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Abstract— This article presents a generalized analysis to
explain current ripple of an m windings coupled inductor with
a given coupling factor ki j for each pair of windings and then
studies more in detail its use in the continuous conduction mode
and with pulsewidth modulated signals. To determine the current
ripple, a generalized expression of the equivalent inductance of
each winding is calculated, including the influence of voltage
unbalance. In the ideal case, the equivalent inductance shows
that the current ripple can only become m times smaller than
that with uncoupled inductors. But in the unbalanced case,
some divergences of the equivalent inductance appear that are
responsible for zero ripple current. The proposed generalized
expressions of the equivalent inductance also describe the current
ripple of the new appearing intervals due to out-of-phase signals.
An easy to design condition is proposed that achieves zero current
ripple in all windings but one. Experimental results are provided
that validate the presented theoretical expressions under the given
conditions.

Index Terms— Inductors, magnetic devices, mutual coupling.

I. INTRODUCTION

THE coupled inductor (CI) is a widely used magnetic
component in dc–dc converters.

Very common applications, such as desktop computer
power supplies, use CI. In addition, volume and mass critical
applications, such as aerospace and military, take advantage
of CI [1]–[4]. Current ripples close to zero, which has been
demonstrated to be an advantage for charging and discharging
batteries in order to extend their mean life [5], also need CI.
EMI reduction is also a benefit of CI as claimed in [6] and [7].
Stability of dc–dc converters is also improved when using
CI [8]–[10].

Its use is also widely extended for high gain converters,
but usually restricted to two winding topologies, where the
classical transformer model based on leakage and magnetizing
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inductance is used [11]. Even though the use of CI is so
extended, no generalized (more than two windings) expres-
sions can be found in the technical literature that explain zero
current ripple and sometimes their bizarre behavior (inverted
current ripple, appearance of new time intervals, unexpected
current slopes during these intervals, and so on).

Already, in [12]–[15], CI is used and optimized for a
dc–dc converter, using reluctance models among others. But,
no generalized (m windings) mathematical expressions are
provided. In [14], a zero current ripple condition is given
related to the coupling coefficient, k, and the turns’ ratio, but
the design approach is to adapt k to fulfill the zero-current
condition, what is usually not easy. A very interesting study,
that also includes a detailed literature review, applying a CI
to an input filter with zero current ripple can be found in
[16]. But, it is based on a two-winding case and the proposed
expressions are, therefore, not applicable to an m winding CI.

A study in [17] proposes a current ripple reduction based
on Faraday’s, Ampere’s, and Gauss’ laws, concluding that it
depends on the magnetizing and leakage inductance as well
as the turns’ ratio, but without providing any mathematical
expression.

Other studies, such as [7], [18], and [19], reduce the current
ripple, changing the duty cycle on a two-winding CI. In [20],
it is concluded that, although duty cycle does not reduce
current ripple, it is responsible for the sudden ripple change.
Unfortunately, the study is only applicable to two windings.

The study presented in [5] is much more detailed and ana-
lyzes multiple windings but all of equal inductance. It provides
expressions to find the optimum coupling to reach a zero
current ripple condition for this particular case. In the exper-
imental section, it proposes a CI with a coupling coefficient
of k = 0.2 to reach zero current ripple. The CI will lose
many of its advantages with this low value of k. In any case,
the hereafter presented expressions are a general case of those
provided in [5].

In [21], a very interesting analysis is done, leading to a
reduced circuital model of a two-winding CI for interleaved
buck converters similar to the one proposed in [22]. A gener-
alization for more windings is also presented, but supposing
all self-inductances equal and all mutual inductances equal
and never overlapping the applied voltages. It also states
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that the current ripple is different when using CI instead
of uncoupled inductors, therefore suggesting the existence
of an equivalent inductance related to the coupling factor.
The general expressions deduced hereafter agree with the one
found in [21].

On the other side, in [6], [20], [23], and [24], some
expressions are given for the equivalent inductance, (Leq), but
only for the two-winding case, studying the influence of the
duty cycle.

In [6, Table II], a summary of the expressions of the
equivalent inductance for two-winding CI is given. But the
expressions do not show any dependence with the turns’ ratio,
as suggested in [14].

