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Resumen

Resumimos aquí en castellano la investigación realizada en esta tesis doctoral,
las principales conclusiones obtenidas y la estructura de la misma.

Esta tesis doctoral se ha centrado en dos de las evidencias más convincentes
para la necesidad de física más allá del Modelo Estándar (SM): las masas
de los neutrinos y la materia oscura (DM). La escala de esta nueva física
(NP) es completamente desconocida, por lo que hemos adoptado un enfoque
fenomenológico, con su testabilidad como un objetivo primordial. En este
sentido, nos hemos centrado en los modelos radiativos de masas de neutrinos,
a la escala del TeV, y se ha supuesto que la materia oscura es una partícula
masiva de interacción débil (WIMP), de masa 𝒪(1 − 103) GeV.

La primera parte de la tesis se dedica al estudio de modelos de masas
de neutrinos generadas radiativamente. Éstos explican por qué las masas
de los neutrinos son mucho menores que las del resto de los fermiones: los
neutrinos no tienen masa a nivel árbol, siendo su masa generada radiativa-
mente a uno, dos o tres loops (más loops típicamente producen masas de los
neutrinos demasiado pequeñas y/o tienen problemas con las restricciones que
vienen de no observar procesos que violen sabor (LFV) en leptones cargados).
Además, gracias a la supresión de los loops y a la presencia obligatoria de
varios acoplamientos para violar número leptónico (LN), estos modelos tienen
partículas a una escala lo suficientemente baja como para dar señales en
colisionadores, como el LHC, y en los experimentos de baja energía como los
que buscan 𝜇 → 𝑒𝛾 o 0𝜈𝛽𝛽.

En esta tesis se ha estudiado la generación de la masa de los neutrinos
radiativamente a dos loops, tanto a través de nuevos fermiones (nuevas
familias) como de nuevos escalares (el modelo Zee-Babu). También se estudió
la conexión de estos modelos de masas de neutrinos con otras ramas de física
de altas energías, como la física del Higgs, ya sea indirectamente, por ejemplo
a través de modificaciones de la señal de 𝐻 → 𝛾𝛾, o directamente, a través
de la detección de las nuevas partículas.

En los primeros trabajos, se estudió en detalle la posibilidad de la existencia
de una cuarta generación secuencial del SM, abordando en particular las
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propiedades de los neutrinos ligeros y su naturaleza [1]. El neutrino de la
cuarta generación debe ser mucho más pesado que los otros, por lo que la
opción más plausible es la existencia de un neutrino dextrógiro para darle
masa. Nos dimos cuenta de que si los neutrinos ligeros son partículas de
Majorana, hay una contribución a la masa de Majorana de este neutrino
dextrógiro a dos loops. Por lo tanto, el neutrino de la cuarta generación
también debe ser Majorana, a menos que se imponga cierta simetría en los
leptones de la cuarta generación.

Se analizaron en detalle las posibles implicaciones de tener un neutrino
pesado de Majorana de la cuarta generación. En particular, se generan
masas de los neutrinos ligeros a dos loops, y esta contribución puede superar
fácilmente el límite cosmológico de la escala de masa absoluta de los neutrinos.

Sin embargo, incluso si hay una contribución a las masas de los neutrinos
ligeros, su espectro no se puede explicar con una única familia adicional. Por
lo tanto, en un trabajo diferente, se estudió la posibilidad de que los neutrinos
ligeros fueran sin masa a nivel árbol, con sus masas generadas a dos loops
por la acción de los nuevos fermiones, por ejemplo, con dos generaciones
adicionales [2].

Actualmente, gracias al LHC, la existencia de nuevas generaciones secuen-
ciales de partículas ha sido descartada, al menos si el sector escalar comprende
sólo el bosón de Higgs del SM, debido al hecho de que la producción del
bosón de Higgs aumenta con la presencia de los nuevos fermiones (y también
sus desintegraciones varían significativamente si existe una nueva familia).
Existen algunas posibilidades que pueden salvar a la cuarta generación, como
un sector escalar mayor, por ejemplo, con un doblete de Higgs adicional que
sólo se acopla a la cuarta familia [10]. Aun así, cotas a los fermiones de la
cuarta generación están muy cerca del límite perturbativo: en el caso de los
quarks & 600 GeV, véase, por ejemplo, [11].

En otro trabajo hemos revisado el modelo de Zee-Babu [3] a la luz de los
nuevos datos, por ejemplo, el ángulo de mezcla 𝜃13, el nuevo bound de 𝜇 → 𝑒𝛾
y los resultados del LHC. También se analiza la posibilidad de explicar las
desviaciones respecto al SM en 𝐻 → 𝛾𝛾 vista por ATLAS (aunque no es una
desviación significativa).

Nos encontramos con que los datos de oscilación de neutrinos y las re-
stricciones de bajas energías siguen siendo compatibles con masas de los
nuevos escalares accesibles al LHC. Si alguno de los escalares es descubierto,
el modelo puede ser falsable por la combinación de información sobre los
modos de desintegración con los datos de neutrinos. Por el contrario, si se
encuentra que el espectro de neutrinos es invertido y la fase CP 𝛿 es muy
diferente de ∼ 𝜋, las masas de los escalares cargados estarán fuera del alcance
del LHC.
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En un sentido amplio, se ha tratado de arrojar algo de luz sobre las difer-
entes formas de generar masas de los neutrinos radiativamente, centrándonos
en que fueran comprobables, siempre con la mirada puesta en las posibles
señales en el LHC, y en su conexión con otras ramas de la física de altas
energías. Esperemos que, con más información experimental, la naturaleza
nos ayude a averiguar de qué forma entre la larga lista de posibilidades
ganan masa los neutrinos. Por el momento, podemos decir que las familias
adicionales se encuentran en muy mal estado, mientras que el modelo de
Zee-Babu sigue vivo y listo para ser descubierto en el LHC!

Respecto a la DM, nos hemos dedicado al estudio de los límites que pueden
ponerse en su modulación anual. Si la DM son partículas que interaccionan
débilmente con el SM (WIMPs), pueden ser observadas en experimentos de
detección directa. Éstos son muy difíciles de realizar, ya que el número de
eventos esperado de la DM es muy bajo y las señales del fondo son muy
grandes, incluso cuando los experimentos se colocan en laboratorios a mucha
profundidad y debidamente blindados.

La modulación anual que debe estar presente en la señal de experimentos
de detección directa, debido al movimiento relativo de la Tierra alrededor del
Sol, podría ayudar a discriminar una señal de DM del fondo (algunas señales
de fondo modulan, como los muones, pero la fase no tiene por qué coincidir
con la esperada de DM, ver capítulo 6).

Un punto importante a tener en cuenta en la interpretación de una señal
DM es que las tasas de eventos están sujetas a incertidumbres astrofísicas,
como la distribución de velocidades de la DM, la densidad local o la velocidad
de escape, por lo que es importante ser lo más independiente de los parámetros
astrofísicos como sea posible. Ésto se puede hacer representando la integral
de la distribución de velocidades dividida entre la velocidad (𝜂(𝑣𝑚, 𝑡), dónde
𝑣𝑚 es la mínima velocidad necesaria para producir un retroceso nuclear de
una energía dada, véase eq. 6.10) de los diferentes experimentos en el mismo
rango de velocidades (𝑣𝑚).

En esta tesis, hemos deducido restricciones a la modulación anual en
términos de la tasa total de eventos (no modulada), que son casi independientes
de las incertidumbres astrofísicas, mediante el desarrollo de 𝜂(𝑣𝑚, 𝑡) a primer
orden en la velocidad, 𝑣𝑒(𝑡)/𝑣, donde 𝑣𝑒(𝑡) es la velocidad de la Tierra alrededor
del Sol y 𝑣 es la velocidad de la DM. Este test es una prueba importante que
cualquier señal de modulación anual tiene que pasar.

Aplicamos estos límites a las modulaciones vistas por DAMA y CoGeNT [4],
y obtuvimos que la modulación de DAMA es compatible con su tasa constante,
mientras que la de CoGeNT está excluida para halos típicos de DM a & 90%
CL.

En un segundo trabajo demostramos como las cotas de la modulación
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de un experimento en función de su tasa constante, obtenidas en el anterior
trabajo, pueden aplicarse entre experimentos diferentes, en el mismo rango de
velocidades (𝑣𝑚). Los aplicamos a la modulación de DAMA frente a los resul-
tados nulos de XENON, CDMS y otros experimentos [5]. Una interpretación
en términos de DM de la modulación de DAMA está desfavorecida por al
menos un experimento en más de 4𝜎, para una masa de la DM . 15 GeV,
para todo tipo de interacciones.

También hemos ampliado el análisis al caso de dispersión inelástica [6],
mostrando como DAMA es incompatible con XENON 100 también en este
caso.

En un sentido amplio, hemos hallado límites independientes de la astrofísica
que las modulaciones anuales tienen que cumplir. Con suerte, este tipo de
pruebas va a ayudar a discriminar entre señales verdaderas de DM y fondos. Es
importante destacar que es una condición necesaria para que la modulación sea
de DM, pero no suficiente. Después de aplicar los límites a las modulaciones
anuales de DAMA y CoGeNT y compararlos con los otros experimentos que
no ven DM, éstas están muy desfavorecidas interpretadas como debidas a
DM. Esperamos que en los próximos años más datos experimentales ayuden
a clarificar la actual situación, que es confusa, y esperemos que la DM esté
allí fuera lista para ser descubierta de una manera u otra!

