|Z| associated to the primitive
curve ¥ to isolate the contributions from the individual m’,j’e(D; -).

Proposition 6.5. Let p > 12. For all k€ N, { € A(k), we have

1/p
H Z mg,g ‘ <. 20(51@)2@(1- )( Z HT)’L;~C (D fHLp R3+1)) .
HEZ HEZL

Lp(R3+1)

"The proof of Theorem 4.4 in [3] contains an error in the case 2 < d < n — 1. However, for the
case d = n — 1 used here, the argument in [3] holds as stated.
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Proof. If ¢ € A(k) satisfies £ < [4¢k], then we bound the left-hand side trivially
using the triangle and the Cauchy—Schwarz inequalities. For the case ¢ > [4ek], we
partition the family of sets ma 5 (s,;24%27¢) for |u| < 2¢ into O(2**) subfamilies,
each forming a (2,24%27¢)-Frenet box decomposition in the language of [3, §4]. In
view of Lemma and after a simple rescaling, the result now follows from [3|
Theorem 4.4] applied with d = 3, n = 4 to the primitive curve 7. (]

6.4. Localising the input function. The Fourier multipliers mZJ(D;t) induce

a localisation on the input function f. We recall the setup from [2, §8.6]. Given
¢ e A(k) and m € Z define

Age(m) := {€e R 1 & — &27'm| < 0276 and C~12% < & < O2F},

where C' > 1 is an absolute constant, chosen sufficiently large so that the following
lemma holds.

Lemma 6.6 ([2, Lemma 8.8]). If i € Z, then there exists some m(p) € Z such that
2k (5,527 € Ag (m(p)).

Furthermore, for each fized k and ¢, given m € Z there are only O(1) values of
W€ Z such that m = m(u).

For each i € Z define the smooth cutoff function
X o(62,83) := n(CH(2°%/6 — m(p))) (n(C~127%&5) —n(2C27%¢s)).

If (&1,&2,&3) € suppg a’,z’e, then Lemmas andimply XZ,Z@??&’)) = 1. Thus, if
we define the corresponding frequency projection

froe =X (D) f,
it follows that
m[a‘,;e](D; )f = m[a’é,e](D; -)f;i‘,r (6.1)

Lemma 6.7. For all k € N and { € A(k), we have

(X1t

MEZL

1/p
;zp(Ra)) < ”fHLP(]R3)~

Proof. The case p = 2 follows from Plancherel’s theorem via Lemma [6.6] and the
finite overlapping of the sectors Ay ,(m(p)). For p = oo, it is easy to see that
sup,, H]-"E;l53 [Xkollz1 @) < 1; indeed this is immediate for & = ¢ = 0 and the
general case follows since Xg’[(fg,fg) = XS’O(QZ*ka,Q*kfg). Interpolating these
two cases, using mixed-norm interpolation (see, for instance, [8, §5.6]) concludes
the proof. 0

6.5. Local smoothing for the m[a; ,](D,t). We recall the following result, which
follows from [25] Theorem 4.1] when combined with the main result from [10].

Theorem 6.8 (|25, Theorem 4.1]). Let v: I — R? be a smooth curve and suppose
that a € C°(R3\{0} x R x R) satisfies the symbol conditions

|8?6§8§a(§;t; 8)| Sasij €7 for all a e N3 and i, j e Ny
and that
[V (8), 01+ 1KY (s), 1 = €] for all (& s) € suppea x I.
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Letp=6,e>0and k = 1. If ay, is defined as in (3.3), then

1/p
J. [mlar](D; ) fI75 gsy d ) Sew 277 H| fl oo (ms)

By combining Theorem [6.8] with the rescaling from §4.2] we obtain the following
bound for our multipliers m[aj, ,].