This article first explains the analysis that leads to a gen-
eralized equivalent inductance expression, which allows to
calculate the current ripple. Then, this expression is simplified
and a three-winding case is analytically studied in detail,
and the influence of duty, inductance ratio unbalance, and
coupling coefficient is shown. A simple zero current ripple
design procedure is proposed, and finally, experimental results
confirm the whole theoretical analysis.

The main contribution of this article is a generalized expres-
sion of the equivalent inductance for any type of CI (as long as
a common voltage can be factored out for each winding) that
allows to directly deduce the current ripple of an m-winding
CI. It is demonstrated that the voltage unbalance applied to the
CI can be translated into a nonideal turns’ ratio that explains
and allows to design an m-winding CI with zero ripple current.

The analysis assumes that the design of the CI is based on
a winding-voltage ratio that is equal to the square root of the
inductance ratio and any deviation from this condition will be
an unbalanced situation. Furthermore, it will be supposed that
the CI is in the continuous conduction mode (CCM) and that
its windings are excited by PWM voltage signals. Although out
of the scope of this article, some of the obtained expressions
could be used to extend the study to the discontinuous conduc-
tion mode (DCM). It is assumed that the dc–dc converters are
usually designed to stay in a given conduction mode, either
CCM or DCM. CCM is very popular among other reasons,
because it is usually more stable and the transfer function is
load-independent.

Parasitic resistance and capacitance will be neglected. It is
expected that the parasitic resistance of the CI does not affect
the study if its values are very small, which is usually the case.
A study on the influence of dc resistance of the windings
that justifies that it can be neglected will be presented in
Section II-G. On the other hand, parasitic capacitance will
limit the use of CI at high frequencies in any case and
has, therefore, to be kept very small [25]. The core material
is supposed to be chosen to avoid saturation and to keep
permeability constant at its operating point to avoid self- and
mutual-inductance change. Therefore, the study is applicable
to any dc–dc converter handling PWM signals keeping the
CI in CCM. Windings’ phase dots can be placed in any
position and this can be translated into negative coupling
coefficients, ki j , of the corresponding pair of windings. Out-
of-phase voltage signals can also be applied and are taken into
account as voltage unbalance.

Fig. 1. CI with m windings. All self-inductances (L11 · · · Lmm ), turns’
number (Ns1 · · · Nsm ), voltages across (vL1 · · · vLm ), and currents through
each winding (iL1 · · · iLm ) are shown. All windings are wound in the same
sense on the same core.

II. ANALYSIS OF A GENERALIZED COUPLED INDUCTANCE

A. Review of the Inductance Matrix

The inductance matrix mathematically describes an m-
winding CI [26]

L =

⎛
⎜⎜⎜⎝

L11 L12 · · · L1m

L21 L22 · · · L2m
...

...
. . .

...
Lm1 Lm2 · · · Lmm

⎞
⎟⎟⎟⎠ . (1)

The diagonal elements are the self-inductances, Lqq, and the
rest of elements are the mutual inductances, Lqr (where from
here on 1 ≤ q, r ≤ m). The generalized Ohm’s law relates
currents and voltages applied to each inductance and can be
written in matrix form

vL = L
d

dt
iL. (2)

The coupling coefficient matrix k is the normalized induc-
tance matrix and can be related to (1) (see [26])

L = Ld · k · Ld . (3)

Each coupling coefficient element, kqr, of matrix k describes
the coupling of each pair of windings and the main diagonal
elements are all equal to one, kqq = 1.

Ld is a diagonal matrix defined as

Ld =
{√

Lqq, if q = r

0, if q �= r .
(4)

B. Equivalent Inductance of Each Winding of a CI

As already explained in [17], [27], and [28], the equivalent
inductance of each winding of a CI can be larger or smaller
than the same winding alone on the core. This directly
determines the current ripple measured on this winding.

Fig. 1 presents a CI with m windings. All output inductors
are wound in the same sense on the same core (see phase
dots). Each winding has its own self-inductance, Lqq, and a
number of turns, Nsq . The voltage across each winding, vLq ,
and current through it, iLq , are also shown (1 ≤ q ≤ m).
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C. Quasi-Balanced Case

A generalized inductor voltage, v �
L , can be factored out for

all windings related to their turns’ ratio. This will be called a
quasi-balanced case. For the qth winding, this voltage is

v �
L = vLq

Nsq

. (5)

Now, (2) can be rewritten as⎛
⎜⎜⎜⎝

Ns1

Ns2
...