La tesis (ya en inglés, el lenguaje científico por excelencia) está estructurada
de la siguiente forma. Comienza con la motivación de la necesidad de nueva
física (NP) en la parte I. Como los dos temas principales de esta tesis, las
masas de los neutrinos y la materia oscura, aunque son dos de las formas más
interesantes para buscar NP, son muy diferentes en la naturaleza1, hemos
dividido la tesis en dos partes independientes.

En la parte II damos una introducción al tema de la masa de los neutrinos.
Después de una breve introducción al SM en el capítulo 1, y al uso de
teorías efectivas (EFT) con el Operador Weinberg en mente, se estudia la
fenomenología de neutrinos en el capítulo 2, dando una introducción a la
violación de número leptónico (LNV). Antes de proponer cualquier cosa, uno
tiene que saber lo que hay ya propuesto, y el capítulo 3 intenta realizar
esta tarea, con una revisión de algunos de los modelos más populares de la
literatura.

La parte III es una introducción al tema de la materia oscura (DM). Tras
una corta descripción del modelo cosmológico en el capítulo 4, motivamos
la necesidad de materia oscura, enumerando sus propiedades y revisando
brevemente la posibilidad de detectarla de forma indirecta y en colisionadores

1Al menos en principio, aunque puede haber conexiones entre ellos, véase el modelo del
doblete inerte en el capítulo 3, sección 3.6.2.
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en el capítulo 5. En el capítulo 6 nos centramos en la detección directa de la
DM, en su modulación anual, presentando un análisis de la distribución de
velocidades y una forma de presentar los datos que es independiente de la
astrofísica, y terminando con un breve resumen de la situación experimental
en detección directa de DM.

En la parte IV, hacemos un resumen de los resultados obtenidos y algunas
observaciones finales sobre la investigación realizada. Por último, en la parte
V presentamos una copia de los artículos de investigación realizados para esta
tesis, tal y como se publican en las diferentes revistas. Estos artículos resumen
la principal labor de investigación realizada estos años, y la discusión, la
interpretación de los resultados y las conclusiones de cada uno de los trabajos
presentados son de importancia, siendo lo presentado aquí (y en la parte IV)
únicamente un conciso resumen de las mismas.





Preface

In this doctoral thesis we have focused on two of the most compelling evidences
for physics beyond the Standard Model (SM): neutrino masses and dark
matter (DM). The new physics scale regarding these two topics is completely
unknown, so we have adopted a phenomenological approach, with testability
as a prime goal. In this sense, we have focused on TeV scale neutrino mass
models (radiative) and we have assumed that DM is a Weakly Interacting
Massive Particle, WIMP, with mass 𝒪(1 − 103) GeV.

We start the thesis by motivating the need for new physics (NP) in part I.
As the two main topics of this thesis, neutrino masses and DM, while being
two of the more interesting ways to look for NP, are quite different in nature2,
we have divided the thesis into two independent parts.

In part II we give an introduction to the topic of neutrino masses. After
a brief introduction to the SM in chapter 1, and the use of effective theories
(EFT) with the Weinberg Operator in mind, we study the phenomenology of
neutrinos in chapter 2, giving an introduction to the topic of lepton number
violation (LNV). Before proposing a new model, one needs to know what has
already been studied in the literature, and chapter 3 tries to accomplish this
task, with a review of some of the most popular models.

In part III we give an introduction to the topic of DM. After a brief
introduction to the Cosmological Model in chapter 4, we motivate the need
for DM, enumerating its properties and reviewing briefly the possibility of
detecting it indirectly and in colliders in chapter 5. In chapter 6 we focus on
direct detection of DM, introducing the concepts of event rate and annual
modulation signal, and discussing the velocity distribution and how data can
be presented in an astrophysics-independent way. We finish by discussing the
experimental results of DM direct detection.

Regarding the research done on neutrino masses, we have analysed radia-
tive neutrino mass models with extra fermions/scalars (in the context of new
generations and the Zee-Babu model), looking for connections with other NP

2At least in principle, although there are several proposed connections and interplays
between them. As a nice example, see the inert doublet model in chapter 3, section 3.6.2.
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scenarios. With respect to DM, we have focused on one of the fundamental
ways to discover it, which is its direct detection, and, in particular, we have
studied the annual modulation signal and bounds that can be placed on it.
In part IV, we give a summary of the results obtained and some concluding
remarks on the research done.

Finally, in part V we present a copy of the research articles done for this
thesis, as published in the different journals. This is the main research done in
this thesis, and the discussion, interpretation of the results and the conclusions
of each of the works presented are of relevance, with the conclusions presented
in IV being a concise summary of them.
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Introduction: new physics is
needed





Introduction: new physics is needed 3

From ∼ 10−10 s up to today, at ∼ 1017 s, (or equivalently in energy,
from the ∼TeV to the current temperature, given by the Cosmic Microwave
Background (CMB), ∼ 10−4 eV) the history of the Universe is based on well
known laws of physics3. Before ∼ 10−10 s, or equivalently above the TeV, up
to the Planck scale at ∼ 1016 TeV, almost nothing is known.4

At low scales (high energies, but below the electroweak scale (EWS),
∼ 𝒪(100) GeV), the Standard Model (SM) of particle physics, which we
will review in chapter 1, section 1.1, describes almost all known particle
physics processes, and has been tested with great accuracy both in the quark
and in the lepton sectors. In addition, with the discovery of the Higgs
boson [13, 14], its missing piece responsible for the breaking of electroweak
symmetry (EWSB), it seems a complete theory.

At large scales (low energies), the ΛCDM Model, based on General Rela-
tivity and on the Cosmological Principle, that we will review in chapter 4,
section 4.1, is a very successful framework that describes the evolution of the
Universe. Large scale observations, like the Cosmic Microwave Background
(CMB), or the abundances of light elements (Nucleosynthesis), are extremely
strong evidences of a Hot Big Bang.

However, the truth is that we have both in particle physics and in cos-
mology many unsolved questions. The SM is far from describing all the
micro-physics we know of, and we think of it as just a low energy effective
theory (EFT) valid at energies below the scale of new physics (NP) Λ where
a more fundamental description will kick in (the use of EFT will be reviewed
in section 1.4 of chapter 1). In a similar way, ΛCDM describes the dynamics
of the Universe with a few parameters, but unfortunately in many cases it
is just a parametrization of the new physics (NP) by just giving it a name
and some very basic properties, like the cosmological constant (Λ) or cold
dark matter (CDM), but we are far from knowing which new particles and
interactions describe this NP.

As the author thinks that it is of uttermost importance to examine deeply
why we study something, let us devote some time to analyse why we think
NP is needed, explaining in more detail the drawbacks of the SM and the
ΛCDM model, before focusing on the main topics of this thesis. The main
reasons coming from experimental observations are the following:

∙ Dark energy (DE). DE is responsible for the accelerated expansion of
3Although some like dark energy and dark matter are still mysteries.
4With the discovery of cosmological B-modes made by BICEP2 [12], which are the

imprint of the gravitational waves of inflation, and that should be confirmed by Planck, we
are in fact reaching much earlier times in our knowledge of the History of the Universe,
times as early as ∼ 10−36 s, or energies of ∼ 1016 GeV.
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the Universe, as observed in 1998 using Type Ia Supernovae [15, 16].
As will be shown in chapter 4, different observations have revealed
that only about ∼ 5% of the Universe is described by the SM, the
rest being dark matter (∼ 26%) and DE (∼ 69%), for which we don’t
have yet an accepted fundamental theory. One option is that it is just
a cosmological constant (see [17] for a review), a fluid with negative
pressure, with equation of state 𝑝 = −𝜌. However, the value of Λ is
much smaller than the one expected in QFT, a possible reason being
some unknown symmetry. It could also happen that DE is due to some
dynamical mechanism [18, 19], for instance with a quintessence field
with time-dependent 𝑤, or a modified theory of gravity [20].

∙ Dark matter (DM). There is compelling evidence of the existence of
non-luminous non-baryonic matter in the Universe. A substantial part
of this thesis will be devoted to DM and its direct detection. We leave
to chapters 5 and 6 an overview of these topics.

∙ The baryon asymmetry of the Universe (BAU). In the Universe there are
more baryons (b) than anti-baryons (�̄�); annihilations have not erased
all particles, so fortunately matter is present, with a small baryon
to photon ratio, 𝜂 = 𝑛𝑏−𝑛�̄�

𝑛𝛾
∼ 10−10. This BAU should be generated

dynamically, because even if there was a preexisting asymmetry, fine-
tuned to the present value, it would have been diluted after inflation.
Several mechanisms exist, like leptogenesis [21], which for instance
can occur via decays of heavy right-handed neutrinos (with masses
larger than 109 GeV [22]) that violate lepton number (LN), and this
asymmetry can be transferred to the baryons via sphaleron processes,
which preserve 𝐵 − 𝐿. Note that in general three conditions [23] must
be satisfied to generate the BAU: violation of 𝐵, violation of C and
CP (otherwise processes involving �̄� would generate the same BAU but
opposite in sign as the one generated by 𝑏) and departure from thermal
equilibrium. The SM has all the ingredients, however the amount of
CP violation is too small and the transition is not strongly first order.

