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ABSTRACT

Body-centered cubic bismuth (bcc-Bi) has long been considered an ideal pressure standard/calibrant; thus, the accurate knowledge of
both its equation of state (EOS) and melting curve is of primary importance for future high pressure and high temperature experiments.
However, its melting curve has never been measured experimentally beyond 5 GPa, and several theoretical calculations do not agree
with each other and, in fact, differ by as much as a factor of 2 with regard to the bcc-Bi melting point at 50 GPa. Here, we present

the calculation of the melting curve of bce-Bi to 400 GPa via quantum molecular dynamics simulations using the Z method imple- 2
mented with VASP. We also present the ab initio EOS of bcc-Bi as well as its principal Hugoniot, which both appear to be in excellent &
agreement with the available experimental data. At 100 GPa, the temperature extent (from zero to melt) of bee-Bi is comparable to that S
of gold. At pressures of >~500 GPa, the melting curve of bcc-Bi is (quasi-)parallel to, being ~1000 K below that of rhenium, the §
highest melter above ~30 GPa among the elements of the third row of the periodic table, which makes bcc-Bi the second highest melter &
behind Re. =
© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0213734
INTRODUCTION phase transitions occurs: A7 thombohedral (R3m) Bi-I-C-centered
Bismuth (Bi) is one of the most interesting elements that exist monoclinic (C2/m) B1—I.I—body—centered tetragqnal (bet) incom-
. . . . . . . mensurate host-guest Bi-III-body-centered cubic (bcc) Bi-V for
in nature. Because of its peculiar three-dimensional Dirac disper- . " .
. . . . . which all the transition points are well known and have been
sion, Bi possesses a number of unique physical properties such as . N . .
. . . . . widely used as pressure calibration points. The P-T phase diagram
diamagnetism and high magnetoresistance. Several important phe- . . . . A
. . of Bi has multiple triple points shown in Fig. 1 such as the
nomena such as the Seebeck, Ettingshausen-Nernst, Shubnikov-de IV_V-liquid P.T) — (3.8 GPa. 569 K).* Bi.IV h lid
d de Haas-van Alphen effects were first observed in Bi.' ~V-liquid one at (P, T) = (3. & ). B IV, another soli
Haas, and de Haas P " : phase on its phase diagram, has orthorhombic (0C16) Cmca struc-
At ambient condltlon.s, the crystal §tructure of Bl 1s .rhomb(.)heflral ture. The bec Bi-V is stable in an exceptionally wide pressure (P)
a.nd resul‘.[s frf)m a mln(.)r deformation of e? cubic lattice. This g1.ve5 interval from 7.6 + 0.6 (Table 1 of Ref. 5) up to at least 300 GPa.®
rise to Bi being a semimetal as well as its band structure being Hence, above ~10 GPa, the phase diagram of Bi is relatively simple:
explained by the deformation model.” However, Bi nanoclusters are just one solid (bcc) and liquid phases. In addition, Bi is a high-Z
semiconductors and can be used as building blocks for the con-  element yet nonradioactive (in fact, it has the highest Z among all
struction of novel materials.” the nonradioactive elements), thus it provides a strong x-ray dif-
Bi is of high interest to phase-diagram studies. Its own phase fraction (XRD) signal, which is straightforward to measure. The
diagram is relatively complex at low pressure (P) and consists of bulk modulus of bec-Bi (~55GPa) is much smaller than that of
five different solid structures shown in Fig. 1. At ambient tempera- most of the pressure standards, e.g., Au (167 GPa), Pt (277 GPa),
ture (T), with increasing P, a sequence of solid-solid structural Ta (194 GPa), W (296 GPa);" therefore, under the same P, its
J. Appl. Phys. 135, 245104 (2024); doi: 10.1063/5.0213734 135, 245104-1
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FIG. 1. The low-P portion of the phase diagram of Bi. The figure reproduces
Fig. 1(a) of Ref. 3.

volume change will be larger and, thus, the precision of the deter-
mination of P is higher. Also, its yield strength is much smaller
than that of other pressure standards, and, therefore, in static com-
pression experiments, its uniaxial stress components, f, are much
smaller, e.g., comparison of the values of ¢ of Bi to those of both
Cu and Au® shows an order of magnitude difference. Thus, bcc-Bi
appears to be more hydrostatic than most of the other pressure
standards. All this makes bcc-Bi essentially an ideal pressure stan-
dard and pressure calibrant. Note that Bi has been used as a P cali-
brant even at low pressures, e.g., in the study on the low-P phase
diagram of Sn.’

