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Abstract: In this chapter we cover in detail the connections between electronic structure 

theory and the experimental observables registered in linear and non-linear optical 

spectroscopic set-ups. The main goal is to show different approaches of increasing 

complexity to model optical spectra and their lineshapes for both steady state (linear) and 

time-resolved (pump-probe and two-Dimensional Electronic Spectroscopy, 2DES) 

variants, and how these models can offer a more detailed characterisation of a system’s 

photo-response. We start with a brief introduction to Liouville space, and how the density 

matrix and its evolution can be used to express the different light-matter interactions 

occurring in linear and non-linear optical experiments. We then introduce the sum-over-

states approach and point out the connection between the density matrix and the 

transition energies and transition dipole moments obtained from electronic structure 

theory codes. Lineshape broadenings are then defined semi-classically within the 

cumulant expansion of Gaussian fluctuations to second-order, outlining the displaced 

Brownian oscillator model and the basic theory behind lineshape functions. We show 

different approximations in linear and non-linear spectra, and for both steady-state and 

time-resolved situations, highlighting strengths and weaknesses through their application 

to a series of different molecular systems. We attempt to provide guidelines for specific 



cases where the different approaches might be appropriate, aiming to outline their range 

of applicability. 
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[Chapter Starts Here] 

[19.1 Introduction] 

Spectroscopy studies the interaction between radiation and matter.1 In its simplest form, 

radiation (of varying wavelengths) is supplied to a sample, triggering well-known 

outcomes: the absorption of a photon, or the emission of a photon with different 

wavelengths from those initially absorbed, and that can occur within spontaneous and/or 

stimulated mechanisms. These underpin linear spectroscopies, which reflect the absorption 

and emission features, occur at the sample’s absorbing ground state or equilibrium 

structure, often referred to as the Franck-Condon (FC) region.  

 

Absorption and emission features of chemical compounds change depending on the 

radiation wavelength used: microwaves (MW) promote rovibrational excitations, infrared 

(IR) radiation populates vibrational energy levels, ultraviolet (UV)/visible (Vis) light 

facilitates electronic promotions, vacuum/extreme UV (VUV/XUV) trigger ionisations in 

the close-lying valence shell and X-rays access and eject the electrons in the inner 

electronic shells of molecules prompting core excitations/ionisations. Radiation therefore 

initiates different processes depending on the energy supplied to the system, triggering 

populations of different kinds of states (i.e. vibrational, electronic, …), and leading to 

distinct signals which depend strongly on the molecular structure of a given chemical 

compound and that are used for their characterisation. An exhaustive explanation of the 

photophysics and photochemistry fundamentals can be found in the first two chapters of 

this book.   

 

Spectroscopy is widely used across multiple disciplines to characterise chemical species as 

well as to monitor their reactivity. Depending on the molecular process of interest, different 

radiation wavelengths may be used offering complementary information on a given 

compound: nuclear motion may be monitored by measuring IR vibrations activated during 

a given reaction,2,3 electronic states can be probed to identify the active electronic state 

driving a photo-reaction,4,5 and core excitations enable atom-specific probes of the 

electronic environment within a molecule and the solvent/environment in which they are 

embedded. From an experimental standpoint, this needs different radiation sources that use 

different set-ups and sometimes require the use of large-scale facilities; from a theoretical 



side, however, it refers mostly (to some degree of approximation) to modelling different 

energy gaps and transition dipole moments depending on the specific kind of state 

populated by the radiation used, which can often be obtained from standard electronic 

structure packages at different levels of theory.  

 

Our main goal in this chapter is to show different strategies to connect these two often-

separated branches within the optical (electronic) domain: how do we get from the 

magnitudes estimated by theory to the experimental observables? And how are they 

actually related to one another? Experiments record signals like extinction coefficients or 

(non-linear) induced polarisabilities which lead to broad curves, while theory in its crudest 

form provides a simple stick at a given wavelength, where its associated intensity is 

approximated by computing the oscillator strength of a given transition. Elaborate 

theoretical models can move away from this simple stick representation by adding 

complexity in terms of spectral broadenings and line shapes that arise due to nuclear 

relaxation, non-adiabatic effects/finite lifetime or solvation. Such models connect more 

faithfully with experiment and enable the description of complex events like 

vibrational/vibronic coherent motion or excitation energy transfer,6 whose interpretation 

relies not only on the wavelength and timescales in which associated peaks to these 

processes emerge but also with the concrete way spectral line shapes broaden over time.  

 

While most of the above apply to steady-state (i.e., non time-resolved) situations, when 

studying excited state processes such as those widely featured in photochemistry, different 

needs have to be met: excited state dynamics tend to be short-lived and can simultaneously 

feature on multiple accessible states each with distinct reactivity, requiring a temporally 

resolved mapping of the excited state signals recorded. This leads to the use of more 

sophisticated set-ups that give access to non-linear optical properties, which map higher-

order response signals. We focus on reviewing models to simulate optical 3rd order non-

linear response contributions which underpin most experiments currently used in the 

literature like pump-probe or transient absorption. These techniques are known as non-

linear spectroscopies, and by using a controlled sequence of laser pulses on the sample they 

record a temporally-resolved signal that measures state or reaction lifetimes and thus keeps 

track of the pace at which a given reaction takes place.  

 

The development of non-linear spectroscopies was mostly driven in the 70s and 80s with 

the goal of observing how chemical reactions occur in real time.7 This was accomplished 

by Zewail and co-workers in the late 80s, warranting the Nobel Prize in Chemistry in 1999, 

and represents one of the so-called “Holy Grails” in Chemistry of observing chemical 

reactions as they happen.8 Observing nuclear motion in real time was a fundamental step 

to further understand chemical reactivity, as it allowed also the isolation and 

characterisation of elusive reactive (intermediate) structures like transition states.9 This 

milestone gave birth to the field of femtochemistry,10 which refers to the specific area of 

physical chemistry (or photochemistry) studying chemical reactions on the femtosecond 

(fs, i.e., 10-15 s) timescale and enabling the observation of nuclear motion, i.e., the 

rearrangement of atoms in molecules forming new molecules or products that is at the root 

of chemical reactivity.  

 



When used with high-energy and/or strong-field (ionising) radiation, spectroscopy can 

measure the ionisation of the sample instead of its absorption, leading to complementary 

signals arising from the transient cationic (normally doublet) species and the ejected 

electrons created. This is known as photoelectron spectroscopy,11 and its signals are 

underpinned by a different set of rules to those governing excitation, which offers a 

different window to probe processes that may otherwise be optically dark and thus 

obscured. Photoelectron spectra can also be recorded in a time-resolved fashion,12,13 and 

has recently gained importance as photoionisation is simultaneously sensitive to both 

electronic and nuclear components of a wave packet in a molecule.12   

 

Recent advances in instrumentation through the advent of broadband ultrashort 

femtosecond light sources has enabled more complex set-ups to be built, which give access 

to new information on photophysical and photochemical mechanisms. A particularly 

relevant example is two-Dimensional Electronic Spectroscopy (2DES), which is a 3rd order 

optical non-linear response experiment with expanded resolution that is able to register 

couplings between chromophores and to measure coherences.14–19 This technique has been 

widely used in the Vis window to study light-harvesting complexes and monitor their 

“wave-like” energy transfer,20,21 which was initially believed to be rooted on electronic 

coherences. The additional excitation dimension enables observing off-diagonal peaks 

coupling different states and that can be used to monitor energy transfer. This extra 

dimension also provides a way to disentangle homogeneous and inhomogeneous 

broadening sources, which allows a better understanding of environmental effects, a crucial 

aspect in photoinduced biological processes embedded in the cellular media.    

 

In this chapter we cover different computational strategies that use routine electronic 

structure data to build models which connect to experimentally registered optical 

spectroscopic observables. Different degrees of approximation are applied that modulate 

the trade-off between accuracy and computational cost/complexity sought, and where we 

analyse both their strengths as well as their limitations. We outline simple modelling tools 

to establish seamless connections between theory and experiment, helping assign, support 

and sometimes even predict steady-state and time-resolved spectral signals. This provides 

a molecular route map on how spectral signals might be interpreted: we aim to show how 

even the most qualitative models can often offer valuable state-to-signal assignments, 

connecting concrete molecular motions/features with experimentally recorded evidence, 

and enabling a more complete understanding of a photo-process. 

 

The chapter is organised as follows: we start with a brief review of basic concepts to build 

spectral response functions, and then move onto applying these foundations to linear 

absorption, which stands as the base technique which will be built upon when devising 

more complex and time-resolved models. Non-linear spectra follow, looking particularly 

at ways to simulate pump-probe spectroscopy and briefly introduce 2DES, a novel 

technique that offers improved temporal and spectral resolution in the optical UV/Vis 

regime: we build upon the similarities between 2DES and pump-probe spectroscopy, 

highlighting the additional information provided in the more complex 2DES experiments, 

and lay out different approaches to model and help interpret these intricate spectral signals. 

We conclude by outlining the domains where the different methods work in 



reproducing/interpreting experiment, aiming to guide the reader in the different 

approximations introduced and their range of applicability. 

  

[19.2 Basic Concepts] 

[19.2.1 Introduction to the Liouville space] 

Some of the methods introduced below are framed within a Liouville space formulation, 

which might be unfamiliar. A very brief and simplified overview is laid out to provide 

basic tools to qualitatively understand the underlying physical processes behind the 

equations. A thorough description of the Liouville space, its properties and a detailed 

description of how the equations are derived can be found elsewhere.22,23  

 

The Liouville space refers to the space of operators on Hilbert space. This means instead 

of describing properties in terms of wave functions for each individual molecule in our 

system, they are described in terms of a density matrix, which conveniently averages 

ensembles of molecules as those measured in spectroscopy. In the Liouville space, the 

interest lies in the temporal evolution of the density matrix representing our system of 

interest being measured. This density matrix operator can be defined as 

 

𝜌̂ = ∑ 𝜌𝑎𝑏|𝑎⟩⟨𝑏|

𝑎𝑏

                      (1) 

 

where a and b run over the different electronic ground/excited states of the system. The 

definition of system is in principle quite broad: it may entail a single molecule and all (or 

some) of its electronic states, or larger macromolecules with several states per monomer. 

For the sake of simplicity, we will be focusing on monomers.  

 

The density matrix operator 𝜌̂ essentially has two types of terms: diagonal (a=b), and off-

diagonal (a≠b). Diagonal terms are called populations, while off-diagonal terms are 

referred to as coherences. Populations refer to the different electronic eigenstates of the 

system being formed or populated due to the action of the laser pulse sequence; coherences, 

on the other hand, are terms of the density matrix that couple states to one another.  

 

The density matrix interacts with incoming light sources through the dipole operator 𝜇̂, 

 

𝜇̂ = ∑ 𝜇𝑎𝑏|𝑎⟩⟨𝑏|

𝑎𝑏

                     (2) 

 

where 𝜇𝑎𝑏  is the transition dipole between states a and b. In the absence of an electric field, 

the system’s Hamiltonian can be assumed to be formed by the eigenvalues of the molecular 

system under study, and the time evolution of the unperturbed density 𝜌̂(0)(𝑡) =  𝜌̂0, i.e., 

the density of the ground state in equilibrium, can be described with the Liouville-von 

Neumann equation. Inclusion of a (weak) external field can be done perturbatively (see 

chapter 7 for light-matter strong field interactions), where the time-dependent perturbation 

to the Hamiltonian 𝐻′(𝑡) can be written as 



 

𝐻̂′(𝑡) = −𝜇̂ ∙ 𝐸(𝑡)                   (3) 

 

where 𝐸(𝑡) refers to a time-dependent electric field (i.e., a laser pulse for example) and 

this perturbation is inserted in the Hamiltonian as 𝐻̂(𝑡) = 𝐻̂0 + 𝐻̂′(𝑡), which implies 

dipole interactions between the sample and the incoming laser pulses.  