∙ Neutrino masses. In the SM (defined without right-handed neutrinos),
neutrinos are massless. However, we know that neutrinos oscillate and
are therefore massive particles that mix. A substantial part of this
thesis will be devoted to neutrino masses and models, so we refer to
chapters 2 and 3 for an overview.

From theoretical arguments, we have that the SM is not satisfactory in
the following points:
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∙ The so-called flavour puzzle. There is no explanation for the number
of families5, the masses or the mixings of the leptons and quarks. In
particular, there is a hierarchy in masses between particles of the different
families, which is not understood at all. Many free parameters (∼ 20)
are needed to explain all the low-energy data and at the moment no
compelling theory of flavour is able to explain why they take the values
we have measured. In addition, indirect constraints on flavour changing
neutral currents (FCNC) and other LFV processes have pushed the NP
scale to be in most cases far away from the EWS.

∙ The strong CP problem. A term in the Lagrangian 𝜃𝜖𝜇𝜈𝜌𝜎𝐺𝜇𝜈𝐺𝜌𝜎,
which is a relevant operator, is perfectly allowed by the SM symmetry
and violates T and CP. However, bounds from neutron electric dipole
moments yield 𝜃 . 10−9, and the common lore is that Lagrangian
parameters should be 𝒪(1) unless a symmetry protects them (this is
known as naturality). A solution is to promote 𝜃 to a field, the axion,
charged under the Peccei-Quinn symmetry [24–27]. In addition, it can
constitute the DM of the Universe, with a mass around ∼ 10−5 eV.

∙ The Hierarchy problem. It is not a problem of the SM, but a problem
that the SM has in the presence of NP at a high scale Λ. The Higgs
mass is not protected by any symmetry (unlike fermions, protected by
chiral symmetry, or gauge bosons, whose mass is protected by the gauge
symmetry) and receives quadratic corrections, ∝ Λ2, which yield the
presence of a weak-scale Higgs boson (𝑚ℎ ∼ 125 GeV) unnatural.6 In
principle, this problem could be solved if, like the pions in QCD, the
Higgs boson is no longer an elementary scalar particle but a condensate
of fermions, like in Technicolor models (see [28] for a classic review).
Another possibility is Supersymmetry (see [29–31] for some reviews),
where fermions and bosons are related to each other. One should
always keep in mind that, if no high energy NP exists, as stated at the
beginning, there is no Hierarchy Problem. However, gravity is always
there, although we do not know how to construct a renormalizable
quantum field theory (QFT) of it.

∙ Unification of interactions. The SM group is the direct product of three
gauge groups. It would be desirable if these were unified in a unique

5In this thesis we present some works regarding possibility of the existence of a fourth
generation. The new experimental evidence with the discovery of the Higgs boson strongly
disfavours the presence of extra families.

6Another way to pose the problem is that a large amount of cancellations between the
bare mass and the loop corrections is needed, i.e., a high degree of fine-tuning is necessary.
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group at a higher scale.7 In fact, anomaly cancellation within each
family makes clear that leptons know about quarks and viceversa, so
the fact that at some point they are unified in the same representation
should not surprise anyone. In addition, we know that couplings run
with energy, and in the SM, the gauge couplings point to a high-scale
around 1015 GeV where they would unify. However, in the SM they
don’t perfectly unify, so NP between the EW and the GUT scales is
needed to help them converge.8

∙ Charge quantization. It is not understood why protons (𝑞𝑝 = +𝑒, with
𝑒 the magnitude of the electron charge) and electrons (𝑞𝑒 = −𝑒) have
opposite electric charges. At a more fundamental level, quarks come
in either +2/3 𝑒 or −1/3 𝑒. There is no explanation for this in the SM,
while there is in some GUTs, like SU(5) [33].

∙ Gravity. We describe micro-physics with QFT. However, when one tries
to quantize gravity, we are dealt with a non-renormalizable theory. This
makes the unification of gravity with the other SM interactions one
of the most important theoretical problem (if not the most). There
have been attempts to go beyond QFT, such as String Theory, with
however limited predictive power. An important fact is to note that
gravity involves the presence of a new energy scale, the Planck scale
(𝑚𝑝 =

√︁
~ 𝑐/𝐺 ≈ 1019 GeV), and therefore the Hierarchy problem seems

a real concern, unless the NP makes the existence of very different scales
natural.

∙ Inflation. In the Standard Cosmological Model ΛCDM, with a Hot Big
Bang, which will be reviewed in chapter 4, there are some problems
(the horizon problem, the flatness problem, the problem of structure
formation, or the absence of monopoles and domain walls hypothesized
in some SM extensions...) which are solved by having a period of ac-
celerated expansion in the very early Universe (𝑡 ∼ 10−34 s), called
inflation. After the discovery of primordial B-modes caused by primor-
dial gravitational waves, made by BICEP2 [12], and which should be
confirmed independently by other experiments, like Planck, the SM
needs to be extended to accommodate inflation. In the literature there
are many testable inflationary models and more data should shed light

7These theories are called Grand Unified Theories (GUTs), and SO(10) is a very nice
example, whose irreducible representation is the 16 and contains the 𝜈𝑅 as a fundamental
component. Lower bounds to the GUT scale exist from proton decay [32].

8In Supersymmetry, depending on the scale of SUSY breaking, unification can be
achieved (typically it should kick in below 𝒪(10) TeV).
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on which is the one chosen by Nature. The interested reader is referred
to [34] for a nice review on inflation.

From all these reasons, we know that NP, possibly in many different scales
ΛNP and forms, is needed:

∙ If ΛNP ∼ 𝒪(1) TeV, it may be tested at the Large Hadron Collider
(LHC) in its second run at 13 − 14 TeV, but this does not need to be
the case.

∙ If ΛNP ≪ EWS (like the axion, that solves the strong CP problem and
is a good DM candidate), the SM would not even be a good EFT, and
it may be tested in other type of experiments.

∙ If ΛNP ≫ 𝒪(1) TeV, we may never be able to detect the new particles
directly, and we may just have to gather indirect evidence via effects of
them in other low-energy processes, and by falsifying other possibilities.9
However, as we have seen, there are naturality arguments to expect that
if the NP is roughly above 𝒪(10) TeV, some mechanism is needed to
solve the Hierarchy Problem.

In this thesis we focus on NP scenarios with testable scales, at ∼ 𝒪(1)
TeV, that try to shed some light on neutrino masses and dark matter.

9This may be the case for SO(10) well-motivated seesaw type I, to be studied in chapter
3, section 3.1, which seems a very reasonable explanation to neutrino masses, but very
difficult to test.
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Chapter 1

The Standard Model in a
nutshell

The Standard Model (SM) describes our current knowledge of particle physics.
It is a quantum field theory (QFT) that successfully describes the electro-
magnetic, the weak and the strong interactions [35–46]. However, it does not
describe all known phenomena and we know that new physics (NP) is needed,
as has been argued in the introduction, part I. In this chapter we will briefly
review the basic components of the SM.

1.1 The gauge group and the fermion content

The SM is based on the gauge group SU(3)c × SU(2)L × U(1)Y, with the
messengers of the interactions being the gauge bosons associated with the
generators of each group:

∙ 8 gluons 𝐺𝜇 for the strong interactions based on SU(3)c, Quantum
Chromodynamics (QCD), with 𝑔𝑠 being the strong coupling.

∙ The charged 𝑊 𝜇, the neutral 𝑍𝜇 and the photon 𝐴𝜇 for the unified
electroweak interactions, based on the product group SU(2)L × U(1)Y,
with 𝑔 being the coupling of the SU(2)L interactions and 𝑔 ′ the coupling
of the U(1)Y ones.1

1After spontaneous symmetry breaking (SSB) the third real gauge boson 𝑊 3
𝜇 of SU(2)

and the hypercharge one of U(1)Y, 𝐵𝜇, mix to yield the 𝑍 and the photon, the force carrier
of Quantum Electrodynamics (QED).
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ℓ =
(︃
𝜈𝐿
𝑒𝐿

)︃
𝑒R 𝜈R? 𝑄 =

(︃
𝑢𝐿
𝑑𝐿

)︃
𝑢R 𝑑R 𝜑

SU(3)c 1 1 1 3 3 3 1

SU(2)L 2 1 1 2 1 1 2

U(1)Y −1/2 −1 0 +1/6 +2/3 −1/3 +1/2

Table 1.1: The Standard Model particle content of one family (quarks
and leptons, 𝜓𝛼 = (𝑄, 𝑑R, 𝑢R, ℓ, 𝑒R)) and its representation under
SU(3)c × SU(2)L × U(1)Y. Also shown the Higgs field 𝜑. The existence
of right-handed neutrinos 𝜈R is at this moment completely hypothetical, only
based on simplicity, aesthetic and theoretical reasons.

The covariant derivatives take into account the transformation properties
of the fields under the SM gauge group:

𝐷𝜇 = 𝜕𝜇 − 𝑖𝑔𝑠
𝜆𝑎
2 𝐺

𝑎
𝜇 − 𝑖𝑔 𝑇𝑎𝑊

𝑎
𝜇 − 𝑖𝑔 ′ 𝑌 𝐵𝜇, (1.1)

for a general field that transforms non-trivially under SU(3)c and SU(2)L,
and has hypercharge 𝑌 . 𝑇𝑎 are the generators of weak isospin SU(2)L, with
𝑇𝑎 = 1

2 𝜎𝑎 for the SM SU(2)L doublets, where 𝜎𝑎 (𝑎 = 1, 2, 3) are the Pauli
matrices. 𝜆𝑎

2 (𝑎 = 1, 2, ..., 8) are the generators of SU(3)c, with 𝜆𝑎 the Gell-
Mann matrices, which take care of the transformation of quarks as color
triplets.