However, the phase diagram of Bi above 10 GPa, specifically,
its melting curve, is essentially unknown. The melting curve of Bi
has never been measured beyond ~5 GPa.” Experimental data at
higher P are limited to shock compression along the principal
Hugoniot and release, which can only constrain the melting curve
in a narrow P range. In Ref. 10, the melting on the Hugoniot of Bi
is estimated to occur between ~30GPa and 2300K and 45 GPa
and 2600 K. In Ref. 11, however, these values are ~18 GPa and
1250 K and 28 GPa and 1700 K. This latter set of values is in agree-
ment with the theoretical calculation of Ref. 12. There are several
theoretical studies on the melting curve of Bi to as high as
80 GPa,'” but the results of these studies do not agree with each
other. Specifically, at a pressure of 50 GPa, the following melting
temperatures (T,,) are predicted (in K): 1645 ~1950,"
~2700,">'° ~2750,'” and ~3300,"” so that the lowest and highest
of these T),s differ from each other by a factor of 2. [We note that
in our simulations, we discuss in detail what follows T,, (50 GPa)
~3200K.] Hence, the melting curve of bcc-Bi remains virtually
unknown. The purpose of our present study is the very accurate
calculation of this melting curve using first-principles based
quantum molecular dynamics (QMD) simulations. To have a reli-
able pressure standard/calibrant, the knowledge of both its equation
of state (EOS) and melting curve is indispensable. The accurate
EOS of bce-Bi known from the experiment will be complemented
by our theoretical results on its melting curve for the complete
(ideal) bee-Bi pressure standard.

ARTICLE pubs.aip.org/aip/jap

METHODS

Our theoretical study of the melting curve of bcc-Bi was
carried out using VASP (Vienna Ab initio Simulation Package).'®"”
The electron core-valence structure of Bi was chosen to be [**Xe
4f"] 54" 65 6p®, ie., the 15 outermost electrons of Bi were
assigned to the valence. The valence electrons were represented by
a plane wave basis set with a cutoff energy (ENCUT in VASP) of
450 eV (following Ref. 20), while the core electrons were repre-
sented by projector augmented-wave (PAW) pseudopotentials. The
generalized gradient approximation (GGA) with the Perdew-
Burke-Ernzerhof (PBE) exchange-correlation functional®’ was
chosen for our theoretical study.

A comprehensive analysis of the application of DFT-based
methods to Bi was carried out in Ref. 22, including comparison of
the outcome produced by LDA (local density approximation),
GGA-PBE, GGA-PBEsol (the revised PBE, Ref. 23), RPBE, PWO91,
AMO5, as well as the effect of the inclusion of spin-orbit coupling
(SOC); in VASP, it is turned on by LSORBIT, which required the
use of the vasp_ncl executable instead of vasp_std or vasp_gam for
a single I'-point. Other meta-GGA DFT functionals such as TPSS,
MO6-L, MS, SCAN, etc., were also examined.” It was concluded
that, compared to the experimental lattice constants, EOS parame-
ters, and relative energies of the five solid phases of Bi shown in
Fig. 1, GGA-PBE performs the best of all the DFT methods. This
was independently confirmed in several theoretical studies; see, e.g.,
Refs. 20 and 25-27. As regards spin-orbit coupling, it was con-
cluded that, although it is a must to adequately describe the
complex phase diagram of Bi as low P and its physical
properties,” >’ especially those of Bi-I, e.g., large spin conversion
anisotropy and the anisotropic g-factor’’ as well as anisotropic
thermal expansion and zero-T elastic constants.” However, with
increasing P, the effect of SOC quickly diminishes and virtually dis-
appears for Bi-V (bcc-Bi), which was confirmed in numerous theo-
retical studies; see, e.g., Refs. 14, 32, and 33. We checked the effect
of adding SOC on our theoretical T =0 EOS of Bi: at a given
volume, the resulting P is altered by less than 1% at all volumes
considered. Hence, SOC can be very safely neglected.

The core radius (the largest value of RCUTs among those for each
of the quantum orbitals) of this 16-electron pseudopotential is 2.5 a.u.
or 1.323 A. Since numerical errors in the calculations using VASP
remain almost negligible until the nearest neighbor distance reaches
2 x RCUT/(1.25 + 0.05),”* with this pseudopotential, one can study
systems with densities up to ~60 g/cm® (a pressure of ~5 TPa).

Equations of state

Cold (T = 0) EOS of bee-Bi, in the form of pressure as a func-
tion of density, P = P(p), was calculated for a bcc unit cell with
lattice parameter varying from 4.0 to 2.75 A with an increment of
0.05 A, i.e., for a total of 26 points. The corresponding P interval is
~0-800 GPa. A very dense k-point mesh of 75 x 75 x 75 was used
in each case.