 

The signal recorded in both linear and non-linear optical spectroscopic experiments (pump-

probe and 2DES) can be framed in terms of the induced nonlinear polarisation, which is 

defined as the expectation value of the dipole operator 𝜇̂ leading to:  

 

𝑃(𝑛)(𝑡) = 〈𝜇̂𝜌̂(𝑛)(𝑡)〉 = 𝑇𝑟[𝜇̂𝜌̂(𝑛)(𝑡)]                   (4) 

 

where 𝜌̂(𝑡) is the density matrix operator defined above and 𝑃(𝑛)(𝑡) is the general induced 

polarisation to nth order, which accounts for the subsequent laser (dipole) interactions 𝜇̂ on 

the initial unperturbed density thus becoming then time-dependent. We remind that 

𝑇𝑟[𝜇̂𝜌̂(𝑛)(𝑡)] refers to the trace, i.e., the sum of elements on the main diagonal of the square 

matrix [𝜇̂𝜌̂(𝑛)(𝑡)]. 

 

Over the next sections we build upon the basic concepts covered here to describe both 

linear and non-linear spectroscopies and the associated response signals measured on the 

system. Perhaps the most basic (and obvious) distinction to make between these two 

techniques upfront is that in linear spectroscopy the response of the system is linearly 

proportional to the incident field, while in non-linear spectroscopies it is not. 

 

A detailed view on the explicit derivation of the complex working equations can be found 

elsewhere:22,23 there are different approaches in the literature such as those based on the 

Liouville space and the Sum-Over-States (SOS) approach,23,24 the Non-linear Exciton 

Propagation25,26 or the Doorway-Window representation27,28 just to name a few. Here we 

focus on the more practical aspects needed for simulating (to different degrees of 

approximation) linear  and non-linear optical spectral signals using electronic structure data 

coupled to the SOS approach.14,19,24,29  

 

[19.2.2 The displaced Brownian oscillator model] 

A strategy to represent semi-classically lineshape broadenings is that of the Displaced 

Brownian Oscillator (DBO) model. To solve 𝑃(𝑛)(𝑡) we can use knowledge from 

electronic structure theory: in principle this can be solved without further approximations, 

if we were to know the evolution of the density matrix. This however requires propagating 

both populations and coherences (see section 2.1); the former has been treated with relative 

success semi-classically with a wide range of methods such as surface hopping30–32 or 

multiple spawning,33 but the latter requires more sophisticated quantum dynamics 

schemes34,35 that can describe both quantum cross- and auto-correlation fluctuation 

functions36–38 for the different density matrix terms (or states within the SOS approach23,24).   

 



As quantum dynamics are out of reach for most applications, we focus on semi-classical 

approaches, and particularly on the stochastic modelling of bath fluctuations or stochastic 

Liouville equations.39 In the stochastic Liouville equations, the response function is 

averaged over an ensemble of trajectories, propagated with molecular dynamics 

techniques, and where at subsequent timesteps 𝑅(𝑛)(𝑡), the nth order response signal 

𝑃(𝑛)(𝑡) depends on, is evaluated. In this method, the Hamiltonian is formally time-

independent but depends on a classical time-dependent stochastic variable which accounts 

for the bath (i.e. the solvent or intramolecular vibrations),39 and (bulk)-bath dephasing 

effects are included through ensemble averaging. Several methods have been developed 

over the years in this direction, where the biggest hurdle is the computational cost of 

running swarms of (ground and/or electronic excited state) trajectories and the inclusion of 

quantum feedback on the classical bath during coherent state evolution.25,27,40–45  

 

For systems that behave according to Gaussian statistic distributions and feature linear 

system-bath couplings, 𝑅(𝑛)(𝑡) can be solved using the second-order Cumulant expansion 

of Gaussian Fluctuations (CGF):22,46,47 this method allows calculating electronic transition 

band shapes coupled to a bath fluctuating at arbitrary timescales through the formalism of 

line shape functions 𝑔𝑎𝑏(𝑡).19,37,48 Within the second-order CGF, different models can be 

employed which consider different number of partaking states: we focus on the Brownian 

oscillator model, which can be formulated in non-damped,48 (over or under)damped,23,49–

51 or generalised36 formulations. CGF can also be truncated to higher order (3rd order) 

terms, which appear to be important for systems embedded in polarisable baths36,52 but that 

is not exact and thus would require higher order terms to verify convergence.52 The most 

important aspect of the cumulant expansion is that it allows calculating the necessary 

(auto/cross)correlation functions without having to calculate the nuclear eigenstates,22,46 

i.e. it provides a semi-classical solution for the energy gap fluctuation functions which we 

can then obtain from electronic structure data.    

 

This approximation allows obtaining analytical (i.e. exact within the 2nd order CGF) 

expressions for the lineshape functions 𝑔𝑎𝑏 (𝑡), which depend on the spectral density 

𝐽𝑎𝑏(𝜔) in the frequency domain, that is defined as 

 

𝐽𝑎𝑏(𝜔) = 𝑓(𝜔, 𝛽) ∫ 𝐶𝑎𝑏(𝑡)𝑒𝑖𝜔𝑡𝑑𝑡
∞

−∞

               (5) 

 

where 𝑓(𝜔, 𝛽) is a pre-factor that accounts for the quantum to classical transformation. 

This magnitude accounts for the time-dependence of the electronic energy gap, which 

contains most of the required information to model optical spectral lineshapes. The spectral 

density in turn depends on 𝐶𝑎𝑏(𝑡), which is the autocorrelation function of bath 

fluctuations, which is described in more detail later on in eq. 9.  

 

The lineshape functions 𝑔𝑎𝑏(𝑡) then read  

 



𝑔𝑎𝑏 (𝑡) = −
1

2𝜋
∫ 𝑑𝜔

𝐽𝑎𝑏(𝜔)

𝜔2
[𝑐𝑜𝑡ℎ (

𝛽𝜔

2
) (1 − 𝑐𝑜𝑠(𝜔𝑡)) + 𝑖(𝑠𝑖𝑛(𝜔𝑡)

+∞

0

− 𝜔𝑡)]           (6) 

 

where the temperature dependence is included within 𝛽 = 1/𝑘𝐵𝑇. 𝐶𝑎𝑏(𝑡) refers to the 

(auto/cross)-correlation function of the electronic energy gap and is the key quantity that 

carries all the microscopic information necessary for calculating the optical response 

functions within CGF to 2nd order.22,46 

 

Assuming our system is coupled to a set of high-frequency (intramolecular) modes and a 

continuum of low-frequency (inter- and intramolecular) modes, the spectral density 𝐽𝑎𝑏(𝜔) 

can be partitioned in: i) weakly undamped/underdamped contributions arising from the 

slowly decaying 𝐶𝑎𝑏(𝑡) and related to high-frequency modes, which embody the 

vibrational progressions in the spectra, and ii) overdamped contributions from fast 

decaying 𝐶𝑎𝑏(𝑡) associated with low-frequency modes that give rise to the homogeneous 

broadening of the signal.  

 

The total lineshape function can therefore be represented as a sum of two parts: an 

underdamped part with the high-frequency responsible for vibrational progressions and an 

overdamped one embodying the low-frequency modes.53 Within the high-temperature 

limit, the lineshape of the semi-classical overdamped regime can be represented  as 

 

𝑔𝑎𝑏
𝑂𝐵𝑂(𝑡) =

𝜆𝑎𝑏

Λ
(

2𝑘𝐵𝑇

ℏΛ
− 𝑖) (𝑒−Λ𝑡 + Λ𝑡 − 1)            (7) 

 

where 𝜆𝑎𝑏 and Λ−1 are the system-bath coupling strength (also known as reorganisation 

energy) and fluctuation time scale, respectively. The former can be obtained from the 

molecular Hessian as outlined below, whereas the latter can be estimated either from 

molecular dynamics or from experiments.  

 

Undamped vibrations are described within the (uncoupled) displaced Brownian harmonic 

oscillator 

 

𝑔𝑎𝑏(𝑡) = ∑
𝜔𝑘𝑑̃𝑎𝑘𝑑̃𝑏𝑘

2
𝑘

[𝑐𝑜𝑡ℎ (
𝜔𝑘

2𝑘𝐵𝑇
) (1 − 𝑐𝑜𝑠(𝜔𝑘𝑡)) + 𝑖 𝑠𝑖𝑛(𝜔𝑘𝑡)]              (8) 

 

which develops eq. 6 as a sum over the 𝑘 normal modes of the molecule with 𝜔𝑘 frequency 

and where 𝑑̃𝑎𝑘 is the displacement of the 𝑎𝑡ℎ electronic potential along the  𝑘𝑡ℎ mass-

weighted normal mode (see Fig. 1).49,54  

 



 

Figure 1. Diagram of a displaced harmonic oscillator model for a three-level system: 𝑔 

represents the electronic ground state, 𝑒 denotes the populated electronic states after the 

pump sequence and 𝑓 refers to the higher-lying excited states accessed in excited state 

absorptions from states 𝑒. Reproduced from ref. 49 with permission from the American 

Chemical Society. 

The DBO model allows displacing the normal modes computed for the ground state to the 

rest of the electronic excited states considered: as shown in Fig. 1 displacement vectors 

𝑑̃𝑎𝑘 (𝑑̃𝑒𝑘for state 𝑒 and 𝑑̃𝑓𝑘 for state 𝑓 in this case) are associated with two transitions and 

depend on cross-correlation functions 𝐶𝑎𝑏(𝜔) where 𝑎 ≠ 𝑏.  

 

From a practical standpoint, this requires computing the ground state Hessian and its 

frequencies 𝜔𝑘, as well as the gradients of all excited states considered (𝑓𝑒𝑘/𝑓𝑓𝑘) to obtain 

the displacement vectors (𝑑̃𝑒𝑘/𝑑̃𝑓𝑘) to project the ground state Hessian onto the excited 

states 𝑒 and 𝑓.49,54 This adds excited state gradients and the ground state Hessian to the 

energies and transition dipoles already required between each electronic state for this type 

of calculation, which allows also obtaining the so-called reorganisation energies (𝜆𝑒𝑘/𝜆𝑓𝑘) 

that are widely used in Marcus’ theory for electron transfer,55 for example. It should be 

noted that one can directly compute the excited state Hessians and account for Duschinsky 

rotations instead of relying on displacements:52 this is however computationally expensive 

as it requires optimising and obtaining Hessians for each and every different electronic 

state in the model.   

 

[19.2.3 Including solvent effects through energy gap correlation functions] 



To include the energy fluctuations due to solute-solvent interactions different approaches 

have been developed. A more straight-forward way for obtaining the spectral density 

𝐽𝑎𝑏(𝜔) is to evaluate it directly from the (auto/cross)-correlation functions by extracting 

the energy gap time-dependence and Fourier-transforming it to the frequency domain 

(using eq. 5) by evaluating the following expression 

 

𝐶𝑎𝑏(𝑡) = ⟨(𝛿𝜀𝑔𝑎(𝑡) − 𝛿𝜀𝑔̅𝑎)(𝛿𝜀𝑔𝑏(0) − 𝛿𝜀𝑔̅𝑏)⟩            (9)   

 

where 𝜀𝑔̅𝑎  is the average energy along the time-dependent fluctuations 𝛿𝜀𝑔𝑎(𝑡).  

 

 

Figure 2. From the fluctuating energy gap (a), through the gap fluctuation autocorrelation 

function 𝐶𝑎𝑎(𝑡) (b) and the static disorder energy distribution (on the side of (a)), to the 

spectral density 𝐽𝑎𝑎(𝜔) (c). 𝐶𝑎𝑎(𝑡) is fitted by a stretched exponential (black line in (b)), 

while the static disorder is fitted by a Gaussian function (𝜀𝑎̅
∗ , 𝜎𝑎). Reproduced from Ref. 

37, with permission from the Royal Society of Chemistry.  

 

Fig. 2 shows a brief scheme of how this can be technically done: one needs to compute the 

energy gap between states along an MD trajectory (Fig. 2a), which may be obtained using 

quantum mechanical56,57 or semi-classical methods,37,58,59 and which can be used to build 

the (auto/cross)-correlation function. This correlation function (Fig. 2b) can then be 

damped60 to ensure decay and be fitted to a stretched exponential, 𝑓𝜏,𝛽(𝑡) =

𝑒𝑥𝑝[−(𝑡/𝜏)𝛽],37 which smoothens the function to be subsequently Fourier transformed 

(Fig. 2c).  

