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ARTICLE INFO ABSTRACT

Keywords: We present a novel methodology based on Physics-Informed Neural Networks (PINNs) for
Riemann problem solving systems of partial differential equations admitting discontinuous solutions. Our method,
Euler equations called Gradient-Annihilated PINNs (GA-PINNSs), introduces a modified loss function that forces

Machine learning
Neural networks
Relativistic hydrodynamics

the model to partially ignore high-gradients in the physical variables, achieved by introducing
a suitable weighting function. The method relies on a set of hyperparameters that control how
gradients are treated in the physical loss. The performance of our methodology is demonstrated
by solving Riemann problems in special relativistic hydrodynamics, extending earlier studies
with PINNs in the context of the classical Euler equations. The solutions obtained with the GA-
PINN model correctly describe the propagation speeds of discontinuities and sharply capture
the associated jumps. We use the relative /> error to compare our results with the exact
solution of special relativistic Riemann problems, used as the reference “ground truth”, and
with the corresponding error obtained with a second-order, central, shock-capturing scheme.
In all problems investigated, the accuracy reached by the GA-PINN model is comparable to
that obtained with a shock-capturing scheme, achieving a performance superior to that of
the baseline PINN algorithm in general. An additional benefit worth stressing is that our
PINN-based approach sidesteps the costly recovery of the primitive variables from the state
vector of conserved variables, a well-known drawback of grid-based solutions of the relativistic
hydrodynamics equations. Due to its inherent generality and its ability to handle steep gradients,
the GA-PINN methodology discussed in this paper could be a valuable tool to model relativistic
flows in astrophysics and particle physics, characterized by the prevalence of discontinuous
solutions.

1. Introduction

In computer science, Deep Learning (DL) stands as a pivotal tool, widely applied across various domains like image process-
ing [1,2], natural language processing [3], machine translation [4], and time series prediction [5]. Key technologies involve recurrent
neural networks (RNNs) [6] like long short-term memory (LSTM) architectures [7], attention mechanisms [8], and encoder-decoder
structures [9,10]. Moreover, DL-based techniques demonstrate promise in evolving physical systems by solving the governing
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partial differential equations (PDEs), fundamental in describing system behavior and evolution. Physics-Informed Neural Networks
(PINNs) [11] have recently emerged as versatile algorithms for PDE solving, offering an alternative to traditional numerical methods
in capturing physical scenarios. Since their introduction [11-13], PINNs have established themselves as advanced and widely
adopted PDE solvers using machine learning [14,15]. They represent a competitive approach, integrating physical information
into neural network architectures and training procedures, enabling the computation of PDE solutions by learning from data and
problem-specific physics. The adaptability of PINNs in comprehending and solving physical systems has propelled their popularity
in machine learning research and their direct application across scientific disciplines [16,17].

The universal approximation theorem validates Neural Networks (NNs) [18-20] for solving continuous PDEs. In general,
NNs can integrate equation information into their loss function to solve equations along with initial and boundary conditions.
However, their capability to handle discontinuous PDEs lacks theoretical backing, necessitating modifications in PINNs algorithms
to ensure accurate representation. Recent research focuses on enhancing them to manage discontinuities like the compressible Euler
equations [21]. These equations, describing fluid/gas flow, produce discontinuous solutions even from smooth initial data due
to their inherent nonlinear hyperbolic nature. Riemann problems, e.g., the widely known Sod Shock Tube problem [22], introduce
typical discontinuities. Studies [16,17] propose PINN adaptations to effectively handle such jumps. Further modifications [23] extend
the baseline methodology for diverse discontinuous initial conditions, using strategies such as expanding training data domains and
adjusting loss function weights. Additionally, PINNs have been explored for other systems prone to discontinuities, such as the
Burgers equation and the convection—diffusion equation [24].

This paper investigates PINN efficiency in solving relativistic hydrodynamics equations (RH), a generalized form of classical Euler
fluid equations and a nonlinear hyperbolic conservation system [25-28]. RH applies to scenarios where fluid velocity nears light
speed in special relativity, crucial in extreme conditions found in particle physics and astrophysics. Proposing a Gradient-Annihilated
PINN (GA-PINN) method, this approach detects discontinuities in physical spacetime using controlled factors tied to fluid variable
gradients. The GA-PINN demonstrates competitive accuracy solving Riemann problems with analytical solutions and a second-order
central high-resolution shock capturing scheme [24]. It effectively captures propagation speeds and fluid variable discontinuities in
relativistic hydrodynamics equations.

The rest of the paper is organized as follows: Section 2 describes the background of our research with a literature review of
PINNS, relativistic hydrodynamics, and the application of PINNs to classical hydrodynamics. Section 3 outlines the methodology
of our GA-PINN algorithm. The numerical experiments used to assess our method and the corresponding results are presented in
Section 4. Finally, in Section 5 we discuss the main conclusions of this work and mention possible suggestions for future work. Code
for training examples has been provided by the authors.’

2. Background
2.1. Physics-informed neural networks

The PINNs method [11] uses inductive biases to solve PDE systems by encoding physics-related information. This approach
aids model convergence and performance improvement by incorporating such information in network architecture, loss functions,
initial conditions, and physical properties. Leveraging automatic differentiation available in modern frameworks [29], the algorithm
computes derivatives for evaluation, enabling parameter optimization and architecture training. This method typically applies to
PDE systems for variables U := U'(t, x) parameterized by a set of parameters @, over domain £ and time interval [0, T'], considering
initial conditions and boundary restrictions, all defined in Eq. (2).
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The operator F in Eq. (1) encapsulates the k physical constraints, R (z, x), while B and ZC denote predefined sets of domain points
crucial for training the neural network. The architecture relies on the parameter set ©, generating U'(t, x; ©) := Ug(t, x) = U'(t, x).

Training aims to approximate a vector of physical variables to the actual ones. Solution derivation involves a loss function as the
sum of distinct terms, each defined within a unique domain.

L=Y oL =wrclc+osls+ogly. 3)
i
Each one of the addends in Eq. (3) can be defined using some suitable metric such as Mean Squared Error (MSE). A weight vector

® = (wyc, wp, wg) controls term mixing in Eq. (3). These weights can be fixed, variable, or linked to physical parameters. Additional
factors, like experimental loss considerations, may also be included. The method of simultaneous learning of initial and boundary
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conditions alongside differential equations is denoted as soft enforcement, whose general loss terms are written explicitly in Eq. (4).
Conversely, strictly imposing these conditions initially is termed hard enforcement [30].
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2.2. Classical and relativistic hydrodynamics

The Navier-Stokes equations describe fluid behavior with viscosity. When dissipative components are negligible compared to
convective ones, the Euler equations, representing conservation of mass, momentum, and energy in an inviscid fluid, emerge in
a general conservative form (Eq. (5)). These equations highlight conservation in systems like the Euler equations [31], where
U = U(1, x) represents the physical variables, f (V') is the flux vector which depends on the conserved variables U, and S(V') is a
vector accounting for possible source terms. For the state vector UT = (p, ), e), the classical Euler equations are derived, represented
in one spatial dimension using Cartesian coordinates as Eq. (6).
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Fluid properties, such as density (p), momentum density (j = pu in the x direction), velocity (u), and total energy density per
unit volume (e), can be described in Cartesian coordinates. To complete the system along with Eq. (6), an equation of state (EOS)
linking fluid pressure to density and energy, p = p(p, e), is required. The ideal gas EOS (Eq. (7), I" being the adiabatic index) is a
common choice in modeling system evolution using numerical methods.