Melting simulations

Our quantum molecular dynamics (QMD) melting simula-
tions of bcc-Bi were carried out using the (direct) Z method
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implemented with VASP, which is described in detail in
Refs. 35-37. QMD simulations are done in the N V E (number of
atoms-volume-energy) ensemble such that (i) V = const., ensures
that the final states of these simulations form the corresponding
Z isochore and (ii) with E = const., melting is associated with a
drop in T and an increase in P, which occur simultaneously
(more detail is given below). A total of 10 melting points are
obtained, for the lattice constants of bce-Bi of 3.0-3.95 A (pressures
of ~0-400 GPa). We used a 432-atom (6 x 6 X 6) supercell for all
the lattice constants except 3.95 A for which we used a 686-atom
(7 x 7 x 7) supercell, with a single I'-point in each case; with such
large supercells, full energy convergence, to <~1meV/atom, was
achieved in every case considered. A time step of 1 fs was used for
all the lattice constants except 3.95 A for which a time step of 1.5 fs
was used. The reasons for choosing a much large supercell and a
large time step in the 3.95 A case are discussed below. We per-
formed an average of five computer runs per point, for a total of
~50 computer runs. For each of these runs, the total simulation
length was 17500-25000 time steps (15000-17500 in the 3.95 A
case), so that the maximum total simulation running time was
~25 ps in either case.

RESULTS
Cold equation of state of bcc-Bi

Fitting the results on P = P(V) of our cold EOS calculations
with the third-order Birch-Murnaghan (BM3) EOS’** of the
form [in the following B and B’ are bulk modulus, in GPa, and its
P-derivative, respectively; p is the density, in gcm*3; and the sub-
script 0 means (T = 0, P = 0)]

P(p) = % By (n7/3 - rf’”) {1 +Z(B£) - 4)(712/3 - 1)] 6))

where 1 =p/p,, results in the following set of parameters for
bee-Bi:
po =111, B, =55.1(2.1), B)=45(1).

Here, the uncertainties in the values of B, and B6 are assigned
based on the criterion that variations in these parameters do not
move the resulting fit outside the 20 interval, o being the standard
deviation.

This BM3 analytic form is expected to be reliable to ~0.8 TPa.
Our values of p,, By and Bj virtually coincide with
(11.07(16), 54.3(2.3), 4.56(7)) from ab initio calculations on
bee-Bi of Ref. 14 and are in good agreement with the experimental
bee-Bi values (11.49(2), 54.74(29), 4.905(19)) of Ref. 40 and
(10.71, 52, 4.6) of Ref. 41 (in fact, our p, is right in the middle of
the above two values that agree with each other to within 7%).
Note that neither of the two most recent papers on the EOS of Bi,
Refs. 6 and 42, offers the numerical values of the EOS parameters
for bee-Bi.

In Fig. 2, our theoretical cold EOS for bcc-Bi is compared to
the experimental EOSs of Refs. 6, 40, and 42. As clearly seen, agree-
ment between theory and experiment is extremely good.

ARTICLE pubs.aip.org/aip/jap
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250 [l  Akahama et a/. (2002), Run 2 ]
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FIG. 2. Comparison of our ab initio T =0 EOS of bcc-Bi (this work) to the
experimental EOSs of Refs. 6, 40, and 42.

“Thermal” equation of state of bcc-Bi

The finite-T counterpart of the above EOS can be written
approximately as

P(p, T) = P(o) + BT, B =5.6x10"°GPa/K. )

The value of B in Eq. (2) was chosen to match the initial point on
the bcc-Bi melting curve in the p-T coordinates (11.221, 569)
obtained from the extrapolation of our QMD data T,, = T,(p) are
listed in Table 1.

This form of the thermal EOS does not take into account
explicitly the T-dependence of the bulk modulus, and/or the P- (or
T-)dependence of the thermal expansivity, and is, therefore,
approximate. Indeed, since

T
OCBT dT,
Ty

P(T, V) = P(T,, V) —I—J
where T is a reference T, a is the volumetric thermal expansion
coefficient, and Br is the isothermal bulk modulus at temperature
T, Eq. (2) results from the above relation (with Ty = 0) provided
that @ - By =~ const., i.e, a potential weak T-dependence of B is
compensated by a similar weak dependence of a to keep their
product (roughly) T-independent. In the case of bee-Bi, the values
of both @ and By (at low T) are tabulated in Ref. 43 for the three
solid phases Bi-III, Bi-IV, and Bi-V and its liquid phase as averages
over narrow P intervals. It appears that for bcc Bi-V, the values
of (a-Byr) are 6.21x107%, 6.08x107°, and 5.90 x 107,
so that (a- Br) = 6.06 x 107> to within 2.5%. For the liquid,
(o - Br) = 4.37 x 1073 to within 3.5%. Since Eq. (2) is meant to
extrapolate between T = 0 and T, (at a given p), its value of B of
5.6 x 107 is reasonable as it is right in between the solid and
liquid values; in fact, B~ 2/3(aBr)sia + 1/3 (@Br)iquia- It is
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TABLE I. The ten ab initio melting points of bee-Bi, (P, T, AT,), obtained from

the Z method implemented with VASP.