 

Solvent fluctuations around the solute lead to different nuclear (or solvent) configurations 

and to a time-dependent energy gap fluctuation which gives rise to dynamic disorder. Static 

disorder, on the other hand, is obtained by building a distribution of excitation energies for 

each state 𝑎, which can be fitted to a Gaussian function: the centre of the Gaussian is the 

average transition energy along the trajectory (𝜀𝑎̅
∗), while its width (𝜎𝑎) describes how 

broad is the excitation energy distribution and is referred to as the static disorder.  

 

From this one can obtain the spectral density for any arbitrary state (i.e. 𝐶𝑎𝑏(𝑡) where 𝑎 =
𝑏), and also the cross-correlation terms (i.e. 𝐶𝑎𝑏(𝑡) where 𝑎 ≠ 𝑏) which are often neglected 

but that are important for describing non-linear spectroscopic lineshapes.37   

 



[19.3 Linear Absorption] 

The first of the spectroscopies covered is linear absorption, which stands as the simplest 

technique to build upon when formulating complex non-linear experiments. In linear 

absorption, a sample (i.e., a molecular system in our case) is exposed to radiation, which 

triggers the population of one or more electronic excited states resonant with the incident 

radiation wavelength.   

 

 

Figure 3. Scheme of a linear absorption experiment (a) and the double-sided Feynman 

interaction diagram representing absorption (b).   

 

A schematic representation of a standard linear absorption experiment is shown in Fig. 3a. 

Theoretically, linear absorption can be seen as two sequential light-matter interactions 

which can be represented with a double-sided Feynman diagram (Fig. 3b): the first photon 

creates a coherent state 𝑒𝑔 (see Section 2.1), while the second photon arrives after time 𝑡 

and creates the population of the electronic excited state 𝑒 (i.e. the population 𝜌𝑒𝑒). Fourier-

transforming over this time 𝑡 leads to the spectrum in the frequency domain, which is the 

one often presented in the literature.  

 

We restrict ourselves to absorption features: the methods described in this section can also 

be formulated to describe steady-state emission spectra which would correspond to 

outgoing photons starting from the excited state 𝑒 (i.e. the 𝑒𝑒 element of 𝜌̂ in Fig. 3b) with 

different degrees of complexity, but are left out for the sake of simplicity.  

 

[19.3.1 Linear spectroscopy in the Liouville Space] 

Within 1st-order, which refers to linear absorption, the induced polarisability 𝑃(𝑛)(𝑡) can 

be defined as  

 

𝑃(1)(𝑡) = 〈𝜇̂𝜌̂(1)(𝑡)〉 = ∫ 𝑑𝑡1𝑅(1)(𝑡1) × 𝐸(𝑡 − 𝑡1)

∞

0

            (10) 



 

where 𝑅(1)(𝑡1) is the 1st-order response function and 𝐸(𝑡 − 𝑡1) denotes the incident 

radiation source. 𝑅(1)(𝑡1) can be further developed as 

 

𝑅(1)(𝑡1) = (
𝑖

ℏ
) 𝑇𝑟[𝜇̂𝔾(𝑡1)[𝜇̂, 𝜌̂0]]           (11) 

 

and where 𝜌̂0 is the unperturbed density matrix (i.e. the ground state density prior to any 

light-matter interaction) and 𝔾(𝑡1) is the retarded Green’s function describing the density 

matrix evolution in the absence of an external field.22,29 Within the SOS approach this can 

be expanded in terms of the system’s eigenstates, leading to 

 

𝑅(1)(𝑡1) = (
𝑖

ℏ
) Θ(𝑡1) ∑|𝜇𝑒𝑔|

2
𝑒−𝑖(𝜔𝑒𝑔−𝑖𝛾𝑒𝑔)𝑡1

𝑒

             (12) 

 

where Θ(𝑡1) is the Heaviside function ensuring causality, 𝜇𝑒𝑔 refers to the associated 

transition dipole moment, 𝜔𝑒𝑔 to the transition energy (i.e. coherence terms of 𝜌̂ where 

𝑎 ≠ 𝑏) and 𝛾𝑒𝑔 is a dephasing rate which accounts for the coherence decay between the 

electronic states 𝑒 and 𝑔. 𝛾𝑒𝑔 originates due to a number of factors: pure dephasing or 

internal conversion amongst others.29 By Fourier-transforming and extracting the real 

(absorptive) part of the expression above we obtain  

 

𝑃(1)(Ω) = ∑
|𝜇𝑒𝑔|2

Ω − 𝜔𝑒𝑔 + 𝑖𝛾𝑒𝑔
𝑒

              (13) 

 

which represents a sum of Lorentzian contributions centred at 𝜔𝑒𝑔 to the absorption, with 

their widths being influenced by the dephasing rate 𝛾𝑒𝑔.22 This simplified expression, 

where broadenings arise due to a given dephasing parameter 𝛾𝑒𝑔 , is very similar to the one 

used in the popular Nuclear Ensemble Approach (NEA), which is described in Section 3.2. 

By using eq. 13 we obtain the linear spectrum as a sum of Lorentzian contributions, which 

may be accurate enough in some cases but that does not suffice to appropriately account 

for complex absorption patterns as those featured in cross sections recorded at low 

temperatures where vibronic features are prominent.   

 

[19.3.1.1 Spectral lineshapes in linear absorption] 

Further detail can be included by accounting for spectral lineshapes as those coming from 

the DBO model outlined in Section 2.2 above. A brief scheme of the different contributions 

to the broadening is shown in Fig. 4: from a stick spectrum that requires just transition 

energies (or electronic energy differences) and associated transition dipole moments 

(𝜔𝑒𝑔, 𝜇𝑒𝑔), to a (discrete) vibrationally resolved spectrum that includes contributions from 

normal modes and frequencies (𝜔𝑘). It can be further developed with the inclusion of the 

finite lifetime of the accessed state, which can be included through a lifetime constant 𝜏𝑎𝑏
−1 



that can be obtained either theoretically or experimentally. Homogeneous broadenings can 

then be considered through nuclear relaxation (either by projecting the normal mode 

displacements or fitting them to an MD simulation) and static disorder (𝜎𝑎) effects, and 

inhomogeneous broadening can be included through the dynamic disorder (i.e. by Fourier-

transforming 𝐶𝑎𝑎(𝑡)) which is obtained by considering multiple solvent rearrangements 

around the solute.  

 

 

Figure 4. Schematic representation of the different contributions to the spectral lineshape: 

(a) stick spectrum, (b) stick spectrum plus vibrations, (c) addition of the lifetime 

broadening, (d) inclusion of homogeneous broadening and (e) inhomogeneous 

broadening. The insets of each panel depict the physical origin of the different 

contributions. Adapted from Ref. 37 with permission from the Royal Society of 

Chemistry. 

 

A couple examples have been selected to showcase the application of the DBO model in 

simulating linear absorption and its accuracy.  

 

The first is azobenzene, a molecule of great interest due to its ability as a molecular 

photoswitch, and already proposed in chapter 7 as case study for polaritonic chemistry 

issues:61 it possesses a trans and a cis conformation that can be interconverted upon 

external radiation thanks to their well-separated absorption maxima. The trans 

conformation is more stable and the one measured in linear absorption experiments, the cis 

conformation being accessible in time-resolved measurements. To model azobenzene, we 

develop eq. 12 by resolving the dephasing 𝛾𝑒𝑔 

 

𝑅(1)(𝑡1) = (
𝑖

ℏ
) 𝛩(𝑡1) ∑|𝜇𝑒𝑔|

2
𝑒−𝑖(𝜔𝑒𝑔−𝑖𝜏𝑔𝑒

−1)−2𝑔𝑒𝑒(𝑡1)

𝑒

              (14) 

 



into contributions from the lifetime (𝜏𝑔𝑒
−1) and the lineshape function 𝑔𝑒𝑒(𝑡1), which is the 

𝑔𝑎𝑏(𝑡1) lineshape function referred in this case to the populated state 𝑒. A step-by-step 

derivation of this equation can be found elsewhere.22,23 𝜏𝑔𝑒
−1 is the overall lifetime constant 

fitted by a pump-probe experiment and its numerical value is in this case extracted from 

the literature,49 even if it could also be obtained directly from theoretical estimates.62 In the 

absence of solvent interactions, the lineshape function 𝑔𝑒𝑒 (𝑡1) can be computed using an 

expression of the spectral density 𝐽𝑎𝑏(𝜔) which expands the ground state normal modes to 

provide an estimate of the homogeneous broadening 

 

𝐽𝑎𝑏(𝜔) = 𝜋 ∑ 𝑑̃𝑎𝑘𝑑̃𝑏𝑘𝜔𝑘
3[𝛿(𝜔 − 𝜔𝑘)]

𝑘

                 (15) 

 

Which is the spectral density used in eqs. 5 and 9 giving rise to 𝑔𝑎𝑏 (𝑡1). In linear absorption 

only autocorrelation terms are required (i.e., 𝑎 = 𝑏), and 𝛿 is an arbitrary broadening which 

is set to 5 cm-1. The Condon approximation is used here for the transition dipole moment 

𝜇𝑎𝑏 , which implies considering it to be independent of the geometry and then taken as 

equal to its value at the ground state (GS) minimum throughout the multiple distortions 

exerted by projecting the geometry along the different active normal modes. 

 

 

Figure 5. Experimental (red dashed) and simulated linear absorption spectra for trans-

azobenzene obtained at room temperature (a), 77K (b) and 20K (c). The room 

temperature spectrum was measured in Ref. 49, the 77K spectrum was taken from Ref. 

63 and the 20K spectrum (in a dibenzyl crystal) was taken from Ref. 64. Reproduced 

from Ref. 49 with permission from the American Chemical Society. 

Substituting the different parameters on eq. 14 yields the spectra shown in Fig. 5, where 

theory is depicted in thick black and experiment in dashed red lines. Upon simple 

inspection it is worth noting the remarkable agreement across the different temperatures 

measured: at room temperature (a), enough thermal energy is available to produce a 

significant homogeneous broadening expected in such a flexible molecule like azobenzene 

which covers any vibronic features, while at 77K (b) and 20K (c) the emergence of 



vibrational progressions can be easily noticed. The model, based on the lineshape functions 

𝑔𝑎𝑎(𝑡1) is therefore able to reproduce not only peak positions and relative intensity, but 

also vibrational progressions and how these emerge at low temperatures. This can be 

understood by noting the 𝑘𝐵𝑇 term in the denominator in eq. 8.  

 

The different spectra therefore qualitatively capture the complex spectral lineshapes 

measured experimentally but are still unable to fully capture experiment: this is due to the 

fact the DBO model relies on a bath of uncoupled harmonic oscillators (as described in 

Section 2.2), which makes lineshapes overly harmonic with respect to experiment (see Fig.  

5b and 5c) and that highlights the inherent anharmonicity of flexible molecular systems. 

Despite this, the overall agreement between theory and experiment is remarkable, and the 

DBO model albeit computationally complex and expensive allows connecting experiment 

and theory from first principles.  

 

The second case we will analyse is pyrene. Pyrene is a polycyclic aromatic hydrocarbon 

characterised by an excited state lifetime in the picosecond regime, a high fluorescence 

quantum yield, an UV absorption spectrum displaying a clear vibronic progression, an 

ultrafast internal conversion to the S1 state, and a few characteristic Excited State 

Absorption (ESA) signals. All these photophysical properties, together with its 

photostability, have made of pyrene a suitable probe of both experimental and theoretical 

spectroscopy techniques. An additional advantage of pyrene from a theoretical point of 

view is its molecular rigidity, which justifies the use of harmonic models like the DBO. 

 

The linear absorption spectrum between 28-33000 cm-1 (region in which the only bright 

state is the S2 H→L La state) was computed as the Fourier transformation of the first-order 

response function 𝑅(1)(𝑡).48 The latter was formulated in the SOS framework (i.e. 

expanding it in the basis of the system eigenstates) adopting two main approximations. 

