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A B S T R A C T

In this paper, an exact expression for the first probability density function of the solution stochastic process
to a randomized homogeneous linear second-order complex differential equation is determined. To complete
the probabilistic analysis, the first probability density functions of the real and complex contributions of the
solution stochastic process are also calculated. To compute the densities, the random variable transformation
method is applied under general hypothesis, all coefficients and initial conditions are absolutely continuous
complex random variables. The capability of the theoretical results established is demonstrated by several
numerical examples. Finally, we show the applicability of the method in engineering, by analysing the solution
of a randomized simple harmonic oscillator, defined on the complex domain, and comparing our results with
those obtained by using Monte Carlo simulations.
. Introduction

Differential equations have been demonstrated to be an essential
ool in Engineering. Differential equations permit to model numer-
us physical phenomenons and they are fundamental to analyse the
ehaviour of a given system of interest. In particular, second-order
ifferential equations play a central role in the physical sciences. Many
xamples of the applicability of a second-order differential equations
an be found in the literature, for instance, in mechanical vibration,
lectric circuits, classical mechanics and electrodynamics [1–3]. In the
lassical deterministic theory of differential equations, the coefficients,
nd the initial conditions considered to start the process, are usually
ixed via experiments. Therefore, they contain a certain measurement
rror. This matter, along with the inherent complexity of the problems
nder study and some external factors that can affect to the system,
ake necessary to consider randomness in the formulation. There exist

wo main classes of differential equations with uncertainty, the stochas-
ic differential equations (SDEs) and the random differential equations
RDEs). In the first case, differential equations are forced by an irregular
tochastic process. A classical example of SDE is a differential equation
erturbed by a term dependent on a white noise variable calculated
s the derivate of the Wiener process or Brownian motion [4,5]. To
olve a SDE we can use the so-called Itô calculus which is based on the
pplication of the Itô lemma [5]. On the other hand, a RDE consists in
natural generalization of the deterministic counterpart [6–8]. That is,

nput parameters in the problem are considered random variables (RVs)
r stochastic processes (SPs) rather than fixed constants or functions,
espectively. The main advantage in dealing with RDEs is that we

E-mail address: ana.navarro@uv.es.

are able to assign a wide range of probabilistic distributions to the
inputs, such as Gaussian, Gamma, Beta, Uniform, etc, . . . In addition,
dependence among parameters can be considered. Thus, RDEs provide
us flexibility to cope with real models.

In [9], the first probability density function (1-PDF) of the solu-
tion SP of a randomized homogeneous linear second-order differential
equation is constructed considering that the input parameters, constant
coefficients and initial conditions, are real RVs. On the other hand,
differential equations and complex analysis have a significant role in
modern engineering and physics and they have multiple applications in
quantum mechanics, fluid mechanics, nuclear engineering and complex
geometry [10–13]. It should be noted that recently, in 2017, some
physicists gave a relation of the linear complex differential equations
with constant coefficients and Schrödinger equations, see [14]. Then,
given the importance of complex differential equations, the goal of
this paper is to extend the analysis in [9] to the complex scenario.
Then, in this work, a particular linear second-order RDE with complex
coefficients is considered. In order to compute the 1-PDF of the solu-
tion SP of an homogeneous linear second-order differential equation
with randomized complex coefficients we apply the Random Variable
Transformation (RVT) method. This technique has been successfully
applied in previous works [15–20], and it will allows us to find exact
expressions for the 1-PDF of the solution SP.

The paper is organized as follows. For clarity’s sake, in Section 2
classical probabilistic results about the computation of the 1-PDF are
summarized. In particular, the RVT method in its multidimensional
version is stated. In Section 3, we provide a complete probabilistic
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description of a randomized homogeneous linear second-order com-
plex differential equation. We compute the 1-PDF of the solution SP
applying the RVT method, in different scenarios motivated by the
deterministic theory. To complete Section 3, expressions for the 1-
PDF of the real and complex components of the solution SP are also
determined. The capability of the theoretical results established is
shown in Section 4, where several numerical examples are exhibited.
In addition, an application of the results achieved is addressed in
Section 5. The 1-PDF of the response of a randomized simple harmonic
oscillator defined on the complex domain, as well as both the real and
complex contributions, is determined. In this case, comparisons with
Monte Carlo simulations are done. Section 6 draws the conclusions and
future work.

2. Preliminary concepts

In this section we introduce some preliminary concepts regarding
the computation of the first PDF and how it can be used to obtain
some interesting statistical quantities of a given SP. Let 𝐱(𝑡, 𝜔) be the
olution SP of a RDE. Note that, in this contribution we use bold letters
o indicated that we are dealing with vectors. To solve a RDE means
ot only to compute its solution, a desirable goal is the computation
f its main statistical functions, such as the mean and the variance. If
t is possible, a more convenient objective is the determination of the
-PDF, 𝑓1(𝐱, 𝑡), that gives a full probabilistic description of the solution
P 𝐱(𝑡, 𝜔) in every time instant 𝑡. From 𝑓1(𝐱, 𝑡) we can calculate all
ne-dimensional moments
[

𝐱(𝑡, 𝜔)𝑘
]

= ∫R𝑛
𝐱𝑘𝑓1(𝐱, 𝑡) d𝐱, 𝑘 = 1, 2,… ,

eing 𝐱 = (𝑥1,… , 𝑥𝑛)⊤ ∈ R𝑛. In particular, the mean and the variance
re defined by

𝐱(𝑡) = E [𝐱(𝑡, 𝜔)] , 𝜎2𝐱 (𝑡) = V [𝐱(𝑡, 𝜔)] = E
[

𝐱(𝑡, 𝜔)2
]

− E [𝐱(𝑡, 𝜔)]2 . (1)

Furthermore, the 1-PDF is useful to compute the probability the solu-
tion lies on a particular set of interest  ∈ R𝑛, for a given time instant
𝑡 > 0 fixed,

P
[

{𝜔 ∈ 𝛺 ∶ 𝐱(𝑡, 𝜔) ∈ }
]

= ∫
𝑓1(𝐱, 𝑡) d𝐱.

Notice that, fixed 𝑡 > 0 and 𝛼 ∈ (0, 1), the 1-PDF also permits
constructing confidence regions by determining 𝑧 ∈ R such that

∫R𝑛
(𝑓1(𝐱, 𝑡) − 𝑧) d𝐱 = 1 − 𝛼, 𝑓1(𝐱, 𝑡) ≥ 𝑧. (2)

The confidence region is the R𝑛−1-manifold defined by 𝑓1(𝐱, 𝑡) = 𝑧.
As indicated at the introduction, the RVT method its an useful tool to
determine the distribution of a random vector from mapping another
random vector with a known PDF. The multidimensional version of the
RVT method is stated below, in Theorem 1.

Theorem 1 (Random Variable Transformation Method, [6]). Let 𝐮(𝜔) =
(𝑢1(𝜔),… , 𝑢𝑛(𝜔))⊤ and 𝐯(𝜔) = (𝑣1(𝜔),… , 𝑣𝑛(𝜔))⊤ be two 𝑛-dimensional
absolutely continuous random vectors. Let 𝐫 ∶ R𝑛 → R𝑛 be a one-to-one
deterministic transformation of 𝐮 into 𝐯, i.e., 𝐯 = 𝐫(𝐮). Assume that 𝐫
is continuous in 𝐮 and has continuous partial derivatives with respect to
𝐮. Then, if 𝑓𝐮(𝐮) denotes the joint PDF of vector 𝐮(𝜔), and 𝐬 = 𝐫−1 =
(𝑠1(𝑣1,… , 𝑣𝑛),… , 𝑠𝑛(𝑣1,… , 𝑣𝑛))⊤ represents the inverse mapping of 𝐫 =
(𝑟1(𝑢1,… , 𝑢𝑛),… , 𝑟𝑛(𝑢1,… , 𝑢𝑛))⊤, the joint PDF of vector 𝐯(𝜔) is given by

𝑓𝐯(𝐯) = 𝑓𝐮 (𝐬(𝐯)) ||𝐽𝑛|| ,

where |
|

𝐽𝑛|| is the absolute value of the Jacobian, which is defined by

𝐽𝑛 = det
(

𝜕𝐬⊤
𝜕𝐯

)

= det

⎛

⎜

⎜

⎜

⎜

𝜕𝑠1(𝑣1,… , 𝑣𝑛)
𝜕𝑣1

⋯
𝜕𝑠𝑛(𝑣1,… , 𝑣𝑛)

𝜕𝑣1
⋮ ⋱ ⋮

𝜕𝑠1(𝑣1,… , 𝑣𝑛) ⋯
𝜕𝑠𝑛(𝑣1,… , 𝑣𝑛)

⎞

⎟

⎟

⎟

⎟

.

⎝ 𝜕𝑣𝑛 𝜕𝑣𝑛 ⎠
t

2

3. Probabilistic solution of the solution SP

Let us consider the randomized homogeneous linear second-order
complex differential equation

̈(𝑡, 𝜔) − 𝑑(𝜔)𝑥(𝑡, 𝜔) = 0, 𝑡 > 0, (3)

ith initial conditions

(0, 𝜔) = 𝑎(𝜔), 𝑥̇(0, 𝜔) = 𝑏(𝜔). (4)

emark 1. Note that in the subsequent development a complete ran-
omized homogeneous linear second-order complex differential equa-
ion of the form

̈(𝑡, 𝜔) + 𝑝(𝜔)𝑥̇(𝑡, 𝜔) + 𝑞(𝜔)𝑥(𝑡, 𝜔) = 0, 𝑡 > 0,

an be considered. Given the complexity of the notation and calcula-
ions, a reduce version is treated in this paper. We consider the RDE (3)
ecause of its applicability, for example in mechanical vibrations when
onsidering unforced and undamped vibrations [1]. All computations
an be reproduced considering the complete differential equation.