Nsm

⎞
⎟⎟⎟⎠ v �

L = L
d

dt

⎛
⎜⎜⎜⎝

iL1

iL2
...

iLm

⎞
⎟⎟⎟⎠ . (6)

Equation (6) can be written in the matrix form as

N v �
Ldt = L · diL. (7)

A diagonal matrix of turns, Nd , can also be defined as

Nd =
{

Nsq , if q = r

0, if q �= r .
(8)

The general equivalent inductance of each CI winding
can be obtained, taking (7) to get a column vector on the
left side, by left multiplying both parts by L−1 and again
left multiplying by N−1

d , dividing by v �
Ldt , and taking into

account (5). The inverse of this result is also a column vector,
Leq, whose elements are the equivalent inductance of each
winding

Leq = (
N−1

d · L−1 · N
)−1

. (9)

This expression, in general, applies to any CI, and it holds
for any ideal and quasi-balanced case, as it already takes into
account the deviation of the turns’ ratio with respect to the
square root of the self-inductance ratio.

Current ripple can be directly calculated with the equivalent
inductance and the voltage applied in time.

D. Voltage Unbalance

Equation (7) stands for a quasi-balanced case. If a voltage
unbalance exists, (9) has to be redefined. Two cases will be
analyzed: in-phase and out-of-phase voltage unbalance.

1) In-Phase Voltage Unbalance: If the voltages applied to
each winding are in phase but deviate from the turns’ number,
Nsq (e.g., due to unwanted voltage drops), then vLq will
not fulfill (5). To keep a constant voltage, now called v �∗

L ,
multiplying each winding, we define a deviation factor λq that
relates vLq with v �∗

L and Nsq

λq = vLq

v �∗
L

1

Nsq

. (10)

Using (10), we can write vLq = λqv �∗
L Nsq and thus modify

the left-hand side of (6). The turns’ number vector can be
redefined as, N�∗

N�∗ =

⎛
⎜⎜⎜⎝

Ns1λ1
Ns2 λ2

...
Nsm λm

⎞
⎟⎟⎟⎠ . (11)

Equations (7) and (9) are valid but using now v �∗
L , N�∗,

and N�∗
d , where the elements of N�∗

d correspond to (11) based
on (8).

2) Out-of-Phase Voltage Unbalance: If the voltages applied
to each winding are out-of-phase, v �

L of (7) is not common to
all windings anymore and will become v �

Lq
. To calculate the

equivalent inductance, it is necessary to find again a common
voltage, now called v∗

L , to all windings. In the case of PWM
signals, delayed or not, but all with the same period, and
supposing that the CI stays in CCM, the unbalance means that
one winding q could be ON (see a positive voltage vLONq ), and
another winding r OFF (see a negative voltage vLOFFr ), during
a time, tb. New time intervals appear, which will be called Ab,
where 0 ≤ b ≤ 2m +1. The number of intervals could be even
larger than 2m + 1 if the duty of any winding q , Dq , is split.
During each of these intervals, each winding will have its own
equivalent inductance, Leqq

.
The volt-second balance of the whole period of each wind-

ing will still apply during each interval Ab

vLONq Dq = −vLOFFq (1 − Dq ). (12)

To find a common voltage, v∗
L , to all windings, two func-

tions, f (Dq) and g(Dq), that relate vLonq and vLof f q
with v∗

L
have to be found

vLONq = v∗
L f (Dq)

vLOFFq = v∗
L g(Dq). (13)

Using (12), vLOFFq can be written as a function of vLONq and
substituted in the second expression of (13). Then, dividing
both expressions in (13), the following equation is obtained:

g(Dq)

f (Dq)
= −Dq

1 − Dq
. (14)

Thus, a possible solution for both functions is

f (Dq ) = 1 − Dq

g(Dq) = −Dq . (15)

The functions f (Dq) and g(Dq) can be unified into a single
function, h, by adding another variable bq whose value is “1”
when ON voltage and “0” when OFF voltage is applied to
winding q at each interval Ab. This new function is defined
as

h(bq , Dq ) = bq − Dq . (16)

Therefore, each interval Ab can be described by a unique
combination of m bits bq . For example, in the case of three
windings and three different duty cycles, D1, D2, and D3,
one combination of four intervals could be defined by its own
combination of bits b1 b2 b3: A1 ≡ b1 b2 b3 = 111, A2 ≡
b1 b2 b3 = 011, A3 ≡ b1 b2 b3 = 001, and A4 ≡ b1 b2 b3 =
000. Fig. 2 shows these states for a three-winding case.

