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ABSTRACT. In this paper, we provide an infinite metric space M such that the set
SNA(M) of strongly norm-attaining Lipschitz functions on M does not contain a sub-
space which is linearly isometric to ¢y. This answers a question posed by Antonio Avilés,
Gonzalo Martinez-Cervantes, Abraham Rueda Zoca, and Pedro Tradacete. On the other
hand, we prove that SNA(M) contains an isometric copy of ¢y whenever M is an infinite
metric space which is not uniformly discrete. In particular, the latter holds true for all
infinite compact metric spaces while it does not hold true for all proper metric spaces. We
also provide some positive results in the non-separable setting.
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1. INTRODUCTION

Let M be a pointed metric space. We consider the subset SNA(M) of Lipy(M) of all
strongly norm-attaining Lipschitz functions on M. In 2016, Marek Cuth, Michal Doucha,
and Przemystaw Wojtaszczyk [8] proved that /. (and hence ¢y) embeds isomorphically
in Lipy(M) for any infinite metric space M. One year later, this result was improved by
Marek Cuth and Michal Johanis by showing that /., (and hence ¢q) embeds isometrically
in Lipy(M) [9]. Motivated by the papers [1, 13, 19], we turn our attention to the study
of the analogous problems for the subset SNA(M). In big contrast to what happens in
the classical norm-attainment theory, where Martin Rmoutil [21] proved that the set of
all norm-attaining functionals needs not contain 2-dimensional spaces, Antonio Avilés,
Gonzalo Martinez Cervantes, Abraham Rueda Zoca, and Pedro Tradacete |1] provided a
beautiful and interesting construction, and showed that SNA(M) contains an isomorphic
copy of ¢g for every infinite complete metric space M (answering [19, Question 2| in the
positive). At the very ending of that paper, the authors wondered whether an isometric
version of this result holds true (see [1, Remark 3.6]).

In this paper, we answer the latter question by providing an example of an infinite
uniformly discrete metric space M such that SNA (M) does not contain any subspace which
is linearly isometric to c¢o (see Theorem 4.1). On the other hand, we prove that SNA(M)
does contain a linearly isometric copy of ¢y whenever M is infinite but not uniformly
discrete (see Theorem 4.2). It turns out that this is no longer true even for proper metric
spaces (see Theorem 4.4). We conclude the paper by tackling the problem in the non-
separable setting; we prove that whenever dens(M’) = T" > N, then SNA(M) contains a
linearly isometric copy of ¢o(I') (see Theorem 5.2).

2. PRELIMINARIES AND NOTATION

Throughout the text, all the vector spaces will be considered to be real. Let (M,d) be
a pointed metric space (that is, a metric space with a distinguished point 0). We denote
by Lip,(M) the Banach space of all Lipschitz functions f : M — R such that f(0) = 0,
endowed with the Lipschitz norm
[f(y) — f(=)|

1 lhs = sup { L=

We say that a Lipschitz function f € Lipy(M) strongly attains its norm, or that it is
strongly norm-attaining, if there exist two different points p,q € M such that

e

The set of strongly norm-attaining Lipschitz functions on M will be denoted by SNA(M).
In the last few years, this topic has been intensively studied. We send the reader to
[1,2,3,4,5,6,7, 11,12, 14, 15, 17, 18, 19] and the references therein.

:x,yeM,x#y}.
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In this paper, we will discuss the possibility of finding a linear space isometrically iso-
morphic to ¢y inside the set SNA(M). Clearly, this situation is reduced only to infinite
metric spaces. Note also that, for our purposes, the choice of the distinguished point 0 in
the pointed metric space M is irrelevant in our context. Indeed, if 0 and 0’ are two distin-
guished points in M, then the mapping from Lip,(M) to Lipy (M) defined as f — f— f(0')
is a linear isometry that completely preserves the strong norm-attainment behaviour of the
mappings, so we do not need to worry about the choice of the distinguished point.

In this document, the expression linear subspaces of SNA(M) should be understood
as linear subspaces of Lip, (M) consisting of strongly norm-attaining Lipschitz functions.
Also, if Y is a Banach space, then we say that Y isometrically embeds in SNA(M) (or,
equivalently, SNA(M) contains a linearly isometric copy of Y'), whenever there exists a
linear isometric embedding U : Y — Lip,(M) such that U(Y) C SNA(M).

The separation radius of a point x € M is defined by

R(z) := inf {d(x,y): ye M\ {x}},

and it will play an important role in some of the upcoming results. We will say that
a point x from a metric space M attains its separation radius whenever there is some
y € M such that R(z) = d(z,y). The symbol M’ stands for the set of all cluster points
of M. Recall that a metric space M is said to be discrete if M’ = (), uniformly discrete if
inf{R(z): x € M} > 0, and proper if every closed and bounded subset of M is compact.
The notation B(x, R) stands for the closed ball of center z € M and radius R > 0.

Throughout the entire note, we will denote by co(I") the space of all real valued functions
over a set I satisfying that for every element z € ('), the set {y € I': |z(y)| > ¢} is
finite for every € > 0. If I is countable, we will refer to ¢y(I") simply as co.