In the initial value problem (IVP) (3)–(4), input parameters 𝑑(𝜔),
(𝜔) and 𝑏(𝜔) are assumed to be dependent absolutely continuous com-
lex RVs defined on a common complete probability space (𝛺, ,P).
et us recall that a complex RV 𝑧(𝜔) is defined as a RV of the form

(𝜔) = 𝑧𝑅(𝜔) + i 𝑧𝐶 (𝜔),

here the real and the complex parts, 𝑧𝑅(𝜔) and 𝑧𝐶 (𝜔), are real RVs,
nd i is the well-known imaginary unit, defined as i2 = −1. The statisti-
al information and properties of the complex RV 𝑧(𝜔) are determined
y the joint PDF of the random vector (𝑧𝑅(𝜔), 𝑧𝐶 (𝜔))⊤, 𝑓𝑅𝐶 (𝑧𝑅, 𝑧𝐶 ),
rovided that it exists. For more information about complex RVs
ee for example Refs. [21–24] and therein. In order to apply RVT
ethod, we consider that the joint PDF of the complex random vector

𝑑(𝜔), 𝑎(𝜔), 𝑏(𝜔))⊤ is known and it is denoted by 𝑓0(𝑑𝑅, 𝑑𝐶 , 𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 ).
hen, for the sake of generality, we are assuming dependence between
he complex RVs. In case of independent RVs we can apply that the
oint PDF is the product of the marginals, that is

0(𝑑𝑅, 𝑑𝐶 , 𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 ) = 𝑓𝑑 (𝑑𝑅, 𝑑𝐶 )𝑓𝑎(𝑎𝑅, 𝑎𝐶 )𝑓𝑏(𝑏𝑅, 𝑏𝐶 )

n addition, the real and complex components of a complex RV can also
e independent. In this case, the joint PDF of the complex RV turns out
o be the product of the PDF of the real component and the PDF of the
omplex component.

.1. Computing the 1-PDF of the solution SP 𝑥(𝑡, 𝜔)

As it has been indicated at the introduction, a RDE is a natural
eneralization of the deterministic counterpart. In this manner, firstly
e shall find a closed expression for the solution of the deterministic

VP
{

𝑥̈(𝑡) − 𝑑𝑥(𝑡) = 0, 𝑡 > 0,
𝑥(0) = 𝑎, 𝑥̇(0) = 𝑏,

(5)

here 𝑑, 𝑎, 𝑏 are complex numbers. From the classical deterministic
heory of differential equations, the solution of the deterministic dif-
erential equation given in (5) is

(𝑡) = 𝐸 e𝑟1𝑡 +𝐹 e𝑟2𝑡,

eing 𝑟1 and 𝑟2 the roots of the associated characteristic equation,
2−𝑑 = 0, and 𝐸 and 𝐹 constants determined from the initial conditions.
irst, we calculate the roots of the characteristic equation. In IVP (5) we
re considering complex parameters, thus we must calculate the roots
f a complex number, i.e., 𝑟 =

√

𝑑, with 𝑑 = 𝑑𝑅+i 𝑑𝐶 . It is easy to prove
hat the roots of a complex number 𝑑 = 𝑑 + i 𝑑 are:
𝑅 𝐶
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• Scenario 1. If 𝑑𝐶 > 0:

𝑟1 =

√

√

√

√
𝑑𝑅 +

√

𝑑2𝑅 + 𝑑2𝐶
2

+ i

√

√

√

√
−𝑑𝑅 +

√

𝑑2𝑅 + 𝑑2𝐶
2

, 𝑟2 = −𝑟1.

• Scenario 2. If 𝑑𝐶 < 0:

𝑟1 =

√

√

√

√
𝑑𝑅 +

√

𝑑2𝑅 + 𝑑2𝐶
2

− i

√

√

√

√
−𝑑𝑅 +

√

𝑑2𝑅 + 𝑑2𝐶
2

, 𝑟2 = −𝑟1.

• Scenario 3. If 𝑑𝐶 = 0, then 𝑑 = 𝑑𝑅 is a real number and we have
to distinguish the following cases:

– If 𝑑𝑅 > 0, then 𝑟1 = +
√

𝑑𝑅 and 𝑟2 = −𝑟1.
– If 𝑑𝑅 < 0, then 𝑟1 = + i

√

−𝑑𝑅 and 𝑟2 = −𝑟1.
– If 𝑑𝑅 = 0, then 𝑟1 = 𝑟2 = 0.

3.1.1. Computing the 1-PDF in the first and second scenarios
From the initial conditions, we calculate the constants 𝐸 and 𝐹 by

solving the linear system

𝑎 = 𝑥(0) = 𝐸 + 𝐹 ,
𝑏 = 𝑥̇(0) = 𝐸𝑟1 + 𝐹𝑟2 = 𝑟1(𝐸 − 𝐹 ),

obtaining

𝐸 = 𝑎
2
+ 𝑏

2𝑟1
, 𝐹 = 𝑎

2
− 𝑏

2𝑟1
.

hen, the solution of the deterministic IVP (5) is

(𝑡) =
(

𝑎
2
+ 𝑏

2𝑟1

)

e𝑟1𝑡 +
(

𝑎
2
− 𝑏

2𝑟1

)

e−𝑟1𝑡, (6)

where 𝑟1 ∶= 𝑟1(𝑑𝑅, 𝑑𝐶 ) ∈ C is the principal root defined above
n each scenario (notice that, in these scenarios, 𝑟1 and 𝑟2 are not
imultaneously zero), and its expression depends on the sign of 𝑑𝐶 .
s it has been previously indicated, in the random scenario, for each 𝑡

fixed, the distribution of the complex RV 𝑥(𝑡, 𝜔) is determined by the
joint distribution of the real and the complex components. Therefore,
expression (6) should be written with a distinction between the real and
the complex components, in order to find the transformation to apply
the RVT method. Let 𝑎 = 𝑎𝑅+i 𝑎𝐶 , 𝑏 = 𝑏𝑅+i 𝑏𝐶 and 𝑟1 = 𝑟1𝑅+i 𝑟1𝐶 , from
the properties of complex numbers, in particular de Euler’s Formula,
the real and complex components of 𝑥(𝑡) are

𝑥𝑅(𝑡) = e𝑟1𝑅𝑡
2

((

𝑎𝑅 +
𝑏𝑅𝑟1𝑅 + 𝑏𝐶 𝑟1𝐶

𝑟21𝑅 + 𝑟21𝐶

)

cos

−

(

𝑎𝐶 −
𝑏𝑅𝑟1𝐶 − 𝑏𝐶 𝑟1𝑅

𝑟21𝑅 + 𝑟21𝐶

)

sin (𝑟1𝐶 𝑡)

)

+e−𝑟1𝑅𝑡
2

((

𝑎𝑅 −
𝑏𝑅𝑟1𝑅 + 𝑏𝐶 𝑟1𝐶

𝑟21𝑅 + 𝑟21𝐶

)

cos (𝑟1𝐶 𝑡)

+

(

𝑎𝐶 +
𝑏𝑅𝑟1𝐶 − 𝑏𝐶 𝑟1𝑅

𝑟21𝑅 + 𝑟21𝐶

)

sin (𝑟1𝐶 𝑡)

)

,

𝑥𝐶 (𝑡) = e𝑟1𝑅𝑡
2

((

𝑎𝑅 +
𝑏𝑅𝑟1𝑅 + 𝑏𝐶 𝑟1𝐶

𝑟21𝑅 + 𝑟21𝐶

)

sin (𝑟1𝐶 𝑡)

+

(

𝑎𝐶 −
𝑏𝑅𝑟1𝐶 − 𝑏𝐶 𝑟1𝑅

𝑟21𝑅 + 𝑟21𝐶

)

cos (𝑟1𝐶 𝑡)

)

+e−𝑟1𝑅𝑡
2

(

−

(

𝑎𝑅 −
𝑏𝑅𝑟1𝑅 + 𝑏𝐶 𝑟1𝐶

𝑟21𝑅 + 𝑟21𝐶

)

sin

+

(

𝑎𝐶 +
𝑏𝑅𝑟1𝐶 − 𝑏𝐶 𝑟1𝑅

𝑟21𝑅 + 𝑟21𝐶

)

cos (𝑟1𝐶 𝑡)

)

.

After some algebra the expressions of the real and complex contribution
can be written in a more compact formulation:

𝑥𝑅(𝑡; 𝑎𝑅, 𝑎𝐶 , 𝐲) = 𝑎𝑅𝑔1(𝑡; 𝐲) + 𝑎𝐶𝑔2(𝑡; 𝐲) + 𝑔3(𝑡; 𝐲),

𝑥𝐶 (𝑡; 𝑎𝑅, 𝑎𝐶 , 𝐲) = − 𝑎𝑅𝑔2(𝑡; 𝐲) + 𝑎𝐶𝑔1(𝑡; 𝐲) + 𝑔4(𝑡; 𝐲),

3

being

𝑔1(𝑡; 𝐲) ∶= 𝑔1(𝑡; 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ) = cos(𝑟1𝐶 𝑡) cosh(𝑟1𝑅𝑡),

𝑔2(𝑡; 𝐲) ∶= 𝑔2(𝑡; 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ) = − sin(𝑟1𝐶 𝑡) sinh(𝑟1𝑅𝑡),

3(𝑡; 𝐲) ∶= 𝑔3(𝑡; 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ) = cos(𝑟1𝐶 𝑡) sinh(𝑟1𝑅𝑡)
𝑏𝑅𝑟1𝑅 + 𝑏𝐶 𝑟1𝐶

𝑟21𝑅 + 𝑟21𝐶

+ sin(𝑟1𝐶 𝑡) cosh(𝑟1𝑅𝑡)
𝑏𝑅𝑟1𝐶 − 𝑏𝐶 𝑟1𝑅

𝑟21𝑅 + 𝑟21𝐶
,

𝑔4(𝑡; 𝐲) ∶= 𝑔4(𝑡; 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ) = − cos(𝑟1𝐶 𝑡) sinh(𝑟1𝑅𝑡)
𝑏𝑅𝑟1𝐶 − 𝑏𝐶 𝑟1𝑅