The kinetic terms for the gauge bosons are:

ℒkin gauge = −1
4 𝐺

𝑎
𝜇𝜈𝐺

𝜇𝜈
𝑎 − 1

4 𝑊
𝑎
𝜇𝜈𝑊

𝜇𝜈
𝑎 − 1

4 𝐵𝜇𝜈𝐵
𝜇𝜈 , (1.2)

with the field strength tensors given by:

𝑊 𝑎
𝜇𝜈 ≡ 𝜕𝜇𝑊

𝑎
𝜈 − 𝜕𝜈𝑊

𝑎
𝜇 + 𝑔 𝜖𝑎𝑏𝑐𝑊 𝑏

𝜇𝑊
𝑐
𝜈 , (1.3)

𝐺𝑎
𝜇𝜈 ≡ 𝜕𝜇𝐺

𝑎
𝜈 − 𝜕𝜈𝐺

𝑎
𝜇 + 𝑔𝑠 𝑓

𝑎𝑏𝑐𝐺𝑏
𝜇𝐺

𝑐
𝜈 , (1.4)

𝐵𝜇𝜈 ≡ 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇, (1.5)

where 𝜖𝑎𝑏𝑐 (𝑓𝑎𝑏𝑐) are the structure constants of SU(2)L (SU(3)c), i.e., for
instance for SU(2)L, [𝑇 𝑎, 𝑇 𝑏] = 𝑖𝜖𝑎𝑏𝑐𝑇 𝑐.
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The fermions come in three generations or families, with identical quantum
numbers, but different masses.2 Let us focus for the moment on just the
first family, which makes up all the visible matter of the Universe. Table 1.1
summarizes the particle content of one SM family.

The SU(2)L charge is called weak isospin 𝑇 . The SM doublets (left-
handed, 𝜓L = 1

2(1 − 𝛾5)𝜓), ℓ and 𝑄, have isospin 1/2. The third component
of isospin is 𝑇3 = +1/2 for the up components of the doublets, 𝜈L and 𝑢L,
(𝑇3 = −1/2 for the down ones, 𝑑L and 𝑒L). The right-handed components
(𝜓R = 1

2(1 + 𝛾5)𝜓) of the SM fermions, 𝑒R, 𝑢R and 𝑑R, are singlets, i.e., they
don’t transform under SU(2)L. Note that in the original SM (built when
neutrinos where thought to be massless) right-handed partners (𝜈𝑅) for the
left-handed neutrinos are absent. This is fine for anomaly cancellation within
each family, as the hypercharge of the hypothetical 𝜈R is zero.3 However, one
may wonder why wouldn’t neutrinos have right-handed partners.

The kinetic terms for the fermions are:

ℒkin fermions =
∑︁
𝛼

𝑖 𝜓𝛼 𝛾𝜇𝐷𝜇 𝜓𝛼, (1.6)

where 𝜓𝛼 = (𝑄, 𝑑R, 𝑢R, ℓ, 𝑒R).

1.2 The Higgs mechanism
Gauge symmetry explicitly forbids a mass term for bosons and fermions.
These can be generated via spontaneous symmetry breaking (SSB) of the EW
symmetry. This is known as the Higgs mechanism. In the simplest version, a

Higgs field 𝜑 =
(︃
𝜑+

𝜑0

)︃
is introduced as a complex scalar doublet under SU(2)L.

The most general Lagrangian for the Higgs field is:

ℒHiggs = (𝐷𝜇𝜑)†𝐷𝜇𝜑+ 𝜇2 𝜑†𝜑− 𝜆 (𝜑†𝜑)2 , (1.7)

where 𝜇2 > 0 gives a Mexican-hat type potential.
To find the minimum of the Lagrangian, which will be at zero kinetic

energy, one minimizes the scalar potential 𝑉 (|𝜑|) = −𝜇2|𝜑|2 + 𝜆 |𝜑|4. 𝜑 = 0 is
not a minimum of the scalar potential due to the negative sign of 𝜇2. 𝑉 (|𝜑|) is
minimised for |𝜑| =

√︁
𝜇2/2𝜆 ≡ 𝑣√

2 . The measured VEV of the Standard Model

2Really at this point we are in the flavour basis, so only after diagonalising (going to
the mass basis), can one really speak about the masses of the fields. In other words, the
down quark with definite mass is a combination of the down quarks of the three families.

3If 𝐵 − 𝐿 is to be a gauge symmetry, 𝜈𝑅 are needed, as then the 𝐵 − 𝐿 gauge symmetry
is no longer non-anomalous.
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is 𝑣 ≃ 246 GeV [47]. Now we can rewrite the Higgs field, as an excitation
around this minimum:

𝜑(𝑥) = 𝑣 +𝐻(𝑥)√
2

𝑒𝑖
𝜎𝑎

2 𝜃𝑎(𝑥)/𝑣
(︃

0
1

)︃
, (1.8)

with 𝑎 = 1, 2, 3. The 𝐻 component of the field 𝜑 is the Higgs boson, the only
physical particle of the scalar doublet, with mass 𝑚2

H = 2𝜆𝑣2. It has been
recently discovered at the LHC, with a mass around 125 GeV [13, 14].

The 𝜃’s are the would-be Goldstone bosons, which become the longitudinal
degrees of freedom the massive gauge fields, the 𝑍 and the 𝑊 .

If we substitute eq. 1.8 into the kinetic term of the Higgs, (𝐷𝜇𝜑)†𝐷𝜇𝜑, we
obtain the masses of the gauge bosons. The 𝑊 boson, 𝑊± ≡ 1√

2 (𝑊1 ∓ 𝑖𝑊2),
has a mass 𝑚2

W ≡ 𝑔2 𝑣2

4 . However, there is mixing between 𝐵𝜇 and 𝑊 3
𝜇 , so to

obtain the physical spectrum we have to diagonalize their mass matrix:

𝑣2

4
(︁
𝑊 3
𝜇 𝐵𝜇

)︁⎛⎝ 𝑔2 −𝑔𝑔 ′

− 𝑔𝑔 ′ 𝑔 ′2

⎞⎠⎛⎝𝑊 𝜇
3

𝐵𝜇

⎞⎠ , (1.9)

with the following rotation (using the short-hand notation 𝑠𝜃 ≡ sin 𝜃 and so
on): (︃

𝑊 3
𝜇

𝐵𝜇

)︃
=
(︃
𝑐𝜃𝑊

𝑠𝜃𝑊

−𝑠𝜃𝑊
𝑐𝜃𝑊

)︃(︃
𝑍𝜇
𝐴𝜇

)︃
,

with 𝑡𝜃𝑊
≡ 𝑔 ′/𝑔, where 𝜃W is the Weinberg angle.

This matrix has a zero eigenvalue, which corresponds to the photon mass,
the other massive particle being the 𝑍, with mass 𝑚2

Z ≡
(︁
𝑔2 + 𝑔 ′2

)︁
𝑣2

4 .
The photon is the only massless gauge boson, associated with an unbroken

subgroup of SU(2)R × U(1)Y: QED, U(1)em. From the covariant derivative
we can relate the electric charge 𝑄 to the third component of isospin 𝑇3 and
to the hypercharge Y:

𝐷𝜇 ⊃ −𝑖 𝑔√
2
(︁
𝜎+𝑊𝜇 + 𝜎−𝑊 *

𝜇

)︁
− 𝑖 (𝑔 𝑐𝜃𝑊

𝑇3 − 𝑔 ′𝑌 𝑠𝜃𝑊
)𝑍𝜇

− 𝑖
𝑔𝑔 ′√︁

𝑔2 + 𝑔 ′2
(𝑇3 + 𝑌 )𝐴𝜇 ,

where we assumed it acts on a SM SU(2)L doublet, with 𝜎+ = 𝜎1 + 𝑖 𝜎2,
𝜎− = (𝜎+)†.

As we know from QED that the photon couples to the electron with
strenght 𝑒 (for 𝑄 = −1), we have that 𝑄 = 𝑇3 + 𝑌 and 𝑒 = 𝑔𝑔 ′√

𝑔2+𝑔 ′2
.
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1.3 Flavour: masses and mixings
Charged (only for non-trivial representations of SU(2)L, like the doublets of
the SM) and neutral currents arise from the fermion kinetic terms, eq. 1.6.

For a general doublet ΨT
L =

(︁
𝑈L 𝐷L

)︁
, the neutral currents (NC) are:

ℒNC = 𝑔 𝑇 3
𝜓 𝜓L 𝛾𝜇 𝜓L 𝑊

𝜇
3 + 𝑔 ′(𝑄𝜓 −𝑇 3

𝜓)𝜓L 𝛾𝜇 𝜓L 𝐵
𝜇 + 𝑔 ′𝑄𝜓 𝜓R 𝛾𝜇 𝜓R 𝐵

𝜇 =

= 𝑒 𝜓 𝛾𝜇

[︃
𝑇 3
𝜓

𝑠𝜃𝑊
𝑐𝜃𝑊

1
2(1 − 𝛾5) −𝑄𝜓𝑡𝜃𝑊

]︃
𝜓 𝑍𝜇 + 𝑒𝑄𝜓 𝜓𝛾𝜇𝜓𝐴

𝜇 ,

where 𝜓L represents either 𝑈L or 𝐷L. The last term is just the QED La-
grangian.

