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In this paper, an exact expression for the first probability density function of the solution stochastic process
to a randomized homogeneous linear second-order complex differential equation is determined. To complete
the probabilistic analysis, the first probability density functions of the real and complex contributions of the
solution stochastic process are also calculated. To compute the densities, the random variable transformation
method is applied under general hypothesis, all coefficients and initial conditions are absolutely continuous
complex random variables. The capability of the theoretical results established is demonstrated by several

numerical examples. Finally, we show the applicability of the method in engineering, by analysing the solution
of a randomized simple harmonic oscillator, defined on the complex domain, and comparing our results with
those obtained by using Monte Carlo simulations.

1. Introduction

Differential equations have been demonstrated to be an essential
tool in Engineering. Differential equations permit to model numer-
ous physical phenomenons and they are fundamental to analyse the
behaviour of a given system of interest. In particular, second-order
differential equations play a central role in the physical sciences. Many
examples of the applicability of a second-order differential equations
can be found in the literature, for instance, in mechanical vibration,
electric circuits, classical mechanics and electrodynamics [1-3]. In the
classical deterministic theory of differential equations, the coefficients,
and the initial conditions considered to start the process, are usually
fixed via experiments. Therefore, they contain a certain measurement
error. This matter, along with the inherent complexity of the problems
under study and some external factors that can affect to the system,
make necessary to consider randomness in the formulation. There exist
two main classes of differential equations with uncertainty, the stochas-
tic differential equations (SDEs) and the random differential equations
(RDESs). In the first case, differential equations are forced by an irregular
stochastic process. A classical example of SDE is a differential equation
perturbed by a term dependent on a white noise variable calculated
as the derivate of the Wiener process or Brownian motion [4,5]. To
solve a SDE we can use the so-called It6 calculus which is based on the
application of the It6 lemma [5]. On the other hand, a RDE consists in
a natural generalization of the deterministic counterpart [6-8]. That is,
input parameters in the problem are considered random variables (RVs)
or stochastic processes (SPs) rather than fixed constants or functions,
respectively. The main advantage in dealing with RDEs is that we
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are able to assign a wide range of probabilistic distributions to the
inputs, such as Gaussian, Gamma, Beta, Uniform, etc, ...In addition,
dependence among parameters can be considered. Thus, RDEs provide
us flexibility to cope with real models.

In [9], the first probability density function (1-PDF) of the solu-
tion SP of a randomized homogeneous linear second-order differential
equation is constructed considering that the input parameters, constant
coefficients and initial conditions, are real RVs. On the other hand,
differential equations and complex analysis have a significant role in
modern engineering and physics and they have multiple applications in
quantum mechanics, fluid mechanics, nuclear engineering and complex
geometry [10-13]. It should be noted that recently, in 2017, some
physicists gave a relation of the linear complex differential equations
with constant coefficients and Schrodinger equations, see [14]. Then,
given the importance of complex differential equations, the goal of
this paper is to extend the analysis in [9] to the complex scenario.
Then, in this work, a particular linear second-order RDE with complex
coefficients is considered. In order to compute the 1-PDF of the solu-
tion SP of an homogeneous linear second-order differential equation
with randomized complex coefficients we apply the Random Variable
Transformation (RVT) method. This technique has been successfully
applied in previous works [15-20], and it will allows us to find exact
expressions for the 1-PDF of the solution SP.

The paper is organized as follows. For clarity’s sake, in Section 2
classical probabilistic results about the computation of the 1-PDF are
summarized. In particular, the RVT method in its multidimensional
version is stated. In Section 3, we provide a complete probabilistic
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description of a randomized homogeneous linear second-order com-
plex differential equation. We compute the 1-PDF of the solution SP
applying the RVT method, in different scenarios motivated by the
deterministic theory. To complete Section 3, expressions for the 1-
PDF of the real and complex components of the solution SP are also
determined. The capability of the theoretical results established is
shown in Section 4, where several numerical examples are exhibited.
In addition, an application of the results achieved is addressed in
Section 5. The 1-PDF of the response of a randomized simple harmonic
oscillator defined on the complex domain, as well as both the real and
complex contributions, is determined. In this case, comparisons with
Monte Carlo simulations are done. Section 6 draws the conclusions and
future work.

2. Preliminary concepts

In this section we introduce some preliminary concepts regarding
the computation of the first PDF and how it can be used to obtain
some interesting statistical quantities of a given SP. Let x(¢,w) be the
solution SP of a RDE. Note that, in this contribution we use bold letters
to indicated that we are dealing with vectors. To solve a RDE means
not only to compute its solution, a desirable goal is the computation
of its main statistical functions, such as the mean and the variance. If
it is possible, a more convenient objective is the determination of the
1-PDF, f,(x,1), that gives a full probabilistic description of the solution
SP x(f,w) in every time instant . From f,(x,7) we can calculate all
one-dimensional moments

E[x(t,a))k]:/ xFfixndx, k=1,2,...,
]Rﬂ

being x = (xy,...,x,)" € R". In particular, the mean and the variance
are defined by

u() =Ext.w)], or()=VIx(to)]=E[xtof] -Exto)*. (1)

Furthermore, the 1-PDF is useful to compute the probability the solu-
tion lies on a particular set of interest 3 € R”, for a given time instant
> 0 fixed,

P[{o e : x(f,w) € B)] =/f1(x,ﬂdx.
B

Notice that, fixed 7 > 0 and « € (0,1), the 1-PDF also permits
constructing confidence regions by determining z € R such that

/(fl(Xﬁ—Z)dX=1—a, fix,D 2z (2)
Rn

The confidence region is the R"~!-manifold defined by f,(x,?) = z.
As indicated at the introduction, the RVT method its an useful tool to
determine the distribution of a random vector from mapping another
random vector with a known PDF. The multidimensional version of the
RVT method is stated below, in Theorem 1.

