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Introduction

All the groups considered in this paper will be finite.
One of the most fruitful lines in the research in abstract group theory
during the last years has been the study of groups in which the members of a
certain family of subgroups satisfy a certain subgroup embedding property.
The family of the subgroups of prime order (also called minimal subgroups)
has attracted the interest of many mathematicians. For example, a well
known result of Itô ([9], see [8, Kapitel III, Satz 5.3]) states that a group
of odd order with all minimal subgroups in the centre is nilpotent. The
following result of Gaschütz and Itô ([9], see also [8, Kapitel IV, Satz 5.7])
gives interesting properties of groups with all minimal subgroups normal.
Theorem 1.1. A group G with whose minimal subgroups are normal is soluble and its derived subgroup G0 possesses a normal Sylow 2-subgroup with
nilpotent quotient.
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Another result of Buckley [3] states that a group of odd order with all
minimal subgroups normal is supersoluble.
A subgroup H of a group G is called solitary when for every subgroup K
of G such that H ∼
= K, we have that H = K. This concept was introduced
by Thévenaz in [12] under the name of strongly characteristic subgroup and
studied by Kaplan and Levy in [10]. It is clear that solitary subgroups are
characteristic and thus normal.
The aim of this paper is the study of the groups in which all minimal
subgroups are solitary. These are the groups G with a unique subgroup of
order p for each prime p dividing |G|. The starting point is the following well
known particular case.
Theorem 1.2 ([8, Kapitel III, Satz 8.2]). Let p be a prime. Suppose that
the p-group G has only a subgroup of order p.
1. If p > 2, then G is cyclic.
2. If p = 2, then G is cyclic or isomorphic to the generalised quaternion
group Q2s for an s ≥ 3, with presentation
s−1

Q2s = hx, y | x2

= 1, x2

s−2

= y 2 , xy = x−1 i.

(1)

The following group constructions will play a major role in the classification of groups with all subgroups of prime order solitary. Here s is a natural
number with s ≥ 2.
1. V (s) = [Q8 ]C3s and the generator a of C3s acts on Q8 = hx, y | x4 =
1, y 2 = x2 , xy = x−1 i via xa = y, y a = xy.
a

s

2. W (s) = ha, x, y | a3 = x8 = 1, y 2 = x4 , xy = x−1 , (x2 ) = y, y a =
3
x2 y, ax y = a−1 i.
Note that the group W (s) has a Sylow 2-subgroup isomorphic to a generalised
quaternion group of order 16 and has a normal subgroup of index 2 isomorphic
to V (s).
A class of groups is called a formation whenever it is closed under epimorphic images and subdirect products. Given a non-empty formation F,
every group G possesses a smallest normal subgroup GF , called the F-residual
of G, with quotient in F (see [2, Section 2.2] for details). It is well known
that the classes N of all nilpotent groups and U of all supersoluble groups are
formations. Therefore, every group has a nilpotent residual, which coincides
with the last term of the lower central series, and a supersoluble residual.
The first main result of the paper is the following one.
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Theorem 1.3. A group G has all subgroups of prime order solitary if and
only if G is a group of the following types:
1. G = [L]H, where H and L are cyclic groups of coprime orders, |L| is
odd, and all elements of prime order of H centralise L.
2. G = [L](H×Q), where H and L are cyclic groups of coprime odd orders,
Q is a generalised quaternion 2-group, all elements of prime order of
H centralise L, and Q0 centralises L (in particular, |Q/CQ (L)| ≤ 4).
3. G = [L](H × V (s)), where [Q]C ∼
= V (s), with L and H cyclic {2, 3}0 groups of coprime orders, Q ∼
= Q8 , C ∼
= C3s , Q centralises L and H,
and all elements of prime order of H and C centralise L.
4. G = [L](H × W (s)), where L and and H are cyclic {2, 3}0 -groups, the
elements of prime order of H centralise L, and the maximal subgroup
EC of W (s) centralises L and H (E = hx2 , yi ∼
= Q8 and C = hai ∼
=
s
C3 ).
Here [V ]X denotes the semidirect product of a normal subgroup V acted
on by X. The notation and the terminology used in this paper agree with [5].
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Proof of the main result

