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Abstract. Motivated by the result of Dantas et al. in Nonlinear Anal. (2023) [15] that
there exist metric spaces for which the set of strongly norm-attaining Lipschitz functions
does not contain an isometric copy of c0, we introduce and study a weaker notion of norm-
attainment for Lipschitz functions called the pointwise norm-attainment. As a main result,
we show that for every infinite metric space M , there exists a metric space M0 ⊆ M such
that the set of pointwise norm-attaining Lipschitz functions on M0 contains an isometric
copy of c0. We also observe that there are countable metric spaces M for which the set
of pointwise norm-attaining Lipschitz functions contains an isometric copy of ℓ∞, which
is a result that does not hold for the set SNA(M) of strongly norm-attaining Lipschitz
functions. Several new results on c0-embedding and ℓ1-embedding into the set SNA(M)
are presented as well. In particular, we show that if M is a subset of an R-tree containing
all the branching points, then SNA(M) contains c0 isometrically. As a related result, we
provide an example of metric space M for which the set of norm-attaining functionals
on the Lipschitz-free space over M cannot contain an isometric copy of c0. Finally, we
compare the concept of pointwise norm-attainment with the several different kinds of
norm-attainment from the literature.
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1. Introduction

In this article, a new norm-attainment notion for Lipschitz functions, namely the point-
wise norm-attainment, will be introduced and studied. On top of that, we will discuss
spaceability questions for sets of real Lipschitz functions that attain their norms in several
different ways.

We use standard notations and terminology for Banach spaces (see, for instance, [16]).
In particular, for a real Banach space X, let X∗, BX , and SX respectively denote its
topological dual, its closed unit ball, and its unit sphere. Given two Banach spaces X and
Y , let L(X, Y ) denote the Banach space of all bounded and linear operators from X to
Y . Given an operator T ∈ L(X, Y ), we say that it is norm-attaining if there exists some
point x ∈ SX such that ∥T (x)∥ = ∥T∥. The set of norm-attaining operators from X to Y
is denoted by NA(X, Y ). For simplicity, when the range space is Y = R, we write them
by L(X) and NA(X), respectively.

In recent years, the study of the lineability of sets has gained a lot of attention [2, 3, 5, 22].
We say that a subset A of a vector space is n-lineable (n ∈ N) if A ∪ {0} contains some
n-dimensional linear space, it is lineable if A∪{0} contains some infinite-dimensional linear
space, and it is spaceable if A∪ {0} contains some closed infinite-dimensional linear space.
It is clear that, for instance, if X = Z∗ is an infinite-dimensional dual Banach space, then
NA(X) is spaceable as Z is contained in NA(X), if X = c0, then NA(X) is a non-closed
infinite-dimensional linear space, and if X = ℓ1, then NA(X) is not a linear space (see for
instance [23]). Despite that, for X = ℓ1, like for many other spaces, NA(X) is at least
2-lineable. In 2001, G. Godefroy asked if for every Banach space X of dimension at least 2,
the set NA(X) is always 2-lineable (see [19, Problem III]). This was solved in the negative
by R. Rmoutil in 2017 (see [31]): there is a renorming X of c0 due to C. Read (see [30],
and also [24, 25, 28]) for which NA(X) is not 2-lineable. In this paper, we study related
spaceability questions for several sets of real Lipschitz functions.

Let M be a pointed metric space (that is, a metric space M with a distinguished point 0),
and let Y be a real Banach space. We denote by Lip0(M,Y ) the Banach space of Lipschitz
functions f :M → Y such that f(0) = 0 endowed with the Lipschitz norm

∥f∥ := sup

{
∥f(q)− f(p)∥

d(p, q)
: (p, q) ∈ M̃

}
,

where the notation Ã means the set {(p, q) ∈ A× A : p ̸= q} for a given set A. When the
range space is Y = R, we omit to include R in the notation for all kinds of sets of specific
Lipschitz functions from M to R. For convenience, let us write the slope of f from a point
p to a point q with p ̸= q in M as

S(f, p, q) =
f(q)− f(p)

d(p, q)
.



ON THE SPACEABILITY OF THE SETS OF NORM-ATTAINING LIPSCHITZ FUNCTIONS 3

We say that a Lipschitz function f ∈ Lip0(M,Y ) strongly attains its norm if there exist
(p, q) ∈ M̃ such that ∥S(f, p, q)∥ = ∥f∥. The set of strongly norm-attaining Lipschitz
functions from M to Y is denoted by SNA(M,Y ), and it has been studied extensively in
recent years (see for instance [6, 7, 8, 9, 17, 21, 23, 26] and the references therein). In
this article, unless specified otherwise, every metric space will be assumed to be pointed,
and note that for our purposes the choice of the point 0 is irrelevant since if 0 and 0′ are
two distinguished points for M , the correspondence between Lip0(M,Y ) and Lip0′(M,Y )
given by f 7→ f − f(0′) is an isometric isomorphism that preserves the norm and the
norm-attainment behaviour of every Lipschitz function in the space.

For simplicity, from this point onwards, we will use the following notational abuse: we
will say that a Banach space X is isomorphically (respectively, isometrically) contained
(or embedded) in a subset A of a Banach space Y if the set A contains a space which is
linearly isomorphic (respectively, isometrically isomorphic) to X.

In [12] and [13] it was respectively shown that ℓ∞ can always be embedded isomorphi-
cally and isometrically inside the space Lip0(M) for any infinite metric space M . Soon
after, spaceability questions were studied in detail for the set SNA(M) in [4, 15, 27]. We
summarize the main results from those papers regarding the existence and sizes of spaces
within SNA(M). Recall that a metric space M is discrete if it contains no accumulation
points, and it is uniformly discrete if inf{d(p, q) : (p, q) ∈ M̃} > 0. Note that we are only
interested in infinite metric spaces since SNA(M) = Lip0(M) is an (n − 1)-dimensional
Banach space if M has finite cardinality |M | = n ∈ N.

(S1) If M is infinite, then ℓn1 is isometrically contained in SNA(M) for all n ∈ N ([27,
Theorem 1]).

(S2) If Y is any Banach space, then Y is isometrically contained in SNA(BY ∗) ([27,
Proposition 1]).

(S3) If Y is isometrically contained in SNA(M), then Y ∗ is separable if M is separable
([27, Theorem 2]).

(S4) If M is σ-precompact and Y is isometrically contained in SNA(M), then Y is
isomorphically polyhedral and has separable dual ([27, Theorem 3]).

(S5) If M is infinite, then c0 is isomorphically contained in SNA(M) (this is proven for
complete spaces in [4, Main Theorem], but in the non-complete case it is also true,
see [15, Theorem 4.2]).

(S6) If M is infinite and not uniformly discrete, then c0 is isometrically contained in
SNA(M) ([15, Theorem 4.2]).

(S7) There exist uniformly discrete metric spaces M such that c0 cannot be isometrically
contained in SNA(M) ([15, Theorems 4.1 and 4.4]).

(S8) If the set of accumulation points of M has density character Γ, for some infinite
cardinal Γ, then SNA(M) contains c0(Γ) isometrically ([15, Theorem 5.2]).
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In particular, if M is an infinite metric space, the set SNA(M) is spaceable, as it contains
an isomorphic copy of c0, in contrast to what happens in the case of norm-attaining linear
functionals on a Banach space. Besides the strong norm-attainment, several other natural
norm-attainment notions have been extensively studied for Lipschitz functions, namely
Der(X), LDirA(X), DirA(X), and LipA(M) (see Section 6 for the definitions and [10, 11,
21, 26] for the background). Note that by the natural set inclusions from [11, Section 1], the
sets Der(X), LDirA(X), DirA(X), and LipA(M) always contain c0 isometrically by (S6)
and [13, Theorem 5]. In this paper, we introduce a new natural norm-attainment notion
that is weaker than the strong norm-attainment, namely the pointwise norm-attainment
of Lipschitz functions (see Definition 2.1). We will see in Theorem 2.9 that the set of
pointwise norm-attaining Lipschitz functions on M , which we denote by PNA(M), needs
not contain ℓ∞ isometrically, which further motivates our main question: whether or not
it is always possible to isometrically embed c0 in PNA(M) (see Question 4.1). Our main
result, Theorem 4.11 provides a partial positive answer to this question. We also observe
that for a metric space M such that c0 is known not to be isometrically embedded into the
set SNA(M), the space c0 can in fact be isometrically embedded if one considers the set
PNA(M) instead.

The paper is structured as follows. First, we introduce the main concept of the arti-
cle, namely the pointwise norm-attainment of Lipschitz functions (see Definition 2.1), and
study spaceability questions for the set PNA(M) of pointwise norm-attaining Lipschitz
functions, and this study is split into several sections. In Section 2, we provide preliminary
spaceability results for the set PNA(M). We will show in particular that sometimes it is
possible to embed ℓ∞ in PNA(M) but it is not always the case. We will also show that
removing one single point from a space M can completely change the spaceability prop-
erties of PNA(M). In Section 3, we present several new positive results on the isometric
embedding of c0 into SNA(M). Moreover, we relate the isometric embedding of c0 into
SNA(M) with the isometric embedding of ℓ1 into F(M), which allows us to present new
examples of metric spaces M for which SNA(M) does not contain c0 isometrically. We
also show that if M is a subset of an R-tree containing all the branching points, then c0 is
isometrically contained in SNA(M). We finish the section by showing that there exists a
metric space M such that c0 is not contained in NA(F(M)) with the aid of some recent
results about convex integrals of molecules. In Section 4, we tackle our main question:
whether or not it is possible to isometrically embed c0 in PNA(M) for any infinite metric
space M (see Question 4.1). Throughout the section, we will provide several constructions
of an isometric copy of c0 in PNA(M) for several classes of metric spaces M , which contrast
with some of the negative results for SNA(M) from Section 3. Our main result, Theorem
4.11, states that if M is infinite, then it contains a metric subspace M0 ⊆ M such that
c0 is isometrically contained in PNA(M0). In Section 5 we will discuss some results about
the possibility of embedding ℓ1 in SNA(M) and in PNA(M), remarking the differences
between both sets once more. Finally, in Section 6 as an appendix, we will recall several
norm-attainment notions for Lipschitz functions from the literature, and study spaceability
questions and the set relations among them.
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2. Pointwise norm-attainment and preliminary results

We will first introduce the main concept of the article.

Definition 2.1. Let M be a pointed metric space, and let Y be a real Banach space. We
say that f ∈ Lip0(M,Y ) attains its norm pointwise if there exists p ∈M such that

sup
q∈M\{p}

∥S(f, p, q)∥ = sup
q∈M\{p}

∥∥∥∥f(q)− f(p)

d(p, q)

∥∥∥∥ = ∥f∥.

In this case, we write f ∈ PNA(M,Y ).

By definition, the inclusions

SNA(M,Y ) ⊆ PNA(M,Y ) ⊆ Lip0(M,Y )

clearly hold. The following example, which will appear again later in Theorem 2.9, may
help to understand better that the pointwise norm-attainment is a natural notion, and the
corresponding set lies in between the set of strongly norm attaining Lipschitz functions
and the space of Lipschitz functions.

Example 2.2. Let M be the usual discrete infinite metric space, that is, d(p, q) = 1 for
all (p, q) ∈ M̃ , and let f ∈ Lip0(M) be given. Then, f ∈ SNA(M) if and only if both
sup{f(p) : p ∈M} and inf{f(p) : p ∈M} are attained. In the same manner, f ∈ PNA(M)
if and only if either one of sup{f(p) : p ∈M} or inf{f(p) : p ∈M} is attained.