First, electronic inter-state interactions were neglected, which means that the system is 

considered to evolve on a single adiabatic surface and no population transfer from one state 

to another is allowed. This, together with the Condon approximation for the transition 

dipole moment 𝜇𝑒𝑔 (i.e. considered to be independent of the geometry and then taken as 

equal to its value at the GS minimum), determines that the general expression of the first-

order response function, eq. 12, is expanded as follows  

 

𝑅(1)(𝑡) = 𝑖|𝜇𝑒𝑔|
2

𝑒−𝑖 ∫ (𝐸𝑒(𝜏)−𝐸𝑔(𝜏))𝑑𝜏
𝑡

= 𝑖|𝜇𝑒𝑔|
2

𝜎𝑒𝑔(𝑡)             (16) 

 

where 𝜎𝑒𝑔(𝑡) is the coherence dynamics between states 𝑔 and 𝑒, being in this case the GS 

and La states, respectively. 

 

Second, the uncoupled DBO model was adopted for the GS and La Potential Energy 

Hypersurfaces (PEHs): i.e. both PEHs are considered to be the same quadratic function of 

the coordinates, being consequently described by the same normal modes 𝑘 and 

corresponding frequencies 𝜔𝑘, but having different equilibrium positions (see Section 2.2). 

𝜎𝑒𝑔(𝑡) can then be written as 

 



𝜎𝑒𝑔(𝑡) = 𝑒−𝑖 ∫ (𝐸𝑒(𝜏)−𝐸𝑔(𝜏))𝑑𝜏
𝑡

= 𝑒−𝑖𝜔𝑒𝑔𝑡+𝑔(𝑡)                (17) 

 

where 𝜔𝑒𝑔 is the adiabatic transition energy between the states 𝑔 and 𝑒 and 𝑔(𝑡) is the 

lineshape function, that for the DBO model is equal to: 

 

𝑔(𝑡) = −𝑖 ∑ 𝐷𝑘 ∫ 𝑒−𝑖𝜔𝑘𝜏𝑑𝜏
𝑡

𝑘

              (18) 

 

where 𝜔𝑘 and 𝐷𝑘 are the frequencies and amplitudes of the active normal modes.  

 

These parameters were extracted in this case from a 250 fs adiabatic semi-classical 

CASSCF(2,2)/6-31G* 0K-trajectory (i.e., starting the excited state dynamics from the FC 

region without kinetic energy) on the bright La state: 𝜔𝑒𝑔 was obtained as the energy gap 

between the GS in its minimum and the first encountered relative minima of La along the 

dynamics, while 𝜔𝑘 and 𝐷𝑘 were obtained fitting the 𝐸𝐿𝑎(𝑡) − 𝐸𝐺𝑆(𝑡) energy difference 

along the dynamics with a Fourier series. The expression for 𝑅(1)(𝑡) then becomes 

 

𝑅(1)(𝑡) = 𝑖|𝜇𝑒𝑔|
2

𝑒−𝑖𝜔𝑒𝑔𝑡+𝑔(𝑡)−Γ𝑡                (19) 

 

with an added phenomenological rate   

 

Γ = 𝛾 +
1

𝑇𝑒
                 (20) 

 

where 𝑇𝑒 accounts for the lifetime of the La state. This corrects the infinite lifetime given 

to the La state as a result of neglecting electronic inter-state interactions, and adds a term 𝛾 

(set to 200 cm-1) to account for homogeneous broadening due to the dynamic interactions 

with the solvent. 

 



 

Figure 6. Experimental (black line) and theoretical (red line) linear absorption spectrum of 

pyrene recorded in aqueous solution at room temperature (left)65 and in a Ne-matrix at 6 K 

(right).66 Theoretical and experimental spectra are normalised with respect to the 

fundamental (0–0) transition. Spectral bandwidth was modelled with a lifetime broadening 

parameter of 125 cm-1 (corresponding to the 85-fs lifetime of the La state). A dephasing 

rate constant of 200 cm-1 was used in the aqueous spectrum to include fluctuations due to 

solute–solvent interactions. The overtones of the three dominant modes which contribute 

to the vibrational progression are labelled. Reproduced from Ref. 48, with permission from 

the Royal Society of Chemistry. 

 

The absorption spectrum of pyrene is shown in Fig. 6 at (a) room temperature and (b) Ne-

matrix at 6K, where black lines denote experiment and red stands for the theoretical model 

proposed above. The 6K simulation was carried out by neglecting any broadenings due to 

dephasing (i.e. 𝛾 = 0). The remarkable agreement between the theoretical and 

experimental spectra validates the approach used, and in particular its ability to reproduce 

the vibronic progression observed experimentally, composed in the room temperature 

spectrum of three bands separated by around 1400 cm-1, in which the 0-0 transition is the 

most intense. Three main vibrational modes at 400, 1200, and 1600 cm-1 resulted to 

dominate the initial relaxation dynamics of pyrene after population of the La state. 

 

The last example examined is adenine, also known as 6-aminopurine, one of the 

nucleobases featured in our DNA. Excited state properties of DNA are of interest as they 

relate to healthcare concerns like skin cancer melanoma, which makes it a molecular 

system of broad interest to the scientific community. Adenine possesses a limited range of 



electronic excited states accessible via absorption, mainly being the ππ* La and Lb 

states,67,68 the former being the bright and absorbing state.  

 

In this case all lineshape contributions (both homogeneous and inhomogeneous 

broadenings) as shown in Fig. 4 are included in the simulation. To do this, the spectral 

density is split on two separate contributions36–38 

 

𝐽(𝜔) = 𝐽𝐻(𝜔) + 𝐽𝐿(𝜔)                (21) 

 

where 𝐽𝐻(𝜔) stands for contributions arising from the high-frequency sector of the 

spectrum and are simulated using uncoupled normal mode displacements as it has been 

done above for azobenzene49 following eq. 15. 𝐽𝐿(𝜔), on the other hand, accounts for the 

low-frequency sector that is included through the fluctuations recorded in the 

autocorrelation function and that represent weak solvent-solute (water-adenine) 

interactions. These interactions are included following the procedure described in Section 

2.3 and use an MD simulation to obtain a sequence of time-dependent water 

rearrangements over time while the adenine moiety is frozen, as to not double-count 

contributions due to homogeneous broadening that are already included in 𝐽𝐻(𝜔).  

 

 

Figure 7. (a) Simulation of the linear absorption spectrum using the perturbative model 

using only selected disorder contributions: static + dynamic disorder (i.e. all; in blue), 

only dynamic disorder (green), only static disorder (red) and no disorder (i.e. only 

intramolecular contributions; orange). (b) Comparison between the different simulated 

linear spectra of adenine in water: Perturbative, CASSCF and CASPT2. The La state 

transition is centred on the experimental maximum to facilitate comparison, which 

implies a 2600, 1200 and 1100 cm-1 shift, respectively. No lifetime broadening is 



included as it was shown to produce negligible changes to the lineshape. (c) La (left) and 

Lb (right) state energy flow along the MD trajectory. From bottom to top, these 

correspond to: Perturbative (red curve), CASSCF (blue curve) and CASPT2 (black 

curve). The experimental spectrum is shown in panels (a) and (b) and is taken from Ref. 

69. Adapted from Ref. 37, with permission from the Royal Society of Chemistry. 

An appealing aspect of this approach is that the spectrum can be deconstructed in each and 

every one its different broadening contributions: Fig. 7a shows the linear absorption 

spectrum of adenine and a systematic inclusion of the spectral lineshape, which allows 

observing how the different terms contribute towards the total broadening. As can be seen, 

intramolecular contributions are by far the largest in a flexible molecule that features 

ultrafast decays to the ground state as is adenine.70 Static and dynamic disorder further 

modulates the broadening, particularly in the ~270 nm region which contributes to the 

asymmetry of the band. All contributions help balance the broadening to produce the blue 

curve that matches the experimentally obtained cross section,69 which is reported in black.   

 

Three different electronic structure theory methods were employed to produce the spectra 

(Fig. 7b) by computing the energy gap fluctuation functions: CASSCF, CASPT2 and a 

perturbative approach based on the CASSCF electron densities of the different states.37 As 

can be seen, the CASSCF and perturbative methods yield a much better agreement with 

experiment than CASPT2. This is counterintuitive, as CASPT2 is known to retain more 

electron correlation and lead to more accurate vertical excitation energies.  In this particular 

case, however, broadenings arise due to the fluctuations in the energy gap rather than how 

precise those are, and the single-state CASPT2 method can have some problems when 

dealing with multiple charged environments71 leading to large energy deviations. This 

overestimates the broadening at the CASPT2 level, which appears as a Gaussian and is 

unable to describe the asymmetry of the band. The reason for this is given in Fig. 7c, where 

the different energy gap fluctuations for the bright La (left) and Lb (right) states are given: 

the black curves denote the CASPT2 method and feature multiple outliers, which vastly 

overestimate fluctuations and lead to an exaggerated broadening.  

 

This shows the quality of the method used for obtaining the essential transition energies 

and transition dipole moments is important,67,72–74 but so is how consistent the method is 

at describing 𝐶𝑎𝑎(𝑡),36–38 which contains the main information for describing the system’s 

response and enters eq. 5 yielding the spectral density 𝐽𝑎𝑎(𝜔). 

 

[19.3.2 The Nuclear Ensemble Approach] 

An alternative method that is simpler and possibly the most popular approach in the 

literature to obtain linear absorption spectral broadenings is the Nuclear Ensemble 

Approach (NEA) developed by Crespo-Otero and Barbatti.75 This computational strategy 



is based on the generation of a representative set of nuclear geometries and the subsequent 

simulation of the spectrum by calculating the vertical excitation energies and oscillator 

strengths.56 The phenomenological broadening is added to the transitions by assigning a 

Gaussian or Lorentzian line shape to each one of them, which is centred at ΔE, with an 

associated 𝛿 that represents the Full Width at Half Maximum (FWHM) and with an area 

proportional to 𝑓. Some of the challenges of the NEA approach are the reliance on an 

arbitrary value 𝛿 and the reported difficulties to appropriately modelling vibrational 

broadenings. This computational strategy uses a semiclassical description of the 

light/matter interaction (the electromagnetic fields are treated as classical quantities and 

the matter is described by quantum mechanics) and the expression for the absorption cross 

section for a single transition is given by 

𝜎𝑎𝑏𝑠,𝑛(𝐸) =
𝜋𝑒2ℏ

2𝑚𝑐𝜖0𝑛𝑟𝐸

1

𝑁𝑔
∑ ∆𝐸𝑛(𝑹𝒋)𝑓𝑛(𝑹𝒋)𝑔(𝐸 − ∆𝐸𝑛(𝑹𝒋), 𝛿𝑛)

𝑁𝑔

𝑗=1

           (22) 

with 𝑒 and 𝑚 as the charge and mass of the electron, 𝑐 is the speed of light in the vacuum, 

ℏ is the reduced Planck constant, 𝜖0 is the vacuum permittivity, 𝑛𝑟 is the refractive index 

at the spectral region of transitions, and 𝑁𝑔 is the number of geometries sampled. For each 

one of the geometries in the nuclear ensemble it is necessary to know the nuclear 

coordinates given by 𝑹𝒋 and both oscillator strength (𝑓𝑛) and vertical transition energies 

(∆𝐸𝑛) from the ground state to the 𝑛th excited state.  𝑔(𝐸 − ∆𝐸𝑛(𝑹𝒋), 𝛿𝑛) provides the 

transition lineshape that is given by a normalised Gaussian  

𝑔(𝐸 − ∆𝐸𝑛(𝑹𝒋), 𝛿𝑛) = √
2

𝜋

1

𝛿𝑛
exp (

−2(𝐸 − ∆𝐸𝑛)2

𝛿𝑛
2 )             (23) 

where 𝛿𝑛 is the FWHM of the Gaussian that is usually determined phenomenologically, 

i.e., by testing different values and using the one that has the closest resemblance with the 

experiment. To obtain the complete cross-section of the NEA spectrum, all contributions 

of all possible excited states can be added, yielding 

𝜎𝑎𝑏𝑠(𝐸) = ∑ 𝜎𝑎𝑏𝑠,𝑛(𝐸)

𝑁𝑠

𝑛=1

               (24) 

which is the total cross section accounting for all states included in the simulation. This 

work has been expanded on several fronts: Barbatti and co-workers extended it to enable 

the simulation of photoelectron spectral broadenings,76 Isborn and co-workers combined 

the ideas of the NEA approach with a 2-level model system based on the generalised 

Brownian oscillator model within the CGF approximation truncated to second36,77 and even 

third-order,52 and both Dral and Isborn and co-workers have exploited machine learning 

tools to expedite the costly evaluation of the quantum mechanical quantities (∆𝐸, 𝑓) that 

are the main bottleneck in these simulations.57,78 



 

[19.3.2.1 Automated NEA broadenings with machine learning] 

Recent work by Cerdán and Roca-Sanjuán79 proposes a new computational strategy based 

on the NEA approach, where they use a probabilistic machine learning algorithm named 

Gaussian Mixture Models (GMMs) to avoid the phenomenological broadening assumption 

and the use of a subjective selection of the full-width, 𝛿𝑛 (a general introduction to machine 

learning algorithms, especially for photophysics, can be found in chapter 6).  

