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Abstract: A theoretical description of the differential decay spectrum for the decay

τ− → ντKSπ−, which is based on the contributing Kπ vector and scalar form factors FKπ
+ (s)

and FKπ
0 (s) being calculated in the framework of resonance chiral theory (RχT), additionally

imposing constraints from dispersion relations as well as short distance QCD, provides a

good representation of a recent measurement of the spectrum by the Belle collaboration. Our

fit allows to deduce the total branching fraction B[τ− → ντKSπ−] = 0.427 ± 0.024% by

integrating the spectrum, as well as the K∗ resonance parameters MK∗ = 895.3 ± 0.2MeV

and ΓK∗ = 47.5 ± 0.4MeV, where the last two errors are statistical only. From our fits,

we confirm that the scalar form factor FKπ
0 (s) is required to provide a good description,

but we were unable to further constrain this contribution. Finally, from our results for the

vector form factor FKπ
+ (s), we update the corresponding slope and curvature parameters

λ
′

+ = (25.2 ± 0.3) · 10−3 and λ
′′

+ = (12.9 ± 0.3) · 10−4, respectively.
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1 Introduction

An ideal system to study low-energy QCD under rather clean conditions is provided by

hadronic decays of the τ lepton [1–5]. Detailed investigations of the τ hadronic width as well

as invariant mass distributions allow to determine a plethora of QCD parameters, a most

prominent example being the QCD coupling αs. Furthermore, the experimental separation

of the Cabibbo-allowed decays and Cabibbo-suppressed modes into strange particles [6–8]

opened a means to also determine the quark-mixing matrix element |Vus| [9–11] as well as the

mass of the strange quark [12–19], additional fundamental parameters within the Standard

Model, from the τ strange spectral function.

The dominant contribution to the Cabibbo-suppressed τ decay rate arises from the decay

τ → ντKπ. The corresponding distribution function has been measured experimentally in

the past by ALEPH [8] and OPAL [7]. More recently, high-statistics data for the τ → ντKπ

spectrum became available from the Belle experiment [20], and results for the total branching

fraction are also available from BaBar [21,22], with good prospects for results on the spectrum

from BaBar and BESIII in the near future.

These new results call for a refined theoretical understanding of the τ → ντKπ decay

spectrum, and in ref. [23] we have provided a description based on the chiral theory with

resonances (RχT) [24,25], under the additional inclusion of constraints from dispersion rela-

tions. To start with, the general expression for the differential decay distribution takes the

form [26]

dΓKπ

d
√

s
=

G2
F |Vus|2M3

τ

32π3s
SEW

(
1− s

M2
τ

)2
[(

1 + 2
s

M2
τ

)
q3
Kπ |FKπ

+ (s)|2 +
3∆2

Kπ

4s
qKπ|FKπ

0 (s)|2
]
,

(1)

where we have assumed isospin invariance and have summed over the two possible decays

τ− → ντK
0
π− and τ− → ντK

−π0, with the individual decay channels contributing in the

ratio 2 : 1 respectively. In this expression, SEW is an electro-weak correction factor, FKπ
+ (s)

and FKπ
0 (s) are the vector and scalar Kπ form factors respectively which will be explicated

in more detail in section 2. Furthermore, ∆Kπ ≡ M2
K −M2

π , and qKπ is the kaon momentum

in the rest frame of the hadronic system,

qKπ(s) =
1

2
√

s

√(
s − (MK + Mπ)2

)(
s − (MK − Mπ)2

)
· θ

(
s − (MK + Mπ)2

)
. (2)

By far the dominant contribution to the decay distribution originates from the K∗(892)

meson. In the next section, we shall recall the effective description of this contribution to

the vector form factor FKπ
+ (s) in the framework of RχT that was presented in ref. [23],

quite analogous to a similar description of the pion form factor given in refs. [27–29]. A

second vector resonance, namely the K∗(1410) meson, can straightforwardly be included in

the effective chiral description. Finally, the scalar Kπ form factor FKπ
0 (s) was calculated in

the same RχT plus dispersive constraint framework in a series of articles [30–32], and the

recent update of FKπ
0 (s) [33] will be incorporated in our work as well.

Based on the theoretical expression (1) for the spectrum and the form factors discussed

in section 2, in section 3, we shall perform fits of our description to the Belle data [20] for
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the decay τ− → ντKSπ−. From these fits it follows that both the scalar contribution and the

second vector resonance are required in order to obtain a good description of the experimental

spectrum. In addition, the fits allow to determine the resonance parameters of the charged

K∗(892) and K∗(1410) mesons. Finally, integrating the distribution function dΓKπ/d
√

s, we

are also in a position to present results for the total B[τ− → ντKSπ−] branching fraction.