And the charged currents (CC) are of the form:

ℒCC = 𝑔ΨL 𝛾𝜇
(︁
𝑇 1𝑊 𝜇

1 + 𝑇 2𝑊 𝜇
2

)︁
ΨL = 𝑒√

2 𝑠𝜃𝑊

𝑈L𝛾𝜇𝐷L 𝑊
𝜇 + H.c., (1.10)

where notice that 𝑈L, 𝐷L are not the physical (massive) up- or down-type
fermions.

The Higgs field provides fermion mass terms. With the following definitions
𝜑 ≡ 𝑖𝜎2 𝜑

*, ℓ̃ ≡ 𝑖𝜎2 ℓ
c, ℓ c ≡ 𝐶 ℓT 4 we can add to the SM Lagrangian (in

fact we have to add, as they are allowed by the symmetries) the following
interactions:

ℒYukawa = ℓ̄𝑌𝑒𝑒R 𝜑 + ℓ̄𝑌𝜈𝜈R 𝜑 + 𝑄 𝑌𝑢𝑢R 𝜑 + 𝑄 𝑌𝑑 𝑑R 𝜑 + H.c. (1.11)

The Yukawa matrices 𝑌𝑒, 𝑌𝜈 , 𝑌𝑢, 𝑌𝑑 are 3 × 3 complex matrices. After SSB,
for each fermion 𝑓 , with 𝑀𝑓 = 𝑌𝑓𝑣/

√
2, we get:

ℒfermion mass =
∑︁
𝑓

(︂
1 + 𝐻

𝑣

)︂
𝑓L𝑀𝑓𝑓R + H.c. , (1.12)

with 𝑓 = 𝑢, 𝑑, 𝑒 (and 𝜈 if 𝜈R are present), and each of the fields understood as
a vector in family or flavour space, i.e., 𝑢 = (𝑢, 𝑐, 𝑡), 𝑑 = (𝑑, 𝑠, 𝑏), 𝑒 = (𝑒, 𝜇, 𝜏)
(and = (𝜈𝑒, 𝜈𝜇, 𝜈𝜏 ) if 𝜈R are present). The VEV sets the common scale
for the masses of the gauge bosons and the fermions, and the gauge and
individual Yukawa couplings provide the different hierarchies in mass between
the different particles (some of them like the top or the electron Yukawas
span ∼ 5 orders of magnitude!).

4Let us notice that the fundamental representation of SU(2) is pseudoreal.
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We need to diagonalize these mass matrices. For the quark sector, for
instance for the up-type quarks we can perform the rotations 𝑢𝑚L = 𝑉𝑢L𝑢L
and 𝑢𝑚R = 𝑉𝑢R𝑢R, where the superscript 𝑚 refers to mass eigenstates, such
that we diagonalise the mass matrix: 𝑀𝑢 = 𝑉𝑢L𝐷𝑢𝑉

†
𝑢R

. And similarly for
the down-type quarks: 𝑀𝑑 = 𝑉𝑑L𝐷𝑑𝑉

†
𝑑R

, with 𝑑𝑚L = 𝑉𝑑L𝑑L and 𝑑𝑚R = 𝑉𝑑R𝑑R.
After this diagonalization, an extra matrix, the Cabibbo-Kobayashi-Maskawa
(CKM) quark mixing matrix, 𝑉CKM, will appear in the CC interactions:

ℒquark sector
CC = 𝑒√

2 𝑠𝜃𝑊

𝑢L𝛾𝜇 𝑉CKM𝑑L 𝑊
𝜇 + H.c. (1.13)

where 𝑉CKM = 𝑉 †
𝑢L
𝑉𝑑L .5 Therefore, in the SM, while CC change flavour at

tree level, there are no tree level flavour changing neutral currents (FCNC).
For massless neutrinos, the equivalent lepton mixing matrix disappears.

For instance, we can diagonalize the electron mass matrix trivially: 𝑀𝑒 =
𝑉𝐿𝐷𝑒𝑉

†
𝑅 , 𝑒R = 𝑉𝑅 𝑒R and ℓ = 𝑉𝐿ℓ.

However, for massive neutrinos, equivalently to the situation just described
for the quark sector, CC that change flavour appear:

ℒlepton sector
CC = 𝑒√

2 𝑠𝜃𝑊

𝑒L𝛾𝜇𝑈PMNS𝜈L 𝑊
𝜇 + H.c., (1.14)

with 𝑈PMNS the Pontecorvo-Maki-Nagakawa-Sakata (PMNS) lepton mixing
matrix.

For 3 generations, a 3 × 3 unitary matrix has 3 angles and 6 phases.
However, 5 of the phases can be removed, as field redefinitions like 𝑓 → 𝑒𝑖𝛼𝑓𝑓
leave the Lagrangian invariant. One cannot be removed (transforming all
fields with the same phase, 𝛼), as it is associated to the conservation of baryon
number. This way only 1 phase remains, is physical, and appears in the CKM
matrix. Regarding the lepton sector, the situation is analogous if neutrinos
are Dirac particles, with only one phase present. If, however, neutrinos are
Majorana particles, 2 extra physical phases appear in the PMNS mixing
matrix (see section 2.2, chapter 2).

As a summary, the SM final Lagrangian before SSB, which has all terms
permitted by the gauge symmetry, particle content and renormalizability,6 is
given by:

ℒSM = ℒkin fermions + ℒkin bosons + ℒYukawa + ℒHiggs, (1.15)
5One can always start, for instance, in the up-quarks mass basis, as before SSB one

can perform independent unitary transformations in the ℓL and 𝑢L, and in this case
𝑉CKM ≡ 𝑉𝑑L .

6As said in the introduction in part I, a term like 𝜃 𝜖𝜇𝜈𝜌𝜎 𝐺𝜇𝜈𝐺𝜌𝜎 is allowed and violates
CP.
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where different terms are given in eqs. 1.2, 1.6, 1.7 and 1.11. As explained
before, after SSB, charged and neutral currents, as well as mass terms for
fermions and gauge bosons, are present.

1.4 Effective Field Theory
Effective field theory (EFT) is based on the well-tested principle that dynamics
at low energies (large distances) does not depend on the details of the dynamics
at high energies (short distances), up to a given accuracy.

The SM operators have dimension four or less, and are renormalizable.
With EFT one can parametrize any high-energy physics at a high scale Λ by
using non-renormalizable operators, whose validity is restricted to energies
smaller than Λ. All the effective operators must respect Lorentz invariance and
gauge symmetries, but do not need to respect global accidental symmetries
of the SM, like baryon and lepton number. The predictivity of the EFT, of
course, is restricted to some precision: we have to stop at some dimension, as
the number of possible efective operators is infinite. However, this does not
pose any problem, as experimental signatures are also restricted to a given
precision.

The Lagrangian of the effective operators can be parametrized as:

ℒeff = ℒ +
∑︁
𝑛=5

∑︁
𝑖

(︂
𝐶𝑛
𝑖

Λ𝑛−4 𝒪𝑛
𝑖 + H.c.

)︂
, (1.16)

where 𝑛 indicates the dimension of the operator and 𝑖 labels the different
operators of a given dimension. The operators of dimension 𝑛 have dimen-
sionful couplings with dimensions of inverse mass to the power 𝑛− 4, with
the coefficients 𝐶𝑛

𝑖 being dimensionless.7
EFT will prove to be a very useful tool to analise Majorana neutrino

masses, i.e., lepton number violation (LNV) via effective operators. For
instance, the Weinberg operator, which is the only dimension 5 operator with
the SM fields and violates lepton number (LN), and will be explained in detail
in chapter 2, can be generated by different complete theories, such as the
seesaw models. In this way, we can be very general in parameterizing different
Majorana neutrino mass models by making use of the Weinberg operator.

If one knows the full theory, the equivalence of both the effective theory
and the complete description, at the energy scale of the new particles (say
the mass of right-handed neutrinos in seesaw type I), is known as matching.

At dimension 6 there are many four fermion operators, and some of them
lead to flavor changing neutral currents (FCNC), like the process 𝑏 → 𝑠𝛾, to

7The separation between Λ and 𝐶 is arbitrary, of course.
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CP-violating electric dipole moments or to baryon number violating processes,
like proton decay. To date none of these processes have been observed, setting
the scale of new physics Λ to be very high, depending on the particular
operator. If one assumes order one coefficients, from neutrino masses typically
one gets Λ𝜈masses ∼ 𝒪(1013 GeV), from FCNC ΛFCNC ≥ 𝒪(10 − 103 TeV),
while from proton decay Λp decay ≥ 𝒪(1016 GeV). These predictions are valid
for a large class of NP models, and demonstrate the power of EFT. Of course,
it could happen that the coefficients are not order one but suppressed (for
instance if they are generated at loops, or for some reason of the order of the
Yukawa of the electron), and then, for instance if one thinks of the Weinberg
operator as a parameterization of radiative and seesaw models, the LNV scale
in these cases can be much lower.