Note that this example shows, in particular, that the previous inclusions cannot be re-
versed in general. Indeed, as we will show from several spaceability results in the following
sections, the concepts of strong norm-attainment and pointwise norm-attainment are dis-
tinct. In the Appendix (Section 6) we study the relations between the notion of pointwise
norm-attainment and other norm-attainment notions, which may provide a better intuition
for the geometric relations between the new concept and the known ones. Moreover, we
will see later that in many cases there is a Lipschitz function which does not attain its
norm pointwise. Therefore, the following question arises naturally.

Question 2.3. Is the inclusion PNA(M) ⊆ Lip0(M) always strict for every infinite metric
space M?

Recall from (S3) that if M is separable, any Banach space in SNA(M) must have separa-
ble dual. Since the set PNA(M) inherits all the positive spaceability results from SNA(M),
it is natural to wonder if a version of (S3) is true for PNA(M). This, combined with the
fact that often PNA(M) ⊊ Lip0(M), motivates the following questions.

Question 2.4. Is ℓ∞ isometrically contained in PNA(M) for every infinite metric space M?

Question 2.5. If M is a separable infinite metric space and Y is a Banach space contained
in PNA(M), must Y have a separable dual?
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We will see in this section that the answers to all the questions above are negative. We
first present the following result which answers Questions 2.3 and 2.5.

Proposition 2.6. There exists a countable uniformly discrete metric space M such that
PNA(M) = Lip0(M) and, moreover, PNA(M) is isometrically isomorphic to ℓ∞.

Proof. Define M = {0} ∪ {pn}∞n=1, endowed with the following metric:

d(p, q) :=


0, if p = q

1, if p ̸= q and 0 ∈ {p, q}
2, if p = pn, q = pm for some n,m ∈ N, n ̸= m.

Note that each Lipschitz function f ∈ Lip0(M) can be expressed as a sequence a := (an)n
by simply writing an := f(pn) for each n ∈ N. If the sequence a is not bounded, then in
particular there is a subsequence (ank

)k such that limk |ank
| = ∞. In this case, we get

that |S(f, 0, pnk
)| converges to ∞; hence f cannot be Lipschitz. It follows that a ∈ ℓ∞.

Conversely, each element a = (an)n in ℓ∞ induces a Lipschitz function fa by means of
fa(pn) := an for all n ∈ N and fa(0) := 0.

We claim that ∥fa∥ = ∥a∥ and f attains its norm pointwise at the point 0. Let p, q ∈M
with p ̸= q be given.

(1) If p = 0 and q = pn for some n ∈ N, we get |S(fa, p, q)| = |an| ≤ ∥a∥.
(2) If there are m,n ∈ N with m ̸= n such that p = pn and q = pm, then

|S(fa, p, q)| ≤
|an|+ |am|

2
≤ ∥a∥.

Consequently, the mapping a 7→ fa is an isometric isomorphism from ℓ∞ onto Lip0(M),
and each fa attains its norm pointwise at 0. □

Notice that the metric space given in Proposition 2.6 is not compact. In the following
result, an example of an infinite compact metric space M for which every Lipschitz function
attains its norm pointwise is presented.

Proposition 2.7. There is an infinite compact metric space M such that PNA(M) =
Lip0(M).

Proof. Let M = {0} ∪ {1/2n2}∞n=1 ⊆ [0, 1]. Let f ∈ Lip0(M) with ∥f∥ = 1 be given. For
each n ∈ N, take pn ̸= qn in M with pn < qn and |S(f, pn, qn)| > 1 − 1/2n. Assume first
that the sequence {qn}n is decreasing and converges to 0. Put qn = 1/2m

2
n with mn ∈ N
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for every n ∈ N. Note that pn ≤ 1/2(mn+1)2 . Then

|f(qn)| ≥ |f(qn)− f(pn)| − |f(pn)| ≥
(
1− 1

2n

)(
1

2m2
n
− 1

2(mn+1)2

)
− 1

2(mn+1)2

≥
(
1− 2

2n

)
1

2m2
n

since mn ≥ n ≥ 1. This shows that f attains its norm pointwise at 0.

If it is not the case, then there is a subsequence of {pn}n converging to some non-zero
isolated point a ∈M . This implies that f attains its norm pointwise at the point a. □

On the other hand, in the case when M = [0, 1], we show that there is a Lipschitz
function on M which does not attain its norm pointwise as follows.

Proposition 2.8. For M = [0, 1] ⊆ R, we have PNA(M) ̸= Lip0(M), while the set
PNA(M) contains ℓ∞ isometrically.

Proof. For each n ∈ N, denote

fn(x) := max

{
0,

22n−1 − 1

2n2+1
−
∣∣∣∣x− 22n−1 + 1

2n2+1

∣∣∣∣} , for each x ∈ [0, 1].

We will show that the Lipschitz functions {fn}∞n=1 are isometrically equivalent to the canon-
ical coordinate vectors {en}∞n=1 ⊆ ℓ∞ in PNA([0, 1]). Note that for each n ∈ N, we have
that

{x ∈ [0, 1] : fn(x) ̸= 0} =

]
1

2n2 ,
1

2(n−1)2

[
.

Let a = (a1, a2, . . .) ∈ ℓ∞, and consider f to be the pointwise limit of
∑∞

n=1 anfn. Two
scenarios can happen:

(1) If there exists some k0 ∈ N such that ∥a∥ = |ak0|, then arguing as in the proof of
[15, Lemma 3.3], we conclude that ∥f∥ = ∥a∥ and that f strongly attains its norm
at the pair of points

(
1

2n
2 ,

22n−1+1

2n
2+1

)
∈ [̃0, 1].

(2) Otherwise, there exists a subsequence (ank
)∞k=1 of (an)∞n=1 such that limk→∞ |ank

| =
∥a∥. Arguing again as in [15, Lemma 3.3], we know that for all p ∈ [0, 1],

sup
q∈[0,1]\{p}

|S(f, p, q)| ≤ ∥a∥.

Moreover, note that

sup
q∈]0,1]

|S(f, 0, q)| ≥ lim
k→∞

|ank
|2

2nk+1 − 1

22nk+1 + 1
= ∥a∥,

which implies that f has norm ∥a∥ and it attains it pointwise at the point 0.
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In both cases, f ∈ PNA([0, 1]) with ∥f∥ = ∥a∥. This proves that ℓ∞ is isometrically
contained in PNA([0, 1]).

Next, we construct a function g ∈ Lip0([0, 1]) which does not attain its norm pointwise.
Let 0 < ε, η < 1 be fixed and define

• p1 := (1, 0);
• g1 as the line with slope −(1− η) passing through p1;
• q1 as the intersection point of the line g1 and the line y = εx;
• h1 as the line with slope 1− η passing through q1.

Inductively, given the points pn and qn, and the lines gn and hn for n ∈ N, define

• pn+1 as the intersection point of the line hn and the x-axis;
• gn+1 as the line with slope −(1− ηn+1) passing through pn+1;
• qn+1 as the intersection point of the line gn+1 and the line y = εx;
• hn+1 as the line with slope 1− ηn+1 passing through qn+1.

Let g ∈ Lip0([0, 1]) be the function with g(0) = 0 whose graph is the union of line segments
[pn, qn] and [qn, pn+1] with n ∈ N in R2 (that is, the union of cones). Note that g cannot
belong to PNA([0, 1]). As a matter of fact, observe that ∥g∥ = 1 while

sup
q∈R\{p}

|S(g, p, q)| < 1 for any fixed p ∈ (0, 1] and sup
q∈R\{0}

|S(g, 0, q)| ≤ ε. □

We have seen some positive results about the embedding of ℓ∞ in PNA(M), but note
that, as announced, this is not always possible, as there is a metric space M such that
PNA(M) does not contain ℓ1 isometrically (in particular, it cannot contain ℓ∞ either).
In fact, such a space can be obtained by removing a single point from the metric space
considered in the proof of Proposition 2.6, which shows that even a slight modification in
the domain space can have drastic consequences in the spaceability properties of PNA(M).
Note that this result solves Question 2.4 in the negative.

Theorem 2.9. Let M = {pn}∞n=1 be a countable pointed metric space with p1 = 0 and
endowed with the usual discrete metric, d(p, q) = 1 for all (p, q) ∈ M̃ . Then PNA(M)
cannot contain ℓ1 isometrically.

Proof. Suppose that PNA(M) isometrically contains ℓ1 with canonical basis {gn}∞n=1, that
is, for each a = (a1, a1, . . .) ∈ ℓ1, the mapping f :=

∑∞
n=1 angn is in PNA(M) and has

norm ∥f∥ = ∥a∥1. For each s = (s1, s2, . . .) ∈ {−1, 1}N, define fs :=
∑∞

n=1
sn
2n
gn. Let

ks ∈ N be the smallest integer such that fs attains its norm pointwise at pks , that is,
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supp∈M |fs(pks)− fs(p)| = 1. By considering −s instead of s if needed, we observe that

1 = sup
p∈M

(fs(pks)− fs(p)) = sup
p∈M

(
∞∑
n=1

sn
2n

(gn(pks)− gn(p))

)

≤
∞∑
n=1

1

2n

(
sup
p∈M

(sngn(pks)− sngn(p))

)
≤ 1.

In particular, we obtain that

(2.1) sup
p∈M

(sngn(pks)− sngn(p)) = 1, ∀n ∈ N.

Let s = (sn)n and t = (tn)n ∈ {−1, 1}N be such that {s,−s} ≠ {t,−t}. By choosing −s
and −t instead if needed, we have that

sup
p∈M

(fs(pks)− fs(p)) = 1, and sup
p∈M

(ft(pkt)− ft(p)) = 1.

Let us choose n1, n2 ∈ N such that sn1 = tn1 and sn2 = −tn2 . Arguing as before to obtain
(2.1), we observe

(a.1) supp∈M(sn2gn2(pks)− sn2gn2(p)) = 1, and
(a.2) supp∈M(tn2gn2(pkt)− tn2gn2(p)) = 1.

If pks = pkt , then, as sn2 = −tn2 , we have from (a.2) that

1 = sup
p∈M

(tn2gn2(pkt)− tn2gn2(p)) = sup
p∈M

(sn2gn2(p)− sn2gn2(pks))(2.2)

Combining (a.1) with (2.2), we obtain that

sup
p,q∈M

(sn2gn2(p)− sn2gn2(q)) = 2 > ∥sn2gn2∥ = ∥gn2∥ = 1,

which is a contradiction. It follows that the points pks and pkt are distinct in M whenever
s ̸= t and s ̸= −t. This contradicts that M is countable, so PNA(M) cannot contain ℓ1
isometrically. □

We refer to Section 5 for further results about the embeddability of ℓ1 in the sets of
pointwise or strongly norm-attaining Lipschitz functions.

3. Embedding of c0 in strongly norm-attaining Lipschitz functions

Before we provide our main result of the paper in Section 4, which deals with the isometric
embedding of c0 in the set of pointwise norm-attaining Lipschitz functions, we first focus
on some new results on the isometric embedding of c0 in the set of strongly norm-attaining
Lipschitz functions in this section. Some of these results will be discussed in Section 4 and
Section 5. They not only highlight notable differences between strong norm-attainment
and pointwise norm-attainment but also yield results on the isometric embedding of ℓ1 in
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the space of strongly norm-attaining Lipschitz functions. To this end, we begin with some
positive results on the embeddings of c0 in SNA(M) and, on the other hand, find some
classes of spaces where it is not possible to embed c0 isometrically in SNA(M) (extending
[15, Theorems 4.1 and 4.4]). The rest of the section will be devoted to some related results
and applications involving Lipschitz-free spaces. We show in particular that there exists a
metric space M such that NA(F(M)) does not contain c0 isometrically, and that if M is a
subset of an R-tree that contains all its branching points, then c0 is isometrically contained
in SNA(M) (the necessary definitions will be given later).