2 The form factors

A theoretical representation of the vector form factor FKπ
+ (s), which is based on fundamental

principles, has been developed in ref. [23], in complete analogy to the description of the pion

form factor presented in refs. [27–29]. This approach employed our present knowledge on

effective hadronic theories, short-distance QCD, the large-NC expansion as well as analyt-

icity and unitarity. For the pion form factor the resulting expressions provide a very good

description of the experimental data [27–29].

Precisely following the approach of ref. [27], in [23] we found the following representation

of the form factor FKπ
+ (s):

FKπ
+ (s) =

M2
K∗e

3

2
Re[ eHKπ(s)+ eHKη(s)]

M2
K∗ − s − iMK∗ΓK∗(s)

. (3)

The one-loop function H̃(s) is related to the corresponding function H(s) of [34] by H̃(s) ≡
H(s)−2Lr

9 s/(3F 2
0 ) ≈ [sM r(s)−L(s)]/(FKFπ).1 Explicit expressions for M r(s) and L(s) can

be found in ref. [35]. The one-loop function H̃(s) depends on the chiral scale µ, and in eq. (3),

this scale should be taken as µ = MK∗. In ref. [36], the off-shell width of a vector resonance

was defined through the two-point vector current correlator, performing a Dyson-Schwinger

resummation within RχT [24,25]. Following this scheme the energy-dependent width ΓK∗(s)

is found to be

ΓK∗(s) =
G2

V MK∗s

64πF 2
KF 2

π

[
σ3

Kπ(s) + σ3
Kη(s)

]
= ΓK∗

s

M2
K∗

[
σ3

Kπ(s) + σ3
Kη(s)

]

[
σ3

Kπ(M2
K∗) + σ3

Kη(M
2
K∗)

] , (4)

where ΓK∗ ≡ ΓK∗(M2
K∗), and GV is the chiral vector coupling which appears in the framework

of the RχT [24]. The phase space function σKπ(s) is given by σKπ(s) = 2qKπ(s)/
√

s, and

σKη(s) follows analogously with the replacement Mπ → Mη . Re-expanding eq. (3) in s

and comparing to the corresponding χPT expression [34], in the SU(3) symmetry limit one

reproduces the short-distance constraint for the vector coupling GV = F0/
√

2 [25] which

guarantees a vanishing form factor at s to infinity, as well as the lowest-resonance estimate.

Since the τ lepton can also decay hadronically into the second vector resonance K∗
′ ≡

K∗(1410), this particle has been included in our parametrisation of the vector form factor

1In our expressions, we have decided to replace all factors of 1/F 2
0 by 1/(FKFπ) since for the Kπ system it

is to be expected that higher-order chiral corrections lead to the corresponding renormalisation of the meson

decay constant.
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FKπ
+ (s). A parametrisation which is motivated by the RχT framework [24,25] can be written

as follows:

FKπ
+ (s) =

[
M2

K∗ + γ s

M2
K∗ − s − iMK∗ΓK∗(s)

− γ s

M2
K∗

′ − s − iMK∗
′ΓK∗

′ (s)

]
e

3

2
Re[ eHKπ(s)+ eHKη(s)] .

(5)

This parametrisation incorporates all known constraints from χPT and RχT. At low energies,

it reproduces eq. (3) up to corrections proportional to γ s (MK∗ −MK∗
′ ). The relation of the

parameter γ to the RχT couplings takes the form γ = FV GV /(FKFπ)− 1, when one assumes

a vanishing form factor at large s in the NC to infinity limit. It is difficult, to a priori asses a

precise value for γ, but below we shall be able to fit it from the comparison of our description

with the Belle spectrum. The width of the second resonance cannot be set unambiguously.

Therefore, we have decided to endow the K∗(1410) contribution with a generic width as

expected for a vector resonance. Hence, ΓK∗
′ (s) will be taken to have the form

ΓK∗
′ (s) = ΓK∗

′

s

M2
K∗

′

σ3
Kπ(s)

σ3
Kπ(M2

K∗
′ )

. (6)

As a final ingredient for a prediction of the differential decay distribution of the decay

τ → ντKπ according to eq. (1), we require the scalar form factor FKπ
0 (s). This form factor

was calculated in a series of articles [30–32] in the framework of RχT, again also employing

constraints from dispersion theory as well as the short-distance behaviour.2 Quite recently,

the determination of FKπ
0 (s) was updated in [33] by employing novel experimental constraints

on the form factor at the Callan-Treiman point ∆Kπ, and in our fits below, we shall also make

use of this update.