This poses a problem of naturalness with the relevant operators of the
SM:

∙ the Higgs mass, 𝑚H ≈ 125 GeV.

∙ the cosmological constant, observed to correspond to a vacuum energy
density 𝜌Λ ∼ 10−11eV4).8

Another place where naturality may play a role is the hypothetical right-
handed mass 𝑚𝑅, although this case is slightly different as it is protected by
LN, i.e., in its absence LN is a good symmetry, so it could be small in the
t’Hooft sense (quantum corrections are proportional to itself, so if small at
tree level, it can be kept small naturally). However, if one thinks that it is
not protected by any gauge symmetry, it could be as large as the largest scale
present in the theory, for instance the GUT scale, motivated by 𝑆𝑂(10).

Let us notice that all mass terms are in fact protected by another symmetry,
scale invariance, that is anomalous, i.e., broken at the quantum level by the
running of the couplings.

8Any QFT estimation yields a value 60 − 120 orders of magnitude larger!, the worst
discrepancy between theory and experiment in physics [48].



Chapter 2

Neutrino masses

We briefly review in this chapter the key facts about neutrinos, focusing on
their masses. We refer the interested reader to [47, 49–51] for some more
extended reviews on neutrino physics and to [52] for a mandatory reference
on neutrino physics.

2.1 Brief history of neutrino oscillations
In 1930, neutrinos were proposed by Pauli as neutral fermions with spin 1/2
as an explanation to the apparent energy and spin non-conservation in nuclear
𝛽 decay, which had a continuum spectrum typical of a two-body decay1 [53].

25 years later, Reines and Cowan discovered neutrinos escaping from a
nuclear reactor in Savannah River [54–56].2

In the late sixties, the Homestake experiment [57], directed by Davis,
observed a discrepancy between the expected solar neutrino flux and the one
detected that led to the hypothesis that neutrinos are massive particles that
mix as a possible explanation [58].

In 1998, Super-Kamiokande reported evidence of neutrino oscillations in
the atmospheric neutrino flux and later SNO and KamLAND confirmed solar
neutrino oscillations.

So the last two decades can be thought of as the neutrino golden era, with
confirmation that neutrinos are massive particles that mix thanks to the results
obtained with solar [57, 59–62] and atmospheric [63–65] neutrinos, confirmed
with man-made sources: nuclear reactors [66] and accelerators [67,68].

However, currently the origin and nature of the neutrinos tiny mass is still
a mystery. Just one thing is known: the original SM with massless neutrinos

1We detect the electrons emitted, the electron anti-neutrinos are not detected.
2Electron anti-neutrinos to be more precise.
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needs to be extended.

2.2 Neutrino parameters
Neutrino oscillations require mixing among the three flavour states 𝜈𝛼, with
𝛼 = 𝑒, 𝜇, 𝜏 , which can be expressed as quantum superpositions of three
massive states 𝜈𝑖, with 𝑖 = 1, 2, 3. The PMNS mixing matrix that appears
in charged current interactions, eq. 1.14, relates both basis (in the following
𝑈PMNS ≡ 𝑈 for simplicity), i.e., 𝜈𝛼 = ∑︀

𝑖 𝑈𝛼𝑖𝜈𝑖. It can be parametrized in
terms of three Euler angles 𝜃12, 𝜃13, 𝜃23 and just a CP violating phase 𝛿 if
neutrinos are Dirac. However, there are two extra physical Majorana phases
𝛼1, 𝛼2 if neutrinos are Majorana particles. The explicit realization of the
lepton mixing matrix is: 𝑈 = ℛ · 𝒟, with 𝒟 = diag(𝑒𝑖 𝛼1/2, 𝑒𝑖 𝛼2/2, 1) and,
using the short-hand notation cos 𝜃𝑖𝑗 ≡ 𝑐𝑖𝑗 and so on, ℛ is given by:

ℛ =

⎛⎜⎝ 𝑐12𝑐13 𝑠12𝑐13 𝑠13𝑒
−𝑖𝛿

−𝑠12𝑐23 − 𝑐12𝑠23𝑠13𝑒
𝑖𝛿 𝑐12𝑐23 − 𝑠12𝑠23𝑠13𝑒

𝑖𝛿 𝑠23𝑐13
𝑠12𝑠23 − 𝑐12𝑐23𝑠13𝑒

𝑖𝛿 −𝑐12𝑠23 − 𝑠12𝑐23𝑠13𝑒
𝑖𝛿 𝑐23𝑐13

⎞⎟⎠ .
Oscillation experiments are only sensitive to mass-squared splittings

(Δ𝑚2
𝑖𝑗 ≡ 𝑚2

𝑖 −𝑚2
𝑗). Currently, there are two possible choices of the sign of

Δ𝑚2
31 ≡ Δ𝑚2

𝑎𝑡𝑚, while Δ𝑚2
21 ≡ Δ𝑚2

𝑠𝑜𝑙 is known to be positive. Therefore the
ordering of the masses is compatible with:

∙ 𝑚1 . 𝑚2 < 𝑚3 - Normal Hierarchy (NH).

∙ 𝑚3 < 𝑚1 . 𝑚2 - Inverted Hierarchy (IH).

∙ 𝑚1 ≈ 𝑚2 ≈ 𝑚3 - quasi-degenerate spectrum (QD). Notice that QD is
still allowed depending on the cosmological assumptions used to derive
the bound on the sum of the neutrino masses.

The minimum value for the sum of the masses from oscillation experiments is
∼ 0.06 eV (∼ 0.1 eV) for NH (IH), while for QD it is larger.

So to describe neutrinos we need ≥ 6 different parameters: at least 2
masses (data are still compatible with one being massless), 3 mixing angles
and 1 phase (2 more phases in the case of Majorana neutrinos). Notice
that recently the neutrino mixing angle 𝜃13 has been measured [71–73]. We
present in figure 2.1 the current values for the oscillation parameters, which
are extracted from a global fit from [69] (see also [74,75] for other global fits).

Regarding the absolute neutrino mass scale, the so-called effective elec-
tron neutrino mass, 𝑚2

𝜈𝑒
≡ ∑︀

𝑖𝑚
2
𝑖 |𝑈𝑒𝑖|2, is constrained by Tritium 𝛽-decay.
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NuFIT 1.2 (2013)

Free Fluxes + RSBL Huber Fluxes, no RSBL

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.306+0.012
−0.012 0.271 → 0.346 0.313+0.013

−0.012 0.277 → 0.355

θ12/
◦ 33.57+0.77

−0.75 31.37 → 36.01 34.02+0.79
−0.76 31.78 → 36.55

sin2 θ23 0.446+0.008
−0.008 ⊕ 0.593+0.027

−0.043 0.366 → 0.663 0.444+0.037
−0.031 ⊕ 0.592+0.028

−0.042 0.361 → 0.665

θ23/
◦ 41.9+0.5

−0.4 ⊕ 50.3+1.6
−2.5 37.2 → 54.5 41.8+2.1

−1.8 ⊕ 50.3+1.6
−2.5 36.9 → 54.6

sin2 θ13 0.0231+0.0019
−0.0019 0.0173 → 0.0288 0.0244+0.0019

−0.0019 0.0187 → 0.0303

θ13/
◦ 8.73+0.35

−0.36 7.56 → 9.77 9.00+0.35
−0.36 7.85 → 10.02

δCP/
◦ 266+55

−63 0 → 360 270+77
−67 0 → 360

∆m2
21

10−5 eV2
7.45+0.19

−0.16 6.98 → 8.05 7.50+0.18
−0.17 7.03 → 8.08

∆m2
31

10−3 eV2
(N) +2.417+0.014

−0.014 +2.247 → +2.623 +2.429+0.055
−0.054 +2.249 → +2.639

∆m2
32

10−3 eV2
(I) −2.411+0.062

−0.062 −2.602 → −2.226 −2.422+0.063
−0.061 −2.614 → −2.235

Figure 2.1: Neutrino parameters from the global fit [69]. As the authors
state, for Free Fluxes + RSBL reactor fluxes have been left free and short
baseline reactor data (RSBL) (. 100 m) have been included included; for
Huber Fluxes, no RSBL the flux predictions from [70] have been used, and
RSBL data was not included.

However, cosmological observations provide the tightest constraints on the
absolute scale of neutrino masses (in particular on the sum of the masses,∑︀
𝑖𝑚𝑖), via their contribution to the energy density of the Universe and the

growth of structure. In general these bounds depend on the assumptions made
about the expansion history as well as on the cosmological data included in
the analysis [76], but typically ∑︀𝑖𝑚𝑖 < 1 eV (and in most analysis stronger,
see table 2.1).

Finally, if neutrinos are Majorana particles, complementary information
on neutrino masses can be obtained from 0𝜈2𝛽 decay. The contribution of
the known light neutrinos to the 0𝜈2𝛽 decay amplitude is proportional to the
effective Majorana mass of 𝜈𝑒, 𝑚𝑒𝑒 ≡ |∑︀𝑖𝑚𝑖𝑈

2
𝑒𝑖|, which depends not only on

the masses and mixing angles of the mixing matrix but also on the phases.

All the experimental constraints coming from cosmology, Tritium and
0𝜈𝛽𝛽 are summarized in table 2.1.