In GMM-NEA a Monte Carlo (MC) method is applied to provide a statistical error. This 

error is inferred by a bootstrap re-sampling procedure as normality is not granted on ∆𝐸 

and 𝑓. The procedure is based on the idea that it is possible to estimate statistics on a sample 

or population by sampling a dataset with replacements. Given a large dataset, we can take 

a small part of size N and estimate the statistical intervals desired. To increase the 

variability, a new dataset is taken from the original that is also of size N in which we have 

included new data (sample with replacement). In this case, a large number of new 

conditions are generated by randomly sampling replacements of 𝑁𝑔 geometries and their 

∆𝐸𝑛 and 𝑓𝑛 from the original and available ones. For each one of these bootstrap replicas a 

NEA spectrum is computed (𝜎𝑎𝑏𝑠,𝑛(𝐸)), obtaining for each wavelength a distribution of 

cross sections. By assuming a percentile bootstrap one can obtain lower and upper 

confidence intervals.  

After the transformation of the conventional equation for the reconstruction of NEA spectra 

they obtain the following expression in terms of GMM parameters  

𝜎𝑎𝑏𝑠,𝑛(𝐸) =
𝜋𝐸

3ℏ𝑐𝜖0𝑛𝑟
∑ 𝜋𝑛,𝑘(𝜇𝑛,𝑘

2 + 𝜎̃𝑛,𝑘
2 )𝜙(𝐸; 𝜇1,𝑛,𝑘 , 𝜎1,𝑛,𝑘

2 )

𝐾𝑛

𝑘=1

               (25) 

which is a continuous version of the NEA spectra that no longer depends on empirical 

bandwidths. In this expression 𝜇𝑛,𝑘, the estimated mean, and 𝜎1,𝑛,𝑘
2 , the variances, are given 

by 

𝜇𝑛,𝑘 =  𝜇2,𝑛,𝑘 + 𝜌𝑛,𝑘

𝜎2,𝑛,𝑘

𝜎1,𝑛,𝑘
(𝐸 − 𝜇1,𝑛,𝑘)             (26) 

𝜎1,𝑛,𝑘
2 = (1 − 𝜌𝑛,𝑘

2 )𝜎2,𝑛,𝑘
2                (27) 

where 𝜌𝑛,𝑘 is the correlation coefficient, 𝑛 is the nth transition and 𝑘 is the kth mixture of 

normal distributions in which the multivariate probability density function (PDF) has been 

decomposed. Subindices 1 and 2 make reference to the variables ∆𝐸𝑛 and 𝑀𝑛 ∝ 𝑓𝑛, 

respectively. 



 

Figure 8. Comparison of theoretical photoelectron and linear absorption spectra of 

ethylene molecule obtained with different methods (blue for NEA, green for auto-𝛿 and 

red for GMM-NEA) and the experimental photoelectron80 and linear absorption81 spectra 

registered in the gas phase. For the NEA spectrum 𝛿 = 0.3 eV was selected. 

Figure 8 shows the photoelectron (a) and linear absorption (b) spectra of gas phase ethylene 

using NEA (𝛿 = 0.3 eV), auto-𝛿 (another method to automatically determine 𝛿 with 

machine learning tools)79 and GMM-NEA, and compared with experiment. For all 

methods, a total of 50 geometries were used and for each geometry a total of 10 states were 

calculated, obtaining ten pairs of data points (∆𝐸𝑛 and 𝑓𝑛, and Dyson norms82,83 for 

photoelectron) characterising each of the electronic transitions.  As can be seen, in both 

cases the most reliable simulation is provided by GMM-NEA, closely followed by auto-𝛿, 

which are able to predict both position and intensity as well as the relative width of the 

experimentally recorded signals. Despite being better than NEA in reproducing the 

experimental results, neither is able to capture the vibrational progressions observed 

experimentally: cross sections within NEA are obtained by convolving 

Gaussian/Lorentzian functions on multiple sampled points using only the energy gaps and 

oscillator strengths of the electronic transitions. The shortcomings in the description of 

vibronic features comes mostly from the need to sample vast amounts of points to recover 

such small features, which makes this approach perhaps not ideal for describing complex 

lineshapes. Our simulations also show GMM-NEA and auto-𝛿 to accurately represent 

photoelectrons spectra (see Fig. 8a) based on intensities arising solely from Dyson 

norms,76,82,83 which goes beyond what was tested in the original implementation79 

extending its applicability.  

The conclusions obtained from our simulation on ethylene linear absorption and 

photoelectron spectra shown here are in line with those recently reported by Isborn and co-

workers, which show how a NEA-like approach is insufficient to account for vibronic 

lineshapes:84 when a correct representation of complex spectral broadenings is important, 

more sophisticated approaches to represent spectral lineshapes like those outlined above in 

section 3.1.1 should be used instead. 



 

[19.4 Non-linear Spectroscopy] 

To study temporally-resolved excited state processes, non-linear techniques are required. 

These use combinations of laser pulses which grant access to signals different from those 

described above in linear/steady-state absorption: Ground State Bleaching (GSB), 

Stimulated Emission (SE) and Excited State Absorption (ESA).  

 

 

Figure 9. Scheme of the different non-linear spectroscopic techniques discussed in this 

chapter: (a) pump-probe, and (b) and (c) 2DES. Different experimental set-ups to measure 

2DES are depicted: (b) photon echo non-collinear scheme (four-wave mixing), and (c) 

partly non-collinear pump-probe geometry. Rephasing (𝑃𝑅
(3)

, i.e. KI), non-rephasing 

(𝑃𝑁𝑅
(3)

,i.e. KII) and quasi-absorptive (𝑃𝑁𝑅+𝑅
(3)

, i.e. KI+KII) polarisations are shown with their 

different directionality. Laser pulses are denoted by 𝜏𝑖, and their numbering being related 

to the incidence order, and 𝑡𝑖 referring to the time intervals between laser pulses. Adapted 

from Ref. 85 with permission from Springer.  

 

Non-linear spectroscopies monitor excited state dynamics by measuring (or probing) the 

sample at different delay times (T, see Fig. 9a) spaced between the incident laser pulses: 

several set-ups are available but we will focus on ways to simulate pump-probe and 2DES 

experiments, which are the most frequently reported in the literature.  

 

Both pump-probe and 2DES are 3rd order non-linear optical spectroscopies, and they 

feature similarities in their set-ups. Fig. 9 shows a scheme of a pump-probe experiment (a), 

and the two most common set-ups for 2DES (b and c). Compared to the linear absorption 

experiment shown in Section 3, non-linear set-ups are significantly more complex: by 



featuring 4 separate light-matter interactions, different phase-matching conditions are also 

possible, which lead to different polarisations being measured.  

 

Amongst 3rd order non-linear optical spectroscopies, 2DES provides enhanced spectral and 

temporal resolution thanks to the use of ultrashort broadband laser sources.14–16,22,23,86,87 Its 

development in the late 90s ports many of the advances made in 2D Nuclear Magnetic 

Resonance (NMR) techniques a decade earlier to the optical domain,86 enabling the study 

of multichromophoric (particularly those strongly interacting) with its enhanced 

dimensionality.6 At a difference from standard pump-probe techniques, 2DES can separate 

line broadenings in their inhomogeneous and homogeneous origin,85 and it registers 

microscopic couplings between different chromophores through the presence of cross 

peaks and their oscillations, which are often referred to as quantum beats or beatings.88,89  

 

This type of experiment is more sophisticated, requiring 3 to 4 broadband (fs) ultrafast laser 

pulses used in sequence; a schematic example is given in Fig. 9b/c. This experiment 

produces a series of signals measured in terms of the 3rd order nonlinear polarisation of the 

resulting outgoing field after passing through the sample in phase-matched directions. The 

pulse sequence can moreover be aligned along different directions yielding distinct 

polarisation patterns, which can be tuned to reveal signals otherwise hidden and that further 

adds to its versatility.23,90 Experimentally, the most popular set-ups are the heterodyne-

detected three-pulse photon echo (Fig. 9b) and the partially collinear “pump-probe” 

geometry (Fig.  9c); the former can fully resolve the 3rd order nonlinear response in terms 

of its rephasing (KI=−𝜏1 + 𝜏2 + 𝜏3) and non-rephasing (KII=+𝜏1 − 𝜏2 + 𝜏3) contributions, 

while the latter provide the combined “quasi-absorptive” (KI+KII) signal. Further details 

on the different set-ups and their pro/cons are beyond the scope of this chapter and can be 

consulted elsewhere.17,18,85 From here onwards we will only refer to quasi-absorptive 

measurements, which means accounting for all different signals registered for KI+KII 

phase-matching conditions. 

 

2DES mirrors the pulse sequence used in two-dimensional infrared (2DIR) techniques, 

where the time delay between the first two pulses (𝑡1) is called the coherence time, the 

delay between the second and the third (𝑡2) is the population time and the time after the 

third pulse corresponds to the detection time (𝑡3). This sequential light-matter interaction 

generates a third-order nonlinear response function which depends on all three pulses 

𝑆(𝑡1, 𝑡2, 𝑡3), from which 2D slices or maps are extracted by Fourier-transforming along 

times 𝑡1 and 𝑡3, producing spectra that depend on both excitation (Ω1) and probe/detection 

(Ω3) wavelengths leading to signals 𝑆(Ω1, 𝑡2, Ω3). By repeating this Fourier transformation 

at different population times (𝑡2) one can obtain a sequence of 2D maps that are equivalent 

to the time-resolved signals previously discussed for standard pump-probe spectroscopies, 

but which allow monitoring signal evolutions and their broadenings across both excitation 

(Ω1) and detection (Ω3) wavelengths. This technique therefore offers an advantage over 

standard pump-probe set-ups: it can resolve broadenings along the excitation wavelength, 

which measures the couplings between different chromophores upon excitation as well as 

any potential energy transfer or interaction across moieties.88  

 



Time-resolved photoelectron spectroscopy experiments represent another popular venue 

for probing excited state processes and that can be used in non-linear set-ups similar to 

pump-probe spectroscopy. Plenty of developments have been reported elsewhere for 

simulating these types of signals,76,91–97 which we have left out of this chapter for the sake 

of simplicity.   