Theorem 1 (Random Variable Transformation Method, [6]). Let u(w) =
Uy (@), ..., uy (@) and v(®) = (v,(®),...,v,(®))T be two n-dimensional
absolutely continuous random vectors. Let r : R" — R" be a one-to-one
deterministic transformation of u into v, ie., v = r(u). Assume that r
is continuous in u and has continuous partial derivatives with respect to
u. Then, if f,(u) denotes the joint PDF of vector u(w), and s = r~! =
(51(U1see s Uy)s oov s S, (V5 ..., 0,)T Tepresents the inverse mapping of r =
(ry Qs eeestty)y oo s Uy, ... 1)), the joint PDF of vector v(w) is given by

Fi ) = fu W) ||
where |J,| is the absolute value of the Jacobian, which is defined by

051 (U, ..., U,)

Jv Jv
T 1 1
J, = det <aai> = det : :
v 051 (Vs +vv s Uy) 05, (V15 ... s Uy)

Jdu, Jdu,

0s,(vy, ..., U,)
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3. Probabilistic solution of the solution SP

Let us consider the randomized homogeneous linear second-order
complex differential equation

X(t,w) —d()x(t,w)=0, t>0, 3)
with initial conditions
x(0, w) = a(w), x(0, w) = b(w). (€))

Remark 1. Note that in the subsequent development a complete ran-
domized homogeneous linear second-order complex differential equa-
tion of the form

X(t, w) + p(w)x(t,w) + g(w)x(t,w) =0, >0,

can be considered. Given the complexity of the notation and calcula-
tions, a reduce version is treated in this paper. We consider the RDE (3)
because of its applicability, for example in mechanical vibrations when
considering unforced and undamped vibrations [1]. All computations
can be reproduced considering the complete differential equation.

In the initial value problem (IVP) (3)-(4), input parameters d(w),
a(w) and b(w) are assumed to be dependent absolutely continuous com-
plex RVs defined on a common complete probability space (£, F,P).
Let us recall that a complex RV z(w) is defined as a RV of the form

z(w) = zg(®) +1zc(w),

where the real and the complex parts, zz(w) and z-(w), are real RVs,
and i is the well-known imaginary unit, defined as i> = —1. The statisti-
cal information and properties of the complex RV z(w) are determined
by the joint PDF of the random vector (zgx(®), zc(@))T, frc(zgrsZc)s
provided that it exists. For more information about complex RVs
see for example Refs. [21-24] and therein. In order to apply RVT
method, we consider that the joint PDF of the complex random vector
(d(w), a(w), b())" is known and it is denoted by fy(dg, dc, ag. ac,bg, be)-
Then, for the sake of generality, we are assuming dependence between
the complex RVs. In case of independent RVs we can apply that the
joint PDF is the product of the marginals, that is

Sfoldg.dc.ag.ac,br,bc) = fa(dg,dc)fo(ag.ac) fy(bg, be)

In addition, the real and complex components of a complex RV can also
be independent. In this case, the joint PDF of the complex RV turns out
to be the product of the PDF of the real component and the PDF of the
complex component.

3.1. Computing the 1-PDF of the solution SP x(t,w)

As it has been indicated at the introduction, a RDE is a natural
generalization of the deterministic counterpart. In this manner, firstly
we shall find a closed expression for the solution of the deterministic
IvP

{ X(@)—dx() =0, t>0,

x(0) = a, x(0) = b, (O]

where d,a,b are complex numbers. From the classical deterministic
theory of differential equations, the solution of the deterministic dif-
ferential equation given in (5) is

x(t)= Ee"V' +F e,

being r; and r, the roots of the associated characteristic equation,
r*—d = 0, and E and F constants determined from the initial conditions.
First, we calculate the roots of the characteristic equation. In IVP (5) we
are considering complex parameters, thus we must calculate the roots
of a complex number, i.e., r = \/E, with d = dg+id. It is easy to prove
that the roots of a complex number d = dy +id are:
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+ Scenario 1. If d¢. > 0:

dp +\/d% +d2 —dp +y/d% +d
r|=\ 5 +1\ 5 5 ry = —r;
* Scenario 2. If d» < 0:
dg+/d% +d2 —dg +/d% +d?
rl=\ ) —1\ 2 s ry =—rq.

» Scenario 3. If d- = 0, then d = dy is a real number and we have
to distinguish the following cases:

- If dg > 0, then r; = +1/dg and r, = —r,.
- Ifdg <0, then r; = +i4/=dg and ry = —r,.
- Ifdg =0, thenr, =r, =0.

3.1.1. Computing the 1-PDF in the first and second scenarios
From the initial conditions, we calculate the constants E and F by
solving the linear system

a=x(0)=E+F,
b =x0) = Eri+Fry=r(E-F),

obtaining
E=24 L7 F=2_215
2 2n 2 2r
Then, the solution of the deterministic IVP (5) is
a b rt a b —ryt

D=2+ 2 )en'4+ (22 )er, 6
*® <2+2r1>e +<2 2r1>° ©
where r; := ri(dg,do) € C is the principal root defined above

in each scenario (notice that, in these scenarios, r, and r, are not
simultaneously zero), and its expression depends on the sign of d.
As it has been previously indicated, in the random scenario, for each ¢
fixed, the distribution of the complex RV x(f, ) is determined by the
joint distribution of the real and the complex components. Therefore,
expression (6) should be written with a distinction between the real and
the complex components, in order to find the transformation to apply
the RVT method. Let a = ag+iac, b = bg+ibec and r; = rig+ir ¢, from
the properties of complex numbers, in particular de Euler’s Formula,
the real and complex components of x(r) are

el'1R! bprig +bcr
xp(®) = aR+w cos
2 et
IR TC

b —b
_<“c— RI'iC CrlR)Sin(rlct)>

2 2
e~"IR! brrir + bcric
+ ) < ap=——>5 —— — |cos (rich)

"R T e
"R T e

bpric — ber .
+ aC+—R 1c C IR sin(rct) |,
2 +r?
IR "1C
brrig +bcric \ .
ﬁ sm(rlct)
r1R+r

elRt
xc(®) = 5 ag +
C

brric = ber
+ <aC— Rlc < IR ;C 2C 1R cos(rlct)>

"Rt e

e TIR! brrig +bcric \ .

ST ETe

bpric — ber
N <aC+M>ms<rwt>>.