A remaining question is which value to use for the form factors FKπ
+ (s) and FKπ

0 (s) at the

origin. However, inspecting eq. (1), one realises that what is needed is not FKπ
+ (0) = FKπ

0 (0)

itself, but only the product |Vus|FKπ
+ (0). Once this normalisation is fixed, in the fits we only

need to determine the shape of reduced form factors F̃Kπ
+ (s) and F̃Kπ

0 (s) which are normalised

to one at the origin:

F̃Kπ
+ (s) ≡ FKπ

+ (s)

FKπ
+ (0)

, F̃Kπ
0 (s) ≡ FKπ

0 (s)

FKπ
+ (0)

. (7)

This also entails, that after fixing the normalisation of the decay spectrum by giving a value

to |Vus|FKπ
+ (0), we are in a position to predict the total branching fraction B[τ− → ντKSπ−]

just from a fit of the shape of the form factors, independent of normalisation issues.

The product |Vus|FKπ
+ (0) is determined most precisely from the analysis of semi-leptonic

kaon decays. The most recent average was presented by the FLAVIAnet kaon working group,

and reads [37]

|Vus|FK0π−

+ (0) = 0.21664 ± 0.00048 . (8)

In what follows, we have renormalised our description for the form factors to one and have

assumed the result (8) for the global normalisation. Incidentally, the value in (8) already

2The original motivation for a precise description of F Kπ
0 (s) was the determination of the strange quark

mass ms from scalar sum rules, also performed in [32].
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corresponds to the K0π− channel which was analysed by the Belle collaboration [20]. There-

fore, possible isospin-breaking corrections to the normalisation are already properly taken

into account.

3 Fits to the Belle τ → ντKπ spectrum

For our fits to the decay spectrum of the τ− → ντKSπ− transition as obtained by the Belle

collaboration [20], we make the following Ansatz:

1

2
· 2

3
· 0.0115 [GeV/bin]NT · 1

Γτ B̄Kπ

dΓKπ

d
√

s
. (9)

The factors 1/2 and 2/3 come from the fact that the KSπ− channel has been analysed. Then,

11.5MeV was the bin-width chosen by the Belle collaboration, and NT = 53110 the total

number of observed signal events. Finally, Γτ is the total decay width of the τ lepton and

B̄Kπ a remaining normalisation factor that will be deduced from the fits. The normalisation

of our Ansatz (9) is taken such that for a perfect agreement between data and fit function,

B̄Kπ would correspond to the total branching fraction BKπ ≡ B[τ− → ντKSπ−] which is

obtained by integrating the decay spectrum. Differences between B̄Kπ and BKπ point to

imperfections of the fit, and will constitute one source of systematic uncertainties. As we

shall see further below, for better fits also the agreement between B̄Kπ and BKπ improves as

expected.

Before entering the details of our fits, let us discuss the numerical values of all input

parameters. For the meson masses, we employ the physical masses corresponding to the decay

channel in question, namely MKS
= 497.65MeV, Mπ− = 139.57MeV and Mη = 547.51MeV

[38]. For the meson decay constants, we use the findings of the recent review [39], in our

normalisation that is Fπ = 92.3MeV and FK/Fπ = 1.196. For the electro-weak correction

factor, we have utilised the result for inclusive hadronic τ decays, SEW = 1.0201 [10] (and

references therein). Even though the electro-weak correction factor for the exclusive decay

in question need not be the same as SEW, to the precision we are working this choice is

supposedly sufficient. Besides, we are not aware of a published result for the correct factor in

the case of the exclusive decay studied here. All remaining input parameters which have not

been mentioned explicitly, are taken according to their PDG values [38].