𝑟21𝑅 + 𝑟21𝐶

+ sin(𝑟1𝐶 𝑡) cosh(𝑟1𝑅𝑡)
𝑏𝑅𝑟1𝑅 + 𝑏𝐶 𝑟1𝐶

𝑟21𝑅 + 𝑟21𝐶
,

(7)

where 𝐲 = (𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ). Notice that, as it will be shown later, this
eformulation of the solution will be useful in the application of the
VT method. So, the solution SP of the random IVP (3)–(4) is derived

rom the deterministic solution,

(𝑡, 𝜔) = 𝑥𝑅(𝑡, 𝜔) + i 𝑥𝐶 (𝑡, 𝜔),

here 𝑥𝑅(𝑡, 𝜔) and 𝑥𝐶 (𝑡, 𝜔) are given by

𝑅(𝑡, 𝜔) ∶= 𝑥𝑅(𝑡; 𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝐲(𝜔))

= 𝑎𝑅(𝜔)𝑔1(𝑡; 𝐲(𝜔)) + 𝑎𝐶 (𝜔)𝑔2(𝑡; 𝐲(𝜔)) + 𝑔3(𝑡; 𝐲(𝜔)), (8)

𝐶 (𝑡, 𝜔) ∶= 𝑥𝐶 (𝑡; 𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝐲(𝜔))

= −𝑎𝑅(𝜔)𝑔2(𝑡; 𝐲(𝜔)) + 𝑎𝐶 (𝜔)𝑔1(𝑡; 𝐲(𝜔)) + 𝑔4(𝑡; 𝐲(𝜔)), (9)

eing the stochastic processes 𝑔𝑖(𝑡; 𝐲(𝜔)), 𝑖 ∈ {1, 2, 3, 4}, obtained as
randomization of the corresponding deterministic counterpart de-

ined in (7). In Eqs. (8) and (9) both SPs 𝑥𝑅(𝑡, 𝜔) and 𝑥𝐶 (𝑡, 𝜔) depend
pon RVs 𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝑏𝑅(𝜔), 𝑏𝐶 (𝜔), 𝑟1𝑅(𝜔) and 𝑟1𝐶 (𝜔). At the same
ime RVs 𝑟1𝑅(𝜔) and 𝑟1𝐶 (𝜔) are calculated from 𝑑𝑅(𝜔) and 𝑑𝐶 (𝜔), as
reviously indicated. Given a fixed time instant 𝑡 > 0, we apply
he RVT method to compute the PDF of the random vector 𝐯(𝜔) =
𝑣1(𝜔), 𝑣2(𝜔), 𝑣3(𝜔), 𝑣4(𝜔), 𝑣5(𝜔), 𝑣6(𝜔)

)⊤ in terms of the known PDF of
he input random parameters 𝐮(𝜔) = (𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝑏𝑅(𝜔), 𝑏𝐶 (𝜔), 𝑑𝑅(𝜔),
𝐶 (𝜔))⊤, 𝑓0(𝐮) = 𝑓0(𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ). We define the mapping 𝐫 ∶

R6 → R6

𝑣1 = 𝑟1(𝐮) = 𝑥𝑅(𝑡) = 𝑎𝑅𝑔1(𝑡; 𝐲) + 𝑎𝐶𝑔2(𝑡; 𝐲) + 𝑔3(𝑡; 𝐲),
𝑣2 = 𝑟2(𝐮) = 𝑥𝐶 (𝑡) = −𝑎𝑅𝑔2(𝑡; 𝐲) + 𝑎𝐶𝑔1(𝑡; 𝐲) + 𝑔4(𝑡; 𝐲),
𝐯̂ = 𝐫̂(𝐮) = 𝐲,

where 𝐯̂ = (𝑣3, 𝑣4, 𝑣5, 𝑣6), 𝐫̂ = (𝑟3, 𝑟4, 𝑟5, 𝑟6) and 𝐲 = (𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ). The
inverse of the mapping 𝐫, 𝐬 ∶ R6 → R6, is

𝑎𝑅 = 𝑠1(𝐯) =
(𝑣1 − 𝑔3(𝑦; 𝐯̂))𝑔1(𝑦; 𝐯̂) − (𝑣2 − 𝑔4(𝑦; 𝐯̂))𝑔2(𝑦; 𝐯̂)

𝑔1(𝑦; 𝐯̂)2 + 𝑔2(𝑦; 𝐯̂)2
,

𝑎𝐶 = 𝑠2(𝐯) =
(𝑣2 − 𝑔4(𝑦; 𝐯̂))𝑔1(𝑦; 𝐯̂) + (𝑣1 − 𝑔3(𝑦; 𝐯̂))𝑔2(𝑦; 𝐯̂)

𝑔1(𝑦; 𝐯̂)2 + 𝑔2(𝑦; 𝐯̂)2
,

𝐲 = 𝐬̂(𝐯) = 𝐯̂.

here 𝐬̂ = (𝑠3, 𝑠4, 𝑠5, 𝑠6) is the inverse mapping of 𝐫̂ = (𝑟3, 𝑟4, 𝑟5, 𝑟6). The
acobian of mapping 𝐬 is

= 1
𝑔1(𝑦; 𝐯̂)2 + 𝑔2(𝑦; 𝐯̂)2

= 2
cos (2𝑟1𝐶 𝑡) + cosh (2𝑟1𝑅𝑡)

> 0.

The Jacobian is strictly positive because of the hyperbolic cosine func-
tion is greater than or equal to 1. In addition, cosh (2𝑟1𝑅𝑡) = 1 if 𝑡 = 0 or
𝑟1𝑅 = 0. In this case, the time instant 𝑡 considered is positive and we are
dealing with the first and second scenarios, therefore 𝑟1𝑅 is also non-
zero. Then, applying Theorem 1, we obtain the joint PDF of the random
vector 𝐯(𝜔) in terms of the PDF of the random input parameters

𝑓𝐯(𝐯) = 𝑓0(𝑠1(𝐯), 𝑠2(𝐯), 𝑣3, 𝑣4, 𝑣5, 𝑣6)
2 . (10)
cos (2𝑟1𝐶 𝑡) + cosh (2𝑟1𝑅𝑡)
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The distribution of the solution SP of the random IVP (3)–(4) is de-
termined by the joint PDF of the random vector (𝑣1(𝜔), 𝑣2(𝜔))⊤ =
(𝑥𝑅(𝑡, 𝜔), 𝑥𝐶 (𝜔))⊤. In order to compute it, we marginalize expression
(10) with respect to 𝐯̂(𝜔) = (𝑏𝑅(𝜔), 𝑏𝐶 (𝜔), 𝑑𝑅(𝜔), 𝑑𝐶 (𝜔))⊤= 𝐲(𝜔)⊤. Then,
marginalizing and taking 𝑡 > 0 arbitrary the 1-PDF of the solution SP
𝑥(𝑡, 𝜔) is

𝑓1(𝑥𝑅, 𝑥𝐶 , 𝑡) = ∫R4
𝑓0

(

𝑠1(𝑥𝑅, 𝑥𝐶 , 𝐲), 𝑠2(𝑥𝑅, 𝑥𝐶 , 𝐲), 𝐲
)

× 2
cos (2𝑟1𝐶 (𝑑𝑅, 𝑑𝐶 )𝑡) + cosh (2𝑟1𝑅(𝑑𝑅, 𝑑𝐶 )𝑡)

d𝐲, (11)

being 𝑟1𝑅 and 𝑟1𝐶 the real and complex contributions, respectively, of
the principal root 𝑟1 defined in Section 3.1. Note that, the principal
root of the characteristic equation, 𝑟1(𝜔), depends on the sign of 𝑑𝐶 (𝜔),
for all 𝜔 ∈ 𝛺. Therefore, if the domain of the RV 𝑑𝐶 (𝜔) is positive we
consider the first scenario. Then, the 1-PDF is

𝑓+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) = ∫R+ ∫R3

𝑓0
(

𝑠1(𝑥𝑅, 𝑥𝐶 , 𝐲), 𝑠2(𝑥𝑅, 𝑥𝐶 , 𝐲), 𝐲
)

× 2
cos (2𝑟1𝐶 (𝑑𝑅, 𝑑𝐶 )𝑡) + cosh (2𝑟1𝑅(𝑑𝑅, 𝑑𝐶 )𝑡)

d𝑏𝑅 d𝑏𝐶 d𝑑𝑅 d𝑑𝐶 , (12)

where 𝑟1𝑅(𝑑𝑅, 𝑑𝐶 ) =

√

𝑑𝑅+
√

𝑑2𝑅+𝑑
2
𝐶

2 and 𝑟1𝐶 (𝑑𝑅, 𝑑𝐶 ) =

√

−𝑑𝑅+
√

𝑑2𝑅+𝑑
2
𝐶

2 . If
the domain of 𝑑𝐶 (𝜔) is negative we must deal with the second scenario.
Thus, the expression of the 1-PDF is

𝑓−
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) = ∫R− ∫R3

𝑓0
(

𝑠1(𝑥𝑅, 𝑥𝐶 , 𝐲), 𝑠2(𝑥𝑅, 𝑥𝐶 , 𝐲), 𝐲
)

× 2
cos (2𝑟1𝐶 (𝑑𝑅, 𝑑𝐶 )𝑡) + cosh (2𝑟1𝑅(𝑑𝑅, 𝑑𝐶 )𝑡)

d𝑏𝑅 d𝑏𝐶 d𝑑𝑅 d𝑑𝐶 , (13)

where 𝑟1𝑅(𝑑𝑅, 𝑑𝐶 ) =

√

𝑑𝑅+
√

𝑑2𝑅+𝑑
2
𝐶

2 and 𝑟1𝐶 (𝑑𝑅, 𝑑𝐶 ) = −

√

−𝑑𝑅+
√

𝑑2𝑅+𝑑
2
𝐶

2 .
Finally, if the domain has both negative and positive values, the 1-PDF
expressed in (11) must be split into two integrals, considering for the
positive values the roots of the first scenario and for the negative the
roots of the second, that is

𝑓1(𝑥𝑅, 𝑥𝐶 , 𝑡) = 𝑓+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) + 𝑓−

1 (𝑥𝑅, 𝑥𝐶 , 𝑡).