Recall from [15, Lemma 3.3] that if for some infinite index set Γ a metric space M

contains {pγ, qγ}γ∈Γ ⊆ M̃ such that

d(pα, qβ) ≥ d(pα, qα) + d(pβ, qβ) for every α ̸= β ∈ Γ,

then SNA(M) contains c0(Γ) isometrically. To the best of our knowledge, this result and
the one about infinite non-uniformly discrete metric spaces (see (S6)) stand as the only
known positive results concerning the isometric embedding of c0 into SNA(M). We will
see that there are more cases, as the following results show. We first provide a version of
[15, Lemma 3.3] for uniformly discrete spaces. For simplicity, from now on we shall use
the following notation: given p ∈M , let R(p) := inf{d(p, q) : q ∈M\{p}}.

Proposition 3.1. Let M be an infinite uniformly discrete pointed metric space and Γ be
a nonempty index set. Suppose that M contains distinct points {pγ}γ∈Γ, pγ ̸= 0. The
following claims are equivalent:

(a) SNA(M) contains an isometric copy of c0(Γ) with functions {fγ}γ∈Γ given by

fγ(pγ) = aγ ∈ R, fγ(p) = 0 if p ∈M \ {pγ}
that correspond to the canonical basis {eγ}γ∈Γ ⊆ c0(Γ).

(b) For each γ ∈ Γ, there exists some qγ ∈ M\{pγ} such that d(pγ, qγ) = R(pγ) and
the following holds

d(pα, pβ) ≥ d(pα, qα) + d(pβ, qβ) for all α ̸= β ∈ Γ.

Proof. As the implication (b) =⇒ (a) is proved in [15, Lemma 3.3], we only prove
(a) =⇒ (b). By the definition of fγ, we see that there exist some point qγ ∈M\{pγ} such
that fγ strongly attains its norm at (pγ, qγ). Note that this implies that d(pγ, qγ) = R(pγ)
and that aγ = ±R(pγ). Finally, consider α ̸= β ∈ Γ. Since the Lipschitz functons fα ± fβ
must have norm 1, we get in particular that

R(pα) +R(pβ)

d(pα, pβ)
=
d(pα, qα) + d(pβ, qβ)

d(pα, pβ)
≤ 1,

which proves the claim. □

The previous result (in fact [15, Lemma 3.3]) can be applied for instance if M con-
tains a sequence of distinct aligned points, that is, if there exists {pn}n ⊆ M such that
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d(pn, pn+2) = d(pn, pn+1) + d(pn+1, pn+2) for every n ∈ N. An application of the following
lemma will be shown later in Theorem 3.15.

Lemma 3.2. Let M be an infinite pointed metric space. If M contains a sequence of
distinct aligned points, then c0 is isometrically contained in SNA(M).

Proof. Consider an ordered sequence of distinct aligned points {rn}∞n=1 in M . Define the
subsequences {pn}∞n=1 and {qn}∞n=1 of {rn}∞n=1 as follows: for each n ∈ N, put pn = r2n−1

and let qn be the closest element to pn among {rj}∞j=1 \ {pn} (if there are 2 points at the
same distance, choose the one with lowest index). Clearly, for each n ∈ N, qn is either
r2n−2 or r2n. Then for any different positive integers n < m, the following is satisfied

d(pn, pm) = d(r2n−1, r2m−1) ≥ d(r2n−1, r2n) + d(r2m−2, r2m−1) ≥ d(pn, qn) + d(qm, pm).

Therefore, we can apply [15, Lemma 3.3] to {(pn, qn)}n∈N ⊆ M̃ and finish the proof. □

However, as we know by [15, Theorems 4.1 and 4.4], there are many uniformly discrete
spaces M that do not meet the conditions from Proposition 3.1. For instance, consider an
infinite metric space M with the usual discrete metric as in Example 2.2 or Theorem 2.9,
or the space in the following example.

Example 3.3. Let M = {pn}∞n=1, where pn = (1 + 1/n)en ∈ c0 for n ≥ 2 with p1 = 0.
Note that for all n,m ∈ N with n < m, we have

d(pn, pm) = 1 +
1

n
= R(pn).

It is not difficult to check that M does not satisfy the assumption in Proposition 3.1.

Nevertheless, the following result shows that c0 still can be embedded isometrically in
SNA(M) when M is an infinite metric space with the usual discrete metric or the one in
Example 3.3.

Theorem 3.4. Let M be an infinite uniformly discrete pointed metric space and let Γ be
an infinite index set. Suppose that {(pγ, qγ)}γ∈Γ ⊆ M̃ , pγ, qγ ̸= 0. The following claims are
equivalent:

(a) SNA(M) contains an isometric copy of c0(Γ) with functions {fγ}γ∈Γ given by

fγ(pγ) = d(pγ, qγ)/2, fγ(qγ) = −d(pγ, qγ)/2, fγ(p) = 0 if p ∈M \ {pγ, qγ},

that correspond to the canonical basis {eγ}γ∈Γ ⊆ c0(Γ).
(b) R(pγ), R(qγ) ≥ d(pγ, qγ)/2 for each γ ∈ Γ, and the following assertion

(3.1) d(pα, qα) + d(pβ, qβ) ≤ 2min
{
d(r, s) : r ∈ {pα, qα}, s ∈ {pβ, qβ}

}
holds for all α ̸= β ∈ Γ.
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Proof. (b) =⇒ (a). Define the Lipschitz functions fγ as in (a). Let a = {aγ}γ ∈ c0(Γ) and
(p, q) ∈ M̃ be given, and put fa :=

∑
γ∈Γ aγfγ. If p, q ̸∈ {pγ, qγ : γ ∈ Γ}, then it is clear

that S(fa, p, q) = 0. Thus, we only consider the following:

(1) If only one of p and q belongs to {pγ, qγ : γ ∈ Γ}, then |S(fa, p, q)| ≤ ∥a∥ from the
assumption on R(pγ) and R(qγ).

(2) If there is γ ∈ Γ such that {p, q} = {pγ, qγ}, then |S(fa, p, q)| = |aγ|.
(3) Finally, if there are (α, β) ∈ Γ̃ such that p ∈ {pα, qα} and q ∈ {pβ, qβ}, then

|S(fa, p, q)| ≤
|aα|d(pα, qα) + |aβ|d(pβ, qβ)

2min
{
d(r, s) : r ∈ {pα, qα

}
, s ∈ {pβ, qβ}}

≤ ∥a∥.

This proves that fa ∈ SNA(M) and that ∥fa∥ = a.

(a) =⇒ (b). From the fact that ∥fγ∥ = 1 for each γ ∈ Γ, we get that both R(pγ), R(qγ) ≥
d(pγ, qγ)/2. Next, let α ̸= β ∈ Γ, and note that fα ± fβ have norm 1, from which (3.1)
follows. □

It is not difficult to see that a metric space in the following corollary satisfies the condition
(b) in Theorem 3.4.

Corollary 3.5. Let M be an infinite pointed metric space that is uniformly discrete and
such that there exist a collection of pairs {(pγ, qγ)}γ∈Γ ⊆ M̃ , pγ, qγ ̸= 0, for some non-empty
index set Γ, satisfying the following conditions:

• If α ̸= β ∈ Γ, {pα, qα} ∩ {pβ, qβ} = ∅.
• For all γ ∈ Γ, R(pγ) = R(qγ) = d(pγ, qγ).

Then SNA(M) contains c0(Γ) isometrically.

On the other hand, the following example shows that the condition (b) in Theorem 3.4
does not always hold.

Example 3.6. Let M = {0} ∪ {pn}∞n=1, with metric given by d(pn, 0) = 1 + 1/n for all n
and d(pn, pm) = 1+ 1/n+1/m for all n ̸= m ∈ N. Then, M does not satisfy the condition
(b) in Theorem 3.4.

Note also that the metric space M in Example 3.6 is not covered by Proposition 3.1.
However, changing slightly the functions fn in the proof of Theorem 3.4, we can still have
an isometric copy of c0 inside the set SNA(M) for such an M as the following result shows.

Theorem 3.7. Let M be an infinite uniformly discrete pointed metric space and let Γ be
a nonempty index set. Suppose that {(pγ, qγ)}γ∈Γ ⊆ M̃ , pγ, qγ ̸= 0. The following claims
are equivalent:
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(a) SNA(M) contains c0(Γ) isometrically with functions {fγ}γ∈Γ given by

fγ(p) :=


1
2
(d(pγ, qγ) +R(pγ)−R(qγ)), if p = pγ

1
2
(−d(pγ, qγ) +R(pγ)−R(qγ)), if p = qγ

0, otherwise

that correspond to the canonical basis {eγ}γ∈Γ ⊆ c0(Γ).
(b) For every α ̸= β ∈ Γ, the following holds:

(1) d(pα, qα) ≤ R(pα) +R(qα);
(2) d(pα, qα) + d(pβ, qβ) +R(pα) +R(pβ)−R(qα)−R(qβ) ≤ 2d(pα, pβ);
(3) d(pα, qα) + d(pβ, qβ) +R(pα)−R(pβ)−R(qα) +R(qβ) ≤ 2d(pα, qβ);
(4) d(pα, qα) + d(pβ, qβ)−R(pα)−R(pβ) +R(qα) +R(qβ) ≤ 2d(qα, qβ).

Proof. (b) =⇒ (a). For each γ ∈ Γ, define the Lipschitz functions fγ as in (a). Let
{aγ}γ ∈ c0(Γ) and (p, q) ∈ M̃ be given, and consider f =

∑
γ∈Γ aγfγ. If p = pα and q = pβ

for some α ̸= β ∈ Γ, then

|S(f, p, q)| ≤ ∥a∥
(
d(pα, qα) +R(pα)−R(qα) + d(pβ, qβ) +R(pβ)−R(qβ)

2d(pα, pβ)

)
≤ ∥a∥

by the assumption (2). Similarly, the cases when (p, q) = (pα, qβ) and (p, q) = (qα, qβ) can
be treated in a similar way from the assumptions (3) and (4). Moreover, if p = pγ for some
γ ∈ Γ and q ̸∈ ∪γ{pγ, qγ}, then |S(f, p, q)| ≤ 1 again by the assumption (1). Finally, note
that for γ ∈ Γ, we have S(f, pγ, qγ) = aγ. This completes the proof.

(a) =⇒ (b). Since each fγ has norm 1, the inequality (1) is obtained. Next, for α ̸=
β ∈ Γ, the fact that fα ± fβ have norm 1 implies the inequalities (2)–(4). □

It is routine to check that the metric space M in Example 3.6 satisfies the assumptions
in Theorem 3.7. We note that Proposition 3.1 ([15, Lemma 3.3]) and Theorems 3.4 and
3.7 will be applied in Section 5 to derive examples of M for which SNA(M) contains ℓ1
isometrically.

Now, we will present some negative results and applications. To this end, recall the
Lipschitz-free space over a metric space M : the space F(M) = span{δx : x ∈ M} formed
by the evaluation mappings δx ∈ Lip0(M)∗ is called the Lipschitz-free space (also known
as Arens-Eells space or transportation cost space). Given (p, q) ∈ M̃ , the elements mp,q :=
δp−δq
d(p,q)

are called the molecules of F(M) and it is well known that the closed convex hull of
molecules is the closed unit ball of F(M). One important universal property of Lipschitz-
free space is linearization: given a Lipschitz function f ∈ Lip0(M,Y ), there is a unique
bounded linear operator Tf ∈ L(F(M), Y ) with ∥Tf∥ = ∥f∥ satisfying that Tf (δx) = f(x)
for every x ∈ M . Now, it is easy to see that f ∈ Lip0(M,Y ) strongly attains its norm at
a pair (p, q) if and only if the corresponding bounded linear operator Tf ∈ L(F(M), Y )
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attains its norm at the molecule mp,q. For a solid background in Lipschitz functions and
Lipschitz-free spaces, we refer the reader to [20, 32].