As an initial step, only the central K∗ resonance region is fitted, in order to get an idea

about the K∗ resonance parameters. For this fit, two forms of the dominant vector form

factor FKπ
+ (s) are used. On the one hand, we employ our description (3) as discussed in the

last section. On the other hand, we also investigate a pure Breit-Wigner resonance shape

as was used in the experimental work of the Belle collaboration. This later allows a better

comparison to the findings of ref. [20]. The Breit-Wigner resonance factor is defined by

BWK∗(s) ≡ M2
K∗

M2
K∗ − s − iMK∗ΓK∗(s)

, (10)

where the energy dependent width ΓK∗(s) takes the form

ΓK∗(s) = ΓK∗

s

M2
K∗

σ3
Kπ(s)

σ3
Kπ(M2

K∗)
. (11)
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Thus, the K∗ width of (11) coincides with eq. (4) if the Kη contribution is neglected. Although

our equations (10) and (11) are written in a form different from the one employed in [20], the

expressions are in agreement. The Breit-Wigner version of the Kπ vector form factor FKπ
+ (s)

then reads

FKπ
+ (s) = FKπ

+ (0)BWK∗(s) . (12)

In practice, as discussed above, for our fits we only require the reduced form factor F̃Kπ
+ (s)

which in this case is equal to the Breit-Wigner factor BWK∗(s).

For our first fit, we employ the Belle data [20] in the range 0.808 – 1.015GeV (data points

16 – 34), where the vector form factor dominates and should provide a good description. The

resulting fit parameters are presented as the left-hand column in table 1 for the Breit-Wigner

fit, and the right hand column for the chiral fit. Graphically, the corresponding fits are shown

as the dotted and short-dashed lines in figure 1 respectively, together with the experimental

data points. The fitted K∗ mass MK∗ for the Breit-Wigner fit is close to the result by the

Belle collaboration [20], while the width ΓK∗ is found to be somewhat larger. Besides the

normalisation factor B̄Kπ, in table 1 we have also listed in brackets the result for the branching

fraction BKπ that would be obtained when integrating the spectrum. The χ2/n.d.f. for this

fit is found to be of order 2. Nevertheless, later we shall see that our final fit including all

contributions will have a χ2/n.d.f. of order 1. So this is nothing to worry about at this point.

From figure 1, one observes that the fit provides a reasonable description of the data in the

fit region, but both, much below and much above the resonance peak marked deviations are

clearly visible, implying missing contributions that will be discussed below.

BW form for FKπ
+ (s) Chiral form for FKπ

+ (s)

B̄Kπ (BKπ) 0.3435 ± 0.0042% (0.3311%) 0.4658 ± 0.0057% (0.4541%)

MK∗ 895.59 ± 0.18 MeV 894.93 ± 0.18 MeV

ΓK∗ 48.06 ± 0.45 MeV 47.47 ± 0.44 MeV

χ2/n.d.f. 30.3/16 30.8/16

Table 1: Fit to the Belle τ → ντKπ spectrum in the K∗ resonance region with a pure vector

resonance shape.

Performing in an analogous fashion the fit to the Belle data with the RχT form of FKπ
+ (s),

the obtained fit parameters are listed in the right-hand column in table 1, and the fit curve is

displayed as the short-dashed line in figure 1. The parameters obtained from both fits differ

to some extent, especially the normalisation B̄Kπ, due to the different functional forms of

the vector form factor. Still, we will postpone a detailed discussion of our numerical results

until presenting the complete fit including all contributions below.3 From figure 1, we see

3As the fit is practically insensitive to the parameter r in the Blatt-Weisskopf barrier factor appearing

in our previous parametrisation of the K∗ width [23], we have decided to set r to zero, so that our fits are

more directly comparable to the fits performed by the Belle collaboration [20], who have not applied such a

factor. Employing the central result of our previous fit r = 3.5 GeV−1 [23] would give practically the same

χ2, but would result in a K∗ mass that is about 1.4 MeV lower and a K∗ width about 0.8 MeV lower. These

5
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Figure 1: Fit result for the differential decay distribution of the decay τ → ντKπ, when fitted

with a pure K∗ vector resonance (dotted and short-dashed curves) or with K∗ plus the central

scalar form factor FKπ
0 (s) as given in [33] (long-dashed and solid curves).

that while both, the chiral and the Breit-Wigner fits give a similar spectrum below the K∗

resonance peak, above the peak there are substantial differences. This will play an important

role below, when we shall aim at improving the fit by adding a second vector resonance K∗
′

,

because it will certainly influence its fit parameters.

BW form for FKπ
+ (s) Chiral form for FKπ

+ (s)

B̄Kπ (BKπ) 0.3575 ± 0.0041% (0.3518%) 0.4767 ± 0.0056% (0.4726%)

MK∗ 895.56 ± 0.18 MeV 894.92 ± 0.18 MeV

ΓK∗ 47.05 ± 0.42 MeV 46.94 ± 0.42 MeV

χ2/n.d.f. 43.5/28 46.2/28

Table 2: Fit to the Belle τ → ντKπ spectrum in the K∗ resonance region with a vector

resonance shape for FKπ
+ (s) and the central scalar form factor FKπ

0 (s).