 

[19.4.1 Non-linear spectroscopy in the Liouville space] 

In non-linear spectroscopies we are interested in the 3rd order induced polarisation, which 

is the signal registered in pump-probe and 2DES set-ups. As noted in Section 2.1, the 

density matrix can be evolved in time using the Liouville-von Neumann equation, and the 

external optical fields can be included (assuming they are weak) as a perturbation.19,22,23 

Rearranging the density matrix in terms of time intervals 𝑡𝑖 between pulses (𝜏𝑖), we can 

write the third-order expression as 

 

𝑃(3)(𝑡) = 𝑇𝑟[𝜇̂𝜌̂(3)(𝑡)]

= ∫ 𝑑𝑡3 ∫ 𝑑𝑡2

∞

0

∞

0

∫ 𝑑𝑡1

∞

0

𝑅(3)(𝑡3, 𝑡2, 𝑡1)

× 𝐸(𝑡 − 𝑡3)𝐸(𝑡 − 𝑡3 − 𝑡2)𝐸(𝑡 − 𝑡3 − 𝑡2 − 𝑡1)             (28) 

 

where 𝑡1 = 𝜏2 − 𝜏1, 𝑡2 = 𝜏3 − 𝜏2 and 𝑡3 = 𝜏4 − 𝜏3 are time differences between pulses 

and 𝜏1−4 denote the four laser pulses used in sequence and ordered in time (i.e. 𝜏1 comes 

before 𝜏2, etc…), 𝜏4 being the local oscillator that heterodynes the signal and carries it to 

the detector (see Fig. 9). 𝑅(3)(𝑡3, 𝑡2, 𝑡1) is the response function of the system exposed to 

the different light-matter interactions in terms of the laser pulses represented as electric 

fields 𝐸(𝑡). This expression can be simplified if we assume that pulse duration is short 

enough. This is referred to as the impulsive limit,19,23 i.e. the limit in which pulse duration 

is less than a single vibrational oscillation period, and it allows us to move from the signal 

expressed in terms of the induced polarisation to the system’s response, which can be more 

easily evaluated theoretically:  

 

𝑅(3)(𝑡1, 𝑡2, 𝑡3) = (
𝑖

ℏ
)

3

𝑇𝑟 [𝜇̂𝔾(𝑡3) [𝜇̂, 𝔾(𝑡2)[𝜇̂, 𝔾(𝑡1)[𝜇̂, 𝜌(0)]]]]             (29) 

 

As introduced in Section 3.1, 𝔾(𝑡) is the retarded Green’s function that includes 

phenomenologically population transfer (i.e. the time evolution of the density matrix after 

irradiation) within the impulsive limit.22  

 

Imposing phase-matching conditions gives access to different Liouville pathways,22,23 

which are associated to different physical processes due to the distinct interactions with 

external fields (or lasers), and whose sum forms the full response of the system  

 



𝑅𝐾𝐼

(3)(𝑡1, 𝑡2, 𝑡3) = ∑ 𝑅𝐾𝐼,𝑖
(3) (𝑡1, 𝑡2, 𝑡3)              (30)

𝑖=𝐺𝑆𝐵,𝑆𝐸,𝐸𝑆𝐴

 

 

where sub-index 𝑖 goes over the different mechanisms: excited state absorption (ESA), 

stimulated emission (SE) and ground state bleaching (GSB).  

 

The different Liouville pathways and the mechanisms available can be conveniently 

expressed in terms of double-sided Feynman interaction diagrams: Fig. 10 shows the ESA 

diagram for the rephasing (KI) response, and a pulse-by-pulse sequence of events and how 

these build up to the mathematical expressions used below. The bottom panels represent 

the different elements of the density matrix operator 𝜌̂ reached during the pulse sequence, 

and how these convert into the different formulas and lead to the different dependencies on 

transition energies 𝜔𝑎𝑏 and transition dipole moments 𝜇𝑎𝑏 . Notice the negative sign in the 

KI rephasing condition for pulse 𝜏1, which leads to a positive exponential in the first term 

of the SOS expression in Fig. 10 and thus appears on the right-hand side of the double-

sided Feynman diagram, whereas pulses 𝜏2 and 𝜏3 appear on the left-hand side of the 

diagram and lead to negative terms. 𝜏4 represents the local oscillator that heterodynes the 

signal and carries it to the detector. 

 

 

Figure 10. Pulse-by-pulse sequence of the double-sided Feynman diagram for ESA in the 

rephasing (KI) phase-matching condition, together with the associated response function, 

its expansion into the eigenvalue representation within the SOS approach (equivalent to 

eq. 31 below) and a diagram to walk through the specific density matrix (𝜌̂) terms being 



reached at each step (assuming we start from the equilibrium ground state density 𝜌̂0, 

shown as an empty black circle). All diagrams are based on a 3-state level model: 𝑔 

represents the electronic ground state, 𝑒 the electronic excited states that may be 

populated within the pump (population) sequence (𝜏1 + 𝜏2) and 𝑓 refer to higher-lying 

electronic excited states that can be reached from 𝑒 in ESA signals. 

 

[19.4.2 Non-linear spectroscopies within a static approximation] 

The crudest approximation to 2DES we introduce is to assume the system to be static, i.e., 

to switch off all dynamic evolution of the density matrix between 𝜏2 and 𝜏3 pulses (see Fig. 

10) meaning we assume our signal to arise from a single geometry, which provides a sort 

of equivalent to a “steady-state” version of this complex spectroscopy.  

 

Assuming this, we can develop eq. 29 analogously to how we did with eq. 12 in Section 

3.1 for linear absorption, leading to 

 

𝑅𝐸𝑆𝐴
(𝐾𝐼)(𝑡1, 𝑡2, 𝑡3) = (

𝑖

ℏ
)

3
𝛩(𝑡1)𝛩(𝑡2)𝛩(𝑡3) ∑ |𝜇𝑔𝑒|2|𝜇𝑒𝑓|2 ×𝑒,𝑓

𝑒+𝑖(𝜔𝑔𝑒−𝑖𝛾𝑒𝑔)𝑡1−𝑖(𝜔𝑒𝑒−𝑖𝛾𝑒𝑒)𝑡2−𝑖(𝜔𝑒𝑓−𝑖𝛾𝑓𝑒)𝑡3              (31)  

 

which upon Fourier transforming along 𝑡1 and 𝑡3 becomes29 

 

𝑃𝐸𝑆𝐴
(𝐾𝐼)(𝛺1, 𝑡2, 𝛺3) = ∑

|𝜇𝑔𝑒 |2

𝛺1 + 𝜔𝑔𝑒 − 𝑖𝛾𝑒𝑔
𝑒

∙
|𝜇𝑒𝑓|

2

𝛺3 − 𝜔𝑒𝑓 + 𝑖𝛾𝑓𝑒
× 𝑒−𝑖(𝜔𝑒𝑒−𝑖𝛾𝑒𝑒)𝑡2          (32) 

 

where the last term 𝑒−𝑖(𝜔𝑒𝑒−𝑖𝛾𝑒𝑒)𝑡2 = 1 for those cases when 𝑡2 = 0, leading to a set of 

points across 𝛺1 and 𝛺3 frequencies with broadenings proportional to their respective 

dephasings (𝛾𝑒𝑔 and 𝛾𝑓𝑒 , considering a 3-state model as in Fig. 10). This particular equation 

refers to ESA within the KI phase-matching condition, and analogous expressions can be 

obtained for the GSB and SE signals (as well as for ESA, GSB and SE within KII) and are 

reported in detail elsewhere.22,23,29  

 

This rather severe approximation has been used in a number of studies to assess the 

accuracy of the underlying electronic structure in describing the different signals appearing 

in the 2DES maps, and an example is provided in Fig. 11 for the specific case of adenine.   

 



 

Figure 11. (a) 2DES spectrum of adenine within the static approximation at 𝑡2 = 0 and 

considering broadenings purely due to a single and equal dephasing constant of 𝛾 = 200 

cm-1 for all transitions considered. Arrow diagrams depicting the pulse sequence leading 

to each signal are also provided, blue representing the negative (SE, GSB, ODB) and red 

the positive (ESA) contributions, the diagonal being marked by a dashed black line. (b) 

Scheme describing the vast excited state manifold accessible to adenine from both ππ* La 

and Lb excited states. Adapted from Ref. 67 with permission from the American Institute 

of Physics. 

Fig. 11a shows a simulated 2DES experiment for adenine, with transition diagrams 

depicting the specific light-matter interactions behind SE, GSB, Off-Diagonal Bleaching 

(ODB) and ESA signals. GSB signals appear along the diagonal (marked with a dashed 

black line), whereas SE, ESA and ODB signals appear along the traces of the respective 

states populated during the first sequence of two pulses (i.e., the “pumped” states), ππ* La 

and Lb. The trace of La (in purple) appears to be more intense, particularly its GSB, with 

respect to Lb, as this signal is commensurate with the oscillator strength for their linear 

absorption that shows La to absorb substantially more than Lb. Besides this, which is also 

observed in the ODB along the Lb trace (in green), an ESA signal with significant intensity 

appear along both La and Lb traces in different parts of the spectrum, corresponding to the 

ESA transitions to their respective doubly excited states. This simple model allows 

observing roughly where the main signals will emerge, and even to distinguish between 

the state responsible for which signals: this is useful for monitoring excited state processes 

and provides the extra value of recording signals coming from different states in distinct 

parts of the spectrum thanks to the additional Ω1 dimension.14–16,18,19,98,99  

 

This example showcases what can be achieved with the static approach, which is a simple 

approximation to understand roughly where the signals will be placed in a 2DES 

experiment. This approach has been used in several systems, including all other 



nucleobases,72,73 the adenine-adenine68,100 and adenine-uracil101 monophosphate dimers, as 

well as other biologically relevant molecules like benzophenone,102 indole103,104 and other 

aromatic amino acid-containing peptides,90,105,106 and the protonated Schiff base 11 in 

Rhodopsin.107–109  

 

The static approach does not necessarily mean that the spectra refers to 𝑡2 = 0: kinetic 

models can be used to take into account the time evolution of the signals while still 

approximating the 2DES spectrum to arise from a single geometry (i.e., excited state 

minima, for example) with approximated broadenings.101 On the other hand, molecular 

dynamics schemes can be used to obtain 𝑡2 = 0 estimates while including lineshape 

contributions due to energy fluctuations, as is shown below in Fig. 13a for pyrene.  

 

One additional aspect to highlight is the vast manifold of states accessible in these 

spectroscopies (Fig. 11b): GSB and SE signals require only a description of the electronic 

states that are directly populated (or “pumped”) with the pump sequence (i.e. 𝜏1 + 𝜏2 in 

Fig. 9), but ESA signals reach higher-lying electronic states that can be challenging to 

describe.37 These high-lying states often feature doubly excited character (i.e. their 

underlying wave function is described by a double electron promotion110) which is difficult 

to assess theoretically and that is beyond most methods based on a linear response approach 

like time-dependent density functional theory.111 Moreover, energy gaps between 

electronic excited states reduce as we go higher in energy, meaning that there are a vast 

amount of states accessible and related to ESA signals: methods able to describe single and 

double excitations consistently throughout vast energy ranges are thus essential to describe 

ESA signals. 

 

[19.4.2.1 The Nuclear Ensemble Approach to non-linear spectroscopy] 

A NEA-like scheme can also be used to obtain estimates of non-linear spectroscopic signals 

based on potential energy surface characterisations. This implies characterising the 

electronic excited state minima where population is trapped along the excited state decay, 

and assuming these minima to feature a prominent and fixed single electronic state 

character from which signals might be computed. The rationale behind this is straight-

forward: minima act as population traps, and molecular systems are expected to spend 

significant amounts of time on these stationary points. Technically, all that is required is 

using eq. 22, as done within the NEA approach for linear absorption (without the pre-factor 

that converts into extinction coefficients), and looking instead at excited state absorptions 

(i.e. 𝑆1 → 𝑆𝑛 , and their associated Δ𝐸 and 𝑓), averaging over each one of the available 

transitions and building a total signal that represents a crude approximation of the excited 

state absorption. Negative components due to GSB/SE can be added by considering the 

𝑆1 → 𝑆0 emitting features, put together forming an approximation of the overall pump-

probe spectrum.  

 



 

Figure 12. Panels (a), (c) and (e) show normalised excited state absorption features of 

water-solvated uridine computed within a CASPT2/MM approach.112,113 Panels (b), (d) and 

(f) show normalised evolution associated difference spectra (EADS) of uridine 

monophosphate in PBS at pH 7.3, determined from a global fit analysis of the 

multidimensional transient data. Reproduced from Ref. 114 with permission from the 

American Chemical Society.   

 

This approach has been thoroughly used in the literature,74,115–119 particularly in the context 

of DNA excited state dynamics,71,111–113 and has yielded surprisingly reasonable results. 

Fig. 12 shows the remarkable agreement found between the simulated ESA signals (arising 

from the optimised excited state minima) of water-solvated uridine and the experimentally 

recorded signals in uridine monophosphate. Qualitative agreements can be seen for the 

optically dark 1nOπ* state (panels (c) and (d) in Fig. 12), which facilitate assignment of this 

otherwise challenging signal, and that also enable the signal to state assignment of the 

triplet 3ππ* state (panels (e) and (f)). It is important to note that this study was preceded 

and motivated by previous theoretical studies which predicted the ESA signals of 

pyrimidine nucleosides in solution just using the NEA approach;112,113 this showcases how 

qualitative and valuable spectroscopic information can be obtained even when using rather 

simplified approaches.  