3.1.2. Computing the 1-PDF in the third scenario
Now, we obtain expressions for the 1-PDF in the third scenario. First

we study the case where the coefficient 𝑑(𝜔) is a real RV, i.e., 𝑑(𝜔) =
𝑑𝑅(𝜔). In the second part of this subsection we will assume that the
coefficient 𝑑 in (5) is zero.

Let us start considering that P
[

𝜔 ∈ 𝛺 ∶ 𝑑𝑅(𝜔) < 0
]

= 1. Given a
fixed time 𝑡 > 0, the mapping 𝐫 ∶ R5 → R5 is

𝑣1 = 𝑟1(𝐮) = 𝑥𝑅(𝑡) = 𝑎𝑅 cos (
√

−𝑑𝑅𝑡) +
𝑏𝑅

√

−𝑑𝑅
sin (

√

−𝑑𝑅𝑡),

𝑣2 = 𝑟2(𝐮) = 𝑥𝐶 (𝑡) = 𝑎𝐶 cos (
√

−𝑑𝑅𝑡) +
𝑏𝐶

√

−𝑑𝑅
sin (

√

−𝑑𝑅𝑡),

𝑣3 = 𝑟3(𝐮) = 𝑏𝑅,
𝑣4 = 𝑟4(𝐮) = 𝑏𝐶 ,
𝑣5 = 𝑟5(𝐮) = 𝑑𝑅,

here 𝐮 = (𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅)⊤ and 𝐯 = (𝑣1, 𝑣2,… , 𝑣5)⊤. The inverse
mapping 𝐬 ∶ R5 → R5 and its Jacobian are given by

𝑎𝑅 = 𝑠1(𝐯) =
sec (

√

−𝑣5𝑡)
√

−𝑣5

(√

−𝑣5𝑣1 − 𝑣3 sin (
√

−𝑣5𝑡)
)

,

𝑎𝐶 = 𝑠2(𝐯) =
sec (

√

−𝑣5𝑡)
√

−𝑣5

(√

−𝑣5𝑣2 − 𝑣4 sin (
√

−𝑣5𝑡)
)

,

𝑏𝑅 = 𝑠3(𝐯) = 𝑣3,
𝑏𝐶 = 𝑠4(𝐯) = 𝑣4,
𝑑𝑅 = 𝑠5(𝐯) = 𝑣5,

𝐽 = sec (
√

−𝑣 𝑡).
5

4

Then, applying the RVT method the joint PDF of the random vector
𝐯(𝜔) is

𝑓𝐯(𝐯) = 𝑓0
(

𝑠1(𝐯), 𝑠2(𝐯), 𝑣3, 𝑣4, 𝑣5
)

|

|

|

sec (
√

−𝑣5𝑡)
|

|

|

,

where 𝑓0(𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅) the joint PDF of the random input param-
eters, i.e., the PDF of the random vector (𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝑏𝑅(𝜔), 𝑏𝐶 (𝜔),
𝑅(𝜔))⊤. Marginalizing with respect to the random vector (𝑣3(𝜔), 𝑣4(𝜔),

𝑣5(𝜔))⊤ = (𝑏𝑅(𝜔), 𝑏𝐶 (𝜔), 𝑑𝑅(𝜔))⊤ and taking 𝑡 > 0 arbitrary, the 1-PDF
of the solution SP 𝑥(𝑡, 𝜔) is
−(𝑥𝑅, 𝑥𝐶 , 𝑡)

= ∫R− ∫R2
𝑓0

(

𝑠1(𝑥𝑅, 𝑥𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅), 𝑠2(𝑥𝑅, 𝑥𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅), 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅
)

× |

|

|

sec (
√

−𝑑𝑅𝑡)
|

|

|

d𝑏𝑅 d𝑏𝐶 d𝑑𝑅. (14)

ow, if P
[

𝜔 ∈ 𝛺 ∶ 𝑑𝑅(𝜔) > 0
]

= 1, i.e. the random variable 𝑑𝑅(𝜔) has
strictly positive domain, the 1-PDF of the solution 𝑥(𝑡, 𝜔) is
+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡)

= ∫R+ ∫R2
𝑓0

(

𝑠1(𝑥𝑅, 𝑥𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅), 𝑠2(𝑥𝑅, 𝑥𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅), 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅
)

× sec (
√

𝑑𝑅𝑡)
2
d𝑏𝑅 d𝑏𝐶 d𝑑𝑅, (15)

eing

1(𝑥𝑅, 𝑥𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅) = −
𝑏𝑅
√

𝑑𝑅
+ 𝑥𝑅sech(𝑡

√

𝑑𝑅),

2(𝑥𝑅, 𝑥𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅) = 𝑥𝐶 sech(𝑡
√

𝑑𝑅) −
𝑏𝐶 tanh (𝑡

√

𝑑𝑅)
√

𝑑𝑅
.

As in the previous subsection, if P
[

𝜔 ∈ 𝛺 ∶ 𝑑𝑅(𝜔) > 0
]

≠ 1 and
P
[

𝜔 ∈ 𝛺 ∶ 𝑑𝑅(𝜔) < 0
]

≠ 1, the 1-PDF of the solution SP is the sum
of both functions Eqs. (14) and (15)

𝑓1(𝑥𝑅, 𝑥𝐶 , 𝑡) = 𝑓+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) + 𝑓−

1 (𝑥𝑅, 𝑥𝐶 , 𝑡).

Finally, if the coefficient 𝑑 is zero in the IVP (5), the solution of
the deterministic problem is 𝑥(𝑡) = 𝑎 + 𝑏 𝑡. Then, the real and complex
components of 𝑥(𝑡) are

𝑥𝑅(𝑡) = 𝑎𝑅 + 𝑏𝑅𝑡, 𝑥𝐶 (𝑡) = 𝑎𝐶 + 𝑏𝐶 𝑡.

et 𝑡 > 0 be fixed, to obtain the PDF of the random vector

𝑥𝑅(𝑡, 𝜔), 𝑥𝐶 (𝜔))⊤ = (𝑎𝑅(𝜔) + 𝑏𝑅(𝜔)𝑡, 𝑎𝐶 (𝜔) + 𝑏𝐶 (𝜔)𝑡)⊤

n terms of the PDF of the random vector 𝐮(𝜔) = (𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝑏𝑅(𝜔),
𝐶 (𝜔))⊤, we define the following deterministic mapping

∶ R4 → R4,

𝑣1 = 𝑟1(𝐮) = 𝑎𝑅 + 𝑏𝑅𝑡,
𝑣2 = 𝑟2(𝐮) = 𝑎𝐶 + 𝑏𝐶 𝑡,
𝑣3 = 𝑟3(𝐮) = 𝑏𝑅,
𝑣4 = 𝑟4(𝐮) = 𝑏𝐶 .

herefore, the inverse mapping 𝐬 ∶ R4 → R4 and its Jacobian are

𝑎𝑅 = 𝑠1(𝐯) = 𝑣1 − 𝑣3𝑡,
𝑎𝐶 = 𝑠2(𝐯) = 𝑣2 − 𝑣4𝑡,
𝑏𝑅 = 𝑠3(𝐯) = 𝑣3,
𝑏𝐶 = 𝑠4(𝐯) = 𝑣4,

𝐽 = 1.

Then, taking 𝑡 > 0 arbitrary the 1-PDF of the solution SP 𝑥(𝑡, 𝜔) is

𝑓1(𝑥𝑅, 𝑥𝐶 , 𝑡) = ∫R2
𝑓0(𝑥𝑅 − 𝑏𝑅𝑡, 𝑥𝐶 − 𝑏𝐶 𝑡, 𝑏𝑅, 𝑏𝐶 ) d𝑏𝑅 d𝑏𝐶 , (16)

where 𝑓0(𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 ) denotes the PDF of the random vector
(𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝑏𝑅(𝜔), 𝑏𝐶 (𝜔))⊤.

Following the same reasoning the 1-PDFs of the real and the com-
plex components of the solution SP 𝑥(𝑡, 𝜔), in each of the scenarios, can
be determined. For sake of generality in this study, calculations and
formulas of that probabilistic distributions are exhibited in an appendix
section, see Appendices A and B.
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Fig. 1. PDF of the solution SP 𝑥(𝑡, 𝜔) at the time instants 𝑡 = 1 (left) and 𝑡 = 10 (right), in the context of Example 1. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex components,
respectively.
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4. Numerical examples

The aim of this section is to illustrate the capability of the the-
oretical results previously established in Section 3. We present four
examples, with the aim of showing the random behaviour of the solu-
tion SP in the different scenarios indicated in Section 3. In the first and
second examples independence between all RVs involved is assumed
while in the third and fourth examples dependence is considered. We
start assuming that 𝑑 = 0 in IVP (5), that is we consider the third
cenario being the roots 𝑟1 = 𝑟2 = 0. The computations are depicted

in Example 1. In Example 2 we assume that the coefficient of the RDE
(3) 𝑑(𝜔) = 𝑑𝑅(𝜔) is a real RV, thus we are also considering the third
scenario. In this case, the RV 𝑑(𝜔) affects to the dynamics of the solution
SP by producing oscillatory trajectories. In the other two examples, we
establish probabilistic distributions for the RV 𝑑𝐶 (𝜔). In Example 3 we
consider that 𝑑𝐶 (𝜔) has a positive domain, then the roots indicated
at the first scenario are considered. Example 4 is devoted to illustrate
the case when the domain of RV 𝑑𝐶 (𝜔) is the whole real line. In this
case, as previously indicated in Section 3, the 1-PDF is computed by
splitting the function into two parts, one part with the roots of the
Scenario 1 and the other considering the roots of the Scenario 2. In all
the numerical examples, the 1-PDFs of the solution SP 𝑥(𝑡, 𝜔), the real
component 𝑥𝑅(𝑡, 𝜔) and the complex component 𝑥𝐶 (𝑡, 𝜔) are computed.
In addition, we also calculate the mean and the variance for each SP,
see formulas in expression (1). For the SP 𝑥(𝑡, 𝜔) confidence regions are
displayed, by applying formula (2), in order to show the evolution and
variability of the randomized complex system under study.