2 2
"R T e

After some algebra the expressions of the real and complex contribution

can be written in a more compact formulation:

xp(t;ag,ac,y) = agrg (t;y) +acg(ty) + g(1y),
xc(t;ag,ac,y) =—apgt;y) + acg (1;y) + g4t y),
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being

g1(t;y) =g (t;bg, be,dg,dc) = cos(ryct) cosh(r pt),
& (t;y) =g, (t;br, be,dg,dc) = —sin(ryct) sinh(ryp1),

. brrig + bcr
g(1;y) := g3(t;br, be, dg, de) = cos(ryct) sinh(ry gH) =5 5———C

"R
. brric —bcrig
+ sin(ryct) cosh(rlRt)%,
"IR T

. brric = ber
2(1;Y) := gy(t;bg, be, dg, dc) = — cos(ryct) sinh(ry g) =5 ———%

ST ETe
R brrir + bcry
+ sin(ryct) cosh(rlRt)z—zcc,
IR T ic

(7)

where y = (bg, b¢c.dg.d¢). Notice that, as it will be shown later, this
reformulation of the solution will be useful in the application of the
RVT method. So, the solution SP of the random IVP (3)-(4) is derived
from the deterministic solution,

x(t,w) = xp(t,w) +ixc(t, w),
where x (1, w) and x.(t,w) are given by

xg(t, @) = xg(t; ap(®), ac(w), y(@))

= agp(@)g(1;y()) + ac(@)g (1, y(@)) + g3(1; y(w)), ®

xc(t,w) = xc(t; ag(w), ac(w), y(®))
= —ag(@)g,(1;Y(®)) + ac(@)g, (1;Y(@)) + g4(t; y(@)), ©)]

being the stochastic processes g;(r;y(w)), i € {1,2,3,4}, obtained as
a randomization of the corresponding deterministic counterpart de-
fined in (7). In Egs. (8) and (9) both SPs x(t,w) and x.(t,w) depend
upon RVs ajp(w), ac(w), br(w), be(w), rig(w) and r|-(w). At the same
time RVs r p(w) and r,c(w) are calculated from dz(w) and do(w), as
previously indicated. Given a fixed time instant + > 0, we apply
the RVT method to compute the PDF of the random vector v(w) =
(v1(@), vy (@), V3 (W), vy(W), vs(W), u6(w))T in terms of the known PDF of
the input random parameters w(w) = (ag(®), ac(®), br(®), be(®), dg(w),
de(@)7, fow) = folag,ac,bg,be,dg.dc). We define the mapping r :
R® —» R®

v; = ri() = xp(t) = agrg (t;y) + acg(1;y) + g3(5y),

Uy = ) = xc() = —agg (1Y) +acg (t:y) + g4 Y),

vV =fw =y,

where ¥ = (v3, 04,05, 04), £ = (r3,r4,r5,1¢) and y = (bg, be,dg.dc). The

inverse of the mapping r, s : R® - R, is

() — &g (; V) — (0 — g4(¥; V))& (y; V)
&2 + (9?2

s1(v) =

ar

5

(02 — 841 Mg (¥ ¥) + (0] — &3 (1)) (33 ¥)
g1 (V)2 + g (3 V)2

5

ac = s,(v) =

y =8v) =V

where § = (s3, 54, 55, 5¢) is the inverse mapping of = (r3,r4,r5, 7). The
Jacobian of mapping s is
= — ! — = 2 >0
g2+ g2 cos(2rct) + cosh (2r )
The Jacobian is strictly positive because of the hyperbolic cosine func-
tion is greater than or equal to 1. In addition, cosh 2r zt) = 1 ifr =0 or
r1r = 0. In this case, the time instant ¢ considered is positive and we are
dealing with the first and second scenarios, therefore |y is also non-
zero. Then, applying Theorem 1, we obtain the joint PDF of the random
vector v(w) in terms of the PDF of the random input parameters
2
cos (2r1¢t) + cosh (2r gt)

Sv(V) = fo(s1(¥), 55(¥), 03, U4, Us, Ug) (10)
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The distribution of the solution SP of the random IVP (3)-(4) is de-
termined by the joint PDF of the random vector (v,(®),v,(w))T =
(xg(t, @), xc(w))T. In order to compute it, we marginalize expression
(10) with respect to ¥(w) = (br(w), be(@), dg(w), dc(®)T= y(w)". Then,
marginalizing and taking ¢ > 0 arbitrary the 1-PDF of the solution SP
x(t, w) is

filxg,xe ) = /]R“ fo (Sl(XR,xo)’), Sz(XR7szY)7Y)

2
X dy,
€08 (2r ¢ (dg. de)t) + cosh (2r) gld g do)t)

(1)

being r z and r| the real and complex contributions, respectively, of
the principal root r, defined in Section 3.1. Note that, the principal
root of the characteristic equation, r;(w), depends on the sign of d(w),
for all w € Q. Therefore, if the domain of the RV d(w) is positive we
consider the first scenario. Then, the 1-PDF is

fr(stxc’t)=/ /fo(51(XR»xc»Y)»Sz(xR»xcaY)»Y)
R+ JR3

2
X
cos (2ric(dg,dc)t) + cosh 2r i g(dp, dc)t)

dp+y/d%+d? —dg+4/d%+d?
where | g(dg.dc) = \/ % and ryc(dg.de) = \/ ZIRYVARte ¢

the domain of d(w) is negative we must deal with the second scenario.
Thus, the expression of the 1-PDF is

dbg dbe dd g dd,, (12)

fl_(xR’xC’t):/N /]R’ fo (s1xp> x5 ¥)s $2(X g, X5 ¥, ¥)

2
X
cos (2ric(dg,dc)t) + cosh 2r g(dg,dc)t)

where 7 p(dg, de) = || Ve VI and rie(dp.de) = -\ Ve Vz‘iz”z
Finally, if the domain has both negative and positive values, the 1-PDF
expressed in (11) must be split into two integrals, considering for the
positive values the roots of the first scenario and for the negative the
roots of the second, that is

dbg dbe ddg dd,, (13)

f1(xg, xe 1) = fr(XvaCvt) + f] (X, X\ 1).

3.1.2. Computing the 1-PDF in the third scenario

Now, we obtain expressions for the 1-PDF in the third scenario. First
we study the case where the coefficient d(w) is a real RV, i.e., d(w) =
dr(w). In the second part of this subsection we will assume that the
coefficient d in (5) is zero.