Let X be a separable Banach space with a Schauder basis denoted by {z,}>°,. We say
that a sequence {y,}°°, in a Banach space Y is (isometrically) equivalent to the basis
{z,}52, if there exists a linear (isometric) isomorphism 7': span{y,: n € N} — X such
that T'(y,) = x, for all n € N. The following straightforward facts will be used throughout
the text without any explicit reference.

(i) A sequence {z,}> is isometrically equivalent to the canonical basis of ¢ if and only
if the equality H Yo )\nan = max, |\,| holds for every sequence {\,}5°, € co.
(ii) If a sequence {x,}°°, is isometrically equivalent to the canonical basis of ¢y, then
so is the sequence {e,2,}°°,, where ¢, € {—1, 1} for every n € N.
(iii) Any subsequence of a sequence which is isometrically equivalent to the canonical
basis of ¢( is once again isometrically equivalent to the same basis.

Given any set A and a natural number k € N, we denote by A*l the set of all subsets
of A with exactly k elements. We will use Ramsey’s Theorem intensively throughout
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the text, which ensures that given any infinite set A and any finite partition of the set
Al IB,, ..., B,} for some n € N, there exists an infinite subset S of A and a number
i € {1,...n} such that S is contained in B; (see, for instance, [10, Proposition 6.4]).

Finally, let us note the following. If M is any metric space and M., is its completion, then,
as Lipschitz mappings extend uniquely by uniform continuity, one clearly has Lip,(M) =
Lipy(M.). However, it can happen that a Lipschitz mapping strongly attains its norm on
M. but not on M, so SNA(M) can be a strict subset of SNA(M,) sometimes. For this
reason, we will state our main positive results for general metric spaces (complete or not)
whenever possible.

3. SOME USEFUL TOOLS

In this section, we state and prove some auxiliary results that will be crucial for the rest
of the note. The following are three essential yet straightforward lemmas that hold in any
metric space. We provide their proofs for the sake of completeness.

Lemma 3.1. Let M be a metric space. Suppose that {f,}>2, C Lipy(M) is a sequence
wsometrically equivalent to the canonical basis of co. If for every n € N, the function f,
strongly attains its Lipschitz norm at a pair of points x,,y, € M, then fn(x,) = fim(yn)
for every m € N\ {n}.

Proof. Let n € N be fixed. Suppose that the function f, strongly attains its Lipschitz norm
at a pair of points x,,y, € M. Without loss of generality, we may (and we do) assume
that |fr(xn) — fu(yn)| = fu(xn) — fulyn) = d(zn, yn). Let us suppose by contradiction that
there exist natural numbers m # n such that f,,(z,) # fm(y,). We may again suppose
without loss of generality that f,,(x,) > fn(y,) (otherwise we may consider the sequence
{9k}, defined as ¢, = —f, and gx = fi for k # m, which is still equivalent to the ¢
basis). Set f := f, + fm. Then, we have that

= fu(®n) = fu(Yn) + fn(Tn) = frn(yn)
> d(Tn, Yn),
which yields a contradiction with the fact that f is 1-Lipschitz. ]

Lemma 3.2. Let M be a metric space. Suppose that {f,}>2, C Lipy(M) is a sequence
equivalent to the canonical basis of co. Then, for all p € M, lim,, ., | fn(p)| = 0.

Proof. Let T: ¢y — span{f,: n € N} be a linear isomorphism with T'(e,) = f, for all
n € N and set C' = ||T||. Suppose that for some p € M, the sequence {f,(p)}>>, does not
converge to 0. Then, there exists N € N such that Zgzl |fu(p)| > C - d(p,0). However,
this implies that there exist {e,})_, € {—1,1}" such that the function 3n | &, f, is not
C-Lipschitz, contradicting the fact that the operator norm of 7" is C. ]
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Finally, for the upcoming positive results of the paper, we need the following generaliza-
tion of [1, Lemma 3.1]|.

Lemma 3.3. Let I" be a nonempty index set. Let M be a pointed metric space such that
there exist {(x~, yy) }yer € M x M with x, # vy, for every v € I' satisfying that

(3.1) d(Ta,18) = d(Ta,Ya) + d(z5,Yp)

for every a # [ € I'. Then there is a linear subspace of SNA(M) linearly isometric to
Co(F).

Proof. Since the choice of the point 0 is not relevant as noted before, we may assume that
0 € {y}er. Pick 4" € I" such that y,, := 0. For each v € T', define f, : M — R by

fy(2) == max{0,d(z,,y,) — d(z,z,)} (z € M).
Clearly, f./(0) = 0. Also, if v # 7' we have by means of the triangle inequality,

(3.1)
A2y, Yy) < d(zy,29) — d(Ty, yy) < d(Ty, Yy ).

Therefore, f,(0) = max{0, d(z,,y,) — d(x,,yy)} = 0 for every v € T..
Notice that for every v € I, f,(z) # 0 if and only if x is such that d(z,,z) < d(z,,y,).