2
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The classical Euler equations (Eq. (6)) must be adapted for high-energy fluid dynamics, requiring a relativistic treatment when
working with high velocities. Extreme astrophysical systems with compact objects (neutron stars, black holes, etc.) and high-energy
collisions of heavy ions demand this approach (see e.g. [28,32] and references therein). Relativistic hydrodynamics governs fluid
behavior in situations involving either high-speed flows nearing the speed of light or strong gravitational fields causing spacetime
curvature effects on fluid motion.

Understanding these systems depends heavily on numerical simulations. Accurate numerical methods exploiting conservative
forms of relativistic hydrodynamics equations, like high-resolution shock-capturing schemes (HRSC) [33], are crucial for modeling.
General relativistic hydrodynamics equations (GRHD) mirror conservation laws for matter current density, momentum, and energy,
derived from components of the energy—momentum tensor (T) and the four-vector of rest mass current (J), both defined in Eq. (8).

JH = put, T = phu*u’ + pg"", h = 1+e+§. 8)

The fluid dynamics equations in relativistic contexts involve fundamental quantities like rest-mass density (p), pressure (p),
specific enthalpy (h), specific internal energy (e), fluid four-velocity («#), and spacetime metric (g#*) within a Riemannian spacetime
manifold, .#. Natural units (c = 1) are used. An ideal gas EOS is often employed for modeling (Eq. (9)). Moreover, expressing the
covariant equations shown in Eq. (8) in a specific coordinate system is crucial for numerical applications. The {3 + 1} formulation
in general relativity allows the derivation of GRHD equations in a conservative form. This paper focuses on GRHD equations within
Minkowski spacetime, denoted as .#*, of special relativity, following details in [25]. For a comprehensive theoretical approach to
obtain GRHD equations in conservation form, refer to [26]. The relativistic Euler equations in Minkowski spacetime, one spatial
dimension, Cartesian coordinates (without source terms) are written in Eq. (10) below.

p=(I = lype. ®
D Du
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In this formulation, the vector of the conserved quantities is U := (D, S, 7). Its components are the relativistic densities of mass,
momentum (along direction ;) and energy, respectively, defined in Eq. (11).

D = pW,
S; = phW?u;, amn
T =phW?—p—D.

W stands for the Lorentz factor, determined by the fluid velocity across spatial dimensions (represented by the j index) as defined
in Eq. (12). It is responsible for a greater coupling of the relativistic Euler equations with respect to their classical counterpart.

T —

1- ZL . ujz

In addition, the specific enthalpy, &, can be written as 4 = 1 + I'e for the specific case of an ideal gas by using its definition in
Egs. (8) and (9).

Accurately solving relativistic fluid dynamics where strong shock waves are present is a vital task in high-energy physics and
astrophysics (see [27,28] and references therein). Shock waves persist in relativistic hydrodynamics (Eq. (10)), distinct from the
classical case (Eq. (6)), due to the intricate coupling induced by the Lorentz factor. Modern HRSC schemes are effective in handling
ultra-relativistic flows (W ~ 10 and higher) [28]. The absence of an analytical expression defining primitive variables, (p,u, p), in
terms of the conserved ones, (D, S, r), poses an additional challenge in numerical simulations, especially with finite difference-based
codes like HRSC schemes. However, our approach using PINN-based methodology overcomes this limitation by allowing neural
networks to handle both variable sets concurrently. This facilitates direct comparison with HRSC-based results.

12)

2.3. Related work

The PINNs algorithm, while valuable for solving numerous physical systems using DL, can encounter limitations, especially
in scenarios involving shock waves or discontinuities in initial and/or boundary conditions. Depending on neural architecture
and hyperparameter selection (e.g., hidden layers, neurons, activation functions, learning rate, optimizer), performance can vary
significantly.

Theoretical exploration on gradient behavior (VL) concerning the loss function used reveals the tendency for these gradients
related to boundary and initial conditions to diminish within the neural network [34]. This necessitates balancing each term in the
final function. Adaptive weights (w) in Eq. (3)—depended upon these gradients—were proposed, yielding competitive results [35].
These studies typically operate within a framework where initial and boundary conditions are softly enforced.

In optimizing PINNs, [36] focused on refining the sampling method within the [0,T] x £ domain, proposing diverse sampling
techniques and oversampling high residue regions. Alternatively, [37] suggested directly adjusting activation function parameters
(ReLU, tanh, sigmoid), significantly improving convergence and performance. Addressing discontinuity challenges, some studies
advocated the method of characteristics for Euler equations, altering conservation equations (Eq. (5)) to utilize eigenvalues and
eigenvectors of the Jacobian matrix (see [21], Section 4.1.6). Recent works like [38] adapted the loss function by introducing a
velocity gradient-dependent factor in Euler equations, notably enhancing discontinuity detection in the algorithm.

In this work, we present Gradient-Annihilated PINNs (GA-PINNs), an alternative approach to the methods available in the
literature for resolving physical systems with discontinuities throughout their evolution. Our investigation is focused on the physical
system given by the RH (Euler) equations.

3. Methodology

For our methodology, we will consider a fully connected dense neural network with a total number of layers K, including the
input and output layers as well as the internal (hidden) ones. Each layer k will consist of N, neurons in general. Furthermore, each
layer will take a nonlinear activation function, o, which will transform the output of said layer before being transported to the
subsequent layer. Mathematically, one can write the output of the kth layer as

Voy =0, (WiUgy_1 + b)), (13)

where W, € RVe*Ne and b, € RN« correspond to the network weights and biases of the kth layer.

Hence, when additional parameters are not taken into account, the collection of modifiable quantities in a typical neural network
can be represented as the combination of weights and biases, i.e. © := {W, b, };<<x. With respect to activation functions (o), it
is typical for them to vary across layers and even across individual neurons. Depending on the particular problem at hand, distinct
functions may be employed, such as the hyperbolic tangent or the sigmoid function, among others.

When constructing a neural network, there exists a substantial degree of flexibility in determining its dimensions, including the
number of neurons per layer and the selection of the activation function employed across the various layers. These activations can
contain, in turn, some hyperparameters that can be chosen a priori, i.e., before training. One could discuss the slope denoted as
a, which works as a multiplicative coefficient for the independent variable. Nonetheless, the selection of such hyperparameters is
typically achieved through an empirical approach. Hence, by taking into account the output of the layer k in Eq. (13) and utilizing
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Fig. 1. The methodology involves a neural network processing temporal and spatial physical variables (¢, x). Its architecture, including layers, activation functions,
and neurons, is flexible. The network outputs primitive variables (p,u, p), differentiated automatically to compute physical constraints and residuals of the initial
conditions. These results combine using weights (w;¢,®y), evaluating the loss function £ to update parameters ©.

the input (7, x) € [0, T]x £, where 22 C R, as the input to the network, it is feasible to predict the physical parameters as the resultant
output:

V(t,x) # Vgt,x) = o (Vg goox_10U g x_j0...0610U g ) (1, %), a4

where o represents the composition operator.