Example 1. In this example we consider the particular case where
the coefficient of the differential equation established in (5) is zero,
i.e., 𝑑 = 0. The initial conditions 𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝑏𝑅(𝜔) and 𝑏𝐶 (𝜔) are
assumed to be independent RVs with the following distributions:

• 𝑎𝑅(𝜔) has an Uniform distribution on the interval [0.5, 1], i.e.,
𝑎𝑅(𝜔) ∼ U([0.5, 1]).

• 𝑎𝐶 (𝜔) has a Gamma distribution with parameters 2 and 0.5,
i.e., 𝑎𝐶 (𝜔) ∼ Ga(2, 0.5).

• 𝑏𝑅(𝜔) has a Beta distribution with parameters 7 and 3, i.e., 𝑏𝑅(𝜔) ∼
Be(7, 3).

• 𝑏𝐶 (𝜔) has a Triangular distribution on the interval [1.2, 1.5] with
mode at 1.3, i.e., 𝑏𝐶 (𝜔) ∼ Tr([1.2, 1.5], 1.3).

In Fig. 1 the PDF of the solution SP 𝑥(𝑡, 𝜔) is plotted at the fixed times
instants 𝑡 = 1 and 𝑡 = 10. To figure both PDF, formula (16) is applied.
In addition, from formulas (1) and (2) and the expression for the 1-
PDF stated in Eq. (16), in Fig. 2 the expectation (blue points) and
the 50% (red curve) and 90% (black curve) confidence regions are
plotted for different time instants 𝑡 ∈ {0, 1, 2, 5, 10}. We observe that
the mean and the variability, in both components, increase over the
time. Note that, the variability of the real component increase faster
than the variability of the complex one. This agrees with the behaviour
of 1-PDFs, of the real and complex components, plotted in Fig. 3. On the

left part of this graphical representation the 1-PDF of 𝑥𝑅(𝑡, 𝜔) given in t

5

Eq. (A.2) is shown. On the right the 1-PDF of 𝑥𝐶 (𝑡, 𝜔) given in Eq. (B.2)
is represented. For the sake of clarity, in Fig. 4 the mean and the
variance at the same time interval, [0, 10], for the real (up) and the
complex (bottom) components are plotted.

Example 2. In this example we consider the particular case where
𝑑(𝜔) = 𝑑𝑅(𝜔) is a real RV. We assume that 𝑎𝑅(𝜔), 𝑎𝐶 (𝜔), 𝑏𝑅(𝜔), 𝑏𝐶 (𝜔)
and 𝑑𝑅(𝜔) are independent RVs with the following distributions:

• 𝑎𝑅(𝜔) has an Uniform distribution on the interval [0.5, 1], i.e.,
𝑎𝑅(𝜔) ∼ U([0.5, 1]).

• 𝑎𝐶 (𝜔) has a Gamma distribution with parameters 2 and 0.5,
i.e., 𝑎𝐶 (𝜔) ∼ Ga(2, 0.5).

• 𝑏𝑅(𝜔) has a Beta distribution with parameters 7 and 3, i.e., 𝑏𝑅(𝜔) ∼
Be(7, 3).

• 𝑏𝐶 (𝜔) has a Triangular distribution on the interval [1.2, 1.5] with
mode at 1.3, i.e., 𝑏𝐶 (𝜔) ∼ Tr([1.2, 1.5], 1.3).

• 𝑑𝑅(𝜔) follows a truncated Gaussian distribution on the interval
[−10, 0] with mean −7 and standard deviation 0.05, i.e., 𝑑𝑅(𝜔) ∼
N𝑇 (−7, 0.05) with 𝑇 = [−10, 0].

n this case, we choose 𝑑𝑅(𝜔) with a negative domain. Therefore,
q. (14) is applied in order to compute the 1-PDF. In Fig. 5 the PDF
f the solution SP 𝑥(𝑡, 𝜔) is plotted at the fixed times instants 𝑡 = 0.5

and 𝑡 = 1.25. From formulas (1) and (2) and the expression for the
1-PDF stated in Eq. (14), in Fig. 6 the expectation (blue points) and
the 50% (red curve) and 90% (black curve) confidence regions are
plotted for different instant times 𝑡 ∈ {0, 0.5, 0.7, 0.9, 1.25} (left) and 𝑡 ∈
{1.5, 1.75, 1.9, 2.1, 2.5} (right). We consider two sets of times to observe
the oscillatory character of the complex system. We observe that, for
the first time interval, in both components (real and complex) the mean
decrease while the variability at first decreases and then rises again.
In the second time interval considered, the mean increase in the both
components, while the variability firstly decreases and then increases.
We notice that there is a oscillatory behaviour in both, the mean and
the variance. In addition, the variability of the complex component
is bigger than that corresponding of the real one. This behaviour is
in agreement with the 1-PDFs of the real and complex components
plotted in Fig. 7. On the left part of this graphical representation the
1-PDF of 𝑥𝑅(𝑡, 𝜔) given in Eq. (A.2) is shown. On the right, the 1-PDF
f 𝑥𝐶 (𝑡, 𝜔) given in Eq. (B.2) is represented. For the sake of clarity, in
ig. 8 the mean and the variance at the same time interval, [0, 1.25],
or the real (up) and the complex (bottom) components are plotted.
otice that, although the mean and the variance of 𝑥𝑅(𝑡, 𝜔) and 𝑥𝐶 (𝑡, 𝜔)
ave a similar shape, with a different scale, the 1-PDFs are different.
ecall in this point the importance of computing the 1-PDF, which
ives us a full probabilistic description of the SP. In all these graphical
epresentations we show the behaviour of the complex system consider
n a neighbourhood of the initial time instant 𝑡 = 0. Finally, to see
hat happens with bigger times, in Fig. 9 the mean and the variance of

he real and the complex components are depicted on the time interval
0, 20]. We observe that the expectations have a oscillatory behaviour,
ith a certain periodicity. The variance of both components also tends

o increase in an oscillating manner.
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Fig. 2. Blue points represent the expectation of the solution SP for different time instants 𝑡𝑖 ∈ {0, 1, 2, 5, 10}, E
[

𝑥(𝑡𝑖 , 𝜔)
]

. 50% (red curve) and 90% (black curve) confidence regions
re plotted for each instant time 𝑡𝑖. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex components, respectively. This graphical representation has been done in the context of
xample 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 3. PDFs of the real component 𝑥𝑅(𝜔) (left) and the complex component 𝑥𝐶 (𝜔) (right) of the solution SP of the IVP (3)–(4) at the time instants 𝑡𝑖 ∈ {0, 1, 2,… , 10}, in the
ontext of Example 1.
i
t
o
a
5
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xample 3. In the next example, we assume the following distribu-
ions for the random input parameters:

• The random vector (𝑎𝑅(𝜔), 𝑎𝐶 (𝜔)) follows a Multivariate Nor-
mal distribution with mean 𝜇 = (1, 1)⊤ and variance–covariance
matrix

𝛴 = 1
20

(

1 0.1
0.1 1

)

.

That is, (𝑎𝑅(𝜔), 𝑎𝐶 (𝜔)) ∼ N(𝜇,𝛴).
• The random vector (𝑏𝑅(𝜔), 𝑏𝐶 (𝜔)) has a Multivariate Uniform

distribution in the rectangle [1, 2] × [2, 3], i.e, (𝑏𝑅(𝜔), 𝑏𝐶 (𝜔)) ∼
U([1, 2], [2, 3]).
6

• The random variable 𝑑𝑅(𝜔) has a Beta distribution with parame-
ters 2 and 3, i.e., 𝑑𝑅(𝜔) ∼ Be(2, 3).

• 𝑑𝐶 (𝜔) has a Gamma distribution with parameters 4 and 5, i.e.,
𝑑𝐶 (𝜔) ∼ Ga(4, 5).

In this case, P
[

𝜔 ∈ 𝛺 ∶ 𝑑𝐶 (𝜔) > 0
]

= 1. Therefore, the roots indicated
n the Scenario 1 has been used in the formula of the 1-PDF of the solu-
ion SP given in Eq. (11), i.e., we consider Eq. (12). In Fig. 10 the PDF
f the solution SP 𝑥(𝑡, 𝜔) is depicted at the fixed times instants 𝑡 = 0.05
nd 𝑡 = 0.35. In addition, in Fig. 11 the expectation (blue point) and the
0% (red curve) and 90% (black curve) confidence regions are plotted
or different instant times 𝑡 = {0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.25}. The

mean and the confidence region have been obtained from formulas
(1), (2) and (12), where the 1-PDF of the solution SP, 𝑓 (𝑥 , 𝑥 , 𝑡) has
1 𝑅 𝐶
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Fig. 4. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) (top and bottom, respectively) at the time interval [0, 10], in the
context of Example 1.

Fig. 5. PDF of the solution SP 𝑥(𝑡, 𝜔) at the time instants 𝑡 = 0.5 (left) and 𝑡 = 1.25 (right), in the context of Example 2. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex
components, respectively.