Also, notice that by (3.1), for every a # § in I, B(xq,d(%a,Ya)) N B(xs, d(xp,ys)) has
empty interior.

Let A := (A\))qer € co(I') and let 7o € T be such that [Ay| = [|A|oo. Set f =" A [y
Clearly,

|f<:E70) - f(y70)| = |)‘70|d($70’y70)'
Therefore, we will be done if we show that || f||Lip < [Ay]:

Let & # y be two points in M. We will distinguish several cases.

(a) If both z and y lie outside of . . B(z,, d(z+,y,)), then clearly [f(z) — f(y)| = 0.

(b) Assume that z ¢ |, o B(,,d(2,,y,)) and that there exists some a € I" such that
Y € B(xo,d(Ta,Ya)). Since 0 < d(xa, Yo) — d(Ta,y) < d(x4, ) — d(20,y) < d(z,y),
we have

[f (@) = f(W)] = [Aal(d(za, Ya) = d(za,y)) < [Ay|d(2,y).

(c) Assume now that there is some v € I' such that =,y € B(x,,d(z,,y,)). Then, by
the triangle inequality,

[f(x) = f)] = My, y,) = d(zy, 7)) — (d(2y, y,) — d(24, )]
Aol [d(zy, ) — d(z4, )
< [Ayld(z,y).
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(d) Finally, if there are different o, € I such that © € B(z,,d(z4,vs)) and y €
B(xg,d(z,ys)), thanks to (3.1), we know that d(z,,y.) < d(za,xs) — d(xs,Yp).
Hence, by means of this last inequality and the triangle inequality, we have that

(3 2) d(:)?a, ya) - d(xon 1:) + d(l’g, yﬂ) - d(ZL’g, y) <d($a, xﬁ) - d(xou ZL‘) - d(‘r,@’ y)
' <d(z,y).

Then,

[f(@) =Wl = [Aafalz) = Asfs(y)l
< Mel(fale) + fa(y)
|/\’Y0’(d(xa7 ya) - d(ZIJa, I) + d(xg, yﬂ) - d(xﬁv y))

[Asold(, y).

NG

4. THE ISOMETRIC CONTAINMENT OF ¢y IN SNA(M)

In this section we turn our attention to the main results of the paper.

4.1. A bounded and uniformly discrete counterexample. In this subsection, we
construct an infinite complete metric space M such that the set SNA (M) of strongly norm-
attaining Lipschitz functions does not contain a linearly isometric copy of ¢y, answering a
question posed in |1, Remark 3.6]. It is worth mentioning that no point of the constructed
metric space attains its separation radius.

Theorem 4.1. There exists an infinite bounded uniformly discrete metric space M such
that co is not isometrically contained in SNA(M) and for which no point in M attains its
separation radius.

Proof. Let M = {p, }nen be any countable set endowed with the metric d given by

1+ —— if m # n,
d(pnapm) — max{m,n} ‘
0 otherwise.

Note that the diameter of M is 3/2.

For the sake of contradiction, let us suppose that there exists a sequence {f,},en of
strongly norm-attaining functions which is isometrically equivalent to the canonical basis
of ¢g. For each n € N, let z,,y, € M be such that z, # ¥, and |fn(xn) — fn(yn)‘ =
d(xp, yn). Our goal is to find two natural numbers ng # mg and 6 € {—1, 1} such that the
Lipschitz function f,, + 0 fi,, has Lipschitz norm strictly greater than 1. This will lead to
a contradiction.
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Let us consider the sets

A= {{n.m} € N : {25} N {29} = 0}
Bl = {{n,m} S N[2} Tp = J:m}7
By = {{n,m} eNE .y, = ym}7 and
Byi= {{n,m} € N 20 = g 0r 20 = 12}
Note that, as an immediate consequence of Lemma 3.1, those sets form a partition of

NP By Ramsey’s theorem, there exists C' € {A, By, By, B3} and an infinite set S C N
such that S® C C.

Case 1: C = A.

By restricting ourselves to S, we have that {z,,y,} N {zm, ym} = 0 for every n,m € S
with n # m. For each n € S, let us set

1
Ep = T(n), where k(n) = max{k? e€s: Pk = Tp OY Dp = yn}

Let us fix some ng € S. Since {x,, yn} N {Zm, ym} = 0 for every n,m € S with n # m, by
Lemma 3.2 and the definition of the metric d, there exists mg € S\ {ng} such that
. €n
(2) max{|fm0(xn0)|, ‘fmo(yno)‘} < ?O and
Eno

(”) maX{d(xno’ xmo)7 d(xnoa ymo)’ d(ynov xmg)’ d(ynw ymo)} <1+ ?