The groups in which all p-chief factors for a prime p are cyclic and Gisomorphic when regarded as G-modules by conjugation have a major role in
the proof of the main theorem. We will use the following property of these
groups.
Theorem 2.1 (see [1, Theorem 2.1.8]). Let G be a group with nilpotent
residual L. The following statements are equivalent:
1. For every prime p, the p-chief factors of G are cyclic and G-isomorphic
when regarded as modules for G by conjugation.
2. L is an abelian Hall subgroup of odd order of G acted on by conjugation
by G as a group of power automorphisms.
Theorem 1.2 shows the interest of the generalised quaternion groups of
order 2s for a certain s in the scope of our classification. The following lemmas
present some well known properties of these groups. They can be found, for
example, in [4]. We give proofs of them for the reader’s convenience.
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Lemma 2.2. Let S be a non-cyclic subgroup of a generalised quaternion
2-group Q. Then S is generalised quaternion.
Proof. Since S is not cyclic, S is not contained in hxi. Hence there exists
an element xu y ∈ S \ hxi. Moreover, |S : S ∩ hxi| = |Shxi : hxi| ≤ 2. Let
r
r
S ∩ hxi = hx2 i. It is clear that S = hx2 , xu yi is a generalised quaternion
group of order 2s−r .
Lemma 2.3. The generalised quaternion group Q = Q2s with presentation (1) for s ≥ 4 does not possess automorphisms of odd prime order.
Proof. If s ≥ 4, the maximal subgroups hx2 , yi and hx2 , xyi are not cyclic.
By Lemma 2.2, they are isomorphic to the generalised quaternion group
Q2s−1 . Hence the cyclic maximal subgroup hxi is a solitary subgroup of Q.
In particular, hxi ∼
= C2s−1 is a characteristic subgroup of Q. Let α be an
automorphism of Q of odd prime order. Then α can be regarded as an
automorphism of hxi. Since the automorphism group of C2s−1 has order 2s−2
by [8, Kapitel I, Satz 4.6], it follows that α centralises hxi. On the other
hand, α can be regarded as an automorphism of Q/hxi ∼
= C2 . It follows that
α centralises Q/hxi. By [5, Chapter A, Proposition 12.3], α centralises Q.
This contradicts the fact that α is an automorphism of Q of odd prime order.
The proof of the lemma is then completed.
Lemma 2.4. Let N be a non-cyclic normal subgroup of a generalised quaternion group Q. Then |Q : N | ≤ 2.
Proof. Since N 6≤ hxi, there exists an element xu y ∈ N \ hxi. Hence
(xu y)−1 (xu y)x = y −1 x−u x−1 xu yx = x2 ∈ N . It follows that hx2 i is a proper
subgroup of N and, since |Q : hx2 i| = 4, the conclusion follows.
Lemma 2.5. If A/B is a non-cyclic elementary abelian section of a generalised quaternion group, then A/B ∼
= C2 × C2 .
Proof. Since A/B is a non-cyclic section of Q, A cannot be cyclic. Hence, by
Lemma 2.2, A is generalised quaternion. Since A/B is elementary abelian,
the Frattini subgroup Φ(A) of A is contained in B. But since A is 2-generated,
|A/Φ(A)| = 4 and so |A/B| ≤ 4. As |A/B| > 2, we conclude that |A/B| = 4
and so A/B ∼
= C2 × C2 .
Now we are in a position to prove our main result.
Proof of Theorem 1.3. It is clear that the groups of types 1, 2, 3, and 4 have
all subgroups of prime order solitary.
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Assume now that G has all subgroups of prime order solitary. We will
prove that G is of one of the types 1, 2, 3, or 4. For the reader’s convenience,
we break the proof into separately stated steps.
Step 1. G is soluble
Since all solitary subgroups are normal, this claim follows from Theorem 1.1.
Step 2. Every subgroup of G has all subgroups of prime order solitary.
This is clear.
Now we fix a Hall system H in G, which exists by Step 1 (see [5, Chapter I,
Section 4]). If p is a prime and π is a set of primes, we will denote by Gp the
Sylow p-subgroup of G in H and by Gπ the Hall π-subgroup of G in H.
Step 3. If p is an odd prime, then Gp is cyclic. Moreover, G2 is cyclic or
generalised quaternion.
This is a consequence of Theorem 1.2 and Step 2.
Step 4. If |G| is not divisible by 3, then G has no chief factors isomorphic
to C2 × C2 .
Assume that A/B is a chief factor of G isomorphic to C2 × C2 . Now
G/CG (A/B) is isomorphic to a subgroup of the automorphism group of
C2 × C2 , which is isomorphic to GL2 (2) ∼
= Σ3 . If 3 does not divide |G|,
G/CG (A/B) has order not divisible by 3 and so it is a 2-group. But this is
impossible by [5, Chapter A, Proposition 3.12], since A/B is a 2-chief factor
of order 4.
Step 5. All chief factors of G are cyclic or isomorphic to C2 × C2
Let p be an odd prime. Since Gp is cyclic, all p-chief factors of G are
cyclic. If G2 is cyclic, all 2-chief factors of G are cyclic. Suppose that G2
is not cyclic. Then G2 is generalised quaternion by Theorem 1.2. Given a
2-chief factor A/B of G, we have that A/B is isomorphic to an elementary
abelian section of G2 . But every elementary abelian section of G2 is a cyclic
group or an elementary abelian group of order 4 by Lemma 2.5.
Step 6. Suppose that G2 is cyclic or that G has no chief factors isomorphic
to C2 × C2 . Then G is supersoluble.
This is an immediate consequence of Step 5
Step 7. If G2 is cyclic or G has no chief factor isomorphic to C2 × C2 ,
then, for every prime p, the p-chief factors of G are G-isomorphic.
By Step 6, G is supersoluble. Suppose that p1 < p2 < · · · < pr are the
primes dividing |G|. Then G has a Sylow tower
1 = Pr ≤ Pr−1 ≤ · · · ≤ P1 ≤ P0 = G