 

[19.4.3 Spectral broadenings in non-linear spectroscopies] 

Broadenings in non-linear spectroscopy adopt more complex expressions compared to its 

linear counterpart, as multiple Feynman diagrams enter the different parts of the response 

function depending on the phase-matching condition considered. This leads to multiple 

expressions (for each phase-matching condition and each diagram therein) which has to be 



included towards the total signal, and where broadenings become multipoint lineshape 

functions, i.e. functions that depend on linear combinations of multiple lineshape functions 

(𝑔𝑎𝑏(𝑡) in Section 2.2) described above.  

 

We start analysing broadenings in non-linear spectra by looking again at the pyrene 

example introduced in Section 3.1.1 for linear spectra. In this particular case, and assuming 

a single trajectory to sample the fluctuations of the excited states to be included in the 

description of the spectrum, the ESA signal can be formulated as: 

 

𝑅𝐾𝐼,𝐸𝑆𝐴

(3) (𝑡1, 𝑡2, 𝑡3)

= 𝑖Θ(𝑡1)Θ(𝑡2)Θ(𝑡3) ∑|𝜇𝑓𝑒 (𝜏3)|
2

|𝜇𝑒𝑔|
2

𝑒−𝑖𝜔𝑒𝑔𝑡1+𝑔(𝑡1)−Γ𝑡1𝑒
−

𝑡2
𝑇𝑒𝑒−𝑖 ∫ (𝐸𝑓(𝜏)−𝐸𝑒(𝜏))𝑑𝜏

𝑡3 −Γ𝑡3

𝑓

   (33) 

 

where 𝑓 indicates the manifold of excited states spectroscopically bright from the 𝑒 

(initially excited or “pumped”) manifold. The equation is obtained assuming an adiabatic 

description (i.e., neglecting inter-state interactions and consequently population transfer) 

during both 𝑡1 and 𝑡3, which considers that along both times the system is evolving along 

the 𝑒 manifold. Moreover, in eq. 33 the DBO model (see Section 2.2) is adopted along 𝑡1, 

and the geometry dependency of the transition dipole moment included only along 𝑡3. 

 

Making the further approximation that the coherence dynamics is slower than the duration 

of the experiments (i.e., during 𝑡1 and 𝑡3the molecule does not have enough time to evolve) 

leads to the following simplification, equivalent to the static approach: 

    

𝑅𝐾𝐼,𝐸𝑆𝐴

(3) (𝑡1, 𝑡2, 𝑡3)

= 𝑖Θ(𝑡1)Θ(𝑡2)Θ(𝑡3) ∑|𝜇𝑓𝑒|
2

|𝜇𝑒𝑔|
2

𝑒−𝑖(𝐸𝑒−𝐸𝑔)𝑡1−Γ𝑡1𝑒
−

𝑡2
𝑇𝑒𝑒−𝑖(𝐸𝑓−𝐸𝑒)𝑡3−Γ𝑡3

𝑓

          (34) 

 

Such an approach considers that the system can be represented in a single geometry during 

both 𝑡1 and 𝑡3, and consequently 𝐸𝑒 − 𝐸𝑔 and 𝐸𝑓 − 𝐸𝑒 energy differences appearing in the 

expression have to be evaluated (i.e., analogous to 𝜔𝑔𝑒 and 𝜔𝑒𝑓). 

 

These equations were applied for the simulation of the quasi-absorptive 2D spectra for 𝑡2 

equal to 0 and 1 ps, taking into account the specific photophysics of pyrene: after excitation 

into the S2 La state, the system undergoes an ultrafast internal conversion into the S1 Lb 

state, in which remains trapped up to the picosecond time scale.  

 

For 𝑡2 equal 0 it is reasonable to consider that pyrene mainly evolves along the same state 

during the whole experiment, and consequently in the 𝑅
(3)

 expression the 𝑒 manifold 

includes only the initially excited La state along both 𝑡1 and 𝑡3. The 𝑓 manifold was 

consequently taken as the bright states from La in the considered spectral window. Using a 

single-trajectory approach, the evolution along 𝑡1 was described using the commented 



DBO model, while the evolution along 𝑡3 was taken into account evaluating the required 

𝐸𝑓 − 𝐸𝐿𝑎 and corresponding  𝜇𝑓𝐿𝑎 on 50 auxiliary points along the performed La dynamics, 

which were then fitted with a Fourier series. It is important to note that along the dynamics 

the energy gaps were obtained following the diabatic evolution of the states. Through the 

use of such Fourier series, a harmonic approximation was then intrinsically made also for 

describing the 𝑡3 evolution. The 𝑡2 = 0 2D spectra was also computed with the static 

approach, in which case all required energies, 𝐸𝑓 − 𝐸𝐿𝑎, and corresponding transition 

dipole moments were computed at the GS minimum. The comparison of the two 

approaches for the simulation of the 𝑡2 = 0 2D spectrum showed the importance of 

accounting for the evolution along 𝑡1 and 𝑡3 (see Fig. 13a). This is in agreement with the 

fact that along such times the system is evolving along La and far from a static equilibrium 

condition.  

 

For 𝑡2 = 1 𝑝𝑠 it is important to account for the experimental evidence that pyrene remains 

trapped in the S1 Lb minimum up to the picosecond time scale. This translates in the fact 

that the 𝑒 manifold along 𝑡3 is now formed by the Lb state, and that a static approach (along 

𝑡3) constitutes a very reasonable approximation. The 𝑓 manifold was then formed by the 

bright states from Lb minimum in the considered spectral window. Comparison between 

experimental and theoretical spectra, shown in Fig. 13b, indeed validates the adopted 

simulation protocol: DBO single-trajectory approach along 𝑡1 and static approach along 𝑡3.    

 

 
Figure 13. (a) Single geometry (left) vs dynamic (right) picture of the simulated 2DES 

quasi-absorptive spectrum of pyrene for 𝑡2 = 0 ps.48 (b) Theoretical48 (left) and 

experimental120 (right) quasi-absorptive 2DES of pyrene for 𝑡2 = 1 ps. In the simulation it 

is assumed that probing occurs from the minimum in the dark S1 Lb state, which is 

populated with a time constant of 85 fs and where the system is trapped on a timescale 

longer than the experiment.  Reproduced from Ref. 48 with permission from the Royal 

Society of Chemistry. 

 

As can be seen in Fig. 13, even when including as many approximations as those introduced 

in above, theory48 is able to match the vibrational progressions observed experimentally.120 

Moreover, theory allows looking at much wider spectral windows, uncovering extra peaks 

on the left-hand side of the measured experiment; these are the main peaks along the 



vibrational progression, and help assign the overtones recorded in the 2DES experiment. 

Another important aspect to highlight is how the lineshape remarkably resembles those of 

the experiment: this is in part due to pyrene being a very rigid and therefore harmonic 

system, which fits well with the approximations introduced within the DBO model. By 

having theory and experiment side-by-side a signal-to-state assignment can be made, which 

contributes towards furthering our understanding of the photophysics of pyrene and 

towards locating the ideal spectral regions where to monitor this photo-response.  

 

A further step forward was taken for simulating the non-linear spectra of azobenzene, 

another of the examples previously introduced. In this case the pump-probe spectrum was 

simulated, and the time-dependence during 𝑡2 was included, being described using Pauli’s 

master equation49,54 

 

𝜌𝑒𝑒̇ (𝑡) = − ∑ 𝐾𝑒′𝑒′,𝑒𝑒𝜌𝑒′𝑒′(𝑡)

𝑒′

                 (35) 

  

where the elements of the 𝐾 rate matrix correspond to population transfer rates among the 

involved excited (“pumped”) states, evaluated on the basis of a 0K trajectory initiated in 

the S2 ππ* state (similarly to how it was done in pyrene above48) as well as including most 

of the remaining rates as the registered lifetimes extracted from experimental data. This 

allows computing the time-dependence of the different density matrix terms 𝜌𝑒′𝑒′(𝑡) which 

are needed during 𝑡2 to account for the population dynamics. 

 

In this case we can describe the same ESA (within KI) response term shown above for 

pyrene as 

 

𝑅𝐸𝑆𝐴
(𝐾𝐼)(𝑡1, 𝑡2, 𝑡3)

= (
𝑖

ℏ
)

3

𝛩(𝑡1)𝛩(𝑡2)𝛩(𝑡3) ∑|𝜇𝑔𝑒|
2

|𝜇𝑒𝑓|
2

𝑒𝑒

× 𝑒+𝑖(𝜔𝑔𝑒−𝑖𝛾𝑒𝑔)𝑡1−𝑖(𝜔𝑒𝑒−𝑖𝛾𝑒𝑒)𝑡2−𝑖(𝜔𝑒𝑓−𝑖𝛾𝑓𝑒)𝑡3

= (
𝑖

ℏ
)

3

𝛩(𝑡1)𝛩(𝑡2)𝛩(𝑡3) ∑|𝜇𝑔𝑒|
2

|𝜇𝑒𝑓|
2

𝑒𝑒

× 𝑒+𝑖(𝜔𝑔𝑒−𝑖𝜏𝑔𝑒
−1)𝑡1−𝑖(𝜔𝑒𝑒−𝑖𝜏𝑒𝑒

−1)𝑡2−𝑖(𝜔𝑒𝑓−𝑖𝜏𝑒𝑓
−1)𝑡3+𝜑𝑓𝑒

𝐸𝑆𝐴(𝑡1,𝑡2,𝑡3)             (36) 

 

where the first equality shows the development of the response function after applying the 

SOS approach, and the second depicts the development of the different dephasing terms 

into lifetimes plus a multipoint lineshape function term 𝜑𝑓𝑒
𝐸𝑆𝐴(𝑡1, 𝑡2, 𝑡3). One important 

point to make is that eq. 36 above is analogous to eq. 33 used in pyrene, except transition 

energies are denoted as 𝜔𝑎𝑏 instead of energy differences and lifetimes are accounted for 

directly in 𝜏𝑎𝑏
−1 instead of phenomenological rates Γ from eq. 20. 𝜑𝑓𝑒

𝐸𝑆𝐴(𝑡1, 𝑡2, 𝑡3) is quite 

complex and its concrete form depends on the specific phase-matching condition and 

Feynman diagram considered, the complete equations being provided elsewhere.22,23,37  

 



Using these response contributions, the pump probe signal 𝑊(3)(𝑡2, Ω3) can be related to 

the general expression of the total third order signal 𝑆(3)(𝑡1, 𝑡2, 𝑡3) used in 2DES as 

 

𝑊(3)(𝑡2, Ω3) = ∫ 𝑑𝑡1

∞

−∞

∫ 𝑑𝑡3𝑆(3)(𝑡1, 𝑡2, 𝑡3)𝑒𝑖Ω3𝑡3𝛿(𝑡1)

∞

0

                (37) 

  

which represents a marginal of the Fourier-transformed signal, and neglects contributions 

between pulses 𝜏1 and 𝜏2, which are not resolved in pump-probe techniques. Moreover, the 

finite duration of the laser pulses was accounted for ad-hoc by convolving the pump-probe 

signal 𝑊(3)(𝑡2, Ω3) with a Gaussian function in the time domain  

 

𝑊(3)(𝑡2, Ω3) = ∫ 𝑑𝜏
∞

−∞

𝑊(3)(𝜏, Ω3) ∙ 𝑒
(−

(𝜏−𝑡2)
2𝜎2 )

               (38) 

 

where 𝜎 = 16 fs was used to replicate the laser used in the experiment.49  

 

 



Figure 14. Experimental ((a) and (c); in ethanol) and theoretical ((b) and (d); gas-phase) 

pump-probe recorded signals in both Vis and UV spectral windows during the first 500 

fs. Adapted from Ref. 49 with permission from the American Chemical Society. 