Now, by Lemma 3.1, there is a constant C,,, € R such that f,,(Zm,) = fro(YUme) = Cing-
Since all the previous inequalities still hold if we relabel any of the pairs (z,,,yn,) Or
(Timgs Yme ), We may assume that

|fn0(x7m) - Cm0| 2 |fno(yno) - Omol and |fm0($mo)| > |fm0(y7m))|'

Note that the triangle inequality yields that

| frio (Tng) = Crng |+ [ fro (Uno ) = Crmgl = d(Tngs Yng) and | frng (Tomg )|+ frmo Urmo )| Z d(Trmgs Yo ),
and so, under our previous assumption we get that

1 1
(4‘1) ‘fmo(mmo)‘ > 5 +5m0 and ’fno(xno) - Cmo‘ > 5 +€n0'

In particular, f,,,(Zm,) # 0. Set now ¢ := Wmo(wmo)l {=1,1}. To finish the proof of this

fmo (xmo)
case, we distinguish two possibilities depending on the sign of f,,,(zn,) — Ciny:
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If fry(2ny) < Chny, consider the function f = f,, 4+ fn,, which is 1-Lipschitz by assump-
tion. However, using properties (i) and (i7) and equation (4.1) we obtain that

|f(x7m) - f(l‘mo)| 2 _fm)(xno) - 6fm0 (Ino) + fn()(xmo) + 6f?ﬂo (mmo)
1 1
> 5 + Eng + 5 - |fm0(xm))| > d(mno’xmo)’
a contradiction.

On the other hand, if f,,(z,,) = Cpn,, an analogous procedure shows that the function
g = fno — 0 fm, has a Lipschitz norm greater than 1 witnessed by the same pair (z,,, T, )-
This again yields a contradiction.

Case 2: C = B;.

Restricting ourselves to S once more, note that there exists k* € S such that x,, = pg-
for every n € S. By Lemma 3.1, we have that y,, # y,, for every n,m € S with n # m.
Using Lemma 3.2, we may find ng, mg € S with ng # mg such that

1 1

(4'2) |fno(xno)| < 1_0 and |fmo($mg)| < E,

and so, by the triangle inequality, we have that
9 9

(43) |fno(yno>| > 1_0 and |fm0(ymo)| = E

Since x,,, = T, another consequence of equation (4.2) together with Lemma 3.1 is that
1 1

(4.4) | o Wmo )| < 10 and | frno (Uno)| < 10

Changing signs of f,, and f,,, if necessary, we may assume that f, (yn,) > 0 and
fmo(Wmo) > 0. Finally, consider the function f := f,, — fm,, which is 1-Lipschitz by the
assumption on the sequence { f, },en. However, applying (4.3) and (4.4), and recalling that
the diameter of M is 3/2 we obtain that

’f<yno) - f(ymo)‘ > fn()(yno) + fmo(ymo) - fm0<yno) - fno(ymo)

9

Z = = (fmo (o )| + [ g (Yrmo) 1) > d(Yngs Yo ).

We have then a contradiction and the proof of this case is over.
Case 3: C = B,.

If C =By, ={{n,m} e N?: y, =y, } and S® C B,, defining 2/, = y,, and ¢/, = z,, for
all n € N we observe that S® C {{n,m} € N®: 2/ =1/}, so this case can be solved in

an analogous way to the case C' = B;.

Case 4: C = Bz. We will show that this case cannot happen. Suppose for the sake
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of contradiction that S ¢ B; = {{n,m} € N2 2, =y, or z,, = Yn}, and fix ng € S.
Defining S = {m € S\ {no}: m = yn,} and Sy = {m € S\ {no}: ym = ,,} we obtain
that

SF] C {{n,m} eN®: g, =2, = yno} C By,
Sf] C {{n,m} e N2y, =y, = xno} C B,.

The sets S; and S5 must be singletons. Indeed, suppose first that there existed ny # ny €
S1. Then z,, = x,,, and since {ny,ny} € Bs, one of x,, = y,, or y,, = x,, holds. This
implies that either x,, = y,, or z,, = y,,, which is a contradiction with the fact that the
functions f,, and f,, strongly attain their Lipschitz norm at the corresponding pairs of
points. Similarly, we obtain that Ss is a singleton as well.

Finally, since for each m € S\ {ng} we have that either z,,, = Y, or ,;, = Yn,, it follows
that S = S;US;U{no}, and thus the cardinality of S is at most 3. This is a contradiction
with the choice of S. |

It is worth mentioning that there exist countable bounded uniformly discrete metric
spaces M with the condition that no point x in M attains its separation radius, but
such that ¢y embeds isometrically in SNA(M). Indeed, it suffices to consider a countable
collection { M, },en of copies of the previous space in such a way that d(M,,, M,,) = 3 for
all different n,m € N, and observe that, in this context, Lemma 3.3 applies. This means
that the aforementioned property is not sufficient for ¢y not to be contained in SNA(M)
isometrically.

Likewise, one could be tempted to assume that the condition of not attaining the sepa-
ration radii is at least necessary in negative results like Theorem 4.1. However, this is far
from being true as well. In fact, later in this section we will exhibit a proper unbounded
uniformly discrete metric space M such that ¢y cannot be embedded in SNA(M) isomet-
rically (see Theorem 4.4). In particular, every point of M attains its separation radius,
since closed bounded sets in M are compact. On the other hand, we will see in the next
subsection that the property of being uniformly discrete is indeed necessary in order to get
such negative results (see Theorem 4.2).