22 Chapter 2. Neutrino masses

Tritium 𝛽 decay

𝑚𝜈𝑒 < 2.2 eV 95% CL [77,78]
𝑚𝜈𝑒 < 2 eV 95% CL [79]

𝑚𝜈𝑒 (future) ∼ 0.2 eV 95% CL [80]

0𝜈𝛽𝛽

𝑚𝑒𝑒 < 0.2 − 0.4 eV 90% CL [81]
𝑚𝑒𝑒 < 0.14 − 0.38 eV 90% CL [82]
𝑚𝑒𝑒 < 0.34 eV 90% CL [83]

𝑚𝑒𝑒 (future) ∼ 0.01 eV 90% CL [84]

Cosmology∑︀
𝑖𝑚𝑖 < 0.23 eV 95% CL [85]

Table 2.1: Current status and future prospects of the experimental constraints
on neutrino parameters coming from cosmology, Tritium and 0𝜈𝛽𝛽 decay.

2.2.1 Unsolved questions in the neutrino sector
Even if it is true that in the last two decades there have been major discoveries
in the field of neutrinos, we still need further input from experiments, whose
next generation will try, among other things, to determine the following:

∙ The nature Dirac or Majorana of neutrinos, i.e., whether lepton number
(LN) is a conserved symmetry or not (see next section). Observation
of 0𝜈𝛽𝛽 would imply that LN is violated by two units, and therefore
neutrinos are Majorana particles [86].

∙ The sign of Δ𝑚2
23, i.e., whether the spectrum is NH or IH.

∙ The existence of CP violation in the lepton sector and its value.

∙ Lepton flavour violation (LFV) in the charged lepton sector, via obser-
vation of processes like 𝜇 → 𝑒𝛾 (the current limit is 5.7 · 10−13 at 90%
CL [87]).3

3As lepton flavour is violated in neutrinos (neutrino oscillations), it is also expected
to be violated at some point in the charged lepton sector. In the SM 𝜈L and 𝑒L come
in 𝑆𝑈(2)L doublets, and as neutrinos are massive, after diagonalization CC interactions
appear, see 1.14.
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∙ The absolute mass scale of neutrinos.

∙ If sterile neutrinos exist: LSND experiment reported evidence for the
appearance of 𝜈𝑒 in a 𝜈𝜇 beam [88], that can be interpreted as oscillations
with additional sterile neutrinos with a mass-squared difference Δ𝑚2 ∼
1 eV2. MiniBooNE neutrino and antineutrino data may be explained
and be compatible with LSND with several sterile neutrinos, by allowing
for CP violating effects between neutrino and antineutrino oscillations
[89,90].

The hope is that combining these (and other) experimental results the
mechanism by which neutrino masses are generated will eventually be uncov-
ered.

2.3 Dirac and Majorana masses
Fermions without electric charge, like neutrinos (only LN, which is a global
symmetry in the SM), can have two classes of mass terms, Dirac and Majorana:

∙ The Dirac fermion has four internal degrees of freedom, describing
particles and antiparticles with opposite charges, each of them with two
different helicities. It is therefore appropriate for particles that carry
internal charges (such as electric charge) which distinguish them from
their counterparts, the antiparticles. The mass term connects opposite
chirality fields (takes a left-handed particle 𝜓L to a right-handed particle
𝜓R) and it has the following form:

𝑚D 𝜓R 𝜓L + H.c. (2.1)

∙ A Majorana fermion has two degrees of freedom, without any internal
(conserved) charge, i.e., it is its own antiparticle, 𝜓𝑐 = 𝜓. The mass
term takes a left-handed particle 𝜓L to a right-handed antiparticle 𝜓𝑐L,
which is the CP conjugate of a left-handed particle, or takes a right-
handed particle 𝜓R to a left-handed antiparticle, 𝜓𝑐R. It violates any
𝑈(1) symmetry, like LN for the case of neutrinos, and it is of the form:

𝑚L 𝜓c
L 𝜓L + H.c. (2.2)

A theory can have only left-handed neutrinos and their CP conjugate
states, without having right-handed neutrinos. In this case the neutrino could
be massless or can have a Majorana mass 𝑚L like in eq. 2.2, which violates
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LN by two units. However, active neutrinos 𝜈L come in SU(2)L doublets, ℓ, so
with the SM content 𝑚L 𝜈c

L 𝜈L is not gauge invariant, and therefore 𝑚L must
come from a non-renormalizable operator, parametrized via the Weinberg
operator, see section 2.4. If the SM particle content is extended, 𝑚L can be
generated, as will be shown in chapter 3, either at tree level (seesaw models)
or at loop level (radiative models).

When both the left- and right-handed neutrinos, 𝜈L and 𝜈R, are present,
the most general mass terms are:

ℒ𝑀 = −
1
2𝑚L𝜈𝑐L𝜈L −

1
2𝑚R𝜈𝑐R𝜈R −𝑚D𝜈𝑅𝜈L + H.c.,

and there are several possibilities:

∙ if all mass terms vanish neutrinos are massless, so they are two Weyl
spinors (ruled-out).

∙ If 𝑚L = 𝑚R = 0 the left-handed and the right-handed neutrinos combine
to form a Dirac neutrino.4

∙ If 𝑚L ̸= 0, 𝑚R ̸= 0 and 𝑚D = 0, there are two Majorana neutrinos 𝜈L
and 𝜈R with masses 𝑚L and 𝑚R.

∙ If 𝑚L or 𝑚R or both are non-vanishing, and also 𝑚D, the physical states
(which are Majorana) are admixtures of the states 𝜈L and 𝜈R with
masses obtained by diagonalising the mass matrix, as will be shown in
chapter 3, section 3.1.

So, if we add 𝜈R to the SM, which seems well-motivated by the fact that
all other fermions have left- and right-handed components, what is the most
natural option, Dirac or Majorana masses? In QFT, we know that we have to
add all gauge invariant renormalizable terms compatible with the field content
of the theory, like 𝑚R 𝜈c

R 𝜈R, so we find that LN, which was an accidental
U(1) global symmetry of the SM, is violated.5 Moreover, if 𝜈R are added to
the SM, as they are gauge singlets (sterile), 𝑚R could be at an energy scale
not related to the EWS: for instance much larger than the EWS, leading to
the Seesaw mechanism that will be explained in sec. 3.1, but in principle
there is no reason for 𝑚R not to be, for example, at or below the EWS.

4Notice that a Dirac fermion can be regarded as two mass-degenerate Majorana fermions
of opposite CP.

5Also baryon number and generational lepton numbers are accidental global symmetries
of the SM. Any new neutrino mass model should violate generational lepton numbers,
independently of their Dirac (LN conserving) or Majorana (lepton number violating, LNV)
nature.
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On the other hand, to have Dirac neutrinos like all other fermions, we
have to forbid 𝑚R, that is, LN (or B-L6) has to be imposed by hand. LN
would be an exact symmetry, but not obtained accidentally from the gauge
invariance and particle content as in the SM, but imposed by hand, which
is theoretically not very rewarding. In this case, neutrinos would be Dirac
particles (𝜈 ≡ 𝜈L + 𝜈R), like the rest of the fermions.

In addition, for Dirac neutrinos, one has to face the quantitative problem
of the values of their masses. As neutrinos would acquire their masses after
SSB like all other fermions, via the Higgs mechanism, their masses should be
of the order of the vacuum expectation value (VEV) of the neutral component
of the Higgs field, 𝒪 (100 GeV), but they are at least 12 orders of magnitude
smaller! This problem of fine-tuning of Yukawas to give several orders of
magnitude of difference in masses is also present for the other fermions,
although quantitatively smaller.7 In the case of neutrinos, it is difficult to
imagine that 173 and 10−11 GeV particles (the top and the neutrinos) acquire
their masses via the same mechanism. In addition, all other fermions range
from the electron mass 𝒪 (1 MeV) up to the top mass, 𝒪 (100 GeV), while
there would be a gap between neutrino masses 𝒪 (1 eV) and the electron
mass.8

As will be explained in chapter 3, there can be explanations for the
smallness of their mass, like seesaw models (a heavy particle explains neutrinos
tiny mass) and radiative models (they are much lighter than other particles
because they are massless at tree level, with their mass generated at loops).
In the next section we will study how if neutrinos are Majorana particles,
their masses can be generally parametrized by an effective operator.

2.4 The Weinberg operator
As we have argued in the previous section, it does not seem very natural
that neutrinos are Dirac particles. LN is an accidental global symmetry of
the SM (like baryon number) and if one thinks of the SM as a low-energy
effective theory (see section 1.4 for a brief discussion of EFT), one finds that
at dimension 5 there is only one effective operator, the Weinberg operator,

6Beyond perturbation theory LN is violated, however, B-L is preserved. Therefore, to
avoid Majorana mass terms it is more appealing to impose by hand B-L, which is anomaly
free.

7As already said in the introduction I, for example the electron and the top masses are
∼ 5 orders of magnitude away and altogether this is known as the flavour problem: why
three generations, why are the masses and mixings what they are...