Proposition 6.9. Let p > 6. For allke N, € A(k) and p € Z we have

1/p
fl\m ag,  J(D; ) 170 sy d ) <. 20E = 2R=30/P=L) £, o). (6.2)

Proof. The argument is essentially the same proof as that of [25, Proposition 5.1].
We distinguish two cases:

Case: £ = k/3. The result follows from interpolation between the elementary esti-
mates

iuﬂg Hm[ag,k/s]( : §t)||M2(R3) < 2—k/3+0(ek))
€

iuﬂ}é) Hm[al]:,k/S]( . ,t) HMm (R3) < 2—k/3+0(€k)'
€

Both these inequalities are consequences of the size of the s support of a’,i /3" The

first is trivial. The second can be deduced, for instance, by adapting arguments
from [3], §5.6].

Case: L€ A(k). Fix ¢ € A(k), p € Z and set o := s, and X := 27°. With the
notation from §4.2] we define
Yi=Yor, @:i=(df Jor, fi=for, M:i=([v]on)".
Thus, in view of ([4.7), we have
malaf (D5 )£ () = A(ms [a)(D30)f) (M (@ — t(0))). (63

We claim 7 and a satisfy the hypotheses of Theorem [6.8] Here we note that the
condition (4.4) holds for @ , by an immediate Taylor expansion of 7/(s) and v”(s)
around 605(£). By (4.5), we have

|§| ~ 2836 for all € € suppy . (6.4)
Combining this with ( and (3.17)), we have
Y (s), £>| +[(Y"(5), Ol 2 €] for all (;1;5) € supp a. (6.5)

On the other hand, let 5 and @ be the functions defined in but now with
respect to the curve 4. It follows that

0+ My(E) =00 M(E) and  @(€) = duo M(E)
and so
(&5t 8) = (ar)on (& t58)B(27F30(€)) ¢ (02())m (p(s — 2(€)))-

Using the fact that [(3(3) o 92(5)7§>| ~ 2F=36 ~ |¢| on the support of @, it is a
straightforward exercise to show that

0802(6)| <o l€I710 and 27T |02a(8)] <a €71
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hold for all § € supp, @ and o € N3. The derivative bounds
|8§‘6§3§d(§;t; 8)| Saij €171 for all ae N3 and 4, j € Ny (6.6)

then easily follow, noting that the derivatives of (ax)s,» can be controlled following
the discussion at the end of

As a consequence of , we may write a = Z;O:O a; where each a; is a localised
symbol as defined in and the only non-zero terms of the sum correspond to
values of j satisfying 27 ~ 2¢73¢, In view of and , for p = 6 we can apply
Theorem [6.8 to obtain

2 _ ~ 1/p ol -
(J Hmi[a](D;t)fH’gp(Rs)dt) <. 20(k)g—2(k 3@)/p|‘f||Lp(R3),
1

This, together with (6.3) and an affine transformation in the spatial variables, gives
the desired inequality (6.2]). O

6.6. Putting everything together. With the above ingredients, we can now
conclude the proof of the L2 local smoothing estimate.

Proof of Proposition[3.6. By successively applying Lemma [6.1} Lemma[6.3] Propo-
sition [6.5] and a second application of Lemma [6.3] we obtain

1/12
Imlar,e](Ds ) fl 1z gs+1) Se,n 25k/225£/12( Z Im[ay (1(D; ')f||1L212(R3+1))
HEZL

+ 275N £l 1z rs)
for any N > 0. By the localisation (6.1]) and Proposition we have

1/12 o B 1/12
(2 Imlaf J(Ds ) flfBagann)) - 2020 (806t (7 ) e 12 o)
HEZ HEZ

Combining the above observations with an application of Lemma [6.7] concludes the
proof. O

7. THE NON-DEGENERATE CASE

In the non-degenerate case £ = 0 we appeal to the classical (linear) Stein—-Tomas
restriction estimate, rather than the trilinear theory from

Proposition 7.1. Let v : I — R3 be a smooth curve and suppose that a €
C®(R3\{0} x R x R) satisfies the symbol conditions

|é’?0§8§a(§;t;s) Savis |¢| e for all « e N3 and i, j € Ny
and that

17 (5), &) + |4 (s), 6] = |€] for all (&;s) € suppga x I. (7.1)
Let k = 1. If ay is defined as in , then