We start with a new tool to find negative examples of the isometric c0-embedding in
SNA(M), which was found by Andrés Quilis. The authors are thankful to him for allowing
us to include his proof of the following result.

Proposition 3.8. If SNA(M) contains c0(Γ) isometrically, then F(M) contains a 1-
complemented copy of ℓ1(Γ) isometrically.

Proof. Suppose that {fγ}γ∈Γ ⊆ SNA(M) corresponds to the canonical basis {eγ}γ∈Γ ⊆
c0(Γ) isometrically. Say |S(fγ, pγ, qγ)| = 1 for some (pγ, qγ) ∈ M̃ . Let a := {aγ}γ∈Γ ∈ ℓ1(Γ)
and F be a finite subset of Γ. Then∑

γ∈F

|aγ| =
∑
γ∈F

∥aγmpγ ,qγ∥ ≤ ∥a∥.

This shows that µ =
∑

γ∈Γ aγmpγ ,qγ is well-defined, and ∥µ∥ ≤ ∥a∥. To obtain the reverse
inequality, observe from [15, Lemma 3.1] that S(fα, pβ, qβ) = 0 whenever α ̸= β ∈ Γ. Given
a finite set F of Γ, let us consider cγ = sign(S(fγ, pγ, qγ)) sign(aγ) for each γ ∈ F . Put
f =

∑
γ∈F cγfγ ∈ SNA(M). Note that ∥f∥ ≤ 1, and

∥µ∥ ≥ |⟨µ, f⟩| =
∑
γ∈F

|aγ|,

which shows that ∥µ∥ = ∥a∥; hence F(M) contains a space Y isometrically isomorphic to
ℓ1(Γ), where the molecules {mpγ ,qγ}γ∈Γ are isometrically equivalent to the canonical vectors
{e∗γ}γ∈Γ of ℓ1(Γ).

Finally, we claim that Y is 1-complemented in F(M). To this end, define P : F(M) →
F(M) as

P (µ) :=
∑
γ∈Γ

⟨µ, fγ⟩mpγ ,qγ , for all µ ∈ F(M).

By definition, P is a projection. Moreover, given µ ∈ F(M), let θγ := sign(⟨µ, fγ⟩) for
each γ ∈ Γ. Then∑

γ∈Γ

|⟨µ, fγ⟩| = sup

{〈
µ,
∑
γ∈F

θγfγ

〉
: F ⊆ Γ finite

}

≤ ∥µ∥ sup

{∥∥∥∥∥∑
γ∈F

θγfγ

∥∥∥∥∥ : F ⊆ Γ finite

}
= ∥µ∥,

where the last equality holds since {fγ}γ∈Γ corresponds to {eγ}γ∈Γ ⊆ c0(Γ). □

In [29, Theorem 2.1], it is characterized when F(M) contains ℓ1 isometrically in terms
of perfect matchings with minimum weights (for its definition, see [29]). Using the above
result combined with [29, Theorem 2.1], we directly obtain new examples of metric spaces
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M where SNA(M) does not contain c0 isometrically (see [13, Remark 10] and [29, Example
2.6]). This approach, for instance, provides a different proof of [15, Theorem 4.1] by [29,
Example 2.6].

Using ideas partially inspired by [29, Example 2.6], we will now present a consequence
of the previous result which provides a wide class of uniformly discrete metric spaces M
such that c0 is not isometrically contained in SNA(M). Every bounded metric space from
[13, Remark 10] is a particular case of this class.

Theorem 3.9. Suppose that M = {pn}∞n=1 is a uniformly discrete pointed metric space
endowed with the metric

d(pn, pm) = L+ φ(n,m), for all (n,m) ∈ Ñ,
for some L > 0 and some symmetric function φ : N2 → R with the following properties:

(i) For all n ∈ N, the limit ψ(n) := limm→∞ φ(n,m) exists.

(ii) For all (n,m) ∈ Ñ, φ(n,m) > ψ(n) + ψ(m).

(iii) lim inf{φ(n,m) : (n,m) ∈ Ñ} ≥ 0.

Then F(M) does not contain an isometric copy of ℓ1. Consequently, for every metric space
M0 ⊆M , the set SNA(M0) does not contain c0 isometrically.

Proof. Assume that ℓ1 is isometrically contained in F(M). Then, by [29, Theorem 2.1],
there exists a sequence of pairs of distinct points {(un, vn)}∞n=1 in M̃ such that for all N ∈ N
and every permutation σ : {1, . . . , N} → {1, . . . , N},

N∑
n=1

d(un, vn) ≤
N∑

n=1

d(un, vσ(n)).

Note that if such a sequence exists, every subsequence of it will also satisfy that condition.
In particular, up to relabeling and taking subsequences if needed, there exist sequences of
integers {kn}n and {jn}n such that for all n ∈ N, the following holds:

• kn < jn < kn+1 and un = pkn , vn = pjn .

Then, for all n < m,

φ(kn, jn) + φ(km, jm) ≤ φ(kn, jm) + φ(km, jn).

It follows that by letting m→ ∞,

φ(kn, jn) + lim inf{φ(i, j) : (i, j) ∈ Ñ} ≤ ψ(kn) + ψ(jn).

From condition (iii), the left-hand side is greater than or equal to φ(kn, jn). This contradicts
the condition (ii). Thus, we conclude that F(M) does not contain an isometric copy of ℓ1.

Finally, the above argument combined with Proposition 3.8 shows that c0 is not isomet-
rically contained in SNA(M0) for any metric space M0 ⊆M . □
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As a consequence of Theorem 3.9, we have the following corollary which generalizes [15,
Theorem 4.1].

Corollary 3.10. Let M = {pn}n be a pointed metric space satisfying that

(i) d(pn, pm), n ̸= m, is decreasing with respect to n and m, and limm d(pn, pm) = L > 0
for each n ∈ N.

(ii) d(pn, pm) > L for every n ̸= m.

Then c0 is not isometrically contained in SNA(M).

The proof of Theorem 3.9 relies on [29, Theorem 2.1]. However, by applying Ramsey’s
Theorem, a direct proof can also be obtained by following similar steps to those in the
proof of [15, Theorem 4.1].

Let us mention that the results in the next section (see Remark 4.3, Theorem 4.7 and
Theorem 4.11) can be used to observe that ifM is any metric space satisfying the conditions
in Theorem 3.9 or M is any of the metric spaces considered in [13, Remark 10] and [15,
Theorem 4.4], then there exists a metric space M0 ⊆ M such that PNA(M0) contains an
isometric copy of c0 (and in fact, in every metric space from [13, Remark 10], [15, Theorem
4.4], and Corollary 3.10, the metric space M0 can be chosen to be M).

Before we close this section, let us observe some related results involving Lipschitz-free
spaces. First, we present results on the embedding of c0 in NA(F(M)). Recall that
SNA(M) is isometrically contained in NA(F(M)), which leads us to the following natural
question.

Question 3.11. Does NA(F(M)) isometrically contain c0 for any infinite metric space M?

Our goal is to provide an answer to Question 3.11. It is shown in [15, Theorem 4.2] that
SNA(M) contains c0 isometrically if M is not uniformly discrete; hence so does NA(F(M)).
However, we will show that there is a (uniformly discrete) metric space M such that
NA(F(M)) does not contain c0 isometrically. This claim will follow from a general result
on the convex integral of molecules. For the detailed explanation of notations, we refer the
reader to [1].

Let us denote by Cb(Ω) the space of all bounded continuous real-valued functions on a
Hausdorff space Ω. Let M be a complete pointed metric space. Recall that the de Leeuw
transform is a linear isometry Φ : Lip0(M) → Cb(M̃) = C(βM̃) given by

(Φf)(p, q) = S(f, p, q)

for each (p, q) ∈ M̃ , where βM̃ denotes the Stone-Čech compactification of M̃ . Note that
M̃ is a Borel set of βM̃ when M is complete (see, for instance, [1, Proposition 2.6] and
[33, Theorem 24.12, Theorem 24.13]). An element m ∈ F(M) is called a convex integral
of molecules if it can be written as Φ∗µ for some µ ∈ M(βM̃) satisfying
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(C1) µ ≥ 0 and ∥m∥ = ∥µ∥;
(C2) µ is concentrated on M̃ , i.e., µ|M̃ = µ.

Proposition 3.12. Let M be a complete pointed metric space. Suppose that every element
of F(M) is a convex integral of molecules. Then f ∈ SNA(M) whenever Tf ∈ NA(F(M)).

Proof. Let f ∈ Lip0(M) and suppose that |Tf (m)| = ∥Tf∥ for some m ∈ F(M) with
∥m∥ = 1. As m is a convex integral of molecules, there exists µ ∈ M(βM̃) satisfying (C1)
and (C2). By [1, Proposition 2.6], we have

∥Tf∥ = |Tf (m)| = ⟨Φ∗µ, Tf⟩ =
∫
M̃

⟨mp,q, Tf⟩ dµ(p, q)

≤
∫
M̃

|S(f, p, q)| d|µ|(p, q) ≤ ∥f∥∥µ∥ = ∥f∥.

This implies that |S(f, p, q)| = ∥f∥ almost everywhere, in particular, f ∈ SNA(M). □

Recall that a metric space M is called radially discrete if there exists some α > 0 such
that d(p, q) ≥ αd(p, 0) for every (p, q) ∈ M̃ . By [1, Proposition 3.3] and [1, Corollary
3.4], every element of F(M) is a convex series of molecules if either F(M) is isometric
to ℓ1(Γ) for some index set Γ or M is radially discrete. If M is radially discrete and the
distinguished point 0 is isolated, then M is called radially uniformly discrete. Note that all
bounded uniformly discrete metric spaces are radially uniformly discrete. Thus, we have
the following direct consequence of Proposition 3.12.

Corollary 3.13. Let M be a complete pointed metric space. Suppose that either M is
radially discrete or F(M) is isometric to ℓ1(Γ) for some index set Γ. Then f ∈ SNA(M)
whenever Tf ∈ NA(F(M)).

This leads us to a negative answer to Question 3.11.

Corollary 3.14. There exists an infinite metric space M such that NA(F(M)) does not
contain c0 isometrically.

Proof. Consider any radially discrete metric space M for which SNA(M) does not contain
an isometric copy of c0 (for a concrete example, see [15, Theroem 4.1, Theorem 4.4]). Then
Corollary 3.13 shows that NA(F(M)) cannot contain an isometric copy of c0. □

In Proposition 3.12 we have shown that if M is a complete metric space such that every
element of BF(M) is a convex integral of molecules, then Tf ∈ NA(F(M)) if and only if
f ∈ SNA(M). Therefore, for those M satisfying that F(M) is isometric to ℓ1(Γ), we have
(3.2) SNA(M) = NA(F(M)) = NA(ℓ1(Γ)),

under the isometric equivalence between Lip0(M) and L(F(M)). It is clear that c0(Γ) is
isometrically contained into NA(ℓ1(Γ)) since c0(Γ) is an isometric predual of ℓ1(Γ). Thus
we have from (3.2) the following for complete metric spaces:
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(†) SNA(M) contains c0(Γ) isometrically when F(M) is isometric to ℓ1(Γ).

Note from [18, Theorem 3.2] that ifM is a subset of an R-tree (T, d) such thatM contains
all branching points of T , then F(M) is isometric to L1(µM) for some measure µM . Recall
that an R-tree is a metric space (T, d) that is geodesic and satisfies the 4-point conditions :

d(p, q) + d(r, s) ≤ max{d(p, s) + d(q, r), d(q, s) + d(p, r)}, for all p, q, r, s ∈ T.

A point b ∈ T is said to be a branching point if T \ {b} has at least three connected
components. Moreover, it was characterized in [14, Theorem 5] that F(M) is isometric to
some ℓ1(Γ) if and only if M is a negligible subset of an R-tree of cardinality |Γ| − 1 which
contains all the branching points (see [14] for the definition of negligible sets). For more
details on R-trees, see [14, 18].