Let us start considering that P [w € 2 :
fixed time ¢ > 0, the mapping r : R> —» R’ is

sm(\/—th)
b
C sin (y/—dgt),
A /_dR

dp(@) < 0] = 1. Given a

ri(m) = xg(t) = agcos(y/—dgt) +

Uy

U, = ry(u) = xo(t) = ac cos (\/—dgt) +

vy = rz(u) = bpg,
vy = rq() = be,
vs = rs(u) = dg,

where u = (ag,ac,bg.bc,dg)’ and v = (vy,v,,...,0s5)". The inverse

mapping s : R> — R> and its Jacobian are given by

sec (y/—vst)

ag = s;(v) = — (v/=vsv; — v3sin(y/=vsD),
sec (4/—0vst)
ac = 5,(v) = B e (y/=vsvy — vy sin(y/=v50)) ,

Vs

br = s3(v) = vs,
be = s4(v) = vy,
dp = s5(v) = vs,

J =sec(y/—vst).
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Then, applying the RVT method the joint PDF of the random vector
v(w) is

Sy = fo (519, 55(¥), 03, 04, 05) ‘Sec(\/—vsl)‘ ,

where fy(ag,ac, by, bc,dg) the joint PDF of the random input param-
eters, i.e., the PDF of the random vector (ag(®), ac(®), bgr(®), be(w),
dp(®))T. Marginalizing with respect to the random vector (v;(w), v4(@),
vs(@))T = (br(w), be(®),dg(w))T and taking ¢t > 0 arbitrary, the 1-PDF
of the solution SP x(t, w) is

“(xgsXcs 1)
= /R_ /R’ Jo (Sl(xR!xC’vabC!dR)’ sz(xR’vavabC!dR)’bR’bC’dR)
X ‘sec(\/—th)|dbR dbe. ddp. 14

Now, if P[w € 2 : dg(w) > 0] =1, i.e. the random variable dg(w) has
a strictly positive domain, the 1-PDF of the solution x(t, ®) is

fr(stxc,t)

:/R+ /]RZ fo (Sl(xRiszbRabCadR)aSz(stxC5bRaszdR)abRstadR)

2
x sec (v/dgt) dbg dbe ddg, (15)
being
s1(xg,Xc,br,be,dg) = — + xgsech(ty/dg),
R

b tanh (14/dg)
N
As in the previous subsection, if Plw€ Q : dg(w)>0] # 1 and

Plwoe€ Q : dg(w) <0] # 1, the 1-PDF of the solution SP is the sum
of both functions Egs. (14) and (15)

$9(xg, Xcs b, be, dg) = xcsech(t/dg) —

filersxest) = [ e, x0ot) + [ (xR, Xco ),

Finally, if the coefficient d is zero in the IVP (5), the solution of
the deterministic problem is x(t) = a + bt. Then, the real and complex
components of x(¢) are

Xg(t) = ag + bpt, xc(t) = ac + bct.

Let ¢ > 0 be fixed, to obtain the PDF of the random vector

(xg(t, @), xc(@)T = (ag(®) + br(@)t, ac(@) + be(@)r)"

in terms of the PDF of the random vector u(w) = (ag(®), ac(®), br(w),
beo(@))T, we define the following deterministic mapping

vy =ri(u) = ag+bpt,
v, =r,(W) = ac + bet,
vy =r3(u) = bgr,
vy =ry) = bc.

r: R* > R,

Therefore, the inverse mapping s : R* - R* and its Jacobian are

ag =s1(V) = vy —uv3t,
ac = 55(V) = vy — vyt
br =s3(v) = v3,
be =s54(v) = Uy,

J=1

Then, taking ¢ > 0 arbitrary the 1-PDF of the solution SP x(, ®) is
filxg,xg, ) = /2 fo(xg — brt,xc — bet, by, be) dbg db, (16)
R

where fy(ag,ac.bg,bc) denotes the PDF of the random vector
(ag(@), ac(@), br(®), be(@)T.

Following the same reasoning the 1-PDFs of the real and the com-
plex components of the solution SP x(, w), in each of the scenarios, can
be determined. For sake of generality in this study, calculations and
formulas of that probabilistic distributions are exhibited in an appendix
section, see Appendices A and B.
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Fig. 1. PDF of the solution SP x(1, w) at the time instants r = 1 (left) and 7 = 10 (right), in the context of Example 1. x, and x. are the values for the real and complex components,

respectively.

4. Numerical examples

The aim of this section is to illustrate the capability of the the-
oretical results previously established in Section 3. We present four
examples, with the aim of showing the random behaviour of the solu-
tion SP in the different scenarios indicated in Section 3. In the first and
second examples independence between all RVs involved is assumed
while in the third and fourth examples dependence is considered. We
start assuming that 4 = 0 in IVP (5), that is we consider the third
scenario being the roots r; = r, = 0. The computations are depicted
in Example 1. In Example 2 we assume that the coefficient of the RDE
(3) d(w) = dg(w) is a real RV, thus we are also considering the third
scenario. In this case, the RV d(w) affects to the dynamics of the solution
SP by producing oscillatory trajectories. In the other two examples, we
establish probabilistic distributions for the RV d(w). In Example 3 we
consider that d.(w) has a positive domain, then the roots indicated
at the first scenario are considered. Example 4 is devoted to illustrate
the case when the domain of RV d(w) is the whole real line. In this
case, as previously indicated in Section 3, the 1-PDF is computed by
splitting the function into two parts, one part with the roots of the
Scenario 1 and the other considering the roots of the Scenario 2. In all
the numerical examples, the 1-PDFs of the solution SP x(z, w), the real
component x (7, w) and the complex component x(t, w) are computed.
In addition, we also calculate the mean and the variance for each SP,
see formulas in expression (1). For the SP x(#, w) confidence regions are
displayed, by applying formula (2), in order to show the evolution and
variability of the randomized complex system under study.

Example 1. In this example we consider the particular case where
the coefficient of the differential equation established in (5) is zero,
i.e., d = 0. The initial conditions ag(w), ac(w), br(w) and bq(w) are
assumed to be independent RVs with the following distributions:

ag(w) has an Uniform distribution on the interval [0.5,1], i.e.,
ag(w) ~U([0.5, 1]).

ac(w) has a Gamma distribution with parameters 2 and 0.5,
i.e., ac(w) ~ Ga(2,0.5).

br(w) has a Beta distribution with parameters 7 and 3, i.e., bp(w) ~
Be(7, 3).

bc(w) has a Triangular distribution on the interval [1.2,1.5] with
mode at 1.3, i.e., bo(w) ~ Tr([1.2,1.5], 1.3).

In Fig. 1 the PDF of the solution SP x(7, w) is plotted at the fixed times
instants 7 = 1 and ¢ = 10. To figure both PDF, formula (16) is applied.
In addition, from formulas (1) and (2) and the expression for the 1-
PDF stated in Eq. (16), in Fig. 2 the expectation (blue points) and
the 50% (red curve) and 90% (black curve) confidence regions are
plotted for different time instants ¢+ € {0,1,2,5,10}. We observe that
the mean and the variability, in both components, increase over the
time. Note that, the variability of the real component increase faster
than the variability of the complex one. This agrees with the behaviour
of 1-PDFs, of the real and complex components, plotted in Fig. 3. On the
left part of this graphical representation the 1-PDF of x (7, w) given in

Eq. (A.2) is shown. On the right the 1-PDF of x(f, w) given in Eq. (B.2)
is represented. For the sake of clarity, in Fig. 4 the mean and the
variance at the same time interval, [0, 10], for the real (up) and the
complex (bottom) components are plotted.