2 6 U6 s
(L ||m[ak](D§t)fHL5(R3) dt) <2 HfHLz(RS).
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Proof. Decomposing the symbol a into sufficiently many pieces with small £ and s
support, the non-degeneracy condition (7.1]) can be strengthened to the following:
there exists B > 1 such that

BT < [(0"(5), &1 < Bl¢| - for all (&) € suppg a x [ (7.2)
and there exists s, € I such that
(7' (54), )] <107'°BJ¢|  for all € € suppg a; (7.3)

see, for instance, [25, §4] or [I3, Chapter 2] for details of this type of reduction,
which relies on the fact that the oscillatory integral m[ay] is rapidly decreasing if
the phase function s — (7(s),&) has no critical points. Under conditions and
, there exists a unique smooth mapping 6; : supp; a — I such that

(' 00:(6),&) =0 for all £ € supp; a. (7.4)
Let g1(&) :=={y001(£),&). Arguing as in the proof of Lemma we may use
and van der Corput’s lemma with second-order derivatives to write
mlag](&t) = 27210 Oy, (277¢ 1)
where by, € C®(R3*1) is supported in B(0,10) and satisfies
|oNbe(27%¢: 1) Sy 1 for all (€;t) e R*T! and all N e N,

Following the reductions of §5.1] we consider an operator T of the form

Toet)= | O mOnegg(e) ag

for be C* (]@3) bounded in absolute value by 1 which, by (7.2)), satisfies
suppb € {€ € B2(0,1) : [v(§)] ~ 1} where  v(&) :={y" 2 01(€), ).

In particular, to prove the lemma, with the above setup it suffices to show

ITglLe(Bs+1(0,.2¢)) < I9lL2(e)- (7.5)

The inequality follows from a generalisation of the classical Stein—Tomas
restriction theorem due to Greenleaf [14] (see also [30, Chapter VIII, §5 C.]). To
apply this result, we need to show that ¢ is smooth over the support of b and
satisfies certain curvature conditions.

Arguing as in the proof of Lemma we see that |[V61(£)| ~ 1 on suppb and,
furthermore, the function ¢ is easily seen to be smooth with bounded derivatives
over this set. A simple computation shows that the hessian 6g§q1(§) is the rank
1 matrix formed by the outer product of the vectors V6;(§) and v/ o 61(€). By
elementary properties of rank 1 matrices, 8§§q1 (&) therefore has a unique non-zero
eigenvalue given by

K(€) ==y 0 01(€), VO1(€)).
We claim that
k(&) ~ 1 for all £ € supp b; (7.6)

geometrically, this means that the surface formed by taking the graph of ¢; over
some open neighbourhood of supp b has precisely one non-vanishing principal cur-
vature. This is precisely the geometric condition needed to apply the result of [14]
in order to deduce (7.5). To see holds, we take the ¢-gradient of the defining
equation for 6; and then form the inner product with Vé;(£) to deduce that

0=y 001(€), VO1(E)) + (" 0 01(€), IVOLE)* = K(E) +v()[VO1 ().
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Since |v(€)| ~ |VO1(€)| ~ 1 on supp b, the claim follows. O

One can interpolate Proposition with the diagonal L® — LS local smoothing
result of Pramanik-Seeger [25] (see Theorem above) to directly deduce the
desired L* — LS estimate for the non-degenerate piece ay o introduced in (3.8).

Lemma 7.2. For all k€ N and ¢ > 0, we have
2 6 1/6 —O(1)o—k/6+ck
(], Imlaeol(D.0)f1Gsqes) de) e 67OD2HOT] £l ooy

This lemma reduces the proof of Proposition to establishing the L* — LS
bound in (3.6) with ax replaced with the localised symbol ay := ar — ax.o.

8. CONCLUDING THE ARGUMENT

Here we conclude the proof of Proposition [3.2] and, in particular, present the
details of the trilinear reduction discussed in

Proof (of Propositz'on. Fixe >0andlet 0 <d <1, M. e Nand C. > 1 be
constants, depending only on €, and chosen to satisfy the forthcoming requirements
of the proof. We proceed by inducting on the parameter k. For 0 < k < 6~'%°, the
result is trivial and this serves as the base case. We fix k € N satisfying k > 6100
and assume that for 0 < n < k—1 the result holds in the following quantified sense.