In Eq. (14), each layer k of the neural network is associated with an activation function o;. This function acts on each element of
the corresponding output tensor, being it possible for the activation functions to vary across layers. Notably, the activation function
ok of the final output layer may be subject to additional constraints, such as ensuring non-negative or bounded values, in order to
align with physical requirements. Once the activation functions have been determined, the problem of training the network can be
cast as one of minimizing the loss function, which involves jointly optimizing the weights and biases.

3.1. Modified loss function and optimization

The main novelty of the GA-PINNs will rely on a basic alteration to the employed loss function. As indicated in Eq. (3), when
considering the soft enforcement of the initial and/or boundary conditions, there is a loss term that represents the fit of the physical
constraints on the domain (0,7] X &2, i.e. L. Following the restriction in Eq. (1), this part of the loss can be expressed as a MSE,

Lp = —— Y IFR (1s)

R (0.T1x2
where N represents the number of points in the sampled internal physical domain, also called collocation points. For its part, F
written in Eq. (1) represents our system of PDEs to be solved and in general it will depend on the physical domain ¢ and x as well as
on the physical fields (V") and their derivatives with respect to space and time. In Riemann problems and in the presence of shock
waves, any neural architecture may have difficulty resolving such discontinuities due to its tendency to solve problems smoothly.
In this way, and with the aim of improving the resolution of discontinuities with PINNs, we propose the following modification of
the loss of placement function (Eq . (15)) as follows

Lp =Ly =AU, 0, V) O Ly, (16)

where © represents the element-wise product. The variable A introduced in Eq. (16) will be considered as a function dependent
on physical variables, denoted by V', and their first spatial derivatives, written as 0,1 g. In one-dimensional problems, the spatial
dimension reads as x. The primary aim of A is to serve as a vector of weights, providing a mixture of residuals that is distinct from
what would be obtained by calculating a simple arithmetic mean. The functional form of A can be arbitrary, but we shall define it
in accordance with the following assumption:

Hypothesis. The PINN increases its capacity to resolve discontinuities in PDEs when it is forced to be deactivated in said areas.

Which, in other words, corresponds to the fact that the PINN improves its performance (the error of its predicted solution with
respect to a base resolution is lower) when the network does not pay as much attention to the discontinuous areas since it does not
try to solve them smoothly. From a mathematical point of view, we can identify discontinuous areas as those that present a large
gradient. Therefore, it is possible to define functions that take this into account, such as

| < 1
A (V0 Up) - Z} T 17)
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where L corresponds to the size of the U vector (number of variables).

In Eq. (17), U, represents each of the predicted physical variables, i.e. U'T = (p,u, p). For their part, one can define a := {q;} 1L= .
and B = {f;} IL= , as two additional set of hyperparameters that will measure to what extent the respective spatial gradients are
considered in the loss function. In particular, for the resolution of the relativistic Euler equations, this mathematical expression can

be particularized to

1 1 1 1
A (V.0 V) 1= Ay(a, B) = = + + . (18)
3\ 1+alon’  1+aouf 1+a,o.pl%
From Eq. (18) we can see that in areas where the gradient of the variables shoots up, i.e. in areas with discontinuities, we will
have |0, p|, |0,ul, |0, p| > 1, so that
lim A(a,p)=0. 19
oo plco 1 (%P
In this limiting case the part of the loss function that adjusts the physical constraints, £, would tend to be deactivated at those
points in space with discontinuities. In contrast, in the opposite limit, when |0, p|, |d,ul, |9, p| < 1, one has

lim Al(a,p)=1, 20
10y pl.|yul, |0, pl—0 1@ f) (20

thus recovering the PINNs base algorithm. Special care should be taken in choosing the values of (a, ), but according to our
hypothesis there should be at least one set of both parameters for which the error made by our algorithm with respect to a solution
considered as true (e.g. analytical solution) should be smaller than or at least equal to the error obtained with an ordinary PINNs-
based model without any further modification. In this way, with this simple modification it should be possible to optimize the
algorithm, taking its resolving capacity to the maximum and outperforming the PINN base algorithm. Apart from the function
A presented in Eq. (17) other expressions can also be considered as long as they present similar behaviors at the limits under
consideration, such as the one written in Eq. (21) below. Again, particularizing for the relativistic Euler equations, this expression
can be reformulated as Eq. (22).

1

AV g, 0 V) := ) (21)
I+ Z,L=1 ai|axU6.i|ﬂ'
1
Ay (V.0 Vg) = Ay(a, p) = . (22)
( x ) 1 +aplr3xp|ﬁﬂ +aulaxu|ﬂ" +ap|0xp|ﬂp

The same limits for A; can be derived directly for A,, obtaining
lim Ay(a, p) =0, lim As(a, B) = 1. 23
ouobiop o plco 12 P bioritia sl 12 P) (23)

The example functions outlined in Eqgs. (18) and (22) exhibit a desirable characteristic whereby they gradually deactivate the
loss function within the internal physical domain. Our aim is to direct the focus of the network toward regions with lower gradients,
thereby allocating greater computational effort to resolving smoother areas, which are conventionally deemed more tractable, as
opposed to grappling with discontinuities. This strategic emphasis enables the PINN to adeptly address points immediately preceding
and following the location of a discontinuity within the physical domain. Consequently, the discontinuity itself is effectively

characterized as the network excludes this specific area from its accessible domain and resolves the surrounding regions.

As a visual example, Fig. 2 shows the function T ; — for different values of the hyperparameters mentioned. Observations suggest

that as the parameters a and g increase, the function exhibits a decreasing trend. However, it is noteworthy that a substantially

greater decrease is typically observed for the latter, with differences often spanning several orders of magnitude. The underlying
cause for this phenomenon is attributed to the nature of the p parameter, which serves as an exponent to the gradient values.
This nonlinear transformation accentuates the disparities between the maximum and minimum values. Hence, upon scrutinizing
the shape of the function A as expressed in Eq. (18), it is evident that the neural network stands to gain from the utilization of
these weights. This is because the discontinuities that manifest uniformly across all variables possess A values that converge toward
zero. For those that are not common for all, the network might have more difficulty describing them, but as we will see, the set of
hyperparameters («, #) plays an important role in these cases. All the components converge to a competitive resolution, as it will
be shown in the Results Section 4.