So, the voltage of each winding, vLq , becomes
v∗

L Nsq λq (bq − Dq ), where v∗
L is the common factor of

all windings as in (7).
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Fig. 2. Out-of-phase voltage unbalance can be caused by different ON or OFF

PWM voltages applied to each winding. New intervals, Ab , can be defined,
during which each winding has its own equivalent inductance, Leqq . In the
case of three windings and three different duty cycles, D1, D2, and D3,
four intervals exist, each defined by its own combination of bits: A1 ≡ 111,
A2 ≡ 011, A3 ≡ 001, and A4 ≡ 000.

The turns’ ratio N�∗ has to be redefined into N∗ as

N∗ =

⎛
⎜⎜⎜⎝

Ns1λ1(b1 − D1)
Ns2λ2(b2 − D2)

...
Nsm λm(bm − Dm)

⎞
⎟⎟⎟⎠ . (17)

The diagonal matrix Nd must also be redefined as N∗
d

N∗
d =

{
Nsq λq (bq − Dq), if q = r

0, if q �= r
. (18)

The equivalent inductances during each interval, Ab, of each
winding can now be obtained using

Leq = (
N∗−1

d · L−1 · N∗)−1
. (19)

This new expression (19) of the equivalent inductances will
include any voltage and self-inductance unbalance and can be
applied not only to a distribution like in Fig. 2 but also to
out-of-phase voltages, like in interleaved PWM converters in
CCM.

Equation (19) reduces to (9) when λq = 1 and when
(bq − Dq ) is the same for all windings and equal to (b − D).
Factor (b − D) is then a common scalar to all elements of N∗
and N∗

d and is simplified in (19).

E. Approximate Equivalent Inductance Leq

Supposing all coupling coefficients to be the same and equal
to k̃ allows to analytically study the behavior of Leq. This
approximation introduces only a small error if all the elements
of matrix k are very similar (apart from the diagonal elements
which are all equal to one). Otherwise, a numerical analysis
of Leq using (19) has to be done.

First, the equivalent inductance of the qth output is normal-
ized [Leqq

= (Leqq
/Lqq)]. Then, after operating with (19),

the following simplified expression can be obtained:

Leqq
= [(m − 1)k̃ + 1](1 − k̃)

[(m − 2)k̃ + 1] − k̃
∑m

r=1
r �=q

�qr
(20)

where �qr is the deviation between the qth and r th inductors
provoked by unbalances explained in Sections II-C and II-D.
Its ideal value is 1

�qr =
√

Lqq

Lrr

Nsr

Nsq

λr (br − Dr )

λq (bq − Dq )
, 1 ≤ q, r ≤ m. (21)

If �qr = 1 and using (20), the ideal equivalent inductance
will be

Leqq
= (m − 1)k̃ + 1. (22)

If the coupling coefficient is one (k̃ → 1)

Leqq

k̃→1= m. (23)

Thus, the ideal value of Leqq
when k̃ → 1 is the number of

windings, m, of the CI and this applies to all windings. This
means that the current ripple, when using CI, will ideally be
reduced by a factor m but will never become zero.

F. Zero Current Ripple

Zero current ripple happens when the equivalent inductance
given by (20) tends to infinity, therefore its denominator
becomes zero. This point is the pole of (20)

k̃poleq
= 1∑m

r=1
r �=q

�qr + 2 − m
. (24)

As 0 ≤ k̃ ≤ 1, only the poles in this range are a real
solution. This condition can be written as

m∑
r=1
r �=q

�qr ≥ m − 1. (25)

Thus, the deviation �qr is the parameter that controls the
zero current ripple condition. This parameter can be changed
to control the value of k̃poleq

.
For example, if we suppose that the PWM signals applied

to all windings are synchronized in time, then (br − Dr ) =
(bq − Dq). Knowing the voltage level applied to each winding
and their ratio [see (10)], we could deviate from this ratio to
the turns’ ratio (taking into account that Leqq

∝ N2
sq

), making
�qr ≥ 1 and fulfilling (25). The simplified expression of �qr
applying the previous assumptions is