Fig. 6. Blue points represent the expectation of the solution SP, E
[

𝑥(𝑡𝑖 , 𝜔)
]

, for different time instants 𝑡𝑖 ∈ {0, 0.5, 0.7, 0.9, 1.25} (left) and 𝑡𝑖 ∈ {1.5, 1.75, 1.9, 2.1, 2.5} (right). 50% (red
curve) and 90% (black curve) confidence regions are plotted for each instant time 𝑡𝑖. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex components, respectively. This graphical
representation has been done in the context of Example 2. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

7



A. Navarro-Quiles Probabilistic Engineering Mechanics 68 (2022) 103232

c

o

b
t
o
P
o
c
c
s
d
t
b
f
e
t
t

Fig. 7. PDFs of the real component 𝑥𝑅(𝜔) (left) and the complex component 𝑥𝐶 (𝜔) (right) of the solution SP of the IVP (3)–(4) at the time instants 𝑡𝑖 ∈ {0, 0.25,… , 3}, in the
ontext of Example 2.
Fig. 8. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) (top and bottom, respectively) at the time interval [0, 3], in the context
f Example 2.
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𝛴

T

een established. We can observe that the variability increases over the
ime while the mean moves away from zero. In Fig. 12 the 1-PDFs
f the real and complex components are plotted. On the left, the 1-
DF of 𝑥𝑅(𝑡, 𝜔) given in Eq. (A.1) is shown. On the right, the 1-PDF
f 𝑥𝐶 (𝑡, 𝜔) established in Eq. (B.1) is represented. In the interest of
larity, in Fig. 13 the mean and the variance for the real (up) and the
omplex (bottom) components are pictured in the interval [0, 0.35]. We
ee that, at the chosen time interval, the mean of the real component
ecrease while the mean of the complex component increase over
ime. In addition, in both components the variability augments. This
ehaviour is consistent with that shown in Fig. 11. For times further
rom zero, see Fig. 14 we observe that the mean and the variance grow
xponentially for both the real and complex components. In addition,
he expectation diverge oscillating in both contributions, the real and
he complex.
 c

8

xample 4. To finish, we show an example where the domain of 𝑑𝐶 (𝜔)
s the whole real line. We consider the following IVP
{

𝑥̈(𝑡, 𝜔) − 𝑑(𝜔)𝑥(𝑡, 𝜔) = 0, 𝑡 > 0,
𝑥(0) = 𝑎𝐶 (𝜔) i, 𝑥̇(0) = 𝑏𝑅(𝜔).

here 𝑑(𝜔) is a absolutely continuous complex RV, 𝑑(𝜔) = 𝑑𝑅(𝜔) +
𝑑𝑅(𝜔), and 𝑎𝐶 (𝜔) and 𝑏𝑅(𝜔) are absolutely continuous real RVs, all
efined in a complete probability space (𝛺, ,P). We assume that the
andom vector (𝑑𝑅(𝜔), 𝑑𝐶 (𝜔)) has a Multivariate Gaussian distribution
ith mean 𝜇 = (0, 0.5)⊤ and variance–covariance matrix

= 1
20

(

1 0.2
0.2 2

)

.

hat is, (𝑑𝑅(𝜔), 𝑑𝐶 (𝜔)) ∼ N(𝜇,𝛴). For the real RVs 𝑎𝐶 (𝜔) and 𝑏𝑅(𝜔) we
onsider the following distributions
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Fig. 9. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) (top and bottom, respectively) at the time interval [0, 20], in the
ontext of Example 2.
Fig. 10. PDF of the solution SP 𝑥(𝑡, 𝜔) at the time instants 𝑡 = 0.05 (left) and 𝑡 = 0.35 (right), in the context of Example 3. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex
omponents, respectively.
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• 𝑎𝐶 (𝜔) ∼ Be(2, 2).
• 𝑏𝑅(𝜔) ∼ Ga(4, 4).

s the RV 𝑑𝐶 (𝜔) gets both positive and negative values, the 1-PDF of
he solution SP 𝑥(𝑡, 𝜔) is split into two parts, i.e.,

1(𝑥𝑅, 𝑥𝐶 , 𝑡) = 𝑓+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) + 𝑓−

1 (𝑥𝑅, 𝑥𝐶 , 𝑡),

here 𝑓+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) and 𝑓−

1 (𝑥𝑅, 𝑥𝐶 , 𝑡) are established in Eq. (12) and
13), respectively. Therefore, to compute 𝑓+

1 (𝑥𝑅, 𝑥𝐶 , 𝑡) we consider
he positive values of the domain of the RV 𝑑𝐶 (𝜔) and to obtain
−
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) the negative. In this point, highlight that both functions
+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) and 𝑓−

1 (𝑥𝑅, 𝑥𝐶 , 𝑡) are not probabilistic distributions. They
re the positive and negative contributions of the 1-PDF 𝑓1(𝑥𝑅, 𝑥𝐶 , 𝑡)
nd the following is fulfilled for every 𝑡 > 0 fixed

R2
𝑓1(𝑥𝑅, 𝑥𝐶 , 𝑡) d𝑥𝑅 d𝑥𝐶 = ∫R2

𝑓+
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) d𝑥𝑅 d𝑥𝐶

+ ∫R2
𝑓−
1 (𝑥𝑅, 𝑥𝐶 , 𝑡) d𝑥𝑅 d𝑥𝐶 = 1.

n this example, from the calculation of the corresponding probabilities,
t is evident that the positive contribution is more significant than the
egative
[

𝜔 ∈ 𝛺 ∶ 𝑑 (𝜔) > 0
]

= 0.943077, P
[

𝜔 ∈ 𝛺 ∶ 𝑑 (𝜔) < 0
]

= 0.056923.
𝐶 𝐶 t

9

The PDF of the solution SP 𝑥(𝑡, 𝜔) is plotted in Fig. 15 at the fixed times
= 0.2 and 𝑡 = 0.6. In addition, in Fig. 16 the expectation (blue point)
nd the 50% (red curve) and 90% (black curve) confidence regions are
lotted for different instant times 𝑡 ∈ {0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.25}.
he mean and the confidence region have been obtained from formulas
1) and (2), Eqs. (12) and (13). We see that both the expectation
nd variability grow as time passes, in both components the real and
he complex. This behaviour agrees with the shown in Fig. 17 and
ig. 18. In Fig. 17 the 1-PDFs of the real and the complex components
re represented for different time instant 𝑡 ∈ {0.2, 0.4, 0.6, 0.8, 1}. The
xpectation and variance at the time interval [0.2, 1] are depicted
n Fig. 18. Finally, in Fig. 19 we observe that for large times the
xpectation of the real and complex components diverge oscillating.
or both components the variance growths exponentially.

. Application to the simple harmonic oscillator

As indicated at the introduction, complex differential equations
ave a significant role in Engineering. In this section, we apply the
esults obtained in Section 3 to the simple harmonic oscillator defined
n the complex domain. This model is certainly the simplest model
o examine dynamical systems in engineering but it is fundamental
o understand most of the physical phenomena [25]. For example, let



A. Navarro-Quiles Probabilistic Engineering Mechanics 68 (2022) 103232

c
d

{

𝑚
w
b
o

w
c
s
d
a

Fig. 11. Blue points represent the expectation of the solution SP for different time instants 𝑡𝑖 ∈ {0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35}, E
[

𝑥(𝑡𝑖 , 𝜔)
]

. 50% (red curve) and 90% (black
urve) confidence regions are plotted for each instant time 𝑡𝑖. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex components, respectively. This graphical representation has been
one in the context of Example 3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 12. PDFs of the real component 𝑥𝑅(𝜔) (left) and the complex component 𝑥𝐶 (𝜔) (right) of the solution SP of the IVP (3)–(4) at the time instants 𝑡𝑖 ∈
0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35}, in the context of Example 3.
e

𝐼

b
t
t
𝜔

w

be a mass joined to one end of a massless spring (or pendulum)
ith stiffness constant 𝑘. The other end of the spring is assumed to
e immobilized. Then, the equation of motion of this simple harmonic
scillator is

𝑥̈(𝑡) + 𝜔2
0𝑥(𝑡) = 0, 𝑡 > 0, (17)

here 𝜔2
0 = 𝑘∕𝑚. Differential Eq. (17) has multiple applications in the

omplex domain. For instance, in the analysis of electrical circuits. Con-
ider an LC circuit which consists of and inductor and a capacitor and,
enote by 𝐿 and 𝐶 the inductance and the capacitance of the inductor
nd capacitor components, respectively. In this case, the differential
 𝑝

10
quation writes as

̈(𝑡) + 1
𝐿𝐶

𝐼(𝑡) = 0, 𝑡 > 0, (18)

eing 𝐼(𝑡) the current in the circuit at the time instant 𝑡. Depending on
he nature of the problem which we are dealing with, it can be assumed
hat 𝐿 and/or 𝐶 are complex numbers, see [26,27]. Then, in this case
0 = 1∕

√

𝐿𝐶 is called the resonant frequency of the LC circuit, and it
is also complex.

In relation of the densities of the random parameters, we consider
𝜔2
0(𝜔) = −𝑑(𝜔) = − i 𝑑𝐶 (𝜔), where 𝑑𝐶 (𝜔) has a Gaussian distribution
ith mean −900 and a 20% of variability, i.e, 𝑑𝐶 (𝜔) ∼ N(−900, 900𝑝),
= 0.2. Regarding the initial conditions 𝑥(0, 𝜔) = 𝑎 (𝜔) + i 𝑎 (𝜔) and
𝑅 𝐶
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Fig. 13. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) (top and bottom, respectively) at the time interval [0, 0.25], in the
ontext of Example 3.
Fig. 14. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) (top and bottom, respectively) at the time interval [0, 2.5], in the
ontext of Example 3.
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̇ (0, 𝜔) = 𝑏𝑅(𝜔) + i 𝑏𝐶 (𝜔), for sake of simplicity we assume that 𝑎𝐶 , 𝑏𝑅
nd 𝑏𝐶 are deterministic and equal to zero. Then, only randomness is
ssumed in 𝑥(0, 𝜔) = 𝑎𝑅(𝜔), where 𝑎𝑅(𝜔) follows a Gamma distribution
ith parameters 5 and 0.2 i.e., 𝑎𝑅(𝜔) ∼ Ga(5, 0.2). Note that, to
etermine the expression of the 1-PDF of the solution SP, the PDF of
oth 𝑎𝑅(𝜔) and 𝑎𝐶 (𝜔) are necessary, since we shall define a one-to-one
ransformation. As 𝑎𝐶 = 0, then it density can be defined from the Dirac
elta function as follows

(𝑎 ) = 𝛿(𝑎 ), −∞ < 𝑎 < ∞.
𝑎𝐶 𝐶 𝐶 𝐶 e

11
n this application we compute the PDF of the solution SP 𝑥(𝑡, 𝜔), and
he densities of the real and complex components of the solution, for
ifferent time instants. The results are compared with those obtained
sing Monte Carlo simulation (MCS), which is a common alternative
o calculate densities, [28–30]. Although widely used due to easy im-
lementation, the main drawback of MCS methods is that the accuracy
epends on the sampling say. That is, it has a slow convergence rate
(1∕

√

𝑀), 𝑀 being the number of simulations. Thus, bigger samples
ive us more accurate results but increasing the related computational
ffort. In addition, MCS only provides numerical approximations of
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Fig. 15. PDF of the solution SP 𝑥(𝑡, 𝜔) at the time instants 𝑡 = 0.2 (left) and 𝑡 = 0.6 (right), in the context of Example 4. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex
omponents, respectively.
Fig. 16. Blue points represent the expectation of the solution SP for different time instants 𝑡𝑖 ∈ {0.2, 0.4, 0.6, 0.8, 1}, E
[

𝑥(𝑡𝑖 , 𝜔)
]

. 50% (red curve) and 90% (black curve) confidence
egions are plotted for each instant time 𝑡𝑖. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex components, respectively. This graphical representation has been done in the context
f Example 4. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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olution SP in spite of an exact representation could exist, as obtained
n this contribution.