lattice P, from

constant density P, Egs. (1) T, AT,
(A) (glem®)  (GPa) and (2) (GPa) (K)  (K)
3.95 11.262 4,37 4.462 650 31.25
3.75 13.161 24.5 24.72 1950 62.5
3.60 14.876 48.1 48.78 3110 87.5
3.50 16.188 72.0 72.10 4110 125.0
3.40 17.658 103 103.1 5230 156.25
3.30 19.313 146 145.6 6630 187.5
3.20 21.181 204 203.7 8340 250.0
3.10 23.297 284 284.0 10470 375.0
3.05 24.462 335 335.2 11720 500.0
3.00 25.705 396 395.7 13130 625.0

interesting to note that the values of (« - By) for Bi-III and Bi-IV
are, respectively, 7.5 x 1073 and ~6.0 x 1073,
Albeit being approximate, Eq. (2) is relatively simple and
allows one to easily estimate the value of p at the corresponding P
and T. For instance, comparison of the values of the melting P
(P,) that this “thermal EOS” gives while using the corresponding
ps and T,s to those that come directly from QMD melting simula-
tions clearly demonstrates that Eq. (2) is virtually exact along the
melting curve of bee-Bi. This comparison can be found in Table I.

Melting curve of bcc-Bi

We found out that the use of a 432-atom bcc-Bi supercell with
a lattice constant of 3.95 A does not ensure accurate QMD results
because the corresponding melting simulations exhibit a signature
of a mechanical instability, namely, during the QMD runs of
bee-Bi both P and T drift away from their average values deter-
mined by the corresponding P-T conditions of the run. This may
be the consequence of the facts that (i) bcc-Bi is mechanically
unstable when its lattice constant is ~3.95 A, (P ~ 4 GPa) and (ii)
unless it is fully mechanically stable, a supercell of a size larger
than the critical one is required to simulate its thermodynamic
behavior correctly.

According to Ref. 14, bee-Bi is mechanically unstable below
~8 GPa at low T. That is, the mechanical stability of bce-Bi occurs
simultaneously with its thermodynamic stability at the Bi-III-Bi-V
transition (see Fig. 1). Then, most likely, the Bi-III-Bi-V transition
line is virtually identical to the bcc-Bi mechanical stability boun-
dary in the T-P coordinates on and above which it is mechanically
stable. The treatment of bcc-Fe of Ref. 44 gives a good example of
the critical size of the supercell for the correct description of the
temperature-stabilized bcc structure: a supercell of at least
1024-atom (8 x 8 x 8) is required for bcc-Fe. In our case, such a
critical size may be 7 x 7 x 7, since the signature of a mechanical
instability disappears for a larger 686-atom (7 x 7 x 7) supercell,
which we used for our simulations of bce-Bi with a lattice constant
of 3.95 A. Since for this supercell the total number of valence elec-
trons exceed 10000, QMD simulations become extremely time

1400
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bce-Bi, p = 11.26 g cm™

Temperature (K)

1200

1000

800

600

e To=13125K

e To=1375K

L Il L L Il L
10000 15000

L Il
5000

Duration of QMD run (number of time steps, 1.5 fs per time step)

FIG. 3. The melting point (4.4 GPa, 650K) of bcc-Bi at a density of
11.26gcm=2: melting T from ab initio Z method implemented with VASP. T,
stands for the initial T of the corresponding QMD run. The black curve is
running average T for the Tp = 1375K run.

consuming. Hence, a time step of 1.5 fs was chosen in this case in
order to partly offset their computational cost.

The pairs of Figs. 3 and 4 and 5 and 6 offer examples of our Z
method melting simulations. They correspond to the first and fifth

of the ten T,,s from Table I and demonstrate the time evolution of
T and P, respectively, during the corresponding computer runs.

Figures 5 and 6 exemplify the behavior of T and P, respec-
tively, during a QMD run. In what follows, Ty stands for the initial
T of a QMD run. During the entire Ty = 1250012500 K run, the

:80 202 AInr 1.0

system remains a superheated solid since during the 25ps of E
running time both the average T and P do not change. Melting ~

Pressure (kbar)

bce-Bi, p = 11.26 g cm™

T
40f .
30} W .
20F| o To=1375K ]
o To=13125K
10} ]
of ]
1 L 1 L L 1 L L L 1 L
0 5000 10000 15000

Duration of QMD run (number of time steps, 1.5 fs per time step)

FIG. 4. The same as in Fig. 3 for melting P (in kbar; 10 kbar = 1 GPa). The
black curve is running average P for the Ty = 1375K run.
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bce-Bi, p = 17.66 g cm™

T T T T T T T T T T T T T T T
12000 1} ® To = 12500 K 1
| o To=128125K
<€ 10000|{ o To=13125K .
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Q. Lt
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4000/ | 1
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0 5000 10000 15000 20000 25000