�qr = vLr

vLq

√
Lqq

Lrr
=

√
Lqq

vLq

/√
Lrr

vLr

. (26)

If the ratio (L11)
1/2/vL1 is smaller than (Lrr)

1/2/vLr for 2 ≤
r ≤ m, and (Lrr)

1/2/vLr = (Lqq)
1/2/vLq for all 2 ≤ q, r ≤ m,

then
∑

�1r < m − 1 for 2 ≤ r ≤ m and
∑

�qr ≥ m − 1 for
2 ≤ q ≤ m, 1 ≤ r ≤ m, and q �= r . Thus, we have a pole on
all windings but the first winding and can expect zero current
ripple in all windings but the first winding.

If we know the coupling coefficient of all windings, we can
estimate how much larger the inductance ratios have to be
made to achieve the zero current ripple using (24).
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Fig. 3. Normalized resistance R/Lω with respect to coupling coefficient k
in a 2 × 2 CI. This curve is for an error of 5% in the current slope. The
switching frequency is defined by ω = 2π fsw .

G. DC Resistance Influence

It is clear that parasitic elements can influence the behavior
of the CI unless they are kept very small. The parasitic
elements will add to all the elements of the inductance matrix
if they are ac or only the main diagonal if they are dc. The
influence of dc resistance of the windings will be estimated in
this section to confirm that, if their resistance is kept within
reasonable values (minimum losses), the presented study is
still valid.

The generalized Ohm’s law in matrix form with resistance
can then be written as

vL = RiL + L
d

dt
iL. (27)

Due to the coupling effect, the resolution of the differential
equations of (27) becomes very difficult, even using numerical
tools.

Therefore, only the influence of the dc resistance for a
2 × 2 has been studied. This low order allows to calculate
the current analytically with the help of specialized software
tools. The deviation of the resulting current (exponential slope)
compared to the ideal current (linear slope) will be used to
evaluate the influence of dc resistance. A deviation of 5%
will be fixed as maximum error. Both currents (the ideal and
the real with a dc resistance) start at the same point (origin)
but they end up in different points and 5% current difference
has been used as error reference. Taking into account that
the exponential behavior depends on the normalized resistance
R/Lω, the influence of R/Lω in the current slope with respect
to the coupling coefficient, k, has been determined (ω is the
switching frequency). Fig. 3 shows this influence.

Finally, to evaluate if a 5% deviation is large, the following
numerical example is given. For an inductance of 66μH,
a switching frequency of 100 kHz, and a coupling coefficient
of k = 0.8, the normalized resistance is R/Lω = 0.12, which
means a dc resistance of R = 5 �. This value is too large in
a usual design that wants to avoid copper losses.

Therefore, a design that minimizes losses (yielding high
efficiency) will already assure that the presented expressions
are applicable, because the resistances will be negligible. Fig. 3

also shows that high coupling coefficients should be avoided
when using CI to reduce the influence of dc resistance.

III. THREE-WINDING EXAMPLE

In this section, the presented equations will be applied to
a three-winding case, first theoretically and, in Section IV,
experimentally. The ideal and the unbalanced case will be
studied. The coupling coefficient will be supposed to be the
same for all windings, k̃. The evolution of the equivalent
inductance with k̃ and thus the current ripple will be analyzed.

For three windings and following (20), the equivalent induc-
tances, Leqq

, for each winding are (28)–(30) and include the
deviation factors, �qr :

Leq1
= (2k̃ + 1)(1 − k̃)

(1 + k̃) − k̃(�12 + �13)
(28)

Leq2
= (2k̃ + 1)(1 − k̃)

(1 + k̃) − k̃(�21 + �23)
(29)

Leq3
= (2k̃ + 1)(1 − k̃)

(1 + k̃) − k̃(�31 + �32)
. (30)

A. Ideal Case: �qr = 1

Taking (22) and substituting m = 3

Leqq
= 2k̃ + 1. (31)

Knowing that 0 ≤ k̃ ≤ 1, then it is clear that 1 ≤ Leqq
≤ 3

as expected.

B. Unbalanced Case: �qr �= 1

Now the equivalent inductance, Leqq
, will be studied but

considering the unbalance introduced by �qr. First, the poles’
evolution will be analyzed, because they will be responsible
for divergent values of Leqq

. Based on (24), the pole of Leq3

(for the other two equivalent inductances, the poles will be
similar) is

k̃pole3
= 1

�31 + �32 − 1
. (32)

Fig. 4 shows how the pole [see (32)], defined by k̃, changes
with �31 and using the deviation �32 as parameter.