 

Theoretical and experimental estimates are confronted in Fig. 14, where the above panels 

show the spectra while probing in the Vis energy window while the bottom panels refer to 

probe-UV energies. Left-hand side panels (a) and (c) are the experimentally recorded 

signals, while right-hand side panels (b) and (d) refer to the simulated spectra. PA signals 

refer to excited state photo-absorption (i.e., ESAs), and the colour scheme was given in 

this case with the opposite sign as the one above for pyrene (Fig. 13), i.e. ESAs are plotted 

as negative contributions in blue, while the GSB is positive in red. Multiple pump-probe 

experiments are plotted in a single figure by recording multiple 𝑡2 measurements with 

ultrashort broadband laser pulses and fitting the signals together. This approach has also 

been used to reproduced pump-probe spectral signals of DNA based systems undergoing 

ultrafast deactivations, showing remarkable agreement with experiment.121,122  

 

As can be seen, the lineshapes are approximately reproduced by theory, which is able to 

predict signals with similar shapes at the right spectral positions, as well as their time-

dependence. Perhaps the most striking difference between theory and experiment is the 

overly coherent shape of the model: this is partly due to being based on a harmonic 

approximation such as the DBO, but it also reflects the limitations that may be observed 

experimentally due to temporal resolution. In this case it mostly shows overly harmonic 

behaviour which can faithfully describe the linear absorption signals shown in Fig. 5 but 

that encounters more challenges for appropriately describing non-linear features,36,77,84 

particularly when applied to a highly flexible system like azobenzene. Interestingly, the 

model shows an oscillatory pattern which was hard to see in the experiment, and which 

was used to ascribe a prominent role in deactivation to vibrational coherences that are easier 

to see in the UV window experimentally. 

    

The methodologies for including solvent effects through the splitting of the spectral density 

shown above in Section 3.1.1 for adenine can also be applied to non-linear signals, both to 

pump-probe and 2DES, and the specific details can be consulted in Ref. 37. 

 

[19.4.3.1 Time-resolved NEA approach to non-linear spectroscopy] 

One last option we discuss for simulating time-resolved spectral signatures is to use a NEA-

like approach whereby ESA and SE/GSB signals are simulated on top of a swarm of 

trajectories used in non-adiabatic molecular dynamics simulations, and broadened by 

phenomenological Gaussian functions. The advantage of this approach is its simplicity: the 

manifold of states and the transition dipole moments connecting them is all the information 

required per timestep, which can be easily obtained from electronic structure simulations. 



Moreover, the unconstrained nature of on-the-fly trajectory-based schemes includes in part 

certain anharmonicity to the molecular motions which can be important for describing 

certain features. Despite this, the actual lineshapes are still described phenomenologically 

by ad-hoc broadened Gaussian functions, which may not be able to reproduce complex 

broadenings. This approach has also been used in the context of 2DES to predict how 

signals broaden in time.102  

 

There are many examples of this kind of treatment in the literature:92,93,123–126 perhaps the 

best-known case refers to the study on the photoisomerisation of Rhodopsin by Cerullo, 

Garavelli and co-workers,124 and here we show how it can be applied to study ultrafast 

excited state dynamics such as those occurring in DNA/RNA excited state cations formed 

after vacuum-UV light exposure.116,118 

 

 

Figure 15. Excited state decay of cation uracil upon accessing the second cation excited 

state D2(2πH-1
+). a) Diagram with the different potential energy surfaces involved in the 

photo-process, together with a scheme containing the different spectral signals used to 

rationalise the photo-process. b) Excited state populations resulting from Tully surface 

hopping simulations over 130 trajectories, dashed lines indicating the resulting 

populations while full lines denote the multistate kinetic model fitting. c) Kinetic model 

results after fitting all state populations, numbers referring to the estimated lifetimes 



while the arrows’ thickness denotes the fraction of trajectories following each pathway. 

d) Simulated pump-probe spectra with the time-resolved NEA approach.   

 

Figure 15 shows the simulated time-resolved pump-probe spectra for the uracil cation after 

accessing the cation second excited state D2(2πH-1
+).118 Selection rules change in 

photoionisation: as a consequence, it is not straight-forward to know which is the initially 

accessed state. We here assume population to D2(2πH-1
+) as it allows discussing the different 

emerging spectral signals when accessing different states and how these types of 

simulations can be used to monitor photo-processes. 

 

Upon accessing the D2 state (Figure 15a), an ultrafast decay to the D1(2nO
+) state is 

predicted, which subsequently decays to the cation ground state D0(2πH
+), leading to a step-

wise decay mechanism. An energy level scheme is provided together with the most 

important spectral fingerprints predicted for each state, and that will serve to distinguish 

the evolution of the wave packet along the excited-state deactivation. 

 

This can be observed in the population decays (Figure 15b), where the pronounced decay 

of D2 is concomitant with a rise of D1 and D0 populations, D1 population being quickly 

funneled down to the D0 ground state also in ultrafast timescales. The general reactivity 

can be extracted and analysed with a kinetic model like the one presented in Figure 15c, 

which uses the population decays to estimate lifetimes for the different processes, the 

thickness of the arrows representing the fraction of trajectories undergoing decay in each 

direction, while the associated numbers show the estimated lifetimes for that particular 

pathway. As can be seen, a very fast (~20 fs) D2→D1 decay is followed by a sub-100 fs 

D1→D0 population transfer, suggesting a sequential D2→D1→D0 deactivation model to 

reach the cation ground state, even if a non-negligible amount of D2→D0 trajectories are 

also observed with a very short lifetime (~40 fs) featuring direct/concerted D2→D0 decay. 

To distinguish the different states populated along the dynamics, we apply the NEA scheme 

on top of multiple snapshots (one every ~1 fs) for each of the 130 trajectories propagated. 

This provides a time-resolved signal that is also broadened along time using a finite 

simulated laser pulse (in this case 20 fs, which is meant to predict measures from a set-up 

similar to Ref. 49). Applying this model results in a 2D map (Figure 15d) which shows 

probe energy vs time, red signals depicting ESA contributions while blue refers to SE. 

Quick inspection of Figure 15d shows the most clear and intense signal in the high end 

(~4.5 eV) of the probe energy spectrum rapidly emerges within 20 fs after population, and 

is associated to an ESA from the D1 state labelled D1-PA. This is in line with the population 

(Figure 15b) and kinetic model (Figure 15c) estimates, which point at a swift D2→D1 

population transfer that is also observed in the D2-PA signal that appears at early times (0 

fs) and at ~3 eV energies, and which rapidly vanishes concomitantly with the D2→D1 

ultrafast population transfer. After populating the D1 state, a swift D1→D0 decay is 

predicted to follow, which is observed in the pump-probe simulated spectrum by the 

emerging D0-PA signal at ~1.5 eV, as well as by the vast reduction in intensity of the D1-

PA fingerprint after ~100 fs as the D1 population is almost depleted (~20%). D0-PA appears 



at delay times of 40 fs and longer, which is when the D0 state is predicted to reach 

substantial (50%; see Figure 15b) population, and is represented by the D0→D2 ESA 

transition.  

 

In this way we can see there are three distinctive spectral regions where we can observe 

signals appear and disappear depending on the specific state populated in time: ~3 eV for 

D2-PA, ~4.5 eV for D1-PA and ~1.5 eV for D0-PA.  These fingerprints, even if roughly 

estimated with the NEA approach, are well separated and should serve to differentiate the 

currently populated state in an experiment, thus providing a temporally resolved signal-to-

state assignment that allows a more complete monitoring of the photo-reaction.  

 

 

 

 

 

[19.5 Overview] 

In this chapter we show different theoretical approaches to the simulation of linear and 

non-linear optical spectroscopies that use electronic structure easily obtained from popular 

commercial and open-source programs. We briefly introduce the basis of the Liouville 

space, a general approach to describe all kinds of spectroscopies applied in this case to the 

optical regime, and which offers a powerful venue to systematically include detail in the 

simulation of spectral signals. This is done by outlining different approximations, which 

can be applied for the simulation of both linear and non-linear experiments.  

 

The SOS approach is used to expand the model onto the eigenvalues of the molecular 

Hamiltonian, which can then be combined with electronic structure data in the form of 

transition energies and transition dipole moments. The simplest models assume the delay 

time to be 0 and broadenings to arise due to phenomenological dephasings, and a 

connection is made with the popular NEA approach and the Gaussian broadening included 

therein. New and promising machine learning developments are shown whereby the NEA 

approach can be freed from this phenomenological broadening, leading to the GMM-NEA 

method that results in more accurate and less arbitrary absorption profiles: this approach is 

used to study the absorption and photoelectron spectra of gas-phase ethylene, the latter 

being computed with the GMM-NEA scheme for the first time.  

 

A more complex approach based on lineshape functions arising from applying the 

cumulant expansion and a DBO model is introduced, which further requires ground state 

normal modes and vibrations (i.e., the Hessian) and electronic excited state gradients. This 

more complex methodology projects the ground state Hessian onto the excited states, 

therefore assuming the frequencies on all states to be the same but just displaced in position. 

The DBO model, which assumes the system to behave harmonically, is applied to simulate 

the linear absorption of pyrene, azobenzene and adenine, with different levels of 

sophistication. For pyrene, a single-trajectory molecular dynamics scheme is applied and 

the parameters along the dynamics fitted to a Fourier series, obtaining vibrationally 



resolved spectra at two different temperatures where solvent contributions are switched 

off. In azobenzene, the normal modes and frequencies of the ground-state Hessian and 

displaced oscillators in the excited states are used to describe the complex lineshapes 

recorded experimentally with prominent vibronic progressions, even when considering 

multiple temperatures and where solvent contributions are included through a dephasing 

constant. Adenine is simulated taking into account both intramolecular and intermolecular 

interactions towards its lineshape broadening by splitting their contributions to the spectral 

density, leading to a realistic spectrum in water solution which is obtained from QM/MM 

simulations and that captures the band’s asymmetry.  

 

Different levels of sophistication are therefore applied within linear absorption, showing 

distinct performance: vibronic features appear to be better represented in pyrene compared 

to azobenzene, as the former is more rigid and thus fits better into the harmonic 

approximation adopted in DBO. Adenine, on the other hand, shows how the subtle effects 

introduced by solvation can be difficult and counter-intuitive to simulate. The electronic 

structure method employed for computing the energy gap fluctuation (auto/cross)-

correlation functions needs to be accurate but also consistent under different solvation 

patterns, showing in this case a surprisingly better performance of the CASSCF method 

compared against the more correlated CASPT2. 

 

Non-linear spectroscopies are initially introduced through the static approximation, which 

implies including broadenings completely phenomenologically through the use of ad-hoc 

dephasing constants. This technique is shown to be useful in the context of 2DES as it 

allows finding spectral regions where the main fingerprints will emerge. The example of 

gas-phase adenine is provided, showing the vast manifold of states accessible through 

ESAs in such systems and the significant differences in intensity observed for the La and 

Lb state, which allows segregating state-specific signals thanks to the extra Ω1 dimension.  

 

A NEA-based static approach is shown based on computing signals on top of excited state 

optimised structures. This rather simplistic model is applied to water-solvated uridine, 

showing remarkable similarities with the experiment and sufficing to enable a state-to-

signal assignment that facilitates a qualitative molecular model for interpreting the 

recorded evidence. 

 

The DBO model is applied to non-linear spectroscopies, particularly to the cases of pyrene 

and azobenzene. For pyrene, a single-trajectory approach is used to fit in the energy 

fluctuations and obtain the spectral density. The 2DES signals produced at both 𝑡2 = 0 and 

𝑡2 = 1 ps show prominent vibrational progressions, the latter being in agreement with the 

available experimental evidence. In azobenzene, on the other hand, the ground state 

Hessian is used to construct the spectral density. Time-dependent pump-probe signals are 

computed including broadenings, leading to qualitative agreements with experiment. Even 

when simulating the simpler pump-probe, larger deviations are observed compared to those 

seen in pyrene for 2DES, which is due to the higher flexibility (i.e. anharmonicity) of 

azobenzene and that partly showcases potential limitations of the harmonic DBO model.  

 



The last approach introduced uses a NEA-like scheme on top of multiple ensembles and 

along a swarm of excited state dynamics trajectories, assuming simple phenomenological 

Gaussian broadenings. By running over the swarm of trajectories, the signals are averaged 

and, despite its simplicity, this method is still able to show qualitative differences for the 

different active states along the ultrafast cation excited state decay of uracil. Even if 

lineshapes are beyond its scope, this approach has the advantage of running on 

unconstrained trajectories: this means it includes a certain degree of anharmonicity by 

construction, and it can thus be easily implemented coupled to popular semi-classical on-

the-fly molecular dynamics schemes like trajectory surface hopping, making it suitable for 

studying highly anharmonic systems.   
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