(2)

where Pi E G for all i and Pi−1 /Pi is a Sylow pi -subgroup of G/Pi for
1 ≤ i ≤ r. Moreover, Pi−1 /Pi = Gpi Pi /Pi for 1 ≤ i ≤ r. We can refine (2) to
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a chief series of G. If Gpi = hai i, with |Gpi | = psi i , then the chief factors of this
pj

pj+1

series will have the form hai i iPi /hai i iPi for 1 ≤ i ≤ r and 0 ≤ j ≤ si − 1.
r
Given g ∈ G, agi Pi = (ai Pi )gPi = (ai Pi )rg Pi = ai g Pi for a certain rg ∈ Z.
pj

g

pj

rg

pj

g

pj+1

Hence (ai i ) Pi = (ai i ) Pi for 0 ≤ j ≤ si − 1. In particular, (ai i ) hai i iPi =
pj

rg

pj+1

(ai i ) hai i iPi and g induces the same automorphism of all p-chief factors
in this series. By the Jordan-Hölder theorem [8, Kapitel I, Satz 11.5], all the
p-chief factors of G are G-isomorphic.
Step 8. R = G{2,3}0 is normal in G.
The group G20 has all subgroups of prime order solitary and has a trivial
Sylow 2-subgroup. By Step 6, G20 is supersoluble. Since 3 is the smallest
prime dividing the order of G20 , its Hall 30 -subgroup R is normal in G20 by
[8, Kapitel VI, Satz 9.1]. In particular, G3 normalises R. On the other hand,
the group G30 has all subgroups of prime order solitary and has order not
divisible by 3. Hence G30 is supersoluble by Step 6. Therefore its Hall 20 subgroup R is normal in G30 by [8, Kapitel VI, Satz 9.1]. In particular, the
Sylow 2-subgroup G2 of G30 normalises R. We conclude that R is normal
in G.
Step 9. If G2 is cyclic or G has no chief factors isomorphic to C2 × C2 ,
then the nilpotent residual L of G is a cyclic Hall subgroup of odd order and
G induces a group of power automorphisms on L.
By the Theorem 2.1, the nilpotent residual L of G is an abelian Hall
subgroup of G of odd order. Since the Sylow p-subgroups of L are cyclic and
the direct product of cyclic subgroups of pairwise coprime orders is cyclic,
the result follows.
Let π be the set of primes dividing the order of the nilpotent residual L
of G.
Step 10. If G2 is cyclic, then G is a group of type 1.
Let H = Gπ0 . Since H ∼
= G/L, H is nilpotent. Now H has all Sylow
subgroups cyclic. Hence H is cyclic. Since all subgroups of prime order of
H are solitary in G, in particular, normal in G, and have trivial intersection
with L, they must centralise L. Hence G = [L]H is a group of type 1.
Step 11. If G2 is not cyclic and G has no chief factors isomorphic to
C2 × C2 , then G is a group of type 2.
Let D be a Hall π 0 -subgroup of G. Note that D is nilpotent, because
D ∼
= G/L. Let H be the Hall 20 -subgroup of D. Since H is the direct
product of cyclic groups of coprime orders, H itself is cyclic. Then D is
the direct product of H and a generalised quaternion 2-group Q. Moreover,
since all subgroups of prime order of H are solitary in G, in particular, normal
in G, and have trivial intersection with L, they centralise L. On the other
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hand, Q/CQ (L) can be regarded as a group of automorphisms of L. Since
this automorphism group is abelian, we obtain that Q0 ≤ CQ (L).
Step 12. Assume that G is not supersoluble. Then T = G{2,3} has a unique
chief factor of order 4, O20 ,2 (T )/O20 (T ) ∼
= Q8 , and T /O20 ,2 (T ) is isomorphic
to C3 or Σ3 .
Let T = G{2,3} . Note that T and G/R are T -isomorphic and so the chief
factors of T can be identified with the chief factors of G above R.
Consider a chief series
1 = T0 < T1 < T2 < · · · < Tm−1 < Tm = T