As an example, inductance and voltage ratios, such
as ((L22/L11))

1/2 = 1.81, ((L33/L11))
1/2 = 2, 25,

((L33/L22))
1/2 = 1.26, (vL2/vL1) = 1.82, (vL3/vL1) = 2.35,

and (vL3/vL2) = 1.31, have been supposed. The duty cycles
are supposed to be balanced (br − Dr ) = (bq − Dq ). The
inductance ratio directly appears in (21), and the voltage ratio
as well, taking into account (10).

Now, all values of �qr using (21) are calculated

�12 = �−1
21 = 1.008

�13 = �−1
31 = 1.047

�23 = �−1
32 = 1.040. (33)

The poles appear for Leq1
at k̃pole1

= 0.947 and for Leq2
at

k̃pole2
= 0.970, where equivalent inductances diverge. They are
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Fig. 4. Coupling coefficient value, k̃pole3
, corresponding to the pole of Leq3

and its variation with �31 using �32 as parameter. Values above 1 are not
physically feasible.

Fig. 5. Evolution of Leqq with respect to k̃ for m = 3. The deviations used

are given in (33). The poles appear at k̃pole1
= 0.947 and k̃pole2

= 0.970.
Simulation results, depicted with dots, confirm the theoretical expressions.

clearly seen when depicting (28)–(30) (see Fig. 5) as a function
of k̃ with the calculated values of �qr shown in (33). SPICE
simulations of circuit of Fig. 6 have been done, adding square
voltage sources, varying the coupling coefficient, unbalancing
as required, and then measuring the equivalent inductance
using the resulting current ripple. The curves are confirmed by
these SPICE simulations (shown by dots), which agree with
the calculated expressions.

Fig. 4 also shows that for �31 = 0.955, the poles are out
of the real range of k̃, because k̃ ∈ [0, 1]. This means that the
inductance Leq3

would not have a pole in all the real range
of k̃ (see in Fig. 5, the curve corresponding to Leq3

). On the
other side, the inductances, Leq1

and Leq2
, have poles where

they tend to infinity and in these cases, their current ripple will
be zero. The poles of Leq1

and Leq2
appear at k̃pole1

= 0.947
and k̃pole2

= 0.970. The pole of Leq3
at k̃pole3

= 1.090 is not
a real value.

Fig. 5 also shows that for k̃ > 0.95, the values of Leq1
and

Leq2
can be smaller than the inductances for k̃ = 0 or even

have negative values. Negative inductance results in negative
current ripple even though applying a positive voltage to the
winding. Having smaller inductances (like when k̃ → 1) could
mean that the corresponding outputs change to DCM.

Fig. 6. Three independent buck converters with a common CI used for the
experimental test.

For the particular value of k̃ � 0.8 (see Fig. 5), the
equivalent inductance Leqq

will be

Leq1
= 3.34

Leq2
= 3.23

Leq3
= 1.97. (34)

In this case, the factor that increases the equivalent induc-
tance is greater than the maximum ideal factor which is 3
(because m = 3) for two inductances and one inductance is
smaller. The reason for the nonlinear behavior of Leqq

are the
poles generated by �qr.

IV. EXPERIMENTAL RESULTS

Two tests have been performed with the hereafter described
prototype. Both tests want to confirm that the derived expres-
sions (19) and (20) are valid, both under an unbalanced
in-phase situation yielding zero-ripple current (Section IV-A)
and under an unbalanced out-of-phase situation, that of course
does not yield zero-ripple current anymore (Section IV-B).

For the experimental test, three different buck converters,
which share a common CI, have been used.

The circuit shown in Fig. 6 shows the three buck converters
and they can have different input voltages and duty cycles
which allow to balance or unbalance the CI. Changing the
duty cycles will also allow to test the different time intervals,
Ab, and measure the resulting current slopes compared to the
theoretical prediction.

The selected nominal specifications of the 100-kHz switch-
ing frequency buck converters are given in Table I. The
minimum current together with the current ripple allows to
determine the boundary between CCM and DCM. The nominal
duty cycle is D = 0.4.