4.2. Non uniformly discrete metric spaces. Let us move on to the main positive
result of the paper. Going in the opposite direction of Theorem 4.1, here we show that we
can always embed cq isometrically in SNA(M) whenever M is infinite but not uniformly
discrete. Recall that M’ is the set of cluster points of M. Let us remark that the complete
metric spaces such that the set of cluster points is either empty or infinite were already
covered in [1], and we do not address these cases at all in the proof.

Theorem 4.2. Let M be an infinite non uniformly discrete metric space. Then, the set
SNA(M) contains a linearly isometric copy of cy.
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Proof. Assume first that M is complete. By [1, Theorems 3.2 and 3.4] it suffices to assume
that M’ is non-empty and finite. We can also assume without loss of generality that
0 € M'. Now we can find a sequence {z, }nen in M converging to 0 such that R(z,) > 0
for all n € N. Tt is clear that the sequence { R(z,)}nen converges to 0.

We are going to define a sequence { fi}ren of 1-Lipschitz functions in SNA(M) which
will be isometrically equivalent to the canonical basis of ¢y and such that the subspace
span{ fi : k € N} (which is linearly isometric to ¢g) is contained in SNA(M).

We define the following sets:
A= {{n,m} € N¥ : d(z,,, 2,,) > R(w) + R(x) },
B:={{n,m} € N d(z,, 2m) < R(x,) + R(zn)},

which form a partition of N?. By Ramsey’s theorem, there is C' € {A, B} and an infinite
subset S C N such that S2 C C. These two possibilities give us two separate cases.

Case 1: C = A.

Consider the subset {z,},cs, which satisfies that d(z,,x,,) > R(x,) + R(x,,) for all
n #m € S. Assume first that there is an infinite subset of S, which we denote by Sy,
such that R(z,) is attained for every n € Sy. Consider now for each n € Sy an element
yn € M such that d(x,,y,) = R(x,). It is straightforward to see that the sequences
{Zn}nesy, {Un tnes, satisfy the assumptions of Lemma 3.3 and we are done.

Otherwise, by passing to a subsequence if necessary, we may assume that R(x,) is not
attained for any n € S. Let us then choose inductively a sequence {aj}rey among the
elements of the sequence {x,},cs satisfying that for every k € N,

d(a;,0) — R(a;)
3

For the sake of clarity, let us denote A, = MT_R(‘I’“) for every k£ € N. It is clear from

(4.5) that {Ag}2, is a decreasing sequence. Now, by definition of R(ay), we deduce that
for every k € N, there is some b, € B(ay, R(ar) + Ag). Finally, let us prove that the
sequences {ax}reny and {bx}ren are under the assumptions of Lemma 3.3. Pick n,m € N
with n < m. Clearly, the following expressions hold

d(a,,0) =R(a,) + 3A,, d(am,0) < A,, d(a,b,) < R(a,)+ A,
(@, b)) < R(am) + Ay < R(ay) + 34, = d(an,,0) < A,.

(4.5) d(a,0) <

Vi < k.

(4.6)

Hence, by (4.6) we have that
d(an, am) = d(an,0) — d(am,0) = R(a,) + 27, > d(an, b,) + d(am, by).
This finishes the first case.

Case 2: C = B.
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Since the set S is infinite and the sequence {z, } s is convergent, we can inductively de-
fine a pair of sequences {ax }ren C {2z nes and {by }ren C {xy }nes satisfying the following
properties:

(i) R(axr) <¢€;/2, for j,k € N with j < k, where ¢; = R(a;) + R(b;) — d(a;,b;) > 0.
(i7) R(br) < R(ay)/2 for every k € N.

Fixed k € N, we define f, : M — R by

R(ay) — %k if p = ay,
felp) = —R(by) + %’“ it p = by,
0 otherwise.

Property (i) and the definition of ¢, ensure that fi(ax) > 0 and fr(by) < 0 for every
k € N. With this, we obtain that
(A7) Ifla)l=Ra) = and  [fub)l = Rb) -5, forallkeN.

Let {\i}ren € co. Again we will show that f:= >, (Aufr € SNA(M) and also that
| fllLip = maxgen{|Ac|}. Choose ko € N such that |\, | = maxgen{| |}

We again start by proving that f is |\, |-Lipschitz. Take p,q € M with p # ¢. We will
show that |f(p) — f(q)] < |Mk|d(p,q). If both p and ¢ form a pair {ay, by} for some k € N,
the previous inequality is clear. We need to study now the two remaining possibilities:

(a) Suppose that there exist ki, ke € N with k1 < ko such that p € {ax,, by, } and
q € {a,, by, }. Then, by (4.7) we have in particular that |f(p)| = || (R(p) — 5L)
and |f(q)| < |\, |R(ag,). Hence, we obtain that

€k

) = F(@)] <Pl - (R(p) = 5+ Rlan,))
<ol - B(p) < Aol - d(p, q)-
(b) If p € M \ {2k }ren, then f(p) =0 and, using (4.7) again, we have that
1f(p) = F(@)] = [f(@)] < [Ao| - R(q) < [Awol - d(p, q)-

We have proven then that the Lipschitz norm of f is smaller or equal than |, |. Finally,
considering the pair of points ay, and by,, we quickly observe that || f||Lip, = |Ak,| and that
f strongly attains its Lipschitz norm at this pair of points. This finishes the proof for
complete metric spaces.