Example 2. In this example we consider the particular case where
d(w) = dg(w) is a real RV. We assume that ap(w), ac(@), br(®), b (@)
and dg(w) are independent RVs with the following distributions:

agr(w) has an Uniform distribution on the interval [0.5,1], i.e.,
ag(w) ~U([0.5, 1]).

ac(w) has a Gamma distribution with parameters 2 and 0.5,
i.e., ac(w) ~ Ga(2,0.5).

br(w) has a Beta distribution with parameters 7 and 3, i.e., bp(w) ~
Be(7, 3).

bc(w) has a Triangular distribution on the interval [1.2, 1.5] with
mode at 1.3, i.e., bo(w) ~ Tr([1.2,1.5],1.3).

dr(w) follows a truncated Gaussian distribution on the interval
[-10,0] with mean —7 and standard deviation 0.05, i.e., dg(®) ~
N;(=7,0.05) with T = [-10,0].

In this case, we choose dp(w) with a negative domain. Therefore,
Eq. (14) is applied in order to compute the 1-PDF. In Fig. 5 the PDF
of the solution SP x(t,w) is plotted at the fixed times instants ¢ = 0.5
and ¢+ = 1.25. From formulas (1) and (2) and the expression for the
1-PDF stated in Eq. (14), in Fig. 6 the expectation (blue points) and
the 50% (red curve) and 90% (black curve) confidence regions are
plotted for different instant times ¢ € {0,0.5,0.7,0.9,1.25} (left) and 7 €
{1.5,1.75,1.9,2.1,2.5} (right). We consider two sets of times to observe
the oscillatory character of the complex system. We observe that, for
the first time interval, in both components (real and complex) the mean
decrease while the variability at first decreases and then rises again.
In the second time interval considered, the mean increase in the both
components, while the variability firstly decreases and then increases.
We notice that there is a oscillatory behaviour in both, the mean and
the variance. In addition, the variability of the complex component
is bigger than that corresponding of the real one. This behaviour is
in agreement with the 1-PDFs of the real and complex components
plotted in Fig. 7. On the left part of this graphical representation the
1-PDF of xx(7,w) given in Eq. (A.2) is shown. On the right, the 1-PDF
of x-(1,w) given in Eq. (B.2) is represented. For the sake of clarity, in
Fig. 8 the mean and the variance at the same time interval, [0, 1.25],
for the real (up) and the complex (bottom) components are plotted.
Notice that, although the mean and the variance of x ;(7, ) and x (7, w)
have a similar shape, with a different scale, the 1-PDFs are different.
Recall in this point the importance of computing the 1-PDF, which
gives us a full probabilistic description of the SP. In all these graphical
representations we show the behaviour of the complex system consider
in a neighbourhood of the initial time instant r = 0. Finally, to see
what happens with bigger times, in Fig. 9 the mean and the variance of
the real and the complex components are depicted on the time interval
[0,20]. We observe that the expectations have a oscillatory behaviour,
with a certain periodicity. The variance of both components also tends
to increase in an oscillating manner.
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Fig. 2. Blue points represent the expectation of the solution SP for different time instants ¢, € {0,1,2,5,10}, E [x(t,,w)]. 50% (red curve) and 90% (black curve) confidence regions
are plotted for each instant time 7,. x; and x. are the values for the real and complex components, respectively. This graphical representation has been done in the context of
Example 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

10

Fig. 3. PDFs of the real component x(w) (left) and the complex component x.(w) (right) of the solution SP of the IVP (3)-(4) at the time instants 1, € {0,1,2,...,10}, in the

context of Example 1.

Example 3. In the next example, we assume the following distribu-
tions for the random input parameters:

» The random vector (ag(®w),ac(w)) follows a Multivariate Nor-
mal distribution with mean y = (1,1)T and variance—covariance
matrix

1( 1 o1
Z_2_0<0.1 1>'

That is, (ag(®), ac(®)) ~ N(u, X).

» The random vector (bg(®),bo(w)) has a Multivariate Uniform
distribution in the rectangle [1,2] X [2,3], i.e, (bg(w),bc(w)) ~
U([1,2],[2,3D.

» The random variable dy(w) has a Beta distribution with parame-
ters 2 and 3, i.e., dg(w) ~ Be(2,3).

* do(w) has a Gamma distribution with parameters 4 and 5, i.e.,
do(w) ~ Ga(4,5).

In this case, P [w € 2 : d¢(w) > 0] = 1. Therefore, the roots indicated
in the Scenario 1 has been used in the formula of the 1-PDF of the solu-
tion SP given in Eq. (11), i.e., we consider Eq. (12). In Fig. 10 the PDF
of the solution SP x(#,®) is depicted at the fixed times instants ¢ = 0.05
and ¢ = 0.35. In addition, in Fig. 11 the expectation (blue point) and the
50% (red curve) and 90% (black curve) confidence regions are plotted
for different instant times ¢ = {0,0.05,0.1,0.15,0.2,0.25,0.3,0.25}. The
mean and the confidence region have been obtained from formulas
(1), (2) and (12), where the 1-PDF of the solution SP, f|(xg,xc,?) has
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Fig. 4. Expectation (left) and variance (right) of the real and complex components of the solution SP x(t,w) (top and bottom, respectively) at the time interval [0, 10], in the

context of Example 1.
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Fig. 5. PDF of the solution SP x(r,w) at the time instants # = 0.5 (left) and ¢ = 1.25 (right), in the context of Example 2. x; and x. are the values for the real and complex

components, respectively.
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Fig. 6. Blue points represent the expectation of the solution SP, E [x(t,.,w)], for different time instants ¢, € {0,0.5,0.7,0.9,1.25} (left) and ¢, € {1.5,1.75,1.9,2.1,2.5} (right). 50% (red
curve) and 90% (black curve) confidence regions are plotted for each instant time ¢,. x; and x. are the values for the real and complex components, respectively. This graphical
representation has been done in the context of Example 2. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this

article.)
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Fig. 7. PDFs of the real component xg(w) (left) and the complex component x(w) (right) of the solution SP of the IVP (3)-(4) at the time instants ¢, € {0,0.25,...,3}, in the

context of Example 2.
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Fig. 8. Expectation (left) and variance (right) of the real and complex components of the solution SP x(#,w) (top and bottom, respectively) at the time interval [0, 3], in the context

of Example 2.