Duration of QMD run (number of time steps, fs)

FIG. 5. The melting point (103 GPa, 5230K) of bcc-Bi at a density of
17.66 gcm=2: melting T from ab initio Z method implemented with VASP. Ty
stands for the initial T of the corresponding QVD run.

occurs during the T = 1312513 125K run: it starts after ~2.5ps
of running time and shows up as the decrease of average T from
~6500 to 5230 K and the corresponding increase of average P from
~101 to 103 GPa; the melting process takes about 3 ps. The simul-
taneous increase in T and decrease in P happen because during the
QMD run the total energy, E ~ kg T + PV, is conserved, and V is
fixed. For the same reason, Figs. 5 and 6 appear to be “mirror
images” of each other; see Ref. 37 for more detail. In the
Ty = 1250012 500 K run, melting starts after 2 ps of running time,
but for higher T, it will start even faster, sometimes immediately
after the beginning of the QMD run. It is interesting to note that in
the To = 1281212812.5K run, the system appears to start melting
but to revert to solid at a later time and to remain solid for the rest
of the run. This phenomenon is rather rare in the QMD melting

bce-Bi, p = 17.66 g cm™

1050

1000

® To=13437.5K
® To=13125K

Pressure (kbar)
©
a
o
T
|

* To=12812.5K
900 i e To=12500 K N

8500 . . .
5000 10000 15000 20000 25000

o

Duration of QMD run (number of time steps, fs)

FIG. 6. The same as in Fig. 5 for melting P (in kbar; 10 kbar = 1 GPa).
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10F ]
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0.0;\#\ R S

0 50 100 150 200 250

R, in units of 0.0625 A

FIG. 7. Radial distribution functions (RDFs) of equilibrium states of bcc-Bi in
the QMD Z-method runs of Figs. 2 and 3. The equilibrium temperatures of the
superheated (ss) and liquid (/) final states are indicated as the corresponding
Ts.

simulations (it did not occur during the simulations of each of the
remaining nine melting points); this is the reason for choosing
Figs. 5 and 6 as an example.

In addition to a very clear signature of melting, i.e., the simul-
taneous decrease of T and increase of P, as in Figs. 3-6, melting
was confirmed by (i) examining whether the atomic coordinates
form ordered or disordered arrays (in XDATCAR files) and (ii) cal-
culating the corresponding radial distribution functions (RDFs).
The RDFs of the final states of the QMD Z-method runs of Figs. 3
and 4 are shown in Fig. 7. It is clearly seen that the Tp = 1312.5K
run results in a superheated solid at T ~ 700K, while the final
state of the Tp = 1375 K run is liquid at T = 650 K.

The results of our melting simulations are summarized in
Table 1. The errors in melting T (T,,) are half of the increment of
the initial T for a series of computer runs at the corresponding
density.37 We chose these increments to be 62.5, 125, 175, 250,
312.5, 375, 500, 750, 1000, and 1250 K for the first, second,..., and
tenth point. The corresponding T,, errors are listed in the table
as AT,,. The errors in melting P (P,,) are negligibly small of order
1-2 GPa for each point. Included in Table T are also the values of Py,
that come from the thermal EOS (1),(2) at the corresponding T',s.

The best fit of the Simon-Glatzel (SG) form T,,(P)

PPy

= Tonret[1 +—; ]b to the ten QMD datapoints of Table I repre-
sents the corresponding melting curve. Here, (Pref, T ref) is the ref-
erence melting point. The best fit of the above SG form ten T,s of
Table I found using Mathematica is

(©)

. P—3.79 0.685
T2 Bi(p) = 568.9 (1 + —)

4.05

Interestingly enough, the reference point of Eq. (3) at (Pref, Toref)
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FIG. 8. Comparison of our ab initio melting curve of bcc-Bi to the theoretical
melting curves available in the literature: Pélissier & Wetta,'” Belashchenko, "
and Lietal'”

virtually coincides with the actual Bi-III-Bi-V-liquid triple point at
(P, T) = (3.8 GPa, 569 K)." For each of the ten P,,s from Table I,
except perhaps the first one, the corresponding T,s are within 15 K
of those given by Eq. (3). Thus, Eq. (3) is very accurate.

Figure 8 compares our theoretical melting curve of bcc-Bi,
Eq. (3), to the theoretical melting curves available in the literature.
For this comparison, we have chosen the melting curves of
Refs. 12, 13 and 17. All the other theoretical melting curves are
bounded by those of"® from below and'” from above, such that
these “effective” lower and upper melting boundaries differ from
each other by a factor of ~2. We note good agreement of our theo-
retical melting curve of bcc-Bi with that of Ref. 17. The reason for
this agreement is discussed below.