Finally, assume now that M is not complete and let M, be its completion. Note that
if M! is empty or infinite, we already have the result using again the constructions from
[1, Theorems 3.2 and 3.4]. Otherwise, if M/ is finite, it suffices to do the same procedure
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we described but on M, instead of M, and also asking to our original sequence {x, },en to
be in M. Then, the constructed sequence of functions { fi}ren from SNA(M,) will still be
strongly norm-attaining when restricted to M. Finally, it suffices to consider the functions
f— f(0p) if needed (for instance, if our original limit point 0 was in M.\ M, which means
that it cannot be the distinguished point from the original space M). |

It is an immediate consequence of |1, Theorem 3.3| that if M is any infinite compact
metric space, then ¢ is isomorphically embedded into SNA(M) (for countable compact
metric spaces this was achieved non constructively using the little Lipschitz space). Note
that our previous theorem provides a constructive proof that for any infinite compact metric
space M with a finite amount of cluster points, SNA(M) actually contains ¢y isometrically.

Corollary 4.3. Let M be an infinite compact metric space. Then, the subset SNA(M)
contains a linearly isometric copy of co.

4.3. A proper and uniformly discrete counterexample. To finish this section, we
show that Corollary 4.3 cannot be improved to include all proper metric spaces. Indeed,
we have the following result.

Theorem 4.4. There exists an infinite proper uniformly discrete metric space M such that
co s not isometrically contained in SNA(M) and for which every point in M attains its
separation radius.

Proof. Let M = {px}32,, with distinguished point py = 0, be a countable set endowed with
the metric d: M x M — R given by:

k + 7 — Emax{k,j} if k 7&] eN \ {O},

k if j =0

d L) = !
Propi) =4 if k = 0,
0 if j =k,

where {ex }ren is a sequence of positive numbers such that €1 > & and ¢ < 1/2 for all
k € N. For convenience, write 0y = €541 — e > 0 for all £ € N. It is clear that M is proper
since every bounded set is finite.

As in the proof of Theorem 4.1, we start by assuming that there exists a sequence { f,, }nen
of functions in SNA(M) isometrically equivalent to the canonical basis of ¢q, and we are
going to find two natural numbers ny # mg such that f,, — fi,, is not 1-Lipschitz, which
will yield a contradiction. For each n € N, since f, is strongly norm-attaining, we may
consider two points z, # y, such that |f,(x,) — fu(yn)| = d(Tn, Yn)-

We write k(n) and j(n) to denote the natural numbers such that x,, = pi(n) and y, = pjn)
for every n € N. By relabelling the pairs (z,, y,) if needed, we may assume that k(n) < j(n)
for all n € N.
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We now define the sets A, By, Bs, and Bs as in the proof of Theorem 4.1. By Ramsey’s
theorem, there exists C' € {A, By, By, B} and an infinite set S C N such that S C C.

Case 1: C = A.

In this case, choose an arbitrary ng € S such that k(ng),j(ny) # 0. By Lemma 3.2,
and using that {z,,yn} N {Zm,ym} = 0 for all n # m € S, we can find my € S with
k(mg) > j(ng) such that

1 1
(4‘8) ’fmo (xno)l < §5j(no) and ‘fmo (yno)‘ < §5j(no)'

Using Lemma 3.1 we can define C,, € R such that C,,, = fo,(Tmy) = frg(Ym)- Using
the triangle inequality, we know that

’fno(xno) - Cmo‘ + ‘fn0<yn0) - Cmo’ > d<xnoayno)>

and so, we obtain that either

(a0) [fro(Tny) — Cmol = E(n0) — %gj(no)v or
(al) |fn0 (yno) - Cm0| > ](no) - %5]'(710)-

Similarly, since |fimg(Tm)| + | frmo Umo)| = d(@imy, Ym,) by the triangle inequality, we get
that either

(00) 1 fimo (Tmo)| = E(m0) = (5€5(n0) + 50i(ne))» O
(bl) |fmo (ymo)| > ](mO) - (EJ(MO) - %5j(n0) - %53'(“0))'

In total, there are now 4 different possibilities that must be checked for contradiction.
We will only expand on the two possibilities where (ag) holds, since the two remaining
possibilities (where (a;) holds) are proven similarly. Hence, suppose first that (ag) and (by)
hold. By changing the signs of f,, and f,,, if necessary, we may suppose that f, (z,,) —
Crny = k(no) — 3€5(ne) and frng (Time) = k(mo) — (3€j(ng) + 30j(ny)). Consider the function
f = fny — fme, which is 1-Lipschitz since we are assuming that {f,},en is isometrically
equivalent to the canonical basis of ¢y. However, using (4.8), we have that

|f(l’n0) - f(‘rmo)| > fno(xno) - fmo(xno) - Cmo + fm0($m0>
1 1 1 1
> k(10) = 5&jt0) = 5%mo) + K(M0) = 5€jm0) — 50jtn0)