While the set (e, f) indicates how gradients are accounted for in the loss function, the parameters (w;., wy) represent a mixture
vector that indicates in what proportion the respective parts of the total loss function (Eq. (3)) are to be weighed. Depending on
the relative value of these hyperparameters, the network will focus on solving one of the individual losses first, thus adjusting one
domain before others. In general, when working with PINNs through soft enforcement, networks benefit from using large weights for
the initial condition loss versus smaller weights for the part of the loss that tries to fit the physical constraints, i.e. w;- > wp [23].
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Fig. 2. Example function against the independent variable x for different values of a and p, all in the same scale. As both increase, the output tends to

decrease in a general way.
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It is based on the a priori knowledge that the initial conditions determine the entire evolution of the system in time ¢ > 0. So by
first adjusting these conditions, the network succeeds in converging faster and better to its correct temporal evolution.

Algorithm 1: Gradient-Annihilated PINN algorithm for the relativistic Euler problem (Eq. (10)).

Input: Physical domain: ¢ € [0,7] and x € 2 C R in the one-dimensional case.

Output: Set of primitive variables predicted by the NN, i.e. Ug :=(p,u, p), in the domain.

Specify the training set: Generate the domain (7,x) using some sampling method (e.g. Uniformly random sampling or Sobol sequence [39]).

Construct the neural network as a dense fully-connected NN with K layers in total and a specific number of neurons. Initialize its set of parameters,
O :={W,,b,} <k, in a random way.

Specify the activation functions for the different layers and output variables.

Compute the MSE for the predicted set of variables at (¢,x) € {0} x £:

(S

»ow

1

— U'6(0,x) — U(0,x)|*.
N"(Z| o ©, )l

0}x2

Ly =

o

Calculate the spatial and temporal derivatives from the physical output variables, U, and determine the residuals of the differential equation,
|F|? , for each point (¢,x) € (0,T] x £2:
1
Lpi=— |72
R (0.T)x2

o

Calculate the function A (U'.0,V ) and modify £, performing the product element by element:

Lp— Ly i=A0Ly.

N

Specify the final loss metric using the mix vector (w;¢,wg):

L=wrelye +oply. 24)

®

Update the set of network variables by backpropagation, (W, b,},<x, that minimizes the total loss using a certain defined optimizer:

O* 1= arg min (L£(0)).

By considering all the relevant factors, it is feasible to construct the algorithm of our GA-PINN methodology, which assists us
both visually, as shown in Fig. 1, and in writing, through the step-by-step Algorithm 1. In the initial stages, it is critical to create
the training data. In contrast to standard machine learning models, where the complete dataset can be divided into training and
testing data, both of which contain certain features that the model perceives and a label (target) that it endeavors to forecast, in
PINNs, the training is constituted by the points in the physical domain (¢, x) € [0,T] x £ itself. Prior to any further development,
this step is vital.

In general, domain sampling for PINNs does not consider the creation of a test data set unless the goal is to make a prediction at
a specific later point in time, for example (e.g. using LSTMs). Within our framework, it is viable to utilize the L? norm as a means
of comparing an existing solution, referred to as the “ground truth” (such as an analytical solution), with the ultimate prediction
produced by the neural architecture, denoted as U'g(t, x).

Consequently, it can be hypothesized beforehand that the point sampling technique may have a significant influence on the
effectiveness of our architecture. Nevertheless, as the size of the physical domain increases to a considerable extent, this factor
may no longer be decisive. This is a crucial consideration because we aim to minimize any dependence of our findings on factors
like the seed utilized in random sampling. Therefore, scenarios where the number of points tends toward infinity are preferable.
In Section 3.2 we give a slightly longer description of some of the different sampling methods that can be used, but throughout
our work we have focused on the Sobol sequence method [39], which fills the domain in a very uniform way. Once the domain
(t,x) is created, it takes on the role of input to the neural model, passes through all internal layers and comes out of said space
as a prediction for the physical variables, i.e. U'g(t, x). At this point, automatic differentiation methods are used to compute the
temporal and spatial derivatives of the output variables. Afterwards, the respective parts of the loss function are calculated as an
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Sobol

Fig. 3. Examples of 500 points generated in the space [0,0.4] x [0, 1] for different sampling methods. The initial domain points are shown in red, i.e. points for
t =0, and the collocation or internal points of the domain on which the residual of the PDEs system will be calculated are shown in blue. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

MSE by carefully applying the weights computed using A to be propagated back through all the layers of the neural architecture and
update the parameter set {W;, b, },<,<x per gradient descent. This process is repeated for each epoch until the model converges.

3.2. Construction of physical domain: sampling methods

PINN algorithms need to have the physical space as input for each of the problems that arise. As we have commented in
Section 2.1, in general, this will be made up of several subdomains that will mainly attend to each of the terms of the final loss
function (Eq. (3)). In its entirety, it can be expressed mathematically as (, x) € [0, T] X £2, where 22 C R in one-dimensional problems
as the ones analyzed in this paper, and where the temporal dimension runs from the initial time to a some arbitrary final instant
T that will depend on the problem presented. In our case, this physical space is set from start to finish for each one of the results,
with the random seed set from the beginning so that all training sessions are fully repeatable and reproducible. It should be noted
that despite the fact that there is some literature on the use of adaptive methods to sample the domain such as the residual-based
adaptive refinement (RAR) method [36] so that physical space is altered during training, we will not consider an adaptive method,
but will focus exclusively on the effect of our presented methodology and the extent to which the loss function has resolving power.

Regarding the sampling method used, this is a somewhat arbitrary decision that is usually taken from the initial point of the
work and which, for consistency, remains fixed for all the results that can be obtained. Sampling methods such as the fixed grid of
uniformly distributed points or uniform sampling of random points have been widely used in studies dealing with PINNs and their
variations, regardless of the nature of the physical problem. As a visual aid, we show examples of different methods in Fig. 3, with
the uniform grid and random sampling forming the left-hand column. In the right column we present the Sobol sampling and the
Latin hypercube sampling (LHS) [40,41] which is a statistical method used to generate quasi-random samples using Monte Carlo
by intervals taking as a base the same probability and Normal distribution for each one. The Sobol sequence method has been
selected for implementation in our algorithm, owing to its documented high yields in fixed sampling within the literature [36]. This
sampling method generates points in powers of two in a quasi-random manner, providing domains with relatively low discrepancy
and, therefore, achieving a physical space with less overlapping of points and fewer areas without representation, but without
neglecting the intrinsic randomness of the method.

4. Numerical experiments and results
In this section we present the results for the solution of the special RH equations in one spatial dimension, given by Eq. (10),

considering different initial conditions. As mentioned above, solving those equations is of great interest in some areas of physics,
such as high-energy physics (e.g. to model heavy-ion collisions) and astrophysics (e.g. to study gamma-ray bursts or the propagation
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Table 1

L? norm relative errors of our results against the exact solution for the experiments considered. The errors are presented in sets
of three boxes, where each column in each set represents a fluid variable (density, velocity, and pressure). Both the GA-PINN
methodology and the base PINN model are considered (first two boxes) alongside HRSC numerical schemes [33] (third box).