As an application of our previous results, we observe the following approach which pro-
vides, combined with [14, Theorem 5], a more general conclusion than (†) for countable
index set Γ.

Theorem 3.15. For any infinite pointed metric space M that is a subset of an R-tree and
contains all the branching points, the set SNA(M) contains c0 isometrically.

Proof. By the fact (S6), it is enough to assume that M is uniformly discrete. Let conv(M)
denote a minimal R-tree containing M . For every two points p, q ∈M , if [p, q] denotes the
unique minimal-length arc connecting p and q, let [p, q]M := [p, q] ∩M .

We first claim that for any p ∈ M and every connected component C of conv(M)\{p},
there exists a point q ∈ C such that [p, q]M = {p, q}. Indeed, this is clear if C ∩M is
finite, so suppose that C ∩M is infinite. Consider a sequence of points {rn}∞n=1 ⊆ C ∩M
such that d(p, rn) converges to inf{d(p, r) : r ∈ C ∩M}, which is a positive number as M
is uniformly discrete. Note that for every two points x, y ∈ C ∩M , there exists a point
x∧y ∈ [p, x]∩ [p, y]\{p} such that [p, x]∩ [p, y] = [p, x∧y] and x∧y ∈ [x, y]. If x∧y is either
x or y, then it is obvious that x∧ y ∈ C ∩M . If this is not the case, then x∧ y would be a
branching point. As M contains all branching points, we obtain that x∧ y ∈ C ∩M . Now,
consider the sequence of points {sn}∞n=1 ⊆ C ∩M inductively given as follows: s1 = r1,
and given s1, . . . , sn for some n ∈ N, put sn+1 := sn ∧ rn+1. It is clear that d(p, sn) also
converges to inf{d(p, r) : r ∈ C∩M}. Since the points {sn}∞n=1 are aligned by construction
and M is uniformly discrete, we deduce that {sn}∞n=1 must be eventually constant. This
proves that there exists some q ∈ C ∩M so that [p, q]M = {p, q}.

To finish the proof, we shall make use of [15, Lemma 3.3] and Lemma 3.2. Consider the
following two cases.

(1) Suppose that there exists q ∈ M such that the set conv(M)\{q} has an infinite
number of connected components. Then applying the argument above, we can find
a sequence of distinct points {pn}∞n=1 ⊆ M satisfying that [pn, q]M = {pn, q} for
each n ∈ N. Now, [15, Lemma 3.3] can be applied by considering qn := q for all
n ∈ N.
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(2) Suppose that for all p ∈M , the set conv(M)\{p} has a finite number of connected
components, Cp,1, . . . , Cp,np with np ∈ N. Fix a point p ∈M and let Cp,1, . . . , Cp,np

be the connected components of conv(M)\{p}. Now, we construct a sequence of
aligned points of M starting on p. First, take 1 ≤ k1 ≤ np such that Cp,k1 ∩M is
infinite, and let q1 ∈ Cp,k1 such that [p, q1]M = {p, q1}. If Cq1,1, . . . , Cq1,nq1

are the
connected components of Cp,k1\{q1}, then there is 1 ≤ k2 ≤ nq1 such that Cq1,k2∩M
is infinite. Take q2 ∈ Cq1,k2 ∩M such that [q1, q2]M = {q1, q2}. Inductively, given
q1, . . . , qj ∈ M for some j ∈ N, if Cqj ,1, . . . , Cqj ,nqj

are the connected components
of Cqj−1,kj\{qj}, then there is 1 ≤ kj+1 ≤ nqj such that Cqj ,kj+1

∩M is infinite, and
let qj+1 ∈ Cqj ,kj+1

∩M such that [qj, qj+1]M = {qj, qj+1}. Therefore, M contains an
aligned sequence of points, and so we can apply Lemma 3.2. □

4. Embedding of c0 in pointwise norm-attaining Lipschitz functions

Let us start by recalling the facts (S5)–(S7), Theorem 2.9, and Theorem 3.9.

• For any infinite pointed metric space M , we have that c0 is always isomorphically
contained in SNA(M). Moreover, if M is not uniformly discrete, then c0 is isomet-
rically contained in SNA(M).

• However, there exist some metric spaces M such that c0 is not isometrically con-
tained in SNA(M).

• There are metric spaces M such that ℓ∞ is not isometrically contained in PNA(M).

These motivate us to pose the following natural question.

Question 4.1. Is it true for every infinite pointed metric space M that c0 is isometrically
contained in PNA(M)?

In this section, we provide four distinct results, namely Proposition 4.2, Remark 4.3, and
Theorems 4.6 and 4.7, all of which concern the isometric embedding of c0 into PNA(M)
in the setting of a uniformly discrete metric space M . Consequently, we observe that for
all the explicitly known metric spaces M such that c0 is not isometrically embedded in
SNA(M), it is actually possible to embed c0 isometrically in PNA(M). Finally, we prove
the main result, Theorem 4.11, which gives a partial answer to Question 4.1 by showing
that for any infinite pointed metric space M there is a metric space M0 ⊆ M for which
PNA(M0) contains an isometric copy of c0.

We start with the following analogue of Proposition 3.1 for pointwise norm-attaining
Lipschitz functions. The proof of the result is an easy adaptation of Proposition 3.1 and
[15, Lemma 3.3].

Proposition 4.2. Let M be an infinite uniformly discrete pointed metric space, and let
{pn}∞n=1 be a sequence of distinct points in M \ {0}. The following claims are equivalent:
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(a) PNA(M) contains c0 isometrically with a sequence of functions {fn}∞n=1 given by

fn(pn) = an ∈ R, fn(p) = 0 if p ∈M \ {pn}

that corresponds to the canonical basis of c0.
(b) For each m ̸= n ∈ N, the following holds

d(pn, pm) ≥ R(pn) +R(pm).

Remark 4.3. Note that there exist uniformly discrete spaces that do not satisfy the con-
dition in Proposition 4.2, yet still have c0 isometrically contained in PNA(M). A simple
example is an infinite metric space M where d(x, y) = 1 for all x ̸= y ∈M as c0 is isomet-
rically contained even in SNA(M) by Theorem 3.4. Moreover, c0 is isometrically contained
in PNA(M) for any uniformly discrete pointed metric space M containing a sequence of
distinct points {pn}∞n=1 satisfying the following conditions:

(i) d(pn, pm), n ̸= m, is decreasing with respect to m and n;

(ii) R(pk) ≥ lim
m
d(pk, pm)−

limn limm d(pn, pm)

2
for each k ∈ N.

(iii) lim
m
d(pk, pm) + lim

m
d(pℓ, pm) ≤ lim

n
lim
m
d(pn, pm) + d(pk, pℓ) for every k ̸= ℓ ∈ N.

This result will follow as a consequence of Theorem 4.7 (see Remark 4.8).

Notice the last result stated in Remark 4.3 applies to any metric space M = {pn}∞n=1

satisfying the conditions in Corollary 3.10 (so, including the infinite bounded uniformly
discrete metric space considered in [15, Theorem 4.1]). In particular, this leads to the
following result.

Corollary 4.4. There exists a bounded metric space M such that PNA(M) isometrically
contains c0, while SNA(M) does not.

Example 4.5. However, there are metric spaces that are not covered by Proposition 4.2
and Remark 4.3. For instance, consider the metric space M = {0} ∪ {pn}n endowed with
the metric given by d(pn, pm) = 1+1/(n+m) and d(pn, 0) = 1/2+1/n for every n,m ∈ N.
It is easy to see that there is no sequence of points in M satisfying (b) in Proposition 4.2.
Moreover, let {qn}n ⊆ M such that d(qn, qm), n ̸= m, is decreasing with respect to n and
m ∈ N. Then qn ̸= 0 for every n ∈ N and {qn}n is a subsequence of {pn}n, say qk = pnk

.
Then for k ̸= ℓ ∈ N,

1 +
1

nk

+ 1 +
1

nℓ

> 1 + 1 +
1

nk + nℓ

;

hence the assumption (iii) in Remark 4.3 cannot be satisfied either.

As we will see, however, PNA(M) still contains c0 isometrically for the metric space
M from Example 4.5. Note that this metric space is not covered by any of the previous
positive results from the article.



ON THE SPACEABILITY OF THE SETS OF NORM-ATTAINING LIPSCHITZ FUNCTIONS 21

Theorem 4.6. Let M be an infinite uniformly discrete pointed metric space containing a
sequence of distinct points {pn}∞n=1 with pn ̸= 0 satisfying the following conditions:

(i) For all n ∈ N, d(pn, 0) = R(pn).
(ii) The sequence {d(pn, 0)}∞n=1 is decreasing and converges to some positive number

D > 0.
(iii) 2D ≤ d(pn, pm) for all n,m ∈ N, n ̸= m.

Then PNA(M) contains c0 isometrically.

Proof. Let {rn}∞n=1 be the sequence of all prime numbers in the natural order, and for each
n ∈ N, define fn ∈ Lip0(M) as follows:

fn(prmn ) = D for every m ∈ N, and fn(p) = 0 otherwise.

Let a = (an)n ∈ c0, fa :=
∑∞

n=1 anfn and (p, q) ∈ M̃ be given. Observe that if p, q /∈ {prmn :
n,m ∈ N}, then S(fa, p, q) = 0. If there exists n ∈ N such that p, q ∈ {prmn : m ∈ N}, then
S(fa, p, q) = 0. Thus, we consider the following cases:

(1) If p = prmn for some n,m ∈ N but q /∈
⋃∞

n=1{prmn : m ∈ N}, then |S(fa, p, q)| ≤ ∥a∥.
Moreover, notice that supm∈N |S(fa, prmn , 0)| = |an|; hence

sup
n∈N

sup
m∈N

|S(fa, prmn , 0)| = ∥a∥.

(2) Finally, if there are (n, ℓ) ∈ Ñ such that p = prmn and q = prkℓ for some m, k ∈ N,
then

|S(fa, p, q)| ≤
|an|D + |am|D
d(prmn , prkℓ )

≤ ∥a∥.

Therefore, fa attains its norm pointwise at the point 0 with ∥fa∥ = ∥a∥. This concludes
the proof. □

The following result shows that there is a large class of metric spaces M in which c0 is
isometrically contained in PNA(M), including the metric spaces from Theorem 3.9 and
[13, Remark 10], and the metric space considered in [15, Theorem 4.4]: M = {pn}∞n=0 with
p0 := 0 is a metric space endowed with the metric d defined by

d(pn, pm) =


n+m− εmax{n,m} if n ̸= m and n,m ̸= 0

n if m = 0
m if n = 0
0 otherwise,

where {εn}∞n=1 ⊆ ]0, 1
2
[ is a strictly increasing sequence of positive numbers.

Theorem 4.7. Let M be an infinite pointed metric space such that there exists a sequence
{(pn, εn)}∞n=1 ⊆M × [0,+∞[ satisfying the following assertions:
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(i)
d(pn, 0)− εn + d(pm, 0)− εm

d(pn, pm)
≤ 1 for every n,m ∈ N with n ̸= m, and moreover,

for any fixed n ∈ N, the left-hand side converges to 1 as m tends to ∞,
(ii) 0 ≤ d(pn, 0)− εn ≤ R(pn) for every n ∈ N.

Then PNA(M) contains c0 isometrically.

Proof. Let {rn}∞n=1 ⊆ N be a sequence of increasing prime numbers. Define fn ∈ Lip0(M)
for each n ∈ N by

fn(x) =


d(prn , 0)− εrn if x = prn

− (d(prmn , 0)− εrmn ) if x = prmn for some m ≥ 2

0 otherwise.