L11 can be calculated using the values given for output 1
in Table I

L11 = 66.0 μH. (35)
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TABLE I

SPECIFICATIONS OF BUCK CONVERTERS SHOWN IN FIG. 6

Fig. 7. Experimental prototype with the three buck converters and the
common CI.

In an ideal case where �qr = 1 and using (26), L22 and
L33 can be calculated

L22 = 151.5 μH

L33 = 872.7 μH. (36)

But these two inductances do not fulfill the required current
ripple of Table I.

The CI manufactured is wound on a toroidal core
#55310-A2 of Magnetics, and as suggested in Fig. 5, a cou-
pling coefficient of k̃ ≈ 0.8 will be designed. To do so,
the three windings have been wound on the three different
sectors of the toroid, not overlapping the windings, to reduce
the coupling (see Fig. 8).

The built CI was measured using the network analyzer
Agilent E5061B. In case the operating point of the CI changes
the permeability of the core (for example, due to high dc cur-
rent), the measurement has to be modified to know the induc-
tance values under the real operating conditions (for example,
biasing the CI with dc current using Agilent 42841 while
measuring both self and mutual inductances). The coupling
coefficient matrix has also been measured [25]. All waveform
related magnitudes hereafter have been measured with oscil-
loscope Agilent DSO-X 3054A.

Fig. 7 shows the prototype with the three different buck
converters and the common CI. Connectors provide driving
PWM signals, additional loads, and input voltages.

A. Adjustment of the Inductance Ratio to Achieve an
Unbalanced Case That Yields Zero Current Ripple

Because the required current ripple is not reached with
the calculated inductances, a zero current ripple design is

Fig. 8. CI used in the experimental setup. Notice that the three windings
have been wound on three different sectors to reduce the coupling coefficient
to achieve zero-ripple current.

proposed, as described in Section II-F. The selection criteria of
the inductance without zero-ripple current have been to choose
the inductance of the output with the smallest load variation
in order to assure CCM always. In our case, output 1 has the
smallest load variation; therefore, the “first” inductance will
be L11. Other selection criteria to suit other design constraints
are also possible as long as CCM is preserved in all outputs.

Using the winding strategy of sector distribution that results
in a coupling coefficient of k̃ ≈ 0.8, L22 and L33 have been
increased in order to fulfill the following inequalities

∑
�1r <

m − 1,
∑

�2r > m − 1, and
∑

�3r > m − 1, where m = 3
(the number of windings). This means that L11 will not have
any pole, but L22 and L33 will have poles and therefore zero
ripple current. By increasing L22 and L33 using (29) and (30)
[an increase of approximately 35% with respect to the values
given by (36)], the divergence has moved down to k̃ ≈ 0.85.

The measured, already increased, self-inductances, (37), and
the coupling coefficient matrix, (38), are

L11 = 67.7 μH

L22 = 204.8 μH (37)

L33 = 1191.0 μH

k =
⎛
⎝ 1 0.79 0.8

0.79 1 0.8
0.8 0.8 1

⎞
⎠ . (38)

Based on (19) and in an ideal case, the equivalent induc-
tances are expected to be

Leq1
= 81 μH

Leq2
= 1500 μH

Leq3
= 8692 μH. (39)

To calculate the deviations, we take the mean value of all
coupling coefficients, except the diagonal values, and verify
that

∑
�1r = 1.74,

∑
�2r = 2.14, and

∑
�3r = 2.16. This

means that a divergence will appear for both L22 and L33.
Testing this new CI, the equivalent inductances are mea-

sured (see Table II) using the applied voltages and current
ripple shown in the oscilloscope (see Figs. 9 and 10).
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TABLE II

MEASURED EQUIVALENT INDUCTANCES

TABLE III

EQUIVALENT INDUCTANCES USING THE MATHEMATICAL MODEL

Fig. 9. Voltage waveforms applied to the three windings of the CI. Only
two intervals, A1 and A4, exist. Interval A1 is defined with digital word
b1b2b3 = 111 and interval A4 with digital word b1b2b3 = 000. The digital
value 1 stands for a positive and 0 for a negative voltage vLq .

Fig. 10. Measured and calculated [dotted lines using Leq in (19)] current
waveforms of circuit shown in Fig. 6. Zero current ripple is almost achieved
in L22 and L33 and ripple of L22 is larger because the value of L22 has
decreased.