Set of ICs GA-PINN Base-PINN HRSC models

Iﬁ 2 li If, 2 lf} lﬁ 2 Ilz)
Problem 1 0.016 0.006 0.008 0.028 0.041 0.029 0.016 0.017 0.011
Problem 2 0.065 0.026 0.022 0.231 0.251 0.119 0.069 0.031 0.017
Problem 3 0.070 0.054 0.058 0.230 0.060 0.062 0.042 0.030 0.029
Problem 4 0.028 0.047 0.040 0.097 0.197 0.146 0.031 0.070 0.044
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Fig. 4. Relationship between /2 relative error variation in the GA-PINN model (solid lines) and changes in hyper-parameters « and f is studied for a uniform
set of problems. The baseline PINN model is shown by the dashed black line. Error generally decreases with an increased gradient weight («). Each plot data
marker corresponds to the outcome of an independent 100,000-epoch training for Problems 1 to 4, corresponding to plots (a) to (d), respectively. The overall
architecture and training specifications introduced in Section 4 remain consistent throughout.

of jets in active galactic nuclei). These equations are solved given some initial conditions, which are known a priori as data. Helping
us from [42,43] the numerical experiments we consider are Riemann problems (i.e. initial value problems with discontinuous data)
for which there is no need to specify spatial boundary conditions.

For all the numerical applications considered in this study the training and architecture specifications will remain consistent,
encompassing both the GA-PINN methodology and the baseline models, with the exception, of course, of those parameters specific
to the proposed methodology. Concerning the sampling of the (¢, x) domain, we will employ N = 28 x 28 points, i.e., 28 for both ¢
and x, in base 2, as Sobol sampling is utilized. Regarding the neural architecture and optimizer parameters, a fixed architecture of
6 internal layers, each comprising 100 neurons, will be employed. The optimization will be carried out using the Adam optimizer
with a fixed learning rate of 107>, chosen to ensure smooth convergence. The weighting factors assigned to different loss functions
will be set as wzc = 10* and wp = 1 for initial conditions and PDEs, respectively. Activation functions will also be uniform across
all problems, utilizing tanh for the internal layers of the PINN and fluid velocity at the output (to ensure velocity does not exceed
the speed of light). For density and pressure, softplus will be utilized to ensure positivity of these variables. Henceforth, we shall
designate this arrangement as the “general configuration” applicable to all scenarios presented through the paper. Any possible
deviation from this standard will be explicitly highlighted when employed.

To assess the accuracy of our predictions, the L? norm or error will be used, which computes the squared disparities between
the solution given by the constructed model and a “ground truth” solution. In our case, we consider the analytical solution of the
Riemann problems as reference, as it is readily obtainable [43]. Furthermore, since we have more than one variable to predict and
in general they can present quite different ranges of values, it is more consistent to use the relative L? norm and thus be able to
make direct comparisons between them. The relative L? norm of an output variable Uy at a certain time ¢ is then defined as

SNV ort.x,) = Ut x,)ll,
SV ot x5

where subscript © corresponds to the solution obtained by the model, and the summations are done along the spatial dimension.

The following subsections present the specific results for each problem. The performance evaluation of the models is done using
the /2 relative error metric defined in Eq. (25). An overview of the results is reported in Table 1 which summarizes the values of
the above metric for each of the scenarios. The errors reported correspond to the predicted density, velocity, and pressure variables.
Notice that each box in the table shows the results obtained with a different approach, GA-PINN, Base-PINN, and HRSC schemes,
allowing for a direct comparison of the methods. The relative errors of our GA-PINN (left column) are smaller than those of the
baseline PINN method in general (reported in the middle column). Moreover, our method gives competitive results when compared
with those from HRSC schemes (right column).

The method will be analyzed from different perspectives. We will propose different scenarios where the PINN model is going
to take advantage of the gradient deactivation. Fig. 4 shows the variation of the /%> error with the hyperparameter a, which is

EORES (25)
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Fig. 5. Depiction of the /? given by the GA-PINN in (a) and by the baseline model in (b) for different number of hidden layers and size (number of neurons)
per layer. This size remains constant through the internal architecture. Each column corresponds to the solution for one set of initial conditions.

the physical gradient weight, and with the exponent §*. This figure allows to evaluate the hypothesis proposed in Section 3.1 and
motivating our study, i.e. that neural networks based on the PINN algorithm take advantage of gradient annihilation in most physical
domains dominated by discontinuities to improve their resolution capabilities in such regions. The reduction in the error shown in
Fig. 4 is evident when the physical gradient is weighted more heavily, with the error of a baseline PINN model (a« = # = 0) shown
as a dashed line.

It is apparent that the resolution capabilities of the model improve in all scenarios. The potential of the gradient deactivation
approach would depend on the number of real discontinuities that the proposed situation may present. Several tests have been
carried out where no discontinuities were present, being the differences between the GA-PINN and a vanilla model not significant.
Nevertheless, the problems considered through this manuscript present more than one in order to explicitly compare the performance
of both models. Increasing f typically has a direct impact on the stability of the error as the importance of the gradient increases.
Since the hyperparameter f corresponds to the exponent of the gradients, slight variations in their values can result in substantially
different outcomes. Therefore, it is essential to exercise caution when selecting this parameter, with g € [0.0,1.25] constituting a
consistent choice.

Regarding the robustness of the method, questions may arise about how its performance would behave under a modification of
the internal neural architecture. These considerations may include the amount of internal hidden layers as well as their size regarding
the number of neurons. As introduced in the Methodology part (Section 3), the neural architecture behind the GA-PINN will be a
simple fully-connected neural network. Therefore, it is possible to carry out a study about the performance that the model achieves
when the depth and width of the network are modified. In Fig. 5 the measured /2 is presented for the GA-PINN (a) and the baseline
model (b), both for the different proposed problems. Each point in the figures corresponds to the final /> for the solution given by
the method after a 75,000-epoch training, where the number of neurons (denoted as s;;44.,) has been fixed for all the internal layers.
The other hyperparameters such as the weights for the initial conditions are the ones specified as “general configuration”, and «
and f parameters have been fixed to 1.0 for all problems. The same scale for the /> has been considered for both methodologies for
each scenario.

In general, both models demonstrate robustness and stability when modifications are considered to the number of layers and
neurons in their respective architectures. It is noteworthy, however, that the baseline (vanilla) model tends to exhibit a modest
declining trend in certain scenarios, such as Problems 1, 2, or 4, as the depth increases. Nevertheless, in these cases, the GA-PINN
consistently achieves a lower error while employing a substantially smaller network. For instance, for the Problem 1, taking for
granted that the error trend persists for the baseline model in these specific problems as the number of layers increases, we can see
that approximately 15 hidden layers would be required to replicate the error level achieved by the GA-PINN with 5 or 6 layers. In
certain cases, the GA-PINN may face challenges in achieving a proper resolution. For instance, Problem 3 reveals erratic behavior
in the GA-PINN with increasing network depth, in contrast to the smoother conduct of the baseline model. However, despite this,
the GA-PINN yields lower minimum /2 value. To address this, specific adjustments may be necessary, such as increasing the number
of training epochs, particularly in comparison to other scenarios, or considering a reduced learning rate as a potential solution.