Let (an)
∞
n=1 ∈ c0 be given. We will show that f :=

∑∞
n=1 anfn ∈ PNA(M) and ∥f∥ =

∥(an)∞n=1∥. Fix any n0 ∈ N such that ∥(an)n∥ = |an0|. Let pj, pk ∈M with j ̸= k be given.
Then, either we have (i) j = rm1

n1
and k = rm2

n2
for some (n1,m1) ̸= (n2,m2), (ii) j = rm1

n1

for some n1,m1 ∈ N and k ̸= rm2
n2

for any n2,m2 ∈ N, or (iii) j, k ̸= rm1
n1

for any n1,m1 ∈ N.
For the case (i), we have

|S(f, prm1
n1
, prm2

n2
)| ≤

|an1|(d(prm1
n1
, 0)− εrm1

n1
) + |an2 |(d(prm2

n2
, 0)− εrm2

n2
)

d(prm1
n1
, prm2

n2
)

≤ |an0|,

and similarly

|S(f, prm1
n1
, pk)| =

|an1|(d(prm1
n1
, 0)− εrm1

n1
)

d(prm1
n1
, pk)

≤ |an0|,

for the case (ii). As the slope trivially vanishes for the case (iii), we deduce that ∥f∥ ≤ |an0|.
Moreover, observe that

lim
m

|S(f, prn0
, prmn0

)| = lim
m

|an0 |
d(prn0

, 0)− εrn0
+ d(prmn0

, 0)− εrmn0

d(prn0
, prmn0

)
= |an0|,

and this shows that {fn}∞n=1 ⊆ PNA(M) is isometric to the basis of c0. □

Remark 4.8. If M and {pn}∞n=1 are as in Remark 4.3, then, if we set p1 = 0 and for each
n ∈ N we define

εn := d(p1, pn) +
limn limn d(pn, pm)

2
− lim

m
d(pn, pm),

then the sequence {(pn, εn)}∞n=1 satisfies the conditions in Theorem 4.7.

As we mentioned above, Theorem 4.7 can be applied to metric space considered in [15,
Theorem 4.4]; hence the following corollary is immediate.

Corollary 4.9. There exists a proper metric space M for which PNA(M) contains an
isometric copy of c0, while SNA(M) does not.
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Example 4.10. Consider the metric space M = {pn}∞n=1 with p1 := 0 whose metric d is
given by d(pn, pm) = 2− 1

3n
− 2

3m
for every n < m. Then this metric spaceM does not satisfy

any of our previous results. Indeed, it is clear that it does not satisfy Propositions 3.1 and
4.2, Remark 4.3 and Theorem 4.6. Moreover, if it satisfied Theorem 4.7, then in order to
ensure convergence to 1, up to subsequence, for each n ∈ N we get εn = 2

3
− 1

3n
and also

limn εn = 2
3
, but then the fractions would be greater than 1, which is a contradiction. Also,

it cannot satisfy Theorem 3.4, as if it did, there would exist strictly increasing sequences
of naturals {σn}n, {τn}n such that for all n ∈ N, σn < τn < σn+1, and for all n < m, it
must hold that

2− 1

3σn
− 2

3τn
+ 2− 1

3σm
− 2

3τm
≤ 2

(
2− 1

3σn
− 2

3σm

)
.

But if we fix n ∈ N and tend m→ ∞, that inequality would imply that
1

3σn
≤ 2

3τn
,

which is a contradiction. Finally, arguing similarly, the condition (4) from Theorem 3.7
also leads to a contradiction. However, we will see that c0 is isometrically contained in
SNA(M), as shown in the Subcase I-(ii) of the proof of the main theorem.

Finally, we finish this section with our main result, which gives a partial positive answer to
Question 4.1. This highlights once again how pointwise norm-attaining Lipschitz functions
differ from strongly norm-attaining Lipschitz functions (see Theorem 3.9).

As we make use of Ramsey’s theorem in the proof, let us fix some notation. For any
set A and any n ∈ N, let A[n] denote the set of all subsets of A with exactly n elements.
Recall that Ramsey’s Theorem states that given any infinite set A and any finite partition
{B1, . . . , Bk} (k ∈ N) of the set A[n], there exists an infinite subset S of A and a number
i ∈ {1, . . . k} such that S[n] is contained in Bi (see, for instance, [16, Proposition 6.4]).

Theorem 4.11. Let M be an infinite pointed metric space. Then there exists a metric
subspace M0 ⊆M (possibly with different base point from M) such that c0 is isometrically
contained in PNA(M0).

Proof. If M is not uniformly discrete, then PNA(M) contains an isometric copy of c0 by
(S6). Suppose that M is uniformly discrete, and let us divide the proof into two cases:

Case I : M contains a bounded sequence {pn}n. Then by compactness, passing to a
subsequence if necessary, we may assume that

lim
n,m

d(pn, pm) = lim
n

lim
m
d(pn, pm) = L.

For simplicity, put

φ(n,m) := d(pn, pm)− L, and ψ(n) := lim
m
φ(n,m).
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Passing to a further subsequence if necessary, we assume that |φ(n,m)| < L/5 for every
n ̸= m ∈ N. Consider

A = {(n,m) ∈ N[2] : φ(n,m) ≥ ψ(n) + ψ(m)},
B = {(n,m) ∈ N[2] : φ(n,m) < ψ(n) + ψ(m)}.

Using Ramsey’s theorem, there exists C ∈ {A,B} and an infinite subset S ⊆ N such that
S[2] ⊆ C. We distinguish two subcases.

Subcase I-(i): C = A. That is, φ(n,m) ≥ ψ(n) + ψ(m) for every n ̸= m ∈ S. Define
M0 := {pn}n∈S, put pminS = 0 and set εn = L/2 + φ(1, n)− ψ(n). Then

d(0, pn)− εn + d(0, pm)− εm
d(pn, pm)

=
L+ ψ(n) + ψ(m)

L+ φ(n,m)
≤ 1

and the left-hand side tends to 1 when m goes to infinity. Moreover, since d(pn, pm)−L ≥
ψ(n) + ψ(m), we have

R(pn) ≥ L+ ψ(n)− L

5
=

4L

5
+ ψ(n),

so 0 ≤ d(0, pn)− εn = L/2+ψ(n) < R(pn). Now, applying Theorem 4.7 to M0 = {pn}n∈S,
we conclude that c0 is isometrically contained in PNA(M0).

Subcase I-(ii): C = B. That is, φ(n,m) < ψ(n) + ψ(m) for every n ̸= m ∈ S. Put
M0 := {pn}n∈S. For notational simplicity, we can assume up to relabeling that S = N.
Let us construct sequences (σn)n and (τn)n of natural numbers inductively: let σ1 = 1 and
τ1 = 2. Next, if σn and τn are given for some n ∈ N, define

εn =
−φ(σn, τn) + ψ(σn) + ψ(τn)

6
,

and find σn+1 > τn and τn+1 := σn+1+1 so that the following inequalities hold: if i ≥ σn+1

and j ≥ τn+1 = σn+1 + 1, then

|φ(i, j)| < εn, |ψ(i)| < εn, |φ(σn, i)− ψ(σn)| < εn, and |φ(τn, i)− ψ(τn)| < εn.

Consider for each n ∈ N

fn(p) :=


1
2
(L+ φ(σn, τn) + ψ(σn)− ψ(τn)), if p = pσn

−1
2
(L+ φ(σn, τn)− ψ(σn) + ψ(τn)), if p = pτn

0, else.

Let (an)n ∈ c0 with |ak0 | = ∥a∥ for some k0 ∈ N, and let h =
∑∞

n=1 anfn. Let u ̸= v ∈M0

be given. We will compute the possible values of the slope |S(h, u, v)|:

• If u, v /∈
⋃

n∈N{pσn , pτn}, then S(h, u, v) = 0.
• If u ∈ {pσn , pτn} for some n ∈ N and v /∈

⋃
n∈N{pσn , pτn}, then

|S(h, u, v)| ≤ |an|
|fn(u)|
R(u)

≤ |an|
|fn(u)|
4L/5

≤ ∥a∥.
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• If there is some n ∈ N such that u = pσn and v = pτn , then

|S(h, u, v)| = |an| ≤ ∥a∥.
• Finally, if there exist n < m ∈ N such that u ∈ {pσn , pτn} and v ∈ {pσm , pτm}, we

have 4 possibilities:

(1) If u = pσn and v = pσm , then

|S(h, u, v)| ≤ ∥a∥2L+ φ(σn, τn) + φ(σm, τm) + ψ(σn) + ψ(σm)− ψ(τn)− ψ(τm)

2L+ 2φ(σn, σm)
.

(2) If u = pσn and v = pτm , then

|S(h, u, v)| ≤ ∥a∥2L+ φ(σn, τn) + φ(σm, τm) + ψ(σn)− ψ(σm)− ψ(τn) + ψ(τm)

2L+ 2φ(σn, τm)
.

(3) If u = pτn and v = pσm , then

|S(h, u, v)| ≤ ∥a∥2L+ φ(σn, τn) + φ(σm, τm)− ψ(σn) + ψ(σm) + ψ(τn)− ψ(τm)

2L+ 2φ(τn, σm)
.

(4) Finally, if u = pτn and v = pτm , then

|S(h, u, v)| ≤ ∥a∥2L+ φ(σn, τn) + φ(σm, τm)− ψ(σn)− ψ(σm) + ψ(τn) + ψ(τm)

2L+ 2φ(τn, τm)
.

We claim that each fraction in the right-hand side in (1)–(4) is bounded above by ∥a∥.
Since the proofs are similar, we only give the proof for (1). Indeed, observe that

−2φ(σn, σm) + φ(σn, τn) + φ(σm, τm) + 2ψ(σn) + ψ(σm)− ψ(τm)

= φ(σn, τn) + φ(σm, τm) + ψ(σm) + (−ψ(τm)) + 2(ψ(σn)− φ(σn, σm))

≤ φ(σn, τn) + 5εn < ψ(σn) + ψ(τn).

This implies that |S(h, u, v)| ≤ ∥a∥ in the case of (1). Finally, note that |S(h, pσk0
, pτk0 )| =

∥a∥, and so h is strongly norm-attaining and has norm ∥a∥.

Case II : M does not contain a bounded sequence. Motivated by [13, Theorem 5], we
will inductively construct an appropriate sequence of points {pn}∞n=1 ⊆M and a sequence
of positive numbers {cn}∞n=1 ⊆ (0,∞) as follows. Fix some p1 ∈M and some c1 > 0. Now,
if for some n ∈ N, the points {pk}nk=1 ⊆ M and the numbers {ck}nk=1 ⊆ (0,∞) are given,
find pn+1 ∈M satisfying that for all 1 ≤ k ≤ n,

d(pk, pn+1) > nmax{d(pa, pb) + ca : 1 ≤ a, b ≤ n},
and define

cn+1 := max{d(pa, pb) : 1 ≤ a, b ≤ n+ 1} −max{d(pa, pb) + ca : 1 ≤ a, b ≤ n}.
From now on, we will restrict ourselves to the metric subspace M0 = {pn}∞n=1. Note that,
for all n ∈ N, there exist 1 ≤ kn, jn < n such that the following holds:

cn > 0, R(pn) = d(pkn , pn), and max{d(pa, pb) : 1 ≤ a, b ≤ n} = d(pjn , pn).
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Given n < m ∈ N,

cn + cm = cn +max{d(pa, pb) : 1 ≤ a, b ≤ m} −max{d(pa, pb) + ca : 1 ≤ a, b ≤ m− 1}
≤ cn + d(pjm , pm)− d(pjm , pn)− cn ≤ d(pn, pm).

As a consequence, note also that for all n ∈ N,

cn ≤ cn + ckn ≤ d(pn, pkn) = R(pn).