In Fig. 20 the PDF of the solution SP 𝑥(𝑡, 𝜔) is plotted at the times
nstants 𝑡 = 0.01 and 𝑡 = 0.4. The PDF have been obtained using
he RVT method, from the theoretical results stated in Section 3, and
he classical MCS, considering 106 samples. We can observe that the
nalytical computations obtained by applying the RVT method agree
ith MCS, the first method being more accurate. We see that for the

ime instant 𝑡 = 0.4 the PDF takes smaller values than at the time instant
= 0.01, what means that there is more variability. This conclusion

s in agreement with Fig. 21, where the PDF of the real and complex
omponents of the solution SP are represented at both times instants
= 0.01 and 𝑡 = 0.4. In both graphical representations, Fig. 20 and

ig. 21, we show that applying the RVT method the exact density is
alculated, while with MCS an approximation is obtained. Finally, in
ig. 22 the behaviour of the expectation and the variance of the solution
 i

12
P 𝑥(𝑡, 𝜔) = 𝑥𝑅(𝜔) + i 𝑥𝐶 (𝜔) are plotted in the time interval [0, 0.5].
n order to see the behaviour at the first times, we also have plotted
t in the time interval [0, 0.15]. We observe that both quantities the
xpectation and the variance increase over the time, with the growth
f the expectation being oscillatory.

. Conclusions and future work

In this paper we take advantage of the Random Variable Trans-
ormation technique to determine an exact expression of the first
robability density function of the solution stochastic process of a
andomized linear second-order differential equation with complex
oefficients. The first probability density function provided us a full
robabilistic description of the solution stochastic process. From it we
an obtain important statistical information such as the mean, variabil-
ty and confidence regions. For the sake of generality, the theoretical
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Fig. 17. PDFs of the real component 𝑥𝑅(𝜔) (left) and the complex component 𝑥𝐶 (𝜔) (right) of the solution SP of the IVP (3)–(4) at the time instants 𝑡𝑖 ∈ {0.2, 0.4, 0.6, 0.8, 1}, in
he context of Example 4.
Fig. 18. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) (top and bottom, respectively) at the time interval [0.2, 1], in the
ontext of Example 4.
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nalysis has been done considering all the possible scenarios motivated
y the deterministic theory. The results in this paper have a great
otential regarding applications. For instance, second-order differential
quations are key tools in Engineering. And, considering uncertainty in
ts formulation is necessary to take into account inherent errors. In this
ontribution, the capability of theoretical results established has been
emonstrated via numerous numerical examples and a particular appli-
ation where the simple harmonic oscillator, defined on the complex
omain, is considered. In the application, the first probability density
unction of the response is calculated using two methods: the results
btained applying the random variable transformation technique and
onte Carlo simulations. We show how with the first method give us
ore accurate results. In a future contribution, the next natural step

s to consider the non-homogeneous system. In addition, we plan to
o a step forward by analysing other interesting linear or no-linear
ifferential equations with random complex coefficients, such as the
iccati differential equation.
 R
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ppendix A. Computing the 1-PDF of the real component, 𝒙𝑹(𝒕, 𝝎)

In this appendix the 1-PDF of the real component 𝑥𝑅(𝑡, 𝜔) is deter-
ined. First, we compute the 1-PDF in the first and second scenarios

ndicated in the introduction, that is, we consider 𝑑𝐶 (𝜔) a continuous
V. After that, we will assume that the RV 𝑑(𝜔) = 𝑑 (𝜔) has only a real
𝑅



A. Navarro-Quiles Probabilistic Engineering Mechanics 68 (2022) 103232

Fig. 19. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) (top and bottom, respectively) at the time interval [0, 10], in the
context of Example 4.

Fig. 20. PDF of the solution SP 𝑥(𝑡, 𝜔) at the time instants 𝑡 = 0.01 (left) and 𝑡 = 0.4 (right), in the context of the application stated in Section 5. Top: Applying the RVT method;
Middle: Applying MCS; Bottom: Comparison between MCS and RVT. 𝑥𝑅 and 𝑥𝐶 are the values for the real and complex components, respectively.

14
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Fig. 21. PDFs of the real component 𝑥𝑅(𝜔) (left) and the complex component 𝑥𝐶 (𝜔) (right) of the solution SP of the IVP (3)–(4) at the time instants 𝑡 = 0.01 (top) and 𝑡 = 0.4
(bottom), in the context of the application stated in Section 5. Comparison between RVT (blue line) and MCS (black points). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Fig. 22. Expectation (left) and variance (right) of the real and complex components of the solution SP 𝑥(𝑡, 𝜔) at the time intervals [0, 0.5] and [0, 0.15] (top and bottom, respectively),
in the context of the application stated in Section 5.

15
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contribution. Finally, we consider that the RV 𝑑(𝜔) = 0 for all 𝜔 ∈ 𝛺.
That is, the coefficient 𝑑 is zero in the IVP (5).

A.1. Computing the 1-PDF in the first and second scenarios

In this case, the real component 𝑥𝑅(𝑡, 𝜔) is given in Eq. (8). Let
𝑡 > 0 be fixed, we apply the RVT method, Theorem 1, to the mapping
𝐫 ∶ R6 → R6

𝑣1 = 𝑟1(𝐮) = 𝑥𝑅(𝑡) = 𝑎𝑅𝑔1(𝑡; 𝐲) + 𝑎𝐶𝑔2(𝑡; 𝐲) + 𝑔3(𝑡; 𝐲),
𝑣2 = 𝑟2(𝐮) = 𝑎𝐶 ,
𝐯̂ = 𝐫̂(𝐮) = 𝐲,

where 𝐯̂ = (𝑣3, 𝑣4, 𝑣5, 𝑣6), 𝐫̂ = (𝑟3, 𝑟4, 𝑟5, 𝑟6) and 𝐲 = (𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ). The
inverse mapping 𝐬 ∶ R6 → R6, 𝐬 = (𝑠1, 𝑠2, 𝐬̂), is

𝑎𝑅 = 𝑠1(𝐯) =
𝑣1 − 𝑣2𝑔2(𝑡; 𝐯̂) − 𝑔3(𝑡; 𝐯̂)

𝑔1(𝑡; 𝐯̂)
,

𝑎𝐶 = 𝑠2(𝐯) = 𝑣2,
𝐲 = 𝐬̂(𝐯) = 𝐯̂.

The Jacobian of the mapping 𝐬 is

𝐽 = 1
𝑔1(𝑡, 𝐯̂)

= 1
cos(𝑟1𝐶 𝑡) cosh(𝑟1𝑅𝑡)

=
sec (𝑟1𝐶 𝑡)
cosh (𝑟1𝑅𝑡)

,

here 𝑟1𝑅 = 𝑟1𝑅(𝑣5, 𝑣6) and 𝑟1𝐶 = 𝑟1𝐶 (𝑣5, 𝑣6) are the real and complex
part of the root 𝑟 =

√

𝑑𝑅 + 𝑖𝑑𝐶 =
√

𝑣5 + 𝑖𝑣6. Then, the PDF of the
andom vector 𝐯 in terms of the PDF of input parameters is

𝐯(𝐯) = 𝑓0
(

𝑠1(𝐯), 𝑣2, 𝐯̂
) |

|

|

|

sec (𝑟1𝐶 𝑡)
cosh (𝑟1𝑅𝑡)

|

|

|

|

.

Marginalizing with respect to the random vector (𝑣2(𝜔), 𝐯̂(𝜔))⊤ and
taking 𝑡 > 0 arbitrary, the 1-PDF of the real component of the solution
SP of IVP (3)–(4) is

𝑓𝑅(𝑥𝑅, 𝑡) = ∫R5
𝑓0

(

𝑠1(𝑥𝑅, 𝑎𝐶 , 𝐲), 𝑎𝐶 , 𝐲
) |

|

|

|

sec (𝑟1𝐶 (𝑑𝑅, 𝑑𝐶 )𝑡)
cosh (𝑟1𝑅(𝑑𝑅, 𝑑𝐶 )𝑡)

|

|

|

|

d𝑎𝐶 d𝐲, (A.1)

where 𝐲 = (𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ). As it has been indicated in Section 3,
depending on the domain of the RV 𝑑𝐶 (𝜔), we consider the roots of
the first scenario, the second scenario or both (splitting the 1-PDF into
two parts, the positive and negative).