Induction hypothesis. Let v € &(dy, M) and suppose a € COO(]IAQ?’\{O} x R x R)
satisfies the symbol condition
0g0j0la(t;s)| < €71 for all a € N and 4, j € Ng with |al,i,j < M.. (8.1)

For all 0 < n < k — 1, we have

2 1/6
(] Iman)Dit) 1 oqusy dt) < €2/ sy

We remark that if M. € N is chosen sufficiently large, then all the estimates
proved in this paper are uniform over all curves belonging to the class &(do, M;).

We now turn to the inductive step. Fix v € &(dp, M) and a satisfying and
suppose a o is defined as in . Provided C. is chosen sufficiently large in terms
of ¢, we may apply Lemma|[7.2] to deduce a favourable bound for the corresponding
multiplier m[ago]. It remains to show

2 1/6
(| imload(Dst) 1 oquey at) " < (Cof22 04 s

for the aj symbols as defined in (3.13]).
For convenience, write
Urf(x,t) := mlag](D,t) f(x) and U f(z,t) := m”[ax](D,t)f(x) for J € J(6),
where m” is as defined in (3.10). By fixing an appropriate partition of unity
(¥} ses(s)s
Unf = ), Ulf

JeJ(6)
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By an elementary argument (see, for instance, [19, Lemma 4.1]), we have a pointwise
bound

G < e 02FG 07 3 [T 62

JeJsser(§) Jed

Taking LS-norms on both sides of (8.2)), we deduce that

Loy < (2 107 o) 467 S | [T

JeJ(5) JeJsser(s)  JeJ

L6( R3+1)

(8.3)

The first term on the right-hand side of can be estimated usmg a combi-

nation of rescaling and the induction hypothesw To this end, let 3 € cr (]R3) be

a non-negative function satisfying 33 = 8 and |€] ~ 1 for & € supp B, and define

ﬁk(f) 5( —k¢) for k € Ng. For J e J(9) fix by € CP(R) satisfying supp iy < 4-J,

Yy(r) = 1for re2-J and |0N¢;(r)| <n |J|7N for all N € Ng. We define the
Fourier projection f; of f by

F1©) =xs©F(©)  where  xs(&) == F(€)vs 0 0a(¢).
By stationary phase arguments, similar to the proof of Lemma we then have
1O Fllps oy < UYL frlpsmsssy + 271 flpagesy  for each J € J(9).
Fix J € J(J) with centre c;. By the scaling relation (4.8)), we have
1O | agsy— Logs+y S 62Uk arsy— oasr)
where U}, is the rescaled operator

0kf(z7t) = m:y[d](D,t)f(x) for :)/ = 70],6/27 a:= (ﬂk : wJ)CJ,§/2?

with the rescalings as defined in and . Note that, provided § > 0 is chosen
sufficiently small, ¥ € &(dp, M) and, arguing as in the proof of Proposition
the symbol a satisfies (perhaps with a slightly larger constant, but this can
be factored out of the symbol). We note that the condition is satisfied for
A = §/2 on the support of ay; recall that here holds. Furthermore, in view of
, the symbol a satisfies

suppg @ © {§ € R : [¢] ~ 6%2F).

In particular, we can write a = ZZJ:O a, where each a,, is a localised symbol as in
(3.3) and the only non-zero terms of this sum correspond to values of n satisfying
2" ~ §32F. Thus, by the induction hypothesis,

HﬁkHL4(]R3)—>L6(R3+1) < 05(532k)_1/6+5 _ 055—1/2+352—k/6+sk.