been established. We can observe that the variability increases over the
time while the mean moves away from zero. In Fig. 12 the 1-PDFs
of the real and complex components are plotted. On the left, the 1-
PDF of xi(t,w) given in Eq. (A.1) is shown. On the right, the 1-PDF
of xc(f,w) established in Eq. (B.1) is represented. In the interest of
clarity, in Fig. 13 the mean and the variance for the real (up) and the
complex (bottom) components are pictured in the interval [0, 0.35]. We
see that, at the chosen time interval, the mean of the real component
decrease while the mean of the complex component increase over
time. In addition, in both components the variability augments. This
behaviour is consistent with that shown in Fig. 11. For times further
from zero, see Fig. 14 we observe that the mean and the variance grow
exponentially for both the real and complex components. In addition,
the expectation diverge oscillating in both contributions, the real and
the complex.

Example 4. To finish, we show an example where the domain of d(®)
is the whole real line. We consider the following IVP

{ i(t,w) — d(@)x(t,w) =0, t>0,
x(0) = ac(w)i, x(0) = by(w).

where d(w) is a absolutely continuous complex RV, d(w) = di(w) +
idp(w), and ac-(w) and by(w) are absolutely continuous real RVs, all
defined in a complete probability space (£2, F,P). We assume that the
random vector (dgz(w),d-(w)) has a Multivariate Gaussian distribution
with mean u = (0,0.5)T and variance—covariance matrix

1 1 02
=% < 02 2 >
That is, (dg(®), dc(®)) ~ N(u, X). For the real RVs ac(w) and bg(w) we
consider the following distributions
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Fig. 9. Expectation (left) and variance (right) of the real and complex components of the solution SP x(z,w) (top and bottom, respectively) at the time interval [0,20], in the

context of Example 2.
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Fig. 10. PDF of the solution SP x(f,w) at the time instants ¢ = 0.05 (left) and ¢ = 0.35 (right), in the context of Example 3. x, and x. are the values for the real and complex

components, respectively.

* ac(w) ~ Be(2,2).
* bp(w) ~ Ga(4,4).

As the RV d(w) gets both positive and negative values, the 1-PDF of
the solution SP x(#, w) is split into two parts, i.e.,

ST e fl_'—(xmxc,f) + f] (X, xcs 1),

where ff(xR,xC,t) and fl‘(xR,xC,t) are established in Eq. (12) and
(13), respectively. Therefore, to compute fl’r (Xg,Xxc,t) we consider
the positive values of the domain of the RV d.(w) and to obtain
fi(xpsxcst) the negative. In this point, highlight that both functions
f1+ (xg.xc»1) and fl‘ (xg. xc, 1) are not probabilistic distributions. They
are the positive and negative contributions of the 1-PDF f|(xg,xc,1)
and the following is fulfilled for every 7 > 0 fixed

/]RZ f1(xgs X, D) dxg dxe =/}R2 [ (xgs xc, ) dxpg dxc

+/ fi Gy xg, ) dxgdxe = 1.
R2

In this example, from the calculation of the corresponding probabilities,
it is evident that the positive contribution is more significant than the
negative

Plo€Q : de(w)>0] =0.943077, Plo € : de(w) <0] = 0.056923.

The PDF of the solution SP x(#, w) is plotted in Fig. 15 at the fixed times
t =0.2 and ¢ = 0.6. In addition, in Fig. 16 the expectation (blue point)
and the 50% (red curve) and 90% (black curve) confidence regions are
plotted for different instant times ¢ € {0,0.05,0.1,0.15,0.2,0.25,0.3,0.25}.
The mean and the confidence region have been obtained from formulas
(1) and (2), Egs. (12) and (13). We see that both the expectation
and variability grow as time passes, in both components the real and
the complex. This behaviour agrees with the shown in Fig. 17 and
Fig. 18. In Fig. 17 the 1-PDFs of the real and the complex components
are represented for different time instant + € {0.2,0.4,0.6,0.8,1}. The
expectation and variance at the time interval [0.2,1] are depicted
in Fig. 18. Finally, in Fig. 19 we observe that for large times the
expectation of the real and complex components diverge oscillating.
For both components the variance growths exponentially.

5. Application to the simple harmonic oscillator

As indicated at the introduction, complex differential equations
have a significant role in Engineering. In this section, we apply the
results obtained in Section 3 to the simple harmonic oscillator defined
on the complex domain. This model is certainly the simplest model
to examine dynamical systems in engineering but it is fundamental
to understand most of the physical phenomena [25]. For example, let
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Fig. 11. Blue points represent the expectation of the solution SP for different time instants 7, € {0,0.05,0.1,0.15,0.2,0.25,0.3,0.35}, E [x(t,,w)]. 50% (red curve) and 90% (black
curve) confidence regions are plotted for each instant time #,. x; and x. are the values for the real and complex components, respectively. This graphical representation has been
done in the context of Example 3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. PDFs of the real component xp(w) (left) and the complex component x.(w) (right) of the solution SP of the IVP (3)-(4) at the time instants 17, €

{0,0.05,0.1,0.15,0.2,0.25,0.3,0.35}, in the context of Example 3.

m be a mass joined to one end of a massless spring (or pendulum)
with stiffness constant k. The other end of the spring is assumed to
be immobilized. Then, the equation of motion of this simple harmonic
oscillator is

X(t) + @fx(t) =0, >0, a7

where wg = k/m. Differential Eq. (17) has multiple applications in the
complex domain. For instance, in the analysis of electrical circuits. Con-
sider an LC circuit which consists of and inductor and a capacitor and,
denote by L and C the inductance and the capacitance of the inductor
and capacitor components, respectively. In this case, the differential

10

equation writes as

. 1 _
I(t)+RI(t)—0, t>0, (18)

being I(r) the current in the circuit at the time instant 7. Depending on
the nature of the problem which we are dealing with, it can be assumed
that L and/or C are complex numbers, see [26,27]. Then, in this case
wy =1 /\/E is called the resonant frequency of the LC circuit, and it
is also complex.