2 The parameter sets a = (az,},.L= , and B = {f;} ,L= , have been condensed in the figure into two unique hyperparameters for the sake of simplicity The same
will be used for all physical variables.
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Fig. 6. Physical variables for Sod Shock Tube initial conditions (Eq. (26)) solved at + = 0.5 with I' = 5/3. Analytical solution (solid black curve) serves as
reference. GA-PINNs method in top row (a), base PINN model in bottom row (b). Predictions shown as blue circles. “SW”, “CD”, and “RW”, indicate shock
waves, contact discontinuities, and rarefactions, respectively, in the density plot in (a) for visual simplicity.

4.1. Problem 1: Sod Shock Tube

The first case we consider is a modification of a problem that has been extensively discussed in the literature on solving PDEs
with PINNs: the Sod Shock Tube problem [22]. The initial data in the original problem involves a discontinuous reduction in density
and pressure along the spatial dimension, while maintaining a constant zero velocity in the entire domain. However, in addressing
our issue, we will take into consideration a non-negligible and non-zero velocity in comparison to ¢, justifying the utilization
of the relativistic framework (Egs. (10)). Our analysis employs an adiabatic index of I' = 5/3. Considering the physical space
(t,x) € [0,0.5] x [0,1] and taking x = 0.5 as the point where the discontinuities are located at = 0, the initial conditions for this
problem read as Eq. (26).

po(x)=1.0 if x <05, py(x)=0.125 otherwise
V(0.%) 1= Up(x) = Jup(x) =05 Vx (26)
po(x) =10 if x <0.5, py(x)=0.1 otherwise

The evolution of this Riemann problem leads to the appearance of three elementary waves: a rarefaction wave (RW) on the left,
a shock wave (SW) on the right and a contact discontinuity (CD) between the two through which the density and pressure remain
constant. The solution at 7 = 0.5 is plotted in Fig. 6, which shows the results for the set of primitive variables (p,u, p). The shock
wave, visible in all three variables, is located at x = 0.97, while the contact discontinuity, only visible in the density, can be found
at x = 0.88. The three plots at the top row of the figure display the predictions of our method, while those at the bottom show the
solution obtained with a baseline PINN model without additional modifications. For all three variables, the results for both methods
are shown with blue open circles using as basis for the comparison the analytical solution of this Riemann problem, depicted with a
solid black line in each plot. Furthermore, both training processes are identical in all common parameters, including the number of
training epochs. As it can be seen, the solution given by the GA-PINN properly reproduces the correct evolution of the system and,
in particular, sharply captures both the shock wave and the contact discontinuity. This is in contrast to the base PINN model, which
does not yield optimal results. The base model may face challenges in accurately capturing the contact discontinuity in density
(p) and the shock wave in the velocity (1) due to the extended spatial gradient and the tendency to produce smooth solutions.
Furthermore, although the base model correctly localizes the position of the shock wave, it yields incorrect results for the constant
state between the tail of the rarefaction wave and the shock visible both in the velocity and the pressure. As the top row of Fig. 6
shows, the GA-PINN mitigates these issues.

The function A used in this problem is that given by Eq. (22), setting the values of « and § to a, = a, = a, = 1 and
B, = B, = B, = 1.25, respectively. This selection of parameters yields results that are commensurate with those obtained via HRSC
approaches. The choice of these hyperparameters is initially arbitrary, although it is possible to carry out a sweep and compute the
variation in the performance of the models based on them. However, our choice is quite standard and not too aggressive, assuming
a simple and direct variation of the base PINN model. Regarding the physical function employed as the loss (£) in this scenario,
it comprises the weight function A, (Eq. (22)) designed to suppress gradients and enhance the resolution of discontinuities. The
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Fig. 7. Graphic representation of loss metrics during training for the Sod Shock Tube problem (Problem 1). (a) Total physical loss £ as defined in Algorithm 1.
(b) /% prediction errors in GA-PINN compared to the analytical solution, presented by independent variable, with the dashed green line indicating the error of the
HRSC numerical method for reference. (¢) Comparative illustration of the total /> error between the GA-PINN model and a baseline model. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

representation of this loss is illustrated in Fig. 7(a), while Fig. 7(b) displays the /% error used as a metric for comparison with the
analytical solution, broken down by individual variables (p, u, and p). In total, it exhibits a value of lé Apmy = 0-034, comparable to
an error of lfIRSC = 0.043 for the HRSC models [42] (depicted by the dashed green line in the graph). Finally, the aforementioned
error obtained through our methodology and a base PINN model is presented in Fig. 7(c), demonstrating the variation of both
throughout the training process and highlighting an earlier saturation for the base model. This comparison highlights that our

proposed methodology precisely captures wave location and speed, comparable to HRSC methods.
4.2. Problem 2

As a second example we study a problem in which the density of the fluid remains initially constant throughout the spatial
domain while the pressure has a discontinuity of an order of magnitude. In addition, half of the fluid has a certain constant speed
at the initial instant while the other half is at rest. The spacetime domain considered for our solution is (¢, x) € [0,0.4] x [0, 1] and
the adiabatic index of the fluid is I' = 5/3. The particular initial conditions are given in Eq. (27).

po(x) =10 Vx
V'o(x) =up(x) =0.5 if x <05, uy(x)=0.0 otherwise 27)
po(x) =0.1 if x <0.5, py(x) =1.0 otherwise

The solution for this problem at 7 = 0.4 is displayed in Fig. 8. The evolution of the Riemann problem leads to a shock wave on the
left and a rarefaction wave on the right, with a contact discontinuity in between, visible in the density. The shock wave is located
at x = 0.35 and the contact discontinuity at 0.48. The solution obtained with our method is shown in the top row of the figure while
the prediction of a baseline PINN model is depicted in the bottom row. Again, both models have the same training properties for
the common parameters reported at the beginning of Section 4, except for those strictly defined in the proposed approach. Similar
to the Sod Shock Tube problem, the function A employed to appropriately weigh the gradients of variables is computed following
Eq. (22). Similarly, the set of hyperparameters has been chosen as a, = a, = a, = 1.0 and f, = f, = f, = 1.25.

Fig. 8 suggests that the GA-PINN method exhibits improvements compared to the baseline model. However, certain features
suggest that the solution for the GA-PINN method exhibits room for improvement, notably in relation to the density value along the
constant state between the shock wave and the contact discontinuity. To increase the performance of the neural model, the activation
function softplus® has been introduced for the density and pressure to better describe the contact discontinuity by achieving a less
smooth behavior. The challenges faced by the network are evident in the errors reported in Table 1, where the overall relative error of
our methodology is lé Apmy = 0-113, compared to an error of l%IRSC = 0.117 for the HRSC model therefore both methodologies being at
a similar level of performance. Moreover, the improvement of our methodology with respect to the PINN base model is substantial,
the latter attaining an associated error of liase_PINN = 0.601. This difference in effectiveness is illustrated in Fig. 8, particularly
concerning the density variable. The incorporation of a weight that mitigates network responses in regions of discontinuity yields
discernible improvements in reconstructing the shock wave and the contact discontinuity.