Thus far, we have completely omitted the contribution of the scalar Kπ form factor

conclusions are the same for both the Breit-Wigner or chiral form of the vector form factor F Kπ
+ (s). This

observation again indicates the fact that the precise functional form of the vector form factor matters for the

resulting values of K∗ mass MK∗ and width ΓK∗ .

6



FKπ
0 (s) to the differential τ → ντKπ decay spectrum. When adding the corresponding

contribution with the central parameters as presented in [33], it is found that the combined

theoretical spectrum gives a good description also in the region below the K∗ resonance, with

the exception of three data points in the range 0.682 – 0.705GeV (points 5, 6, 7). Therefore,

as our next fit, we fit the entire low-energy region 0.636 – 1.015GeV while keeping the scalar

form factor FKπ
0 (s) fixed but leaving out in the fit the problematic data points 5, 6 and 7.4

The resulting fit parameters in the case of the Breit-Wigner and chirally inspired vector form

factor FKπ
+ (s) are tabulated in table 2, and the corresponding fit curves are plotted as the

long-dashed and solid lines in figure 1 respectively. From table 2 one observes that MK∗ is

almost unchanged, the width ΓK∗ is slightly decreased, and also the χ2/n.d.f. is somewhat

reduced, although it is still larger than roughly 1.5. Nevertheless, it is clear that the scalar

contribution is required in order to give a more satisfactory description of the region below

the K∗ resonance.

BW form for FKπ
+ (s) Chiral form for FKπ

+ (s)

B̄Kπ (BKπ) 0.423 ± 0.012% (0.421%) 0.430 ± 0.011% (0.427%)

MK∗ 895.12 ± 0.19 MeV 895.28 ± 0.20 MeV

ΓK∗ 46.79 ± 0.41 MeV 47.50 ± 0.41 MeV

MK∗
′ 1598 ± 25 MeV 1307 ± 17 MeV

ΓK∗
′ 224 ± 47 MeV 206 ± 49 MeV

β, γ − 0.079 ± 0.010 − 0.043 ± 0.010

χ2/n.d.f. 88.7/81 79.5/81

Table 3: Full fit to the Belle τ → ντKπ spectrum with the two K∗ and K∗
′

vector resonances

in FKπ
+ (s) and the central scalar form factor FKπ

0 (s).

As the last step, now we also improve upon the description of the region above the K∗

resonance by including as a second vector resonance the K∗
′

. In the case of the Breit-Wigner

form factor, the inclusion of the K∗
′

resonance can be achieved by writing

FKπ
+ (s) =

FKπ
+ (0)

1 + β

[
BWK∗(s) + β BWK∗

′ (s)
]
, (13)

whereas in the case of the chiral resonance description, the corresponding expression for

FKπ
+ (s) including the K∗

′

is given above in eq. (5) and depends on the mixing parameter γ.

Again, our fits are displayed in a graphical form in figure 2, where the solid line corresponds

to the RχT description, and the dashed line to the fit with a vector form factor according to

eq. (13). For RχT, in addition we have separately displayed the contributions of the scalar

form factor (dotted line) and of the K∗
′

resonance (dashed-dotted line). The resulting fit

4These three data points look as if there might be a bumpy structure, perhaps related to the K∗

0 (800).

However, as has been discussed in section 7 of [30], the K∗

0 (800) is in fact present in our chiral description of

the scalar form factor. As it is rather broad, we see no way how one could accommodate such a bump in the

low-energy region below the K∗ resonance.
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Figure 2: Main fit result to the Belle data [20] for the differential decay distribution of

the decay τ− → ντKSπ−. Our theoretical description includes the Breit-Wigner (dashed

line) or RχT (solid line) vector form factors with two resonances, as well as the scalar form

factor according to ref. [33]. For RχT also the scalar (dotted line) and K∗
′

(dashed-dotted)

contributions are displayed.

parameters have been collected in table 3. We observe that the chirally inspired description

of ref. [23] provides the better fit, and that as expected the K∗
′

mass MK∗
′ turns out to be

very different, though the ΓK∗
′ widths (probably by chance) agree rather well. The mixing

parameters β and γ also differ, but due to the different functional forms of our two descriptions

for the vector form factor FKπ
+ (s), anyway they cannot be compared.