Combining these observations,

(3 10 o) < Cctm2 b (S )

JeJ(9) JeJ ()
< C6% 27O £ La sy, (8.4)
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where the final estimate follows from the orthogonality of the f; via a standard
argumentﬁ

On the other hand, each summand in the second term on the right-hand side
of can be estimated using Proposition In particular, for each fixed J €
J35eP () we have

| [ U A1)

for some absolute constant E >

Combining (8.3] , and . we deduce that
HkaHLG(R3+1) < C(C0% + 67 B4 27MOTER £ L oy,

where the constant C. > 1 is an amalgamation of the various implied constants
appearing in the preceding argument. Now suppose § > 0 and C. have been
chosen from the outset so as to satisfy C.6%¢ < 1/4 and C. > 4C.5~F~%. It then
follows that

Eo—k/6+ck
L6(R3+1) Se 07727 o HfHL4(]R3) (85)

|Ukfllzoga+ry < (Ce/2)27F/FF| £ para),
which closes the induction and completes the proof. ([

9. NECESSARY CONDITIONS

In this section we provide the examples that show that M, fails to be bounded
from LP — L7 whenever (1/p,1/q) ¢ T. By a classical result of Hérmander [I8],
M, cannot map LP — L7 for any p > ¢. Failure at the point (1/3,1/3) was
already shown in [I9] via a modification of the standard Stein-type example for the
circular maximal function. The line joining (1/3,1/3) and (1/4,1/6) is critical via
a Knapp-type example, whilst the line joining (0,0) and (1/4,1/6) is critical from
the standard example for fixed time averages.

9.1. The Knapp example. By an affine rescaling (as in , we may assume
7(j)( ) =¢; for 1 <j <3, Where denotes the standard ba51s vector. Thus, if 7,
denotes the moment curve as in | then v(s) = y(0) + Yo(s) + O(s*) for s € I.
Furthermore, we may assume Wlthout loss of generality that a := y3(0) > 0. Given
6 >0, let f5 := 1g, where

Rs:={yeR®:|y;| <&, 1<j<3}
Clearly, | fs]z»®s) < 6%P. Consider the domain
Es:={xeR®: |z; —237;(0)/a| <& /2, j=1,2, a<ua3<2a}.

By the moment curve approximation, there exists a constant ¢, > 0 such that if
|s| < ¢y, then the following holds. If x € Es and t(z) := x3/a, then

2 = () (5)] < la; = H@)(0)] + ) 175 (0) = 5(9)| <& for j = 1,2

8Indeed7 by interpolation it suffices to show

Jg((g 150728y < | f132(zs) and e, If50l Lo m3) S [ fll Lo r3)-
The former follows from Plancherel’s theorem and the finite overlap of the Fourier supports of the
fu. For the latter, it suffices to show the kernel estimate sup jc3s) |Fxsl1 S 1. To see this,
we apply a rescaling as in the proof of Proposition @ which transforms x s into a function with
favourable derivative bounds.
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and
w3 — t(2)73()] = [t(2)||73(0) — 73 (s)| < &°.
Thus, we conclude that « — t(z)vy(s) € Rs for all |s| < ¢,d and therefore

[M, fs|Lamsy = 6\E5|1/q > §i+3/a,

The bound [ M, fs| ras) < | f5] e (rs) therefore implies §13/¢ < §%/7; letting § — 0,
this can only hold if 1 + % > g. This gives rise to the line joining (1/3,1/3) and
(1/4,1/6) in Figure

9.2. Dimensional constraint. This is the standard example for L? — L4 bound-
edness for the fixed time averages. Given 0 < ¢ < 1, consider gs = 1 y;(,) where

Ns(y) :={zeR>: |z +~(s)| <& for some s e I}.

Clearly, | gs| z»rs) < 6%P. Furthermore, x —~(s) € Ns(y) for all |z| < 6. This read-
ily implies M. gs(z) = A1gs(z) 2 1 for |z| < 6, and consequently, || M, gs||rqrs) =
§%/4. The bound [Mygs|Larsy < |95 e (rsy implies §%/1 < §%/?; letting 6 — 0, this
can only hold if % > %. This gives rise to the line joining (0,0) and (1/4,1/6) in
Figure [T}

APPENDIX A. LOCALISED MULTILINEAR RESTRICTION ESTIMATES

Here we present the proof of Theorem We use a simple Fubini argument
to essentially reduce the problem to particular cases of the multilinear restriction
inequalities from [0, Theorem 1.3] and [7}, Theorem 5.1]. More precisely, we require
low-regularity versions of these results which apply to C''/2-hypersurfaces. How-
ever, the arguments of [6] and [7] extend to cover the C*“-class for any a > 0 by
incorporating minor modifications to the induction-on-scale scheme as in the proof
of [I9, Theorem 3.6]; we omit the details.