In Fig. 9(a), the evolution of the physical loss throughout the training process is observed, predominantly exhibiting a smooth
trend, which is desirable. In Fig. 9(b), the I? error is presented, separated by variable, in comparison to the error obtained by the
HRSC method. It is evident that the density variable exhibits higher values compared to the other two variables in Fig. 9(c), a direct
consequence of the challenge that the network faces in resolving it due to its more extreme nature. Finally, both quadratic errors
are depicted for the GA-PINN and a basic network. A noticeable improvement is observed for the latter, with an anomalous noisy
behavior noted during the final stages of training. This phenomenon may result from a sudden divergence of the network from the
minimum it was in, suggesting that it was neither global nor stable.

3 The softplus is a smooth approximation to the well-known ReLU function which helps the gradient to propagate backwards better because its derivative is
a sigmoid function and is therefore close to 1 as the input increases. This is a mathematically appropriate property that helps ensure that the gradient in the
successive derivatives through the neural structure does not vanish and may be desirable in some cases.
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Fig. 8. Physical variables extracted for the initial conditions system defined in Eq. (27) at t = 0.4 with I = 5/3. The analytical solution is represented by a solid
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Fig. 9. Visual representation of the loss functions during training for the initial conditions described in Eq. (27). (a) Total physical loss, £, Eq. (24). (b) I?
errors of GA-PINN predictions with respect to the analytical solution and numerically obtained HRSC model (dashed green curve). (¢) Comparison between the
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web version of this article.)

4.3. Problem 3

In the third analyzed scenario, the density and velocity exhibit a jump at x = 0.5 while the pressure remains constant. This leads
to a complete deceleration of the fluid at the critical point x = 0.5, r = 0. From left to right at the initial time the density is reduced
by half, while the pressure does not change. The physical domain is defined as (7, x) € [0,0.4] X [0, 1], and the adiabatic index of the
fluid is I = 4/3. The initial conditions for this Riemann problem are summarized in Eq. (28).

po(x)=1.0 if x <05, py(x)=0.5 otherwise
Vo(x) =3up(x) =0.5 if x <0.5, uy(x) =0.0 otherwise (28)
po(x) =1.0 if x<0.5, py(x)=1.0 otherwise

Fig. 10 shows the solution at the final time ¢t = 0.4. The temporal evolution of the proposed scenario gives rise to two different
shock waves, discernible at x = 0.43 and x = 0.61, with the evident discontinuity common to all variables. Between them,
once again, there is an exclusive density contact discontinuity at x = 0.76. In alignment with the preceding cases, the function
described in Eq. (22) is employed to nullify the gradients of the variables within the loss metric. The hyperparameters are fixed
toa, =@, =a, = 1.0 and also §, = f, = B, = 1.0, reflecting a non-aggressive modification of the vanilla methodology. Other
parameters, including the relative weight of initial conditions and specifications of the neural architecture, are held constant using
the general configuration outlined in this section.

Fig. 11 illustrates the behavior of the physical losses (£) and the relative /> errors during the training process in a similar way
as it has been done in the previous cases. The physical losses in (a) exhibit a monotonically decreasing trend; however, a degree
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Fig. 10. Solution for the initial conditions presented in Eq. (28) at r = 0.4 with I' = 4/3. The analytical solution of reference (black solid line) and the models’
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Fig. 11. Evolution of the different metrics during training. (a) Physical loss used to train the GA-PINN, £. (b) Evolution of the /> measurements for the different
variables. (¢) Measured /*> for the considered methodologies.

of noisy behavior is observed in contrast to previous scenarios. This phenomenon does not translate into adverse behavior in the
[2 norm, as illustrated in (b). The system seems to converge around 250,000 epochs, with marginal performance enhancements
thereafter, primarily concentrated on fine-tuning the plateau regions of the density and pressure variables. In this scenario, the
GA-PINN consistently yields better results compared to the vanilla methodology, with respective errors of lé apmy = 0-182 and
lﬁase’PlNN = 0.353. Conversely, the HRSC methodology achieves a lower error of l%msc = 0.101, indicating a generally higher
resolution. Nevertheless, upon inspecting the final variable profiles in Fig. 10, it becomes evident that the primary disparities between
the GA-PINN resolution and the ground truth reference arise from little differences in the plateau zones between discontinuities in
density and pressure, particularly in the latter. Notably, the discontinuities are properly resolved, aligning with the primary objective.
The observed differences in flat zones may potentially be rectified by extending the training duration of the PINN. Additionally,
Fig. 11(c) suggests that the /> norm of the base-PINN model may outperform the GA-PINN model at certain points due to a visible
downward trend. However, the improved performance of the vanilla model is primarily attributed to better resolution in flat areas
across different epochs and not in discontinuities. Despite these minor disparities, it is noteworthy that the solution provided by the
GA-PINN tends to outperform the one predicted by the vanilla approach.

4.4. Problem 4: Reflection test

The last problem we propose concerns the reflection of a relativistic fluid. For this test the initial density and pressure fields
are constant over the entire spatial domain, while the velocity field undergoes a sign change with no change in magnitude. At
t = 0 the opposite-moving fluids hit against each other at x = 0.5. This collision produces two shock waves moving toward x < 0.5
and x > 0.5, respectively, leaving behind a constant state of shocked, heated fluid at rest. The physical domain for this problem is
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Fig. 12. Solution for the system of initial conditions in Eq. (29) at t = 0.4 with an adiabatic index of I = 5/3. The analytical solution for reference is shown
in black while the respective predictions for the GA-PINN (a) and a vanilla model (b) are depicted using blue circles. “SW” in the first density plot stands for
“shock wave”, being these common for all variables.
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Fig. 13. Depiction of the metrics measured during the learning process for the set of initial conditions in Eq. (29). (a) Total physical loss. (b) /> errors for the
different variables in comparison with the HRSC performance. (¢) Comparison of the different /> measurements achieved by the two proposed DL-based models.

(t,x) € [0,0.4] x [0,1] and the adiabatic exponent of the equation of state will be I' = 5/3. The initial conditions are presented in
Eq. (29).

po(x) =10 Vx
V'o(x) =up(x) =0.5 if x <0.5, uy(x) =-0.5 otherwise (29)
po(x) =10 Vx.

The final variables are depicted in Fig. 12. The two shock waves are located at x = 0.25 and x = 0.75, and are common for
all variables. To solve this problem the global configuration introduced at the beginning of the numerical results section has been
employed. The A described in Eq. (22) has been used with all « and p hyperparameters set equal to 1, representing a modification
that is not overly aggressive. Both neural models capture properly the propagation of the shock waves and the associated jumps.
However, a notable difference between our method and a base model is the limited ability of the latter to accurately resolve the
corners around discontinuities. This deficiency can lead to an accumulation of errors in those regions, which can degrade the overall
performance score, even if the discontinuities themselves are adequately captured. Indeed, the computed overall relative errors are
lé Apmy = 0-146 and I%ase-PINN = 0.440, which shows that the proposed methodology tends to achieve better performance than the
standard model. Moreover, the GA-PINN model also demonstrates competitiveness with high-resolution numerical models in the
literature (IIZ_IRSC = 0.145), establishing itself as a viable contender in this context.