The low-P portion of the melting curve of bcc-Bi

Figure 9 details the 0 < P < 100 GPa portion of Fig. 8. Here,
we added the results of shock-compression experiments on Bi from
the literature as well as our own theoretical Hugoniot of bec-Bi,

Tu(P) = 298 + 83.1 (P — 7.6)"%, (4)

shown in Fig. 9 as a thin line. Equation (4) is the best fit to a collec-
tion of (P(V), T(V)) points obtained as those of the final states of
QMD simulations at a number of fixed Vs. For these final states,
the following condition is satisfied: E — E,f = % (P+ Pret) (Vg — V)
(which is one of the Rankine-Hugoniot relations), where the sub-
script “ref” indicates the reference point; in our case this point is the
room-T Bi-III-Bi-V solid-solid transition point (7.6 GPa, 298 K).
Indeed, the calculations show'® that the actual principal Hugoniot of
Bi passes virtually across the Bi-III-Bi-V solid-solid transition point
(the gray dashed line in Fig. 1 of Ref. 15). Thus, this point can
indeed be taken as the starting point of the bcc-Bi principal
Hugoniot.
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FIG. 9. The 0 < P < 100 GPa portion of Fig. 8 containing the bcc-Bi principal
Hugoniots from Refs. 10 and 11, and those calculated in our study (this work,
solid/liquid). Also shown are the (P, T) final states on the release isentropes of
Ref. 16. See the main text for more detail.

To obtain the P-T conditions of the Bi Hugoniot melting, we
also need to estimate its liquid Hugoniot. This is done by properly
correcting Eq. (4) taking into account the difference in the volumes
of liquid and solid bcc-Bi. Specifically, at melting the system
volume increases from Vi, to Viiq. However, in NVE QMD simula-
tions, volume is fixed and this volume change manifests itself as an
increase in P, from Py, to Pjiq, which can be clearly seen in Figs. 4
and 6. The value of AV = V};q — Vi, can be obtained from
(V= V1) (1) Pei(V) = Pliq(v +AV) = Pliq(v) + dpliq/dVAV
and (ii) Pjq(V) = Psi(V) + AP. Hence, AV = VAP/B, where
B = —VdPyq/dV is the bulk modulus of liquid, etc. The resulting
liquid Hugoniot is shown in Fig. 9 as a dashed line. The (P, T)
points at which the solid and liquid Hugoniots cross the melting
curve, Eq. (3), are, respectively, those of the beginning and end of
the Hugoniot melting: [in (GPa, K)] (28, 2150) and (41, 2790).

Figure 9 also shows the (P, T) final states on the release isen-
tropes of Ref. 16. Those identified in Ref. 16 as liquid or a solid—
liquid mixture are indicated as “melting” in Fig. 9. As clearly seen,
these (P, T) points virtually lie on our theoretical melting curve.
We also note excellent agreement of our theoretical Hugoniot of
bec-Bi with that of Ref. 11 (blue points with error bars in Fig. 9) as
well as the solid final state on the release isentrope of Ref. 16
(empty circle in Fig. 9).

DISCUSSION OF THE RESULTS

Our theoretical melting curve of bee-Bi, Eq. (3), appears to be
in excellent agreement with the final states on the release isentropes
of Ref. 16 but with only one of several other theoretical melting
curves available in the literature, namely, that of Ref. 17. At a P of
50 GPa (its highest P) it is higher than ours by a mere 100 K. Here,
we clarify the reason for this agreement of the two melting curves
which will lend further support for both of them and predict the
behavior of the melting curve of'” to pressure beyond 50 GPa.
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The calculation of Ref. 17 is done in the so-called mean-field
potential (MFP) approach developed in a series of papers by Wang
in the early-2000s; see, e.g., Refs 57 1t was specifically applied to
the study of melting curves."® The MFP approach to melting curves
basically consists of a very careful determination of the Griineisen
gamma using DFT-based computational tools, and the subsequent
calculation of T, (p) via dlnT,,(p)/dInp = 2(y(p) — 1/3), i.e, in
the Lindemann approach. Further analysis has revealed that, under
certain approximations, the same Griineisen gamma determines
the p-dependence of the cold shear modulus, G(p, 0);*’ specifically,
dlnG(p, 0)/dInp = 2y(p) + 1/3. Thus, the above two relations
give G(p, 0)/(p - T,u(p)) = const., which can be considered as the
MFP melting curve equation. Using the thermoelasticity model of
Preston and Wallace,” G(p, T) = G(p, 0)(1 — aT/T,(p)), and also
assuming that the thermoelastic softening parameter « is
density-independent, the above MFP melting curve equation can
be rewritten as G(p, T(p))/(p - T(p)) = const., in agreement
with the dislocation-mediated melting theory.”">*