Moreover, note that for n < m ∈ N,

1 ≥ cn + cm
d(pn, pm)

=
cn +max{d(pa, pb) : 1 ≤ a, b ≤ m} −max{d(pa, pb) + ca : 1 ≤ a, b ≤ m− 1}

d(pn, pm)

=
d(pjm , pm)

d(pn, pm)
− max{d(pa, pb) + ca : 1 ≤ a, b ≤ m− 1} − cn

d(pn, pm)

≥ 1− max{d(pa, pb) + ca : 1 ≤ a, b ≤ m− 1}
d(pn, pm)

≥ 1− 1

m− 1
,

which converges to 1 when m→ ∞.

Denote now {rn}∞n=1 to be the increasing sequence of all prime numbers, and for each
n ∈ N, define the Lipschitz function fn :M0 → R by

fn(x) :=


crn , if x = prn ,

−crmn , if x = prmn , for some m > 1,

0, else.

Let (an)n ∈ c0 be such that ∥a∥ = |ak0 | for some k0 ∈ N, and let f :=
∑∞

n=1 anfn. We
will compute the slopes |S(f, x, y)| for (x, y) ∈ M̃0 studying all the possible cases:

(1) If x, y /∈ {prkj : j, k ∈ N}, then |S(f, x, y)| = 0.
(2) If x = prmn for some n,m ∈ N but y /∈ {prkj : j, k ∈ N}, then

|S(f, x, y)| ≤ |an|
crmn

R(prmn )
≤ ∥a∥.

(3) If there are n,m, k ∈ N with m ̸= k such that x = prmn and y = prkn , then

|S(f, x, y)| ≤ |an|
crmn + crkn
d(prmn , prkn)

≤ ∥a∥.

Moreover, note that

lim
m→∞

|S(f, prk0 , prmk0 )| = lim
m→∞

|ak0|
crk0 + crmk0
d(prk0 , prmk0

)
= ∥a∥.
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(4) Finally, if there exist n,m, j, k ∈ N with n ̸= j such that x = prmn and y = prkj , then

|S(f, x, y)| ≤ ∥a∥
crmn + crkj
d(prmn , prkj )

≤ ∥a∥.

Therefore, f has norm ∥a∥, and it attains its norm pointwise at the point prk0 . □

5. Embedding of ℓ1 into norm-attaining Lipschitz functions

In this section, we will provide some further spaceability results on the set of strongly
norm-attaining and pointwise norm-attaining Lipschitz functions. First, we will provide
some sufficient conditions and necessary conditions in order to embed ℓ1 isometrically
into SNA(M). Second, we will show that, in contrast, none of those necessary conditions
for ℓ1-embedding into the set of strongly norm-attaining Lipschitz functions SNA(M) are
necessary anymore for the set of pointwise norm-attaining Lipschitz functions PNA(M).

We would like to begin with the following observation, which was brought to our attention
by one of the referees. We sincerely thank the referee for pointing it out to us.

Remark 5.1. Let us denote by ℓℓ∞(Γ) the subset of ℓ∞(Γ) consisting of those x = (xγ)γ∈Γ ∈
ℓ∞(Γ) that attain their supx∈Γ |xγ| (i.e., supx∈Γ |xγ| = maxx∈Γ |xγ|). Let us say that ℓ∞(Γ)
embeds in a fine way to Lip0(M) if there exists a linear isometric embedding U : ℓ∞(Γ) →
Lip0(M) such that U(ℓℓ∞(Γ)) ⊆ SNA(M). If ℓ∞(Γ) embeds in a fine way to Lip0(M), then
every linear space isometrically contained in ℓℓ∞(Γ) embeds isometrically to SNA(M).

Not only does the argument in [15, Lemma 3.3] establish this, but also the argument in
the proofs of (b) =⇒ (a) in Proposition 3.1 and Theorems 3.4 and 3.7 actually prove that
the map U : ℓ∞(Γ) → Lip0(M), defined by U(eγ) := fγ, ensures that ℓ∞(Γ) embeds in a
fine way to Lip0(M).

It is clear that c0(Γ) is isometrically contained in ℓℓ∞(Γ). Moreover, if there is Γ0 ⊆ Γ
with cardinality 2ℵ0 , it is routine to check that the map φ : ℓ1 → ℓ∞(Γ) given by

φ(en)(γ) :=

{
sγn, if γ ∈ Γ0,

0, else,

is a linear isometric embedding from ℓ1 into ℓℓ∞(Γ), where {sγ}γ∈Γ0 ⊆ {−1, 1}N denotes the
set of all sign sequences with sγ = (sγn)n. In particular, SNA(M) contains ℓ1 isometrically
whenever ℓ∞(Γ) embeds in a fine way to Lip0(M) with |Γ| ≥ 2ℵ0 .

As mentioned earlier, Remark 5.1, combined with [15, Lemma 3.3] and Theorems 3.4
and 3.7, leads to the following consequences regarding the isometric embedding of ℓ1 into
SNA(M).
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Theorem 5.2. Let M be a pointed metric space and Γ be an index set of cardinality 2ℵ0.
Then SNA(M) contains ℓ1 isometrically if there exists {(pγ, qγ)}γ∈Γ ⊆ M̃, pγ, qγ ̸= 0 such
that one of the following conditions is satisfied:

(i) d(pα, pβ) ≥ d(pα, qα) + d(pβ, qβ) for all α ̸= β ∈ Γ;
(ii) for each γ ∈ Γ and every α ̸= β ∈ Γ,

• R(pγ), R(qγ) ≥ d(pγ, qγ)/2, and
• d(pα, qα) + d(pβ, qβ) ≤ 2min

{
d(r, s) : r ∈ {pα, qα}, s ∈ {pβ, qβ}

}
;

(iii) for every α ̸= β ∈ Γ,
• d(pα, qα) ≤ R(pα) +R(qα);
• d(pα, qα) + d(pβ, qβ) +R(pα) +R(pβ)−R(qα)−R(qβ) ≤ 2d(pα, pβ);
• d(pα, qα) + d(pβ, qβ) +R(pα)−R(pβ)−R(qα) +R(qβ) ≤ 2d(pα, qβ);
• d(pα, qα) + d(pβ, qβ)−R(pα)−R(pβ) +R(qα) +R(qβ) ≤ 2d(qα, qβ).

It is shown in [15, Proposition 5.1, Theorem 5.2] that if a metric space M satisfies that
dens(M ′) = Γ for some infinite cardinal Γ, then there exists a set {pγ, qγ}γ∈Γ such that
d(pα, pβ) ≥ d(pα, qα) + d(pβ, qβ) for all α ̸= β ∈ Γ. By (i) in Theorem 5.2, we obtain the
following immediate consequence.

Corollary 5.3. If X is a normed space of density character dens(X) ≥ 2ℵ0, then SNA(X)
contains ℓ1 isometrically.

Remark 5.4. Combining Corollary 5.3 with the fact (S3), we observe that under Continuum
Hypothesis, a Banach space X is not separable if and only if SNA(X) contains ℓ1.

The referee also raised the question of whether there exist examples of metric spaces M
such that ℓ1 is isometrically contained in SNA(M) but ℓ∞(Γ) is not embedded in a fine
way into Lip0(M) with Γ of the cardinality of continuum. Unfortunately, we do not know
if such an example exists at this moment.

Next, we discuss some necessary conditions for M in order to satisfy that SNA(M)
contains ℓ1 isometrically, which complement [27, Theorem 2]. The following useful lemma
is geometrically clear.

Lemma 5.5. Let M be a pointed metric space such that ℓ1 is isometrically contained in
SNA(M) with a basis {gn}n ⊆ SNA(M) isometrically equivalent to the canonical basis of
ℓ1. Let (an)n ∈ ℓ1, I = {n ∈ N : an ̸= 0} be given, and let f :=

∑∞
n=1 angn ∈ SNA(M).

Then, we have the following:

(a) If S(f, p, q) = ∥f∥ for some (p, q) ∈ M̃ , then gn satisfies that S(gn, p, q) = sign(an)
for each n ∈ I. The converse is also true.
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(b) Let (bn)n ∈ ℓ1 be such that bn = ±an, n ∈ N, and b /∈ {a,−a}. If f strongly attains
its norm at some (p, q) ∈ M̃ , then g :=

∑∞
n=1 bngn does not strongly attain its norm

at the pair (p, q).

Proof. (a): If S(f, p, q) = ∥f∥, then

S(f, p, q) =
∑
n∈I

|an| ≥

∣∣∣∣∣∑
n∈I

anS(gn, p, q)

∣∣∣∣∣ =
∣∣∣∣∣∑
n∈I

an
gn(q)− gn(p)

d(p, q)

∣∣∣∣∣= |S(f, p, q)| .(5.1)

This shows that |an| = |anS(gn, p, q)|; hence gn strongly attains its norm at the pair (p, q)
for all n ∈ I. Moreover, as we can remove some of the absolute values in (5.1), each
anS(gn, p, q) is positive. This completes the proof and all the steps we have done can be
reversed.

(b): We can assume that S(f, p, q) = ∥f∥, since otherwise we can just swap the points q
and p. Fix (i, j) ∈ N such that ai, aj ̸= 0, ai = bi and aj = −bj, and we see S(gi, p, q) =
sign(ai) and S(gj, p, q) = sign(aj) by (a). However, if g strongly attains its norm at the
pair (p, q), then again by (a), we have S(gi, p, q) = sign(ai) and S(gj, p, q) = − sign(aj), or
we have S(gi, p, q) = − sign(ai) and S(gj, p, q) = sign(aj). This is a contradiction. □

Proposition 5.6. Let M be a pointed metric space. If ℓ1 is isometrically contained in
SNA(M), then each basis function must strongly attain its norm at least at 2ℵ0-many
different pairs of points. In particular, the cardinality of M is at least uncountable.

Proof. Let {gn}n ⊆ SNA(M) be isometric to the canonical basis of ℓ1 and fix (an)n ∈ ℓ1
with an > 0 for all n ∈ N. Let S be the family of all sequences (sn)n such that sn ∈ {−1, 1}
for all n ∈ N. For each s = (sn)n ∈ S, consider fs =

∑∞
n=1 snangn ∈ SNA(M) and say

fs attains strongly its norm at (rs, ts) ∈ M̃ . Without loss of generality, we assume that
S(fs, rs, ts) > 0. By (a) of Lemma 5.5, we then see that S(gn, rs, ts) = sign(sn) for every
n ∈ N. If {s,−s} ≠ {ℓ,−ℓ} ⊆ S, then (b) of Lemma 5.5 shows that (rs, ts) ̸= (rℓ, tℓ). □

Therefore, if ℓ1 is isometrically contained in SNA(M), then M must be non-separable
(see (S3)) and, moreover, the basis functions of ℓ1 must attain their norm at an uncountable
amount of different places.

As promised, we observe that none of these conditions are necessary for the set of point-
wise norm-attaining Lipschitz functions.

Theorem 5.7. There exists a countable pointed metric space M such that PNA(M) con-
tains ℓ1 isometrically and, in addition, there exists a sequence of functions {fn}∞n=1 in
PNA(M) isometrically equivalent to the canonical basis of ℓ1 such that for each a = (an)n ∈
ℓ1\{0}, the function ga :=

∑∞
n=1 anfn attains its norm pointwise only at the point 0 ∈M .

Proof. Let S = {(rn)n ∈ {−1, 0, 1}N : there exists N ∈ N such that rk = 0 for all k ≥ N}.
Note that S is countable and contains all the possible finite sequences of signs. Let us
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denote by {s(j) : j ∈ N} = S. Define M as a metric union of spaces as follows:

M = {0} ∪ {pj,k : j, k ∈ N}

endowed with the following metric:

d(p, q) :=


0, if p = q

1, if p ̸= q and 0 ∈ {p, q}
1, if p = pj,k, q = pj,m for some j ∈ N, m, k ∈ N, m ̸= k

2, if p = pj,k, q = pi,m for some j, i ∈ N, j ̸= i, m, k ∈ N.