In relation of the densities of the random parameters, we consider
a)g(a)) = —d(w) = —idc(w), where d.(w) has a Gaussian distribution
with mean —900 and a 20% of variability, i.e, d-(w) ~ N(=900,900p),
p = 0.2. Regarding the initial conditions x(0, w) = ax(w) + iac(w) and
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Fig. 13. Expectation (left) and variance (right) of the real and complex components of the solution SP x(7,®) (top and bottom, respectively) at the time interval [0,0.25], in the

context of Example 3.
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Fig. 14. Expectation (left) and variance (right) of the real and complex components of the solution SP x(t,w) (top and bottom, respectively) at the time interval [0,2.5], in the

context of Example 3.

x(0,w) = bp(w) + ibc(w), for sake of simplicity we assume that a., by
and b, are deterministic and equal to zero. Then, only randomness is
assumed in x(0, w) = ag(w), where agz(w) follows a Gamma distribution
with parameters 5 and 0.2 i.e., ag(w) ~ Ga(5,0.2). Note that, to
determine the expression of the 1-PDF of the solution SP, the PDF of
both ag(w) and a.(w) are necessary, since we shall define a one-to-one
transformation. As a. = 0, then it density can be defined from the Dirac
delta function as follows

Jaclac) = élac), —o0 <ac < oo.

11

In this application we compute the PDF of the solution SP x(t, ), and
the densities of the real and complex components of the solution, for
different time instants. The results are compared with those obtained
using Monte Carlo simulation (MCS), which is a common alternative
to calculate densities, [28-30]. Although widely used due to easy im-
plementation, the main drawback of MCS methods is that the accuracy
depends on the sampling say. That is, it has a slow convergence rate
o /\/ﬁ ), M being the number of simulations. Thus, bigger samples
give us more accurate results but increasing the related computational
effort. In addition, MCS only provides numerical approximations of
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the values for the real and complex

30

Fig. 16. Blue points represent the expectation of the solution SP for different time instants 7, € {0.2,0.4,0.6,0.8,1}, E [x(t,v,a))]. 50% (red curve) and 90% (black curve) confidence
regions are plotted for each instant time 7,. x; and x. are the values for the real and complex components, respectively. This graphical representation has been done in the context
of Example 4. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

solution SP in spite of an exact representation could exist, as obtained
in this contribution.

In Fig. 20 the PDF of the solution SP x(#,w) is plotted at the times
instants + = 0.01 and + = 0.4. The PDF have been obtained using
the RVT method, from the theoretical results stated in Section 3, and
the classical MCS, considering 10® samples. We can observe that the
analytical computations obtained by applying the RVT method agree
with MCS, the first method being more accurate. We see that for the
time instant 7 = 0.4 the PDF takes smaller values than at the time instant
t = 0.01, what means that there is more variability. This conclusion
is in agreement with Fig. 21, where the PDF of the real and complex
components of the solution SP are represented at both times instants
t = 0.01 and ¢+ = 0.4. In both graphical representations, Fig. 20 and
Fig. 21, we show that applying the RVT method the exact density is
calculated, while with MCS an approximation is obtained. Finally, in
Fig. 22 the behaviour of the expectation and the variance of the solution

12

SP x(t,w) = xg(w) + ixc(w) are plotted in the time interval [0,0.5].
In order to see the behaviour at the first times, we also have plotted
it in the time interval [0,0.15]. We observe that both quantities the
expectation and the variance increase over the time, with the growth
of the expectation being oscillatory.

6. Conclusions and future work

In this paper we take advantage of the Random Variable Trans-
formation technique to determine an exact expression of the first
probability density function of the solution stochastic process of a
randomized linear second-order differential equation with complex
coefficients. The first probability density function provided us a full
probabilistic description of the solution stochastic process. From it we
can obtain important statistical information such as the mean, variabil-
ity and confidence regions. For the sake of generality, the theoretical
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Fig. 17. PDFs of the real component xg(w) (left) and the complex component x.(w) (right) of the solution SP of the IVP (3)-(4) at the time instants 7, € {0.2,0.4,0.6,0.8,1}, in

the context of Example 4.
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Fig. 18. Expectation (left) and variance (right) of the real and complex components of the solution SP x(,) (top and bottom, respectively) at the time interval [0.2,1], in the

context of Example 4.

analysis has been done considering all the possible scenarios motivated
by the deterministic theory. The results in this paper have a great
potential regarding applications. For instance, second-order differential
equations are key tools in Engineering. And, considering uncertainty in
its formulation is necessary to take into account inherent errors. In this
contribution, the capability of theoretical results established has been
demonstrated via numerous numerical examples and a particular appli-
cation where the simple harmonic oscillator, defined on the complex
domain, is considered. In the application, the first probability density
function of the response is calculated using two methods: the results
obtained applying the random variable transformation technique and
Monte Carlo simulations. We show how with the first method give us
more accurate results. In a future contribution, the next natural step
is to consider the non-homogeneous system. In addition, we plan to
go a step forward by analysing other interesting linear or no-linear
differential equations with random complex coefficients, such as the
Riccati differential equation.
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Appendix A. Computing the 1-PDF of the real component, x (¢, ®)

In this appendix the 1-PDF of the real component x(#,®) is deter-
mined. First, we compute the 1-PDF in the first and second scenarios
indicated in the introduction, that is, we consider d-(w) a continuous
RV. After that, we will assume that the RV d(w) = dz(w) has only a real
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Fig. 19. Expectation (left) and variance (right) of the real and complex components of the solution SP x(t,w) (top and bottom, respectively) at the time interval [0,10], in the
context of Example 4.
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Fig. 21. PDFs of the real component xg(w) (left) and the complex component x.(w) (right) of the solution SP of the IVP (3)-(4) at the time instants t = 0.01 (top) and 7 = 0.4
(bottom), in the context of the application stated in Section 5. Comparison between RVT (blue line) and MCS (black points). (For interpretation of the references to colour in this

figure legend, the reader is referred to the web version of this article.)
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Fig. 22. Expectation (left) and variance (right) of the real and complex components of the solution SP x(¢,w) at the time intervals [0,0.5] and [0,0.15] (top and bottom, respectively),

in the context of the application stated in Section 5.
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contribution. Finally, we consider that the RV d(w) = 0 for all w € Q.
That is, the coefficient d is zero in the IVP (5).