Up to now, in our fits we have only employed the central prediction for the scalar form

factor FKπ
0 (s). Thus the question arises what happens if we modify FKπ

0 (s). As the normal-

isation of the form factors can be fixed by experiment, we only require the shape of FKπ
0 (s)

and for this, in our dispersive approach [31–33], the dominant input parameter is the value

of the ratio FKπ
0 (∆Kπ)/FKπ

0 (0) at the Callan-Treiman point ∆Kπ ≡ M2
K − M2

π , which has

been discussed in detail in [33]. We can then introduce a fit parameter α which describes the

change of shape of FKπ
0 (s) when FKπ

0 (∆Kπ)/FKπ
0 (0) is modified. Let α = 0 correspond to our

central result of [33], α = 1 to the scalar form factor which arises when FKπ
0 (∆Kπ)/FKπ

0 (0)

is larger by 1σ, and α = −1 when FKπ
0 (∆Kπ)/FKπ

0 (0) is smaller by 1σ. Adding α to our

fit parameters, for the chirally inspired FKπ
+ (s) we obtain α = 4.4 ± 1.9, and for the pure

Breit-Wigner form α = 6.3 ± 2.7, with only a slight change of the other parameters and a

small improvement in the χ2/n.d.f. From this we conclude that the fit prefers a slightly larger

8



FKπ
0 (s), but the sensitivity to α is not very strong. Furthermore, the largest changes when

leaving α free are in the parameters of the K∗
′

, which entails that the found values for α are

driven by the energy region above the K∗ resonance, where the theoretical description is less

well founded. If the same exercise is repeated with the fits which only include the low-energy

and K∗ resonance region (fits of table 2), then we obtain α = 4.7±7.9 in the case of the RχT

description. Hence, with the present precision of the data and in particular the open question

about the three data points in the low-energy region, we are not able to further constrain the

contribution of the scalar form factor FKπ
0 (s).

Let us now come to a detailed discussion of our central fit results of table 3. The χ2/n.d.f.

of both the chiral and the Breit-Wigner fits is of the order of one, but nevertheless the

chiral fit provides the better description of the experimental data. For the complete fit

including two vector resonances and the scalar contribution, within the fit uncertainties the

normalisation B̄Kπ and the branching fraction BKπ are in very good agreement. In addition,

as can be observed from table 3, also the branching fractions extracted from the two versions

of parametrising FKπ
+ (s) display perfect consistency, once all contributions have been included

in the fit. The remaining small difference can be traced back to the exponential factor in the

numerator of the RχT expression (3). Since our chiral model for FKπ
+ (s) is theoretically

better motivated and furthermore provides the better fit quality, as our central result for the

branching fraction, we quote:

B[τ− → ντKSπ−] = 0.427 ± 0.011 ± 0.021% = 0.427 ± 0.024% . (14)

The first quoted error corresponds to the statistical fit uncertainty. To be conservative, in

the second error we made an attempt to estimate systematic uncertainties. To this end, we

have performed analogous fits, where the chiral factors 1/F 2
0 are taken to be 1/F 2

π , which

should give an idea of the importance of higher-order chiral corrections. (See footnote 1.)

Then the branching fraction for the full RχT fit turns out to be BKπ = 0.448%, and we take

the difference of this result to our main value as an additional systematic uncertainty. When

comparing to previous determinations, within the uncertainties our result (14) is in agreement

with the findings of the Belle collaboration B[τ− → ντKSπ−] = 0.404 ± 0.013% [20], which

are just based on a pure counting of events, as well as the Particle Data Group average

for the related branching fraction B[τ− → ντ K̄
0π−] = 0.90 ± 0.04% [38]. When assuming

isospin invariance, the above results can also be compared with the BaBar measurement

B[τ− → ντK
−π0] = 0.416 ± 0.018% [21], showing very good overall consistency.

As far as the parameters of the charged K∗ resonance are concerned, within the uncer-

tainties our value MK∗ = 895.3 ± 0.2 is in very good agreement with the Belle result [20].

However, it is about 3.5MeV larger than the current PDG average [38].5 On the other hand,

our finding for the width ΓK∗ = 47.5 ± 0.4MeV is significantly lower than the PDG average,

but still roughly 1MeV larger than the Belle result. The corresponding value of the chiral

coupling GV which appears in eq. (4) is found to be GV = 72.0±0.6MeV. For the second vec-

tor resonance, the K∗(1410), the obtained mass from our central chiral fit is about 100MeV

5Funnily enough, it is in much better agreement with the PDG average for the neutral K∗ mass. For more

details, the reader is referred to the related discussion of the K∗ mass in ref. [20].
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lower than the PDG average [38], while for the width, we find reasonable agreement to the

PDG value. However, for the Breit-Wigner fit MK∗
′ was found to turn out much larger,

which implies that the mass of the K∗(1410) strongly depends on our parametrisation of the

form factors and its determination is therefore not very reliable. As a general remark, we

like to emphasise that one should not compare or average determinations done with different

functional parametrisations.