The cold shear modulus of bce-Bi was theoretically calculated
in Ref. 41 up to ~200 GPa. Using our theoretical melting curve of
bee-Bi along with the results of Ref. 41, we found out that the value
of the G(p, 0)/(p - Tin(p)) decreases very slow with increasing p,
i.e, it is not a constant, for which the most likely reason is the con-
stancy of G(p, Tr(p))/(p - T(p)) but a very weak p-dependence of
the thermoelastic softening parameter. Such a very weak
p-dependence of a occurs, e.g., for Mo, Ta, and W.” Nonetheless,
we can calculate the MFP melting curve of bcc-Bi, given by
G(p, 0)/(p - Tru(p)) = const., and compare it to that of."” This
MEP curve is shown in Fig. 10 in the p-T coordinates along with
ours given by Eq. (3).

The MFP melting curve virtually coincides with that of ~ con-
verted to the p-T coordinates. In particular, it is ~100 K higher
than ours at ~15g/cm® (~50 GPa). At ~15.5g/cm?, it becomes
higher by ~200 K but then falls down and eventually is below ours
by ~1000 K at ~300 GPa and beyond.

bce-Bi

: : : .
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7000F ——  This work .

3 P MFP ]

© 6000 ]
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2 , ]
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FIG. 10. Comparison of our ab initio melting curve of bce-Bi (this work) to the
theoretical melting curve of bee-Bi calculated in the MFP approach (MFP)."”
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It is also worth comparing our theoretical results on the
Hugoniot melting of bismuth to their experimental counterparts
that can be found in the literature, especially because the earlier
experiments suggested the P ranges for the Hugoniot melting that
are quite different from each other, namely, ~30-45GPa'’ and
~18-28 GPa."" The recent paper by Gorman et al.”* offers a very
careful femtosecond x-ray diffraction (XRD) study of shock-
compressed Bi and its melting on the Hugoniot. Their results
reveal that the XRD signal at 17 GPa corresponds to solid bce-Bi, in
agreement with the assessment of Ref. 55 that under shock com-
pression Bi remains solid up to at least 17 GPa. The signatures of
liquid appear at P ~ 20 GPa. At 24(2)-27(3) GPa a combined
bec-Bi-liquid signal is detected, in agreement with 28 GPa as the
starting point of the Hugoniot melting in our theoretical calcula-
tions. A pure liquid signal is detected at 41(4) GPa, again in agree-
ment with our end point of the Hugoniot melting of 41 GPa.

The final point that we wish to address here is whether bcc-Bi
is the physical phase of bismuth in the megabar pressure range
(1 Mbar = 100 GPa). The detailed study of the phase diagram of Bi,
specifically, determining whether there exists another solid phase of
Bi which melts higher than bcc-Bi and is, therefore, more stable
than the latter, is well beyond the scope of this work. However, the
stability of bce-Bi can be given some considerations. Specifically,
one can solidify liquid Bi into a final solid state and examine
whether it possesses bcc or another structure. This procedure con-
stitutes the so-called inverse Z method described in detail in Ref.
36 which is very useful for the study of the relative thermodynamic
stability of different solid phases of a material. Since the solidifica-
tion kinetics is approximately governed by the factor exp{AG/T;},
where AG = G; — G; is the liquid-solid Gibbs total free energy dif-
ference at the solidification temperature T, in the case of several
energetically competitive solid phases the most stable solid phase
has the largest AG and is, therefore, the fastest to solidify. Hence,
the inverse Z method is expected to yield the most stable solid
phase at a given (P, T). We prepared two liquid supercell, by
melting 512-atom (8 x 8 x 8) supercells of simple-cubic structure
with lattice constants of 2.54 A and 2.38 A. These supercells have
the same volumes as the bcc ones with lattice constants of, respec-
tively, 3.2 A and 3.0 A. With the corresponding T,,s from Table I,
the 0 — T, intervals of T correspond to P intervals of, respectively,
~150-200 and 350-400 GPa (Fig. 2 and Table I). We carried out
solidification simulations at a set of (fixed) T's of 1250, 2500, 3750,
5000, and 6250 K for a = 2.54 A, and 2000, 4000, 6000, 8000, and
10000K for a=2.38A. Since for bcc-Bi with a=3.2A4,
T,, = 8340 K (Table I), the highest T at which liquid of the same
volume can solidify is ~0.85 T, ~ 7100 K.”® This is why 6250 K
was chosen as the highest T for our solidification simulations of
the a=254A supercell. Similarly, for bcc-Bi with a = 3.0 A,
T, = 1313013130K, hence the highest solidification T is
~1110011 100K, which explains the choice of 10000K as the
highest T for our solidification simulations of the a = 2.38 A
supercell. For a total of 10 inverse Z runs, typical simulation time
was 20000 time steps of 1fs each, ie., 20 ps per run. Figure 11
shows the RDFs of the five final states of these simulations of the
a=254A supercell. As clearly seen, all the RDFs are similar to
each other and correspond to the bec structure (cf. RDF of bec-Bi
in Fig. 7).
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FIG. 11. Radial distribution functions (RDFs) of the final states of the solidifica-
tion of liquid Bi at a set of fixed temperatures indicated as the corresponding
Ts.