= ]{?(no) + ]C(Wlo) — Ek(mo) = d(xnm xmo)7

which yields a contradiction. Suppose now that (ag) and (b;) hold. Again we may suppose

that fno(xm) - Omo > k(no) - %6]'(”0) and fmo (ymo) P ](mo) - (5j(mo) - %5]'(710) - %5j(no))'
Using (4.8) again, the 1-Lipschitz function f = f,, — fim, now tested at the pair (z,,, Ym,)
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yields
1 1 ] 1 1
[ (7o) = f(Umo)| > k(n0) — §5j(no) - §5j(no) +5(m0) = €j(mo) + §5j(no) + §5J(no)
= k’(?’lo) + ](mo) — Ej(mo) = d(gjnoa ymo)a

which is again a contradiction. This finishes the proof for Case 1.
Case 2: C = By.

Write k* to denote the non-negative integer (including 0) such that pg- = x, foralln € S.
Suppose first that £* = 0. Then, choose any two different numbers ny # my € S. Since
both f,, and f,,, strongly attain their norm, at the pairs (0,y,,) and (0, y,,,) respectively,
and both f,, and f,,, vanish at 0, we have that |f,,(yn,)| = 7(n0) and | fr (Ymo)| = 7(m0)-
With Lemma 3.1 we obtain that fu,(¥m,) = fmo(yn,) = 0. By changing the signs of
both functions if needed, we may suppose that f,,(Yn,) = 7(n0) and fo, (Ym,) = J(mo),
producing a contradiction directly by considering the mapping f = f., — fm,, Which is not
1-Lipschitz as witnessed by the pair (Y, Ym,). Indeed,

| f (Uno) = f Wmo)| = J(n0) + 5(m0) > d(Yngs Ymo)-

Suppose now that k* # 0. Using Lemma 3.2, choose two different natural numbers
ng # mo € S with j(mg) > j(ng) > k* such that
1
< and |fa(pe)| < 7

On the one hand, these inequalities imply, by the triangle inequality, that |f.,(yn,)| >
k* 4 3(1n0) = €jtng) — 1 and | fmg (Ymo)| > k* + j(mo) — €j(my) — 3, while, on the other hand,
they imply by Lemma 3.1 that

1

1 1
’fno(ymo)’ < Z_l and ‘fmo(yno)‘ < Z

Finally, we may again suppose without loss of generality that f,, and f,,, are both
positive at the points y,, and y,,, respectively, and consider the function f = f., — fi,.
which is assumed to be 1-Lipschitz. However, we have that

1f Wno) = FWmo)| = FroWno) — Frng (Uno) = Frio (Ymo) + Fino (Yimo)
> j(no) +j(mo) + 28" =1 = €j(ng) = Ej(mo)
> j(no) 4 (mo) > d(Yng, Ymo)
a contradiction. This finishes the proof of Case 2.

Case 3: C = Bs.

We will show that this case is impossible. Suppose, for the sake of contradiction, that
S C By. Then for all m,n € S, y, = ym = pj- for some fixed j* € N. Since k(n) < j(n)
for all n € N, we obtain that k(n) < j* for all n € S. The set S is infinite, so there exist
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n # m € S such that x,, = z,, and y,, = y,,. It follows that the functions f,, and f,, from
the basis strongly attain their norms at the same pair of points, contradicting Lemma 3.1.

Case 4: C' = Bs.

Similarly to Case 4 of the proof of Theorem 4.1, if S C N satisfies S < Bs, the
cardinality of S is at most 3. Hence, Ramsey’s Theorem cannot apply to Bjs either and
the proof is finished. |

5. THE NON-SEPARABLE CASE

In this section we tackle the problem of embedding ¢y (I") in SNA (M) isometrically, where
[' is an arbitrary set of large cardinality. Let us first introduce some basic concepts and
results of set theory that will be heavily used in this section.

We denote by dens(M) the density character of a metric space M, defined as the smallest
cardinal I" such that there is a dense subset of M of cardinality I'. The cofinality cof(a) of
an ordinal a is the smallest ordinal 3 such that o = sup,_g o, where {a, },<p is an ordinal
sequence with a, < « for all v < 8. A cardinal I' is regular if cof(I') = I'. Following the
notation of [20], for an ordinal o, we denote by a™ the least cardinal strictly bigger than
a, which is always a regular cardinal (see [20, Lemma 10.37]). We again refer the reader to
[20] for a comprehensive background on this topic. Finally, recall that a subset of a metric
space S C M is called r-separated for some r > 0 whenever d(x,y) > r forall x £y € S.

The next result is essentially based on the proof of [16, Proposition 3].