Fix c > 1. For each n ∈ N, define the Lipschitz function fn :M → R by

fn(p) =

{
s
(j)
n

(
1− c−k

)
, if p = pj,k for some k ∈ N, j ∈ N

0, if p = 0.

Let n ∈ N, and (u, v) ∈ M̃ be fixed. We will compute |S(fn, u, v)| by considering all the
possible cases:

(1) If u = 0 and v = pj,k for some j ∈ N and k ∈ N, then

(5.2) |S(fn, u, v)| = |s(j)n |
(
1− c−k

)
≤
(
1− c−k

)
.

Since there exists s(j) for some j ∈ N such that s(j)n ̸= 0, by letting k → ∞ in (5.2),
we have

sup
v∈M\{0}

|S(fn, 0, v)| = 1.

(2) If there exist j ∈ N and m > k ∈ N such that u = pj,k and v = pj,m, then

|S(fn, u, v)| = |s(j)n |
(
c−k − c−m

)
≤
(
c−k − c−m

)
< c−k.

In particular, for each k ∈ N

sup
m∈N\{k}

|S(fn, pj,k, pj,m)| ≤ c−1.

(3) If there exist j, j′ ∈ N with j ̸= j′ and m ≥ k ∈ N such that u = pj,k and v = pj′,m,
then

|S(fn, u, v)| ≤
|s(j)n |

(
1− c−k

)
+ |s(j

′)
n | (1− c−m)

2
≤ 2− c−k

2
.

In particular, for each k ∈ N we get

sup
j∈N\{j′};m∈N

|S(fn, pj,k, pj′,m)| ≤
2− c−1

2
.
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Thus, fn attains its norm pointwise only at the point 0 and ∥fn∥ = 1 for each n ∈ N.

Let a = (an)n ∈ ℓ1\{0}, and let ga :=
∑∞

n=1 anfn. We will show that ga attains its norm
pointwise at the point 0 (and only at that point). First observe that 0 is the only point
at which ga may attain its norm pointwise: let xa ∈ M be such that ga attains its norm
pointwise at xa. Putting Ia = {n ∈ N : an ̸= 0},∑

n∈Ia

|an| = sup
y ̸=xa

|ga(y)− ga(xa)|
d(xa, y)

≤
∑
n∈Ia

sup
y ̸=xa

∣∣∣∣anfn(y)− fn(xa)

d(xa, y)

∣∣∣∣ ≤ ∑
n∈Ia

|an|,

so all these inequalities must be equalities, which implies that fn also must attain its norm
pointwise at xa for each n ∈ Ia. This shows that xa should be 0.

It remains to check that ga attains its norm pointwise at 0. Let ε > 0 and choose N ∈ N
such that

∑N
n=1 |an| ≥ ∥a∥ − ε. Note that there exists some j ∈ N such that s(j) ∈ S is

defined as follows: 
s
(j)
n = sign(an), if 1 ≤ n ≤ N and an ̸= 0

s
(j)
n = 1, if 1 ≤ n ≤ N and an = 0

s
(j)
n = 0, for all n > N.

It follows that for each k ∈ N,

|S(gs, 0, xj,k)| =
N∑

n=1

|an|
(
1− c−k

)
≥ (∥a∥ − ε)(1− c−k).

This implies that ga attains its norm pointwise at 0. □

6. Appendix: Other types of norm-attaining Lipschitz functions

In this appendix section, we study the relations between pointwise norm-attaining Lip-
schitz functions and several other existing Lipschitz norm-attainment concepts. We also
provide some results on an isometric embedding of ℓ∞ into the set of pointwise norm-
attaining Lipschitz functions and the set of Lipschitz functions that attain their norm
locally directionally. The results in this appendix will hopefully give a better understand-
ing of the geometrical intuitions underlying the notion of pointwise norm-attainment.

We start with recalling several norm-attainment concepts from [11, 21, 26].

Definition 6.1. Let M be a pointed metric space, and let X and Y be real Banach spaces.

• We say that f ∈ Lip0(M,Y ) attains its norm toward z ∈ ∥f∥SY if there exists
{(pn, qn)}∞n=1 ⊆ M̃ such that S(f, pn, qn) −→ z. The set of Lipschitz functions
f ∈ Lip0(M,Y ) that attain their norm toward some vector in Y is denoted by
LipA(M,Y ).
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• We say that f ∈ Lip0(X, Y ) attains its norm directionally in the direction u ∈ SX

toward z ∈ ∥f∥SY if there exists {(pn, qn)}∞n=1 ⊆ X̃ such that

S(f, pn, qn) −→ z and
pn − qn
∥pn − qn∥

−→ u.

The set of Lipschitz functions f ∈ Lip0(X, Y ) that attain their norm directionally
toward some vector in Y is denoted by DirA(X, Y ).

• We say that f ∈ Lip0(X, Y ) attains its norm locally directionally at a point x in
the direction u ∈ SX toward z ∈ ∥f∥SY if there exists {(pn, qn)}∞n=1 ⊆ X̃ such that

S(f, pn, qn) −→ z,
pn − qn

∥pn − qn∥
−→ u and pn, qn −→ x.

The set of Lipschitz functions f ∈ Lip0(X, Y ) that attain their norm locally direc-
tionally toward some vector in Y is denoted by LDirA(X, Y ).

• We say that f ∈ Lip0(X, Y ) attains its norm at a point x ∈ X through a derivative
in the direction e ∈ SX if

f ′(x, e) := lim
t→0

f(x+ te)− f(x)

t
∈ Y exists and ∥f ′(x, e)∥ = ∥f∥.

The set of Lipschitz functions f ∈ Lip0(X, Y ) that attain their norm at a point
through a derivative in a direction e ∈ SX is denoted by Der(X, Y ).

The following relations are known to hold for any infinite metric space M and any real
Banach spaces X and Y (see [10, 11]):

(R1) SNA(M,Y ) ⊆ LipA(M,Y ) and SNA(X, Y ) ⊆ DirA(X, Y );
(R2) Der(X, Y ) ⊆ LDirA(X, Y ) ⊆ DirA(X, Y ) ⊆ LipA(X, Y );
(R3) if Y has the Radon-Nikodým property, then SNA(X, Y ) ⊆ Der(X, Y );
(R4) arguing by compactness, if Y is finite-dimensional, then LipA(M,Y ) = Lip0(M,Y )

and, if moreover X is finite-dimensional, then DirA(X, Y ) = Lip0(X, Y ).

By definition, it is clear that if f ∈ Der(X, Y ) with a point x ∈ X and in the direction
e ∈ SX , then f attains its norm pointwise at the point x. That is, Der(X, Y ) ⊆ PNA(X, Y ).
However, it is not difficult to observe that this inclusion is strict in general. Moreover, it is
easy to build a function f ∈ Lip0(R) which attains its norm pointwise at 0 but such that
its left and right derivatives at 0 do not exist.

Next, we move to a relation between the sets PNA(R) and LDirA(R). Note that both
norm-attainment notions occur towards a particular point p ∈ R, and both notions are
strictly weaker than Der(R), so it is natural to wonder if there is some relation between
them. However, the following examples illustrate that in general, neither set belongs to
the other.

Example 6.2. LDirA(R) is not contained in PNA(R). Indeed, consider the function
g ∈ Lip0([0, 1]) given in Proposition 2.8. Extend the function g to R by setting g(x) = 0
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for every x ̸∈ [0, 1]. Arguing as in Proposition 2.8, we deduce that the function g cannot
belong to PNA(R). However, the function g belongs to LDirA(R), attaining its norm only
towards the point 0.

Example 6.3. PNA(R) is not contained in LDirA(R). Indeed, consider the Lipschitz
function f on R defined by f(x) = x2

|x|+2
for every x ∈ R. It is straightforward to verify

that f attains its norm pointwise at every point p ∈ R and f /∈ LDirA(R), with the details
left to the reader.

We finish this section by presenting some ℓ∞-embedding results as promised. Recall
again from [13, Theorem 1] that ℓ∞ is isometrically contained in Lip0(M) for any infinite
metric space M . Thus, (R4) implies that DirA(X) and LipA(M) contain an isometric copy
of ℓ∞ for any real Banach space X and any infinite metric space M .

In the following, we shall observe that the sets PNA(X) and LDirA(X) contain an
isometric copy of ℓ∞ for any Banach space X. Before giving the proofs, we first present
the following preliminary lemma.

Lemma 6.4. Let f ∈ Lip0(R) be an even function and X a real Banach space. If f ∈
PNA(R) or attains its norm in any sense in Definition 6.1, then the function f̃ ∈ Lip0(X)

given by f̃(x) := f(∥x∥) also attains its norm in the same sense as f with ∥f̃∥ = ∥f∥.

Let us mention that the correspondence f ∈ Lip0(R) 7→ f̃ ∈ Lip0(X) in Lemma 6.4
shows, in particular, that whenever the set PNA(R) (respectively, LDirA(R)) contains
an isometric copy of linear space Z consisting of even functions, then the set PNA(X)
(respectively, LDirA(X)) also contains Z isometrically.

Proposition 6.5. For any real Banach space X, the set PNA(X) contains an isometric
copy of ℓ∞ isometrically, while PNA(X) ̸= Lip0(X).

Proof. Consider the functions {fn}∞n=1 ⊆ PNA([0, 1]) constructed in Proposition 2.8. For
each n ∈ N, let hn be an extension of fn to R defined as follows: hn(x) = fn(|x|) for every
x ∈ [−1, 1], and hn(x) = 0 for every x ̸∈ [−1, 1]. Then {hn}∞n=1 is contained in PNA(R)
and is isometrically equivalent to the canonical vectors in ℓ∞. Finally, Lemma 6.4 shows
that PNA(X) contains an isometric copy of ℓ∞. For the second assertion, take the function
g considered in Example 6.2. Define a symmetrization g̃ of g as g̃(x) = g(|x|) and extend
it to X. It is clear that this extension does not belong to PNA(X). □

Proposition 6.6. For any real Banach space X, the set LDirA(X) contains an isometric
copy of ℓ∞ isometrically.

Proof. Let Y ⊆ Lip0([0, 1]) be isometrically isomorphic to ℓ∞ (as in [13, Theorem 5]). For
each a ∈ ℓ∞, let fa ∈ Y be its corresponding function, so ∥fa∥ = ∥a∥. Define ga ∈ Lip0(R)
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as

ga(x) :=

{
fa(|x|), if |x| ≤ 1

fa(1), if |x| ≥ 1

Note that

(6.1) sup{|S(ga, x, y)| : (x, y) ∈ R̃} = sup{|S(ga, x, y)| : (x, y) ∈ [̃0, 1]}

since if x < 0, 0 < y < 1, and z > 1, the following inequalities clearly hold

|ga(y)− ga(x)|
d(x, y)

≤ |ga(y)− ga(−x)|
d(−x, y)

and
|ga(z)− ga(y)|

d(y, z)
≤ |ga(1)− ga(y)|

d(y, 1)
.

Now, observe that the mapping ψ : Y → Lip0(R) given by ψ(a) := ga for all a ∈ ℓ∞
is a linear isometric isomorphism, and every mapping in ψ(Y ) is even. We claim that
ψ(Y ) ⊆ LDirA(R). Let f ∈ ψ(Y ) be given. By (6.1) we can take two sequences of points
{pn}n and {qn}n in [0,1] that converge to some points p and q respectively, such that

S(f, pn, qn) → z ∈ {−∥f∥, ∥f∥}.

If p ̸= q, then f strongly attains its norm at the pair (p, q); hence f ∈ LDirA(R). And
if p = q, f attains its norm locally directionally at the point p by definition. Therefore
ℓ∞ is isometrically contained in LDirA(R) consisting only of even functions, and so, it is
isometrically contained in LDirA(X) for every Banach space X by Lemma 6.4. □
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