Comparing the theoretical calculations of the equivalent
inductances of (19) and (20), see Table III, we see that they
are very similar and the approximate expression (20) is very
accurate.

Fig. 10 shows the corresponding current waveforms mea-
sured also with the oscilloscope. The current slopes have also
been calculated, using (19) and the value of the measured duty
cycle.

Zero ripple current can be observed for L22 and L33. Current
ripple of L33 seen in Fig. 10 is negative, which means that

Fig. 11. Voltage waveforms with different duty cycles applied to the three
windings of the CI. Four different intervals, A1, A2, A3, and A4, exist. Interval
A1 is defined by b1b2b3 = 111, A2 by b1b2b3 = 101, A3 by b1b2b3 = 001,
and A4 by b1b2b3 = 000, where b1 corresponds to vL1 = vi1 − vo1 , b2 to
vL2 = vi2 − vo2 , and b3 to vL3 = vi3 − vo3 . The digital value 1 stands for
a positive and 0 for a negative voltage vLq .

Fig. 12. Measured and calculated [dotted lines using Leq in (19)] current
waveforms of all intervals of circuit of Fig. 6 excited with signals shown
in Fig. 11 corresponding to an unbalanced out-of-phase case.

the divergence appears at a value of k smaller than the real
coupling of the windings.

B. Adjustment of the Duty Cycle That Leads to an
Unbalanced Case

To confirm that the expressions that study the duty cycle
unbalance, derived in Section II-D2, are correct, the duty
cycles have been changed in this experiment in such a way
that an unbalance with four intervals, A1–A4, appears. The
previous experimental setup has been used but, of course,
the resulting ripple will not fulfill the current-ripple specifica-
tions anymore. The three duty cycles have been made different
and are

D1 = 42 %

D2 = 32 %

D3 = 50 %. (40)

As mentioned, the CI used is the same as the one described
in Section IV-A, having the inductances and coupling coeffi-
cients given in (37) and (38).

Fig. 11 shows the voltage waveforms applied to each
winding. Each interval will have an associated equivalent
inductance, as explained in Section II-D2.

Fig. 12 shows the corresponding current waveforms mea-
sured also with the oscilloscope. The current waveforms have
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TABLE IV

EQUIVALENT INDUCTANCES (a) MEASURED AND (b) CALCULATED
USING THE MATHEMATICAL MODEL

also been calculated based on the equivalent inductances and
shown in Table IV, using (19) and therefore taking into
account (17) and (18).

The reason for the difference between theoretical and mea-
sured values is mainly because the measurement of current,
time, duty cycle, and voltage has been done with the oscil-
loscope which has limited accuracy. Fig. 12 shows that the
theoretical waveforms (dotted lines) agree very well with the
measured ones.

V. CONCLUSION

A generalized analysis of CI has been presented and a more
detailed study when CI is in CCM and exposed to PWM
signals has also been done, including ideal and unbalanced
situations. Current ripple can be determined thanks to the
expression of the equivalent inductance.

It has been demonstrated that, under the supposed condi-
tions, any deviation can be reduced to a nonideal turns’ ratio.
Then, supposing the coupling coefficient among all windings
to be the same, the generalized expression of the equivalent
inductance has been simplified allowing to perform a study
that has unveiled the zero ripple current conditions of CI and
its relation to the described unbalance. In fact, zero ripple
current condition happens only in a nonideal case and due
to an unbalanced situation. General mathematical expressions
have been provided to predict zero ripple current through the
equivalent inductance. A design procedure to achieve zero
ripple current in all outputs but one has also been proposed.
This proposal that only needs to change the inductance ratio
(turns’ ratio) is more convenient than others found in the
literature that tried to change the coupling coefficient.

Then, a three-winding case has been studied with the new
approach and verified with SPICE simulation and experimental
results. The analysis and test results conclude that under a
balanced situation, the current ripple will be at most (k̃ = 1)
m times less compared to uncoupled inductors (k̃ = 0). For
out-of-phase unbalance, new time intervals appear, having all
of them different equivalent inductances. Under an unbalanced
situation, divergences can appear that can generate a zero
ripple current condition and a design proposal is given. Exper-
imental evidence confirms all analytical results.

The proposed generalized expression of the equivalent
inductance agrees with other expressions found in the technical
literature, which usually are only applicable to particular cases
of two or three windings.
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