(3)

of T . By intersecting the members of this series with Q = G2 , we obtain a
normal series
1 = T0 ∩ Q ≤ T1 ∩ Q ≤ T2 ∩ Q ≤ · · · ≤ Tm−1 ∩ Q ≤ Tm ∩ Q = Q

(4)

of Q. Suppose that Td /Td−1 is a chief factor of order 4, then the section
(Td ∩ Q)/(Td−1 ∩ Q) is isomorphic to C2 × C2 , and that among all these
chief factors of order 4, we choose d as the largest possible index. Hence
Td ∩ Q is a non-cyclic normal subgroup of Q. By Lemma 2.2, Td ∩ Q is a
generalised quaternion group. Since |(Td ∩ Q)/(Td−1 ∩ Q)| = 4, we have that
Td−1 ∩ Q is cyclic by Lemma 2.4. It follows that the series (4) contains a
unique factor (Td ∩ Q)/(Td−1 ∩ Q) of order 4. Consequently, the series (3)
contains a unique chief factor Td /Td−1 of order 4. Moreover, by Lemma 2.4,
we have that |Q : Td ∩ Q| ≤ 2. Let U = CT (Td /Td−1 ). Then U is a normal
subgroup of T and T /U is isomorphic to a subgroup of the symmetric group
Σ3 of degree 3 containing the corresponding alternating group A3 . Moreover,
all other 2-chief factors of T are central. Since O20 ,2 (T ) is the intersection of
the centralisers of all 2-chief factors of G by [5, Chapter A, Theorem 13.8],
we obtain that O20 ,2 (T ) = U . Let Y = O20 (T ). Since T /U has a subgroup
of order 3, the group U/Y ∼
= Td ∩ Q has an automorphism of order 3 (note
that this subgroup of order 3 cannot centralise the chief factor Td /Td−1 ). By
Lemma 2.3, U/Y ∼
= Q8 .
Step 13. Assume that G is not supersoluble. Let T = G{2,3} and U =
O20 ,2 (T ). If T /U ∼
= C3 , then T ∼
= V (s) for a certain s ≥ 2.
∼
Suppose first that T /U = C3 . Let C = G3 = hai ∼
= C3s . The element
3
a belongs to U and hence it belongs to its Sylow 3-subgroup Y = O3 (T ).
Therefore Y = Φ(C). Since Y is a normal subgroup of T , by [5, Chapter A,
Theorem 9.2(d)], Y ≤ Φ(G). But T /Y is a 3-nilpotent group. It follows that
T is a 3-nilpotent group, since the class of all 3-nilpotent groups is closed
under Frattini extensions (see [8, Kapitel VI, Hilfssatz 6.3]). Therefore the
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Sylow 2-subgroup Q = G2 of G is normal in T and is complemented by the
cyclic Sylow 3-subgroup C ∼
= C3s . Hence T ∼
= V (s).
Step 14. Assume that G is not supersoluble. Let T = G{2,3} and U =
O20 ,2 (T ). If T /U ∼
= Σ3 , then T ∼
= W (s) for a certain s ≥ 2.
∼
Suppose now that T /U = Σ3 . Let M/U be the Sylow 3-subgroup of
T /U . In this case, the Sylow 2-subgroup Q = G2 of G is isomorphic to a
generalised quaternion group of order 16. We can suppose that Q = hx, y |
x8 = 1, y 2 = x4 , xy = x−1 i and that a is a generator of the Sylow 3-subgroup
C = G3 ; moreover, the subgroup hx4 i of order 2 is a normal subgroup of T
contained in Φ(Q) and so hx4 i ≤ Φ(T ) by [5, Chapter A, Theorem 9.2(d)],
and the element a3 belongs to U , hence it belongs to its unique Sylow 3subgroup Y = O3 (M ), and so Y ≤ Φ(T ). It follows that the supersoluble
residual of T /Φ(T ) is an elementary abelian normal subgroup of order 4 and
so it is complemented by a subgroup D/Φ(T ) ∼
= Σ3 by [2, Theorem 4.2.17],
and that all such complements are conjugate. By the conjugacy, we can
assume that a Sylow 2-subgroup of D/Φ(T ) is contained in the Sylow 2subgroup QΦ(T )/Φ(T ) and that a ∈ D. Hence there exists an element
z ∈ (Q∩D)\U and az Φ(T ) = a−1 Φ(T ), that is, az a ∈ Φ(T ). We may assume
a
that E = hx2 , yi is the Sylow 2-subgroup of M and a acts on E via (x2 ) = y,
y a = x2 y. Since z 2 ∈ Φ(T ) and z is not the element of order 2 of T because
z 6= x4 , z is an element of order 4. Furthermore, z ∈
/ E. Consequently,
we have that z = x1+2e y for a certain integer e. On the other hand, since
az a ∈ Φ(T ), this element centralises E. Note that y x = x−1 yx = x−2 y. Hence
ax1+2e ya
x1+2e ya
−1
−1 −1−2e ax1+2e ya
y = y z aza = y y x
= (x2(1+2e) y)
= (y (1+2e) x2 y)
=
1+2e ya
1+e ya
2+2e −1 2 x
4+4e −2 x
2+4e ya
−2−4e a
−1−2e
(y
y x y)
= (x
x )
= (x
) = (x
) = y
,
which implies that e ≡ 3 (mod 4). This gives the presentation of W (s).
Step 15. Suppose that G{2,3} ∼
= V (s). Then G is a group of type 3.
Let Q = G2 and C = G3 , then Q ∼
= Q8 , C ∼
= C3s , and QC ∼
= V (s).
0
Clearly, the Hall 2 -subgroup G20 = RC is a group of type 1 and so RC =
[L](H × C), where H and L are cyclic {2, 3}0 -groups of coprime orders, and
all elements of prime order of HC centralise L. In particular, the elements
of prime order of H and the elements of prime order of C centralise L. Now
QC acts on all G-chief factors of R, which are cyclic. Therefore its derived
subgroup (QC)0 = Q centralises all G-chief factors of R. By [5, Chapter A,
Proposition 12.3], Q centralises R.
Step 16. Suppose that G2,3 ∼
= W (s). Then G is a group of type 4.
The Hall 30 -subgroup G30 = RQ of G is a group of type 2. Therefore G =
[L](H ×Q), where H and L are cyclic {2, 3}0 -groups of coprime orders, and all
elements of prime order of H centralise L. Moreover, all the G-chief factors
of R are cyclic. Hence the derived subgroup EC of G{2,3} centralises all the
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G-chief factors of R. By [5, Chapter A, Proposition 12.4], EC centralises L
and H. It follows that G is a group of type 4.
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Final remarks