Proof (of Theorem , Let 6 > 0 be a small constant, which is independent of
1 and R and chosen to satisfy the forthcoming requirements of the proof. We
may assume without loss of generality that 0 < p < d, since otherwise the desired
estimate follows from the C'»'/2 extension of the Bennett-Carbery-Tao multilinear
inequality [7, Theorem 5.1].

By localising the operators and applying a suitable rotation to the coordinate
domain, we may assume that there exists an open domain U} < R? and a smooth
map 7v: U, — R such that

{€ e suppaz - u(§) = 0} = {(s,7(5)) : s € Us}
and, moreover,
suppag = {(s,7(s) +7): s€ Uy and |r| < p}.
By differentiating the defining identity for ~, we observe that
(e, )(5,7(5)) + (20,7 ()G w)(5,7(s) =0 forj=1,2. (A1)

By a change of variables, we may write

(LI
Esf3(x,t) = f " B3y f3r(2,t)dr

—pu
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where f3,(s) := f3(s,v(s) + r) and

Es,g(x,t) = f

R

T +Qa(s7()+) gg (5)g(s) ds

for T'(s) := (s,7(s)) and a3 ,(s) := as(s,v(s) + r). For each fixed |r| < p, the
operator Ej3, is the extension operator associated to the 2-surface

2/3,7’ = {(S,’Y(S),Q:;(S,’Y(S) +7r)):se Ué}
When r = 0, it follows from (A.1)) that

Span{ <—VQ310 F(S)> 7 (Vu OOF(S)) } _ Ngzé’o for & := (I(s),Q300(s));
(A.2)

that is, the span of the two vectors is equal to the normal space to 2370 at &.
After applying a simple Fubini—Tonelli argument, the problem is reduced to
showing

" 2 3
J [ T1E; £i(@ )| sy fop(x, 1) dzdtdr sq e REu"? [ ] 1522w,
—pnJB(O,R) j_1 j=1
(A.3)

The key claim is that for each |r| < u, the trio of extension operators (Ey, Ea, Es )
satisfy the hypothesis of [6, Theorem 1.3]. In particular, provided § > 0 is chosen
sufficiently small, our transversality hypothesis implies that the normal spaces
to the submanifolds ¥, X5, 33 ;- factorise the space R* in the sense that

Ng, 31 @ N, 22 @N&Eé,r = @4

for all [r| <y and all choices of & € X1, &> € ¥a, &3 € X3 .. To see this, we first prove
the r = 0 case by combining and , and then extend to all |r|] < p < ¢
using continuity. Consequently, we can use the formula proved in [, Proposition
1.2] together with to conclude that the Brascamp—Lieb constant associated
to the orthogonal projections onto the tangent spaces T¢, %1, T¢, X0, Te, X3 (with
Lebesgue exponents p; = py = p3 = 1/2) is uniformly bounded. We refer to [5, @]
for the relevant definitions. This is precisely the hypothesis of [6, Theorem 1.3] and
invoking (a suitable C'"1/2 generalisation of) this result we obtain

2 2
J [ T1E: fi (@, )| s r far(x, )| dadt Sqe B [ fill2wy | ol o)
B(O,R) j=1 j=1

uniformly over all |r| < u. We integrate both sides of this inequality with respect
to r and apply the Cauchy—Schwarz inequality to deduce that

ow 2
t[ f [ T1E)fi(@, )| Es p f.r (2, t)| dzdtdr
—pn JB

(OvR)j:1
e, 1/2 - . 2 1/2
<ac B [ 15w (| 1oty o)
j=1 —h

The desired estimate (A.3]) now follows by reversing the original change of variables.
O
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