A.2. Computing the 1-PDF in the third scenario

We compute the 1-PDF in the third scenario, considering that the
coefficient of the RDE (3) is a real RV, 𝑑(𝜔) = 𝑑𝑅(𝜔). If 𝑑𝑅(𝜔) is a RV
with negative domain, the 1-PDF is

𝑓−
𝑅 (𝑥𝑅, 𝑡) = ∫R− ∫R

𝑓0𝑅

⎛

⎜

⎜

⎜

⎝

sec (
√

−𝑑𝑅𝑡)
(

√

−𝑑𝑅𝑥𝑅 − 𝑏𝑅 sin (
√

−𝑑𝑅𝑡)
)

√

−𝑑𝑅
, 𝑏𝑅, 𝑑𝑅

⎞

⎟

⎟

⎟

⎠

× |

|

|

sec (
√

−𝑑𝑅𝑡)
|

|

|

d𝑏𝑅 d𝑑𝑅. (A.2)

n the other hand, if P
[

𝜔 ∈ 𝛺 ∶ 𝑑𝑅(𝜔) > 0
]

= 1, the 1-PDF is given by

+
𝑅 (𝑥𝑅, 𝑡) = ∫R+ ∫R

𝑓0𝑅

(

−
𝑏𝑅
√

𝑑𝑅
+ 𝑥𝑅sech(𝑡

√

𝑑𝑅), 𝑏𝑅, 𝑑𝑅

)

× |

|

|

sech(𝑡
√

𝑑𝑅)
|

|

|

d𝑏𝑅 d𝑑𝑅. (A.3)

In both expressions, Eqs. (A.2) and (A.3), 𝑓0𝑅(𝑎𝑅, 𝑏𝑅, 𝑑𝑅) denotes the
PDF of the random vector (𝑎𝑅(𝜔), 𝑏𝑅(𝜔), 𝑑𝑅(𝜔))⊤, which can be cal-
culated as the marginal of the PDF of the random input parameters
𝑓0(𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅). When the RV 𝑑𝑅(𝜔) can take both positive and
negative values, the 1-PDF can be calculated by the sum of Eqs. (A.2)
and (A.3)

𝑓𝑅(𝑥𝑅, 𝑡) = 𝑓+
𝑅 (𝑥𝑅, 𝑡) + 𝑓−

𝑅 (𝑥𝑅, 𝑡).

Now, if 𝑑(𝜔) = 0 for all 𝜔 ∈ 𝛺, the real contribution of the solution SP
is given by 𝑥𝑅(𝑡, 𝜔) = 𝑎𝑅(𝜔) + 𝑏𝑅(𝜔)𝑡. Then, the 1-PDF is

𝑓1(𝑥𝑅, 𝑡) = 𝑓0𝑅
(

𝑥𝑅 − 𝑏𝑅 𝑡, 𝑏𝑅
)

d𝑏𝑅,
∫R

16
being, in this case, 𝑓0𝑅(𝑎𝑅, 𝑏𝑅) the PDF of the random vector (𝑎𝑅(𝜔),
𝑏𝑅(𝜔))⊤.

Appendix B. Computing the 1-PDF of the complex component,
𝒙𝑪 (𝒕, 𝝎)

In this appendix the 1-PDF of the complex component 𝑥𝐶 (𝑡, 𝜔)
is determined. First, we compute the 1-PDF in the first and second
scenarios indicated in the introduction, that is, we consider 𝑑𝐶 (𝜔) a
continuous RV. After that, we will assume that the RV 𝑑(𝜔) = 𝑑𝑅(𝜔)
has only a real contribution. Finally, we consider that the RV 𝑑(𝜔) = 0
for all 𝜔 ∈ 𝛺. That is, the coefficient 𝑑 is zero in the IVP (5).

B.1. Computing the 1-PDF in the first and second scenarios

In this case, the real component 𝑥𝐶 (𝑡, 𝜔) is given in Eq. (9). Let
𝑡 > 0 be fixed, we apply the RVT method, Theorem 1, to the mapping
𝐫 ∶ R6 → R6

𝑣1 = 𝑟1(𝐮) = 𝑥𝐶 (𝑡) = −𝑎𝑅𝑔2(𝑡; 𝐲) + 𝑎𝐶𝑔1(𝑡; 𝐲) + 𝑔4(𝑡; 𝐲),
𝑣2 = 𝑟2(𝐮) = 𝑎𝐶 ,
𝐯̂ = 𝐫̂(𝐮) = 𝐲,

here 𝐯̂ = (𝑣3, 𝑣4, 𝑣5, 𝑣6), 𝐫̂ = (𝑟3, 𝑟4, 𝑟5, 𝑟6) and 𝐲 = (𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ). The
nverse mapping 𝐬 ∶ R6 → R6 is

𝑎𝑅 = 𝑠1(𝐯) =
𝑣2𝑔1(𝑡; 𝐯̂) + 𝑔4(𝑡; 𝐯̂) − 𝑣1

𝑔2(𝑡; 𝐯̂)
,

𝑎𝐶 = 𝑠2(𝐯) = 𝑣2,
𝐲 = 𝐬̂(𝐯) = 𝐯̂.

The Jacobian of the mapping 𝐬 is

= 1
𝑔2(𝑡; 𝐯̂)

= 1
− sin(𝑟1𝐶 𝑡) sinh(𝑟1𝑅𝑡)

= −
csc (𝑟1𝐶 𝑡)
sinh (𝑟1𝑅𝑡)

,

where 𝑟1𝑅 = 𝑟1𝑅(𝑣5, 𝑣6) and 𝑟1𝐶 = 𝑟1𝐶 (𝑣5, 𝑣6) are the real and complex
part of the root 𝑟 =

√

𝑑𝑅 + 𝑖𝑑𝐶 =
√

𝑣5 + 𝑖𝑣6. Then, the PDF of the
andom vector 𝐯 in terms of the PDF of input parameters is

𝐯(𝐯) = 𝑓0
(

𝑠1(𝐯), 𝑣2, 𝐯̂
) |

|

|

|

csc (𝑟1𝐶 𝑡)
sinh (𝑟1𝑅𝑡)

|

|

|

|

.

Marginalizing with respect to the random vector (𝑣2(𝜔), 𝐯̂(𝜔))⊤ and
taking 𝑡 > 0 arbitrary, the 1-PDF of the complex component of the
solution SP of IVP (3)–(4) is

𝑓𝐶 (𝑥𝐶 , 𝑡) = ∫R5
𝑓0

(

𝑠1(𝑥𝐶 , 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ), 𝑎𝐶 , 𝐲
)

×
|

|

|

|

csc (𝑟1𝐶 (𝑑𝑅, 𝑑𝐶 )𝑡)
sinh (𝑟1𝑅(𝑑𝑅, 𝑑𝐶 )𝑡)

|

|

|

|

d𝑎𝐶d𝐲, (B.1)

where 𝐲 = (𝑏𝑅, 𝑏𝐶 , 𝑑𝑅, 𝑑𝐶 ).

B.2. Computing the 1-PDF in the third scenario

We compute the 1-PDF in the third scenario, considering that the
coefficient of the RDE (3) is a real RV, 𝑑(𝜔) = 𝑑𝑅(𝜔). If 𝑑𝑅(𝜔) is a RV
with negative domain, the 1-PDF is

𝑓−
𝐶 (𝑥𝐶 , 𝑡) = ∫R− ∫R

𝑓0𝐶

⎛

⎜

⎜

⎜

⎝

sec (
√

−𝑑𝑅𝑡)
(

√

−𝑑𝑅𝑥𝐶 − 𝑏𝐶 sin (
√

−𝑑𝑅𝑡)
)

√

−𝑑𝑅
, 𝑏𝐶 , 𝑑𝑅

⎞

⎟

⎟

⎟

⎠

× |

|

|

sec (
√

−𝑑𝑅𝑡)
|

|

|

d𝑏𝐶 d𝑑𝑅. (B.2)

On the other hand, if P
[

𝜔 ∈ 𝛺 ∶ 𝑑𝑅(𝜔) > 0
]

= 1, the 1-PDF is given by

𝑓+
𝐶 (𝑥𝐶 , 𝑡) = ∫R+ ∫R

𝑓0𝐶

(

−
𝑏𝐶 tanh (𝑡

√

𝑑𝑅)
√

𝑑𝑅
+ 𝑥𝐶 sech(𝑡

√

𝑑𝑅), 𝑏𝐶 , 𝑑𝑅

)

× |

|

|

sech(𝑡
√

𝑑𝑅)
|

|

|

d𝑏𝐶 d𝑑𝑅. (B.3)
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In both expressions, Eqs. (B.2) and (B.3), 𝑓0𝐶 (𝑎𝐶 , 𝑏𝐶 , 𝑑𝑅) denotes the
PDF of the random vector (𝑎𝐶 (𝜔), 𝑏𝐶 (𝜔), 𝑑𝑅(𝜔))⊤, which can be cal-
culated as the marginal of the PDF of the random input parameters
𝑓0(𝑎𝑅, 𝑎𝐶 , 𝑏𝑅, 𝑏𝐶 , 𝑑𝑅). When, the RV 𝑑𝑅(𝜔) can take both positive and
negative values, the 1-PDF can be calculated by the sum of Eqs. (B.2)
and (B.3)

𝑓𝐶 (𝑥𝐶 , 𝑡) = 𝑓+
𝐶 (𝑥𝐶 , 𝑡) + 𝑓−

𝐶 (𝑥𝐶 , 𝑡).

Now, if 𝑑(𝜔) = 0 for all 𝜔 ∈ 𝛺, the complex contribution of the solution
SP is given by 𝑥𝐶 (𝑡, 𝜔) = 𝑎𝐶 (𝜔) + 𝑏𝐶 (𝜔)𝑡. Then, the 1-PDF is

𝑓1(𝑥𝐶 , 𝑡) = ∫R
𝑓0𝐶

(

𝑥𝐶 − 𝑏𝐶 𝑡, 𝑏𝐶
)

d𝑏𝐶 ,

being, in this case, 𝑓0𝐶 (𝑎𝐶 , 𝑏𝐶 ) the PDF of the random vector (𝑎𝐶 (𝜔),
𝑏𝐶 (𝜔))⊤.
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