A.1. Computing the 1-PDF in the first and second scenarios
In this case, the real component xz(f,) is given in Eq. (8). Let

t > 0 be fixed, we apply the RVT method, Theorem 1, to the mapping
r: RS - RS

v = ri(w) = xg(0) =agg (1Y) + acg (1 y) + 83(1y),
vy, = rp(u) = ac,
vV =Fuw =y,

where V = (v3, 04, U5, 0g), T = (r3,74,5,1¢) and y = (bg, b, dg,dc). The
inverse mapping s : R® = R®, s = (s, 5,,8), is

vp — 0,8(1V) — g3(5 V)

ag = s1(v) = - ,
= PG
ac = 5(V) = vy,
y =8§8v) =V
The Jacobian of the mapping s is
1 1 _sec(ryct)

= g, %) = cos(r o) cosh(r gt) ~ cosh (r gt)’

where ri g = rg(vs,0¢) and ri¢c = r|(vs, vg) are the real and complex
part of the root r = +/dg +idc = /vs+ivs. Then, the PDF of the
random vector v in terms of the PDF of input parameters is

sec (rict)

) = fo (Sl(V), U2, ‘A’)

cosh (r gt)

Marginalizing with respect to the random vector (v,(@),¥(®))" and
taking ¢ > 0 arbitrary, the 1-PDF of the real component of the solution
SP of IVP (3)—(4) is

sec (ryc(dg,dc)t)
cosh (rig(dg,dc)t)
where y = (bg,bc.dg.dc). As it has been indicated in Section 3,
depending on the domain of the RV d.(w), we consider the roots of
the first scenario, the second scenario or both (splitting the 1-PDF into
two parts, the positive and negative).

SrRGxg, 1) = /]RS fo (s1Gxg-ac.y).ac.y) dacdy, (A.1)

A.2. Computing the 1-PDF in the third scenario

We compute the 1-PDF in the third scenario, considering that the
coefficient of the RDE (3) is a real RV, d(®) = dg(w). If dg(w) is a RV
with negative domain, the 1-PDF is

sec (v/—dxt) <\/—de,( — by sin(\/—dRr))
fE(XR’t)z‘/R_/]RfOR

_dR

bgody

x |sec(\/—th)| dby dd . (A.2)

On the other hand, if P [w € 2 : dg(w) > 0] = 1, the 1-PDF is given by

b
f;{(xR,t):/Rh/RfOR <—\/% +stech(t\/a),bR,dR)

R

x |sech(r\/£)| dbg dd . (A3)

In both expressions, Egs. (A.2) and (A.3), fyr(ag,bg.dg) denotes the
PDF of the random vector (ag(w), br(w),dgr(®))", which can be cal-
culated as the marginal of the PDF of the random input parameters
folag,ac,bg.bc,dg). When the RV dg(w) can take both positive and
negative values, the 1-PDF can be calculated by the sum of Egs. (A.2)
and (A.3)

FROR D) = fR(xps D) + fR(xg, D).

Now, if d(w) = 0 for all w € 2, the real contribution of the solution SP
is given by xg(t, ®) = ag(®) + bg(w)t. Then, the 1-PDF is

Sfilxg, 1) = /RfOR (xgr = brt,bg) dbg,
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being, in this case, fyr(ag,br) the PDF of the random vector (ag(w),
br(@)).

Appendix B. Computing the 1-PDF of the complex component,
xc(t, )

In this appendix the 1-PDF of the complex component x.(,®)
is determined. First, we compute the 1-PDF in the first and second
scenarios indicated in the introduction, that is, we consider d.(») a
continuous RV. After that, we will assume that the RV d(w) = dg(w)
has only a real contribution. Finally, we consider that the RV d(w) =0
for all w € Q. That is, the coefficient d is zero in the IVP (5).

B.1. Computing the 1-PDF in the first and second scenarios

In this case, the real component x.(f,w) is given in Eq. (9). Let
t > 0 be fixed, we apply the RVT method, Theorem 1, to the mapping
r: R0 - RS

v = ri() = xc(t) = —arg (1Y) +acg (t;y) + g4 Y),
vy = ry(w) = ac,
v =ftw =y,

where V = (v3,04,05,06), ¥ = (r3,r4,r5,1¢) and y = (bg, b, dg,dc). The
inverse mapping s : R® — R® is

02811 V) + 841 V) — vy

ag = s1(v) = & 9) s
ac = $,(V) = vy,
y =8v) =V

The Jacobian of the mapping s is

1 1
T g(t¥)  —sin(ryct)sinh(rgt)

csc(ryct)
sinh (r; g1)’

where ri g = rr(vs,06) and ric = r|c(vs, V) are the real and complex
part of the root r = y/dg +idc = 4/vs+ivs. Then, the PDF of the
random vector v in terms of the PDF of input parameters is

csc(rict)

v = foy (Sl(V)7 Uz,‘A’)

sinh () g1)

Marginalizing with respect to the random vector (v,(®),¥(w))" and
taking r > 0 arbitrary, the 1-PDF of the complex component of the
solution SP of IVP (3)-(4) is

fe(xe,t) = 4/R5 fo (Sl(xc,ac,bg,bc,dR,dc),acJ)

csc(ric(dg,de)t)
sinh (r; g(dg, dc)t)

where y = (bg, bc, dg, dc)-

dacdy, (B.1)

B.2. Computing the 1-PDF in the third scenario

We compute the 1-PDF in the third scenario, considering that the
coefficient of the RDE (3) is a real RV, d(w) = dg(w). If dg(w) is a RV
with negative domain, the 1-PDF is

sec (v/—dg1) (\/-deC — besin (w/—dﬂr))
fE(xc’t)=/R?/]Rfoc

_dR

stst

x |sec (\/—th)| dbe dd . (B.2)

On the other hand, if P [w € Q : dg(w) > 0] = 1, the 1-PDF is given by

bc tanh (t4/dRg)
fg(xcvt)=/R+/Rfoc (‘# +xcsech(t\/dR),bC,dR>
(B.3)

X |sech(t\/a)‘ dbe ddg.
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In both expressions, Egs. (B.2) and (B.3), foc(ac,bc.dg) denotes the
PDF of the random vector (ac(®), bc(w),dg(w))T, which can be cal-
culated as the marginal of the PDF of the random input parameters
folag,ac,bg.bc,dg). When, the RV di(w) can take both positive and
negative values, the 1-PDF can be calculated by the sum of Egs. (B.2)
and (B.3)

feGxe,t) = fg(xc»f) + felxes D).

Now, if d(w) = 0 for all w € Q, the complex contribution of the solution
SP is given by x(t, ) = ac(w) + bo(w)t. Then, the 1-PDF is

filxe,H) = /Rfoc (x¢ = bet.be) dbe,

being, in this case, fyc(ac.bc) the PDF of the random vector (ac(w),
be(@)T.
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