The outcome of the solidification simulations of the
a = 2.38 A supercell is exactly the same: at all five T's the final solid
state is bec. Thus, the results of our inverse Z simulations imply the
thermodynamic stability of bee-Bi in the T range ~0-0.85T,,, at
least up to a pressure of ~400 GPa. In other words, if there exists
another solid phase of Bi on its phase diagram in the megabar
range, it can only be a sub-solidus phase, i.e., the phase that Bi
melts from. Such a phase cannot be found in inverse Z simulations
(as they do not apply to T>~T,,), hence both its detection and the
determination of its physical properties require additional more
detailed study. The study of the phase diagram of Bi in the
megabar range will be undertaken in our subsequent research.

CONCLUDING REMARKS

Let us now summarize the results of our theoretical study on
the melting curve of bec-Bi.

We have presented the ab initio melting curve of body-centered
cubic bismuth obtained from QMD simulations using the Z method
implemented with VASP, Eq. (3). It starts at the Bi-III-Bi-V-liquid
triple point of (P, T) = (3.8 GPa, 569K) and extends to a P of
400GPa (and a T of ~1350013 500 K), although Eq. (3) is very
likely valid to much higher pressures. Of all the melting curves that
currently exist in the literature, ours is in good agreement with the
only one, namely, that of Ref. 17 which was calculated in the MFP
approach. We have clarified the reasons for this agreement which
lends further support to each of the two theoretical melting curves.

We have calculated the cold equation of state of bee-Bi, Eq. (1),
which appears to be in excellent agreement with both the experimen-
tal measurements and independent theoretical calculations.

The thermal equation of state for bcc-Bi also presented in this
work, Eq. (2), appears to be in good agreement with both the avail-
able (room-T) experimental data and QMD melting simulations.

ARTICLE pubs.aip.org/aip/jap

Our theoretical Hugoniot of Bi, Eq. (4) (and its counterpart
for liquid Bi shown in Fig. 9) are associated with the P interval of
the Hugoniot melting which is in good agreement with the most
recent experimental studies on shock-compressed Bi of Refs. 54
and 55.

The EOS of bee-Bi, Egs. (1) and (2), constitutes the bismuth
pressure standard. As discussed above, it is virtually an ideal pressure
standard because it is (i) structurally stable in an exceptionally wide
pressure interval of up to at least 300 GPa, (ii) nonradioactive, (iii)
produces a strong XRD signal, (iv) possesses a bare minimal nonhy-
drostaticity compared to the vast majority of the other pressure stan-
dards such as Pt, Au, etc., and (v) its bulk modulus is much smaller
than that of most of the other standards; hence, under the same P its
volume change will be larger and thus the precision of the determi-
nation of P higher. The T range for the application of bcc-Bi as a
standard (i.e., the T extent of bcc-Bi) is bounded by 0 < T < T,,(P)
at any fixed P; with T,,(P) given by Eq. (3), is as wide as those of
the other typical standards. For instance, Fig. 16 of Ref. 56 shows
that the seven 3rd row transition metals Re, Os, Ta, W, Ir, Pt, and
Au that are typically used as pressure standards have T}, in the range
of ~5500K (Au) to 7500K (Re) at a P of 100 GPa. In view of
Eq. (4), for bee-Bi T,,,(100 GPa) ~5200 K, albeit slightly lower than
5500K of Au, is essentially in the same T range. Moreover, at
500 GPa, bce-Bi melts only 1000 K below Re (15413 K vs 16 413 K),
and at higher P its melting curve is (quasi-)parallel to that of Re
because the two exponents of the corresponding SG forms are virtu-
ally identical (for Re, T,,(P) = 3460 (1 + P/ 58.5)%%°%) and the cor-
responding  prefactors are very «close to each other:
568.9/4.05%6% ~2 218 for bcc-Bi vs 3460/58.5%% ~ 209 for Re.
Although at ambient P Re has the second highest T}, (behind W), at
P>~30 GPa it is the highest melter among the elements of the 3rd
row of the periodic table. But the second highest melter, behind Re,
at P>~500 GPa appears to be bce-Bi.

Thus, body-centered cubic bismuth will be an exceptional
pressure standard for the future high pressure and high tempera-
ture experiments. In addition to being an essential component for
the P-T characterization of this standard, the melting curve of
bee-Bi calculated by ourselves in ab initio approach and presented
in this work will contribute to the study on melting systematics for
the elements of the 3rd row of the periodic table.
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