4 Conclusions

Let us briefly summarise our findings before drawing further conclusions. From a descrip-

tion of the Kπ vector and scalar form factors FKπ
+ (s) and FKπ

0 (s) in the framework RχT,

additionally imposing constraints from dispersion relations as well as short distance QCD,

we were able to obtain a good fit to the recent Belle data [20] for the spectrum of the decay

τ− → ντKSπ−. From our fit we could extract the corresponding branching fraction and the

parameters of the K∗ resonance

B[τ− → ντKSπ−] = 0.427 ± 0.024% , (15)

MK∗ = 895.3 ± 0.2 MeV , ΓK∗ = 47.5 ± 0.4 MeV , (16)

where the quoted errors for MK∗ and ΓK∗ only include the statistical fit uncertainties. Besides,

we observe a substantial model dependence of these parameters. (See footnote 3.) This model

dependence is even more pronounced for the second included resonance, the K∗(1410), and

therefore we are unable to make a reliable prediction for MK∗
′ and ΓK∗

′ .

As far as the scalar form factor FKπ
0 (s) is concerned, below the K∗ resonance it is obvious

that this contribution is required in order to provide a satisfactory description of the data.

(With the exception of three data points which appear to form a small bump.) Trying to also

fit the scalar part, it is seen that the data prefer a slightly larger contribution, but on the

basis of the present data this is statistically not significant. Above the K∗, we have the well

established K∗

0 (1430) resonance, but here it interferes with higher vector resonances. Due to

these correlations and the strong model dependence of the higher vector resonances, it will be

difficult to disentangle scalar and vector contributions without a dedicated analysis of angular

correlations [26,40].

An independent investigation of the Belle τ− → ντKSπ− decay spectrum on the basis of

Mushkelishvili-Omnés integral equations, also incorporating chiral constraints at low energies

as well as QCD short-distance constraints at high energies was recently published in ref. [41].

A visual inspection of the corresponding fit results presented in figure 5 of [41] suggests that

the quality of the fit is not as good as in our case, though no further details, e.g. a χ2,

were provided in [41]. Still, it would be interesting to see, if somehow the approaches used in

ref. [41] and in our work could be merged, to be able to impose as many theoretical constraints

as possible on the employed form factors.

Already in ref. [23], from our description of the vector form factor FKπ
+ (s), we deduced

slope and curvature of the form factor close to s = 0, which are important parameters in the
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determination of |Vus| from Kl3 decays. Let us define a general expansion of the reduced form

factor F̃Kπ
+ (s) as:

F̃Kπ
+ (s) ≡ 1 + λ

′

+

s

M2
π−

+
1

2
λ

′′

+

s2

M4
π−

+
1

6
λ

′′′

+

s3

M6
π−

+ . . . , (17)

where λ
′

+, λ
′′

+ and λ
′′′

+ are the slope, curvature and cubic expansion parameter respectively.

On the basis of our fit results of table 3, we are now in a position to update these quantities,

also estimating the corresponding uncertainties, which yields:

λ
′

+ = (25.20 ± 0.33) · 10−3 , λ
′′

+ = (12.85 ± 0.31) · 10−4 , λ
′′′

+ = (9.56 ± 0.28) · 10−5 . (18)

In an attempt to estimate systematic uncertainties from higher orders in the chiral expansion,

like in the last section we have again also investigated the case FK = Fπ, which contributes

the largest part of the error quoted in (18). The next important source of uncertainty stems

from the mixing parameter of the K∗
′

resonance γ, for which we have used the fit result of

table 3. Besides, the vector masses MK∗ and MK∗
′ have been varied by 1MeV and 100MeV

respectively, but these modifications only have a small impact on the uncertainties for the

expansion parameters of F̃Kπ
+ (s). Comparing to the most recent determination of λ

′

+ and

λ
′′

+ from an average of current experimental results for Kl3 decays [37] (where also detailed

references to the individual experiments can be found), we observe that both determinations

are in very good agreement, though for the time being our theoretical extraction is more

precise.

To conclude, our RχT description of the Kπ vector and scalar form factors provides a

good representation of the experimental data of the Belle collaboration for the spectrum of

the decay τ− → ντKSπ− [20], thereby allowing to deduce many parameters of this approach.