In a manner similar to preceding scenarios, Fig. 13 illustrates various losses derived from the training process. The physical
loss employed for training is depicted in (a). It is noteworthy that this metric exhibits a smooth decrease, indicating a gradual and
continuous learning process, achieving rapid convergence at approximately 125,000 epochs. This contrasts with instances where
prolonged training periods have been necessary. In (b), a comparative analysis of the relative mean squared error associated with

each variable is presented. It is observed that all three variables exhibit a smooth convergence and remain significantly below the
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numerical error obtained by HRSC models. Finally, in (c), a simple comparison of the /> error between the GA-PINN and the vanilla
comparison model is presented. At approximately 20,000 epochs, the proposed model tends to demonstrate improved resolution
performance, signifying a substantial improvement in the fidelity of discontinuity resolution. This phenomenon is evident in the
proposed final solutions, as depicted in Fig. 12.

5. Discussion and conclusions

In this paper a methodology based on Physics-Informed Neural Networks (PINNs), denoted as Gradient-Annihilated PINNs (GA-
PINNSs), has been introduced. The primary motivation driving this approach lies in achieving accurate resolution of discontinuities
in the temporal evolution of physical scenarios employing a model based on deep learning. The performance of the GA-PINN model
has been tested by solving Riemann problems in special relativistic hydrodynamics, a particularly challenging physical system.
Simulating these scenarios is demanding, requiring the use of advanced numerical resolution methods such as High-Resolution
Central Schemes (HRSC) [33], which leverage the conservative form of the equations. The introduction of methodologies like PINNs
in the literature opens new avenues for numerical problem-solving. However, vanilla methodologies may fall short in handling
discontinuities in system evolution, encouraging researchers to devise modifications or novel ideas. The primary motivation behind
this approach has been the need to address discontinuities in Riemann problems within the field of relativistic hydrodynamics.

In practice, it is feasible to have a general understanding of fluid behavior under specific initial conditions, allowing us to
anticipate phenomena like shock waves. However, accurately predicting the exact locations of discontinuities at a later time is
challenging and often impossible. While existing methodologies show success in classical fluid dynamics scenarios, such as those
based on the Euler equations [21], applying them here is hindered by the inability to pre-determine discontinuity locations.
Consequently, manual sampling around these discontinuities for additional data is not feasible. In addition, several studies, including
the RAR approach [36], focus on optimizing the sampling of the physical domain for improved model performance. However,
determining factors such as the frequency and quantity of added collocation points, the choice of a probability distribution, among
other considerations, become crucial. Additionally, assuming that areas with higher physical loss correspond to discontinuities in
each learning step may not universally hold true, particularly in situations with extreme conditions in the relativistic regime, where
access to an analytical exact solution is often unavailable.

The proposed method establishes a link between the challenge neural networks face when dealing with regions of steep gradients
and the improbability of directly extending the universal approximation theorem [18-20] without modifying the neural model
to improve its performance at discontinuities. Although PINNs have produced remarkable results in solving a range of physical
problems, researchers agree that this approach often over-smooths physical variables, resulting in a limited ability to account for
sudden changes in the variables. It is nevertheless possible to adapt them to our needs.

In particular, the GA-PINN methodology introduced in this paper focuses on a key aspect. The discontinuities in physical
variables represent abrupt changes within a finite discrete spatiotemporal area. Sudden changes in variables, often irreversible
due to the increase of the fluid entropy, pose a challenge for neural network methodologies. Extending training time indefinitely to
perfectly solve these discontinuities may lead to an overly smoothed solution. Ideally, the methodology should robustly address the
discontinuity by providing effective solutions for points immediately before and after the critical spatiotemporal location, effectively
resolving the jump by treating it as if it were not present.

From a technical point of view, this aspect involves introducing a weight function which primarily depends on the gradients of
the physical variables of interest and will be inversely proportional to them. This weight function enables the network to reduce its
attention to regions with significant gradients, especially those with discontinuities. Our hypothesis is that the network enhances
its performance in resolving these regions by selectively limiting learning in these areas. The numerical results have been presented
as relative /2 errors in Fig. 4 of Section 4.

Overall, the obtained results have shown that the GA-PINN model correctly describes the propagation speeds of the discontinuities
that appear when solving the special relativistic hydrodynamics equations and sharply captures the associated jumps. In all Riemann
problems investigated, the accuracy reached by our GA-PINN model has proven comparable to that obtained with the central,
second-order, shock-capturing scheme of [42] and it is consistently higher than the accuracy achieved by a baseline, out-of-the-box
PINN algorithm. Moreover, our approach entirely sidesteps one of the main drawbacks of grid-based solutions of the relativistic
hydrodynamics equations, the so-called “primitive variable recovery”. In the case of relativistic hydrodynamics, either special or
general, the determination of the primitive variables from the conserved variables (i.e. the state vector of the PDE system) is usually
not in closed form and must be performed through a root-finding procedure [25,28]. The success of such an approach is not always
guaranteed, particularly for highly relativistic flows or when dealing with microphysical (tabulated) equations of state describing
neutron star matter. The possibility of avoiding altogether the necessity of having to implement the recovery of the primitive
variables highlights an important benefit of our GA-PINN model. The fundamental reason behind this capability lies in the ability
of neural networks to concurrently handle both sets of variables in the internal computations they execute.

One situation that remains to be fully exploited with the GA-PINN approach involves ultra-relativistic flows, i.e. fluids with
W ~ 10 and higher. HRSC schemes written in conservation form have long proven to be well suited in dealing with such ultra-
relativistic flows (see e.g. [27,28] and references therein). Such an extreme situation, however, leads to greater complexity in
learning through a neural model. Minor deficiencies encountered when learning these ultra-high velocities could lead to significantly
greater problems. To solve this subset of problems in relativistic hydrodynamics, it might be advisable to modify the neural
architecture by considering a specialized neural subnetwork for each physical variable, rather than a single one whose weights
are used for solving all variables. Therefore, by having a separate set of trainable variables for each physical output, the network
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could better learn these extreme velocities and lead to a better solution. Another option to consider would be to guide the network
in gradually learning the solution for each time step, aligning with the principle of “respecting causality” proposed by [44]. This
enables the network to learn each time step effectively, minimizing deviations in the initial conditions. Despite potential numerical
challenges in ultra-relativistic regimes, combining this approach with other physical biases may be worthwhile.

The performance of neural networks when handling discontinuities seems to benefit from various forms of suppression of
learning, as our experiments have shown. However, the experimental nature of our results and their variability depending on the
initial conditions and choice of hyperparameters, clearly indicate that further investigations concerning the proposed methodology
are still possible. Nevertheless, the method reported in this paper already provides a solid foundation for future work in this area and
constitutes a valuable tool to model relativistic flows in fields of physics characterized by the prevalence of discontinuous solutions,
such as astrophysics and particle physics.
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