Schmidt [11] has studied the groups with a unique subgroup of order p for a
given odd prime p.
Theorem 3.1 (Schmidt [11, Theorem 7]). Let p be an odd prime. Every
finite group with a unique subgroup of order p is an extension of a normal
p-nilpotent subgroup with a unique subgroup of order p by a cyclic quotient
of order dividing p − 1 and acting faithfully, and, conversely, every such
extension has a unique subgroup of order p. In particular, every such group
is p-soluble of p-length equal to 1.
The proof of Theorem 3.1 depends on the well known p-nilpotency criterion of Burnside and a generalisation of this criterion (see, for instance,
[7, Theorem 7.4.3 and Theorem 7.4.4]). This result can be used to prove an
alternative proof of the solubility of the groups with all minimal subgroups
solitary (Step 1 of the proof of Theorem 1.3).
We might also consider the dual problem of classifying the groups with
all maximal subgroups solitary. It is clear that a group with all maximal subgroups solitary must be nilpotent, because in this case all maximal subgroups
are normal (see [5, Chapter A, Theorem 8.3]). The following examples obtained with the help of the computer algebra system GAP [6] seem to indicate
that the classification of the p-groups with all maximal subgroups solitary,
for a prime p, is a difficult problem.
Example 3.2. The quasidihedral group
QD16 = ha, b | a8 = b2 = 1, ab = a3 i
has three maximal subgroups hab−1 , a2 i ∼
= Q8 , hb, a2 i ∼
= D8 , hai ∼
= C8 . Hence
all of them are solitary.
Example 3.3. The group G = C8 × QD16 has seven maximal subgroups, all
of them solitary in G.
Example 3.4. The group G = ha, b, c, d, e, f | c = [b, a], d = [c, a], e =
[c, b], f = [d, a], a3 = c−3 = f, b3 = d3 = e3 = f 3 = 1, [d, a] = [e, a] = [d, b] =
[e, b] = f, [f, b] = [f, d] = [f, e] = [d, c] = [e, c] = [e, d] = 1i, corresponding
to SmallGroup(729, 41) in the library of groups of small order of GAP
[6], is another example of a 2-generated non-cyclic 3-group in which its four
maximal subgroups are solitary.
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