The used method can also be applied to τ decay channels which involve three final state

hadrons, and this has already been performed successfully for the decays τ → ντπππ [42] as

well as τ → ντKKπ [43]. In the near future, we plan to return to the still missing decay

mode τ → ντKππ, which is the most interesting one in view of getting a better handle on

the hadronic τ decay rate into strange final states.
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[18] K. G. Chetyrkin, J. H. Kühn, and A. A. Pivovarov, Determining the strange

quark mass in Cabibbo suppressed τ lepton decays, Nucl. Phys. B533 (1998) 473, hep-

ph/9805335.

[19] A. Pich and J. Prades, Perturbative quark mass corrections to the τ hadronic width,

J. High Energy Phys. 06 (1998) 013, hep-ph/9804462, Nucl. Phys. Proc. Suppl. 74 (1999)

309, J. Prades, Nucl. Phys. Proc. Suppl. 76 (1999) 341.

[20] D. Epifanov et al., Study of τ− → KSπ−ντ decay at Belle, Phys. Lett. B654 (2007)

65, arXiv:0706.2231 [hep-ex].

[21] B. Aubert et al., Measurement of the τ− → K−π0ντ Branching Fraction, Phys. Rev.

D76 (2007) 051104, arXiv:0707.2922 [hep-ex].

[22] S. Banerjee, Measurement of |Vus| using hadronic τ decays from BaBar & Belle, (2007),

arXiv:0707.3058 [hep-ex].

[23] M. Jamin, A. Pich, and J. Portolés, Spectral distribution for the decay τ → ντKπ,

Phys. Lett. B 640 (2006) 176, hep-ph/0605096.

[24] G. Ecker, J. Gasser, A. Pich, and E. de Rafael, The role of resonances in chiral

perturbation theory, Nucl. Phys. B321 (1989) 311.

[25] G. Ecker, J. Gasser, H. Leutwyler, A. Pich, and E. de Rafael, Chiral La-

grangians for massive spin 1 fields, Phys. Lett. B223 (1989) 425.

[26] M. Finkemeier and E. Mirkes, The scalar contribution to τ → Kπντ , Z. Phys. C72

(1996) 619, hep-ph/9601275.

[27] F. Guerrero and A. Pich, Effective field theory description of the pion form factor,

Phys. Lett. B412 (1997) 382, hep-ph/9707347.

[28] A. Pich and J. Portolés, The vector form factor of the pion from unitarity and analyt-

icity: A model-independent approach, Phys. Rev. D63 (2001) 093005, hep-ph/0101194.

[29] J. J. Sanz-Cillero and A. Pich, Rho meson properties in the chiral theory framework,

Eur. Phys. J. C27 (2003) 587, hep-ph/0208199.

[30] M. Jamin, J. A. Oller, and A. Pich, S-wave Kπ scattering in chiral perturbation

theory with resonances, Nucl. Phys. B587 (2000) 331, hep-ph/0006045.

[31] M. Jamin, J. A. Oller, and A. Pich, Strangeness-changing scalar form factors, Nucl.

Phys. B622 (2002) 279, hep-ph/0110193.

13



[32] M. Jamin, J. A. Oller, and A. Pich, Light quark masses from scalar sum rules, Eur.

Phys. J. C24 (2002) 237, hep-ph/0110194.

[33] M. Jamin, J. A. Oller, and A. Pich, Scalar Kπ form factor and light quark masses,

Phys. Rev. D 74 (2006) 074009, hep-ph/0605095.

[34] J. Gasser and H. Leutwyler, Low-energy expansion of meson form factors, Nucl.

Phys. B250 (1985) 517.

[35] J. Gasser and H. Leutwyler, Chiral perturbation theory: expansions in the mass of

the strange quark, Nucl. Phys. B250 (1985) 465.

[36] D. Gomez Dumm, A. Pich, and J. Portolés, The hadronic off-shell width of meson

resonances, Phys. Rev. D62 (2000) 054014, hep-ph/0003320.

[37] M. Antonelli et al., Precision tests of the Standard Model with leptonic and semilep-

tonic kaon decays, (2008), arXiv:0801.1817 [hep-ph].

[38] W.-M. Yao et al., Review of Particle Physics, Journal of Physics G 33 (2006) 1.

[39] J. L. Rosner and S. Stone, Decay Constants of Charged Pseudoscalar Mesons, (2008),

arXiv:0802.1043 [hep-ex].
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