Proposition 5.1. Let M be a metric space with dens(M) =T for some cardinal I'. Then,
there exists a discrete set L C M with card(L) = T'. Moreover, if cof(I') > Ny, then L can
be chosen to be uniformly discrete.

Proof. Note that if I' is finite, the result is trivial, so we will only prove the case where I
is infinite. Note also that it is well known that if M is any infinite Hausdorff topological
space (in particular if M is an infinite metric space), then it always contains an infinite
discrete set, so the case where I' = N is already finished. Hence, we will assume now that
I' is uncountable. For every £ € N, let M, be some maximal %—separated subset of M.

Denote I'y, := |[M| for all k € N, and note that (J, .y My = M, and so, supyey 'y = I'. If

cof (I') > Ny, then, since |J, .y My = M, we have that there is ky € N such that I'y, = T’
and so we take L := Mj,.

Now, let us assume that cof(I") = N,. If there exists kg € N such that I'y, = I', we are
done, since we can take once again L := Mj,. On the other hand, if this is not the case, we
have that T'y, < T for every k € N and cof(I") = Ny. Since I is not regular, we know that
[} < T, for every k € N. Using this, and the fact that sup,cy [y = T, it is straightforward
to inductively construct a subsequence {T'y, }nen of {T'k }reny with Ty, infinite and such that
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I} < Ty, forall n € N. Notice that since {I';}ren is an increasing sequence, we have
that sup,en s, =1

Now, for each n € N, let us consider a sequence of sets {M }nen such that M, is a subset
of My, ., with |M,| = I’y for all n € N. Let us write M,={z":ac¢c I

For each n € N, each 7 < n, and each a € ij, we define
n . 1
Aj,a = Mn+1 N B a, m .

We will inductively construct, for every n € N, a set L, C Mn with |L,| = F; and a
finite subset IN,, C M such that whenever j < n,

1

(5.1) d(Ln, Li\ No) 2 55

Set L; := Ml and N; := (). Now, assuming that for some n € N we have constructed L;
and Nj for all j < n, we can do the inductive step towards n + 1.

(a) Suppose that [A7 | < T}  for every j < nand a € T . Since I} < T}  and
[ is regular, we have that
n+1
U ALl <TF = Card(MnH).
Jj<n, aekaj

Therefore, the set

L1 = My \ U A?,oc

jgn,aerj

satisfies [Lnii| = ') and (5.1) holds by setting N, = 0. Indeed, for any
j€{l,...,n}, every point in L; is of the form a:j for some «a € F+ Hence, if there
exists a point p € L, such that d(p,x)) < m, then p belongs to the set A7,

which leads to a contradiction with the definition of L, ;.
(b) Suppose now that [A7 | = Fz"“ for some j, < n and some o € F;jo. Without

loss of generality we consider jo € {1,...,n} to be such that [A} ,| < T}  for all
jo<j<mnandall ac F;j. Define

Ly =A% o0\ U AT

jo<j<n, @€l

Arguing as in case (a), we obtain that |L, 1| = F;;H. Finally, define

1
Ny = {x e M:Jie{l,... jo} such that x € L; and d(z, L,41) < —}

Qkir1+2
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which is finite since for each i € {1,..., jo}, there can only be at most a single point
x; in L; such that d(z;, Lyy1) < ﬁ Indeed, if i = jo, the only poinp in L;, that
can satisfy that property is 20, since for every § € FZJ_O \ {ao}, d(zy, A% ) =
1

On the other hand, if i < jp, if there were two points z; # y; € L; with

oFig+1F1
that property, we would have that
n n : n 1
d(Iia yz) < d(.ﬁU“ Ajo,ao) + d(y27 Ajg,ao) + dlam(Ajo,ao) < ma

a contradiction with the fact that L; is ﬁ—separated.

Let us check that the sets L, 1 and N, ; satisfy equation (5.1) for each j €
{1,...,n}. Fix j € {1,...,n}. If 7 < jo then the inequality follows directly by
definition of N, ;. Otherwise, if j > j, then the inequality holds following the
same argument as in case (a).

Having discussed both possibilities, the induction is finished. To finish the proof, set
L= (Upen Ln) \ (Uneny Nn). It is clear that |[L| = T', and using equation (5.1), it is
straightforward to prove that all convergent sequences in L are eventually constant, and
thus L is discrete. |

As an application of Lemma 3.3 and Proposition 5.1, we have the following isometric
result.

Theorem 5.2. Let M be a pointed metric space such that dens(M') =T for some infinite
cardinal I'. Then there is a linear subspace of SNA(M) that is isometrically isomorphic to

CQ(F).

Proof. The case where I' = X is already covered in [1, Theorem 3.2|. Assume now that
I’ > Ny. If we apply Proposition 5.1 to the set M’, we find a discrete set L C M’ with
card(L) = dens(L) = I' and such that all points of L are cluster points of M. Finally,
Lemma 3.3 can be applied now if we consider {z,}.er to be L itself and for each v € T,
we set y, to be sufficiently close to z,. |
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