8One can speculate whether it is the perfect range for 𝒪 (1 keV) right-handed neutrinos,
which are in addition good warm dark matter candidates.
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which happens to violate LN by two units:

ℒ5 =
1
2
𝑐𝛼𝛽
ΛW

(ℓ𝛼𝜑) (𝜑†ℓ̃𝛽) + H.c. , (2.3)

where Λ𝑊 ≫ 𝑣 is the scale of new physics and 𝑐𝛼𝛽 are model-dependent
coefficients. Upon electroweak symmetry breaking, the Weinberg operator
leads to a Majorana mass matrix for the light neutrinos of the form

𝑚L = 𝑐
𝑣2

Λ𝑊

. (2.4)

Notice that 𝑐𝛼𝛽 have flavour structure, and in some models can carry
additional suppression due to loop factors (as is the case in radiative mecha-
nisms) and/or ratios of mass parameters (for instance in type II seesaw there
is a suppression of the LNV parameter 𝜇, see eq. 3.6, therefore 𝑐 ∝ 𝜇/𝑚𝜒).
In those cases one typically relates directly ΛW, which does not need to be
extremely large, to the masses of the new particles and absorb all suppression
factors in 𝑐𝛼𝛽.

By doing some SU(2) Fierz transformations one can rewrite the Weinberg
operator in eq. (2.3):

(︁
ℓ𝛼𝜑

)︁ (︁
𝜑†ℓ̃𝛽

)︁
= −

(︁
ℓ𝛼 �⃗�𝜑

)︁ (︁
𝜑† �⃗�ℓ̃𝛽

)︁
= 1

2
(︁
ℓ𝛼 �⃗� ℓ̃𝛽

)︁ (︁
𝜑† �⃗� 𝜑

)︁
,

where 𝛼 and 𝛽 are family indices and �⃗� ≡ (𝜎1, 𝜎2, 𝜎3) is a vector in the adjoint
representation of SU(2) whose components are the 2×2 Pauli matrices. From
the three explicit forms one can easily read the three different new particles
that can generate the Weinberg operator at tree-level: a hyperchargeless
heavy fermion singlet (triplet) for the first (second) expressions, and a 𝑌 = 1
heavy scalar triplet for the third one. These are precisely seesaw models:
type I (III) and II respectively, which we discuss in more detail in chapter 3.
This demonstrates the power of the Weinberg operator, which parametrizes
Majorana neutrino masses of very different extensions of the SM.



Chapter 3

Neutrino mass models

There are many neutrino mass models on the market. In this chapter we
briefly review some of the most popular ones. We start by discussing type
I seesaw, which requires the addition of right-handed neutrinos to the SM,
which was introduced in section 2.3 of chapter 2. We also summarize other
types of seesaw models, before moving on to some of the best-motivated
high-energy frameworks. We conclude with radiative models, which will be
the main topic of this part of the thesis.

3.1 Type I: fermionic singlets
In type I seesaw [91–95], 𝑛 SM fermionic singlets are added to the SM; these
have the quantum numbers of right-handed neutrinos, and can be denoted by
𝜈R𝑖. Note that to explain neutrino data, which requires al least two massive
neutrinos, a minimum of two extra singlets are needed; however, 𝑛 = 3 is
aesthetically (and based on a possible 𝑆𝑂(10) unification) the most reasonable
option. Having no charges under the SM, Majorana masses for right-handed
neutrinos are allowed by gauge invariance, so the new terms in the Lagrangian
are:

ℒ𝜈R = 𝑖 𝜈R𝛾
𝜇𝜕𝜇𝜈R −

(︂1
2𝜈

c
R𝑚R𝜈R + ℓ 𝜑 𝑌 𝜈R + H.c.

)︂
, (3.1)

where 𝑚R is a 𝑛 × 𝑛 symmetric matrix, 𝑌 is a general 3 × 𝑛 matrix and
we have omitted flavour indices for simplicity. After spontaneous symmetry
breaking (SSB), the neutrino mass terms are given by (see the diagram of
figure 3.1)

ℒ𝜈 mass = −1
2
(︁
𝜈L 𝜈c

R

)︁ (︃ 0 𝑚D
𝑚T

D 𝑚R

)︃ (︃
𝜈c

L
𝜈R

)︃
+ H.c. , (3.2)

where 𝑚D = 𝑌 𝑣√
2 .
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Figure 3.1: Seesaw type I neutrino mass diagram.

𝑚R is in principle free, however if 𝑚R ≫ 𝑚D, upon block-diagonalization
one obtains 𝑛 heavy leptons which are mainly SM singlets, with masses ∼ 𝑚R,
and the well-known seesaw formula for the effective light neutrino Majorana
mass matrix,

𝑚𝜈 ≃ −𝑚D 𝑚
−1
R 𝑚T

D , (3.3)
which naturally explains the smallness of light neutrino masses as a con-
sequence of the presence of heavy SM singlet leptons. Notice that if one
wants leptogenesis to be the source of the baryon asymmetry of the Universe,
typically there is a lower bound on these right-handed neutrinos, 𝑚R > 109

GeV [22].

3.2 Type II: scalar triplet
The type II seesaw [96–100] only adds to the SM field content one scalar triplet
with hypercharge 𝑌 = 1 and assigns to it lepton number 𝐿 = −2. In the
doublet representation of SU(2)L, using �⃗� = (𝜎1, 𝜎2, 𝜎3) and �⃗� = (𝜒1, 𝜒2, 𝜒3),
the triplet can be written as a 2 × 2 matrix, whose components are

𝜒 = 1√
2
�⃗� · �⃗� =

(︃
𝜒+ 𝜒++

𝜒0 −𝜒+

)︃
, (3.4)

where we defined 𝜒++ ≡ 𝜒1−𝑖𝜒2√
2 , 𝜒+ ≡ 𝜒3√

2 and 𝜒0 ≡ 𝜒1+𝑖𝜒2√
2 , with third

component of isospin 𝑇3 = 1, 0,−1, as can be seen by computing [𝜎3/2, 𝜒].
Gauge invariance allows a Yukawa coupling of the scalar triplet to two

lepton doublets,

ℒ𝜒 =
(︁
(𝑌 †

𝜒 )𝛼𝛽 ℓ̃𝛼𝜒ℓ𝛽 + H.c.
)︁

− 𝑉 (𝜑, 𝜒) , (3.5)

where 𝑌𝜒 is a symmetric matrix in flavour space. The scalar potential has,
among others, the following terms:

𝑉 (𝜑, 𝜒) = 𝑚2
𝜒 Tr[𝜒𝜒†] −

(︁
𝜇𝜑†𝜒†𝜑+ H.c.

)︁
+ . . . (3.6)



3.3 Type III: fermionic triplets 29
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Figure 3.2: Seesaw type II neutrino mass diagram.

The 𝜇 coupling violates lepton number explicitly, and it induces a vacuum
expectation value (VEV) for the triplet via the VEV of the doublet, even if
𝑚𝜒 > 0. In the limit 𝑚𝜒 ≫ 𝑣 this VEV can be approximated by:

⟨𝜒⟩ ≡ 𝑣𝜒 ≃
𝜇𝑣2

2𝑚2
𝜒

; (3.7)

then, the Yukawa couplings in equation (3.5) lead to a Majorana mass matrix
for the left-handed neutrinos via the diagram of figure 3.2:

𝑚𝜈 = 2𝑌𝜒𝑣𝜒 = 𝑌𝜒
𝜇𝑣2

𝑚2
𝜒

. (3.8)

The dependence of neutrino masses on 𝑌𝜒 and 𝜇 can be understood from
the Lagrangian, since the breaking of LN results from the simultaneous
presence of the Yukawa and 𝜇 couplings. As long as 𝑚2

𝜒 is positive and large,
𝑣𝜒 will be small, in agreement with the constraints from the 𝜌 parameter,
𝑣𝜒 . 6 GeV [101]. Moreover, the parameter 𝜇, which has dimensions of mass,
can be naturally small, because in its absence LN is recovered, increasing the
symmetry of the model.

3.3 Type III: fermionic triplets
In the type III seesaw model [102,103], the SM is extended by fermion 𝑆𝑈(2)L
triplets Σ𝛼 with zero hypercharge. As in type I, at least two fermion triplets
are needed to have two non-vanishing light neutrino masses. We choose
the spinors Σ𝛼 to be right-handed under Lorentz transformations and write
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them in SU(2) Cartesian components Σ⃗𝛼 = (Σ1
𝛼,Σ2

𝛼,Σ3
𝛼). The Cartesian

components can be written in terms of charge eigenstates as usual

Σ+
𝛼 = 1√

2
(Σ1

𝛼 − 𝑖Σ2
𝛼) , Σ0

𝛼 = Σ3
𝛼 , Σ−

𝛼 = 1√
2

(Σ1
𝛼 + 𝑖Σ2

𝛼) , (3.9)

and the charged components can be further combined into negatively charged
Dirac fermions 𝐸𝛼 = Σ−

𝛼 + Σ+c
𝛼 . Using standard four-component notation the

new terms in the Lagrangian are given by

ℒΣ = 𝑖 Σ⃗𝛼𝛾
𝜇𝐷𝜇 · Σ⃗𝛼 −

(︃
1
2 (𝑚R)𝛼𝛽Σ⃗c

𝛼 · Σ⃗𝛽 + 𝑌𝛼𝛽 ℓ𝛼
(︁
�⃗� · Σ⃗𝛽

)︁
𝜑+ H.c.

)︃
,

(3.10)
where 𝑌 is the Yukawa coupling of the fermion triplets to the SM lepton
doublets and the Higgs, and 𝑚R their Majorana mass matrix, which can be
chosen to be diagonal and real in flavour space.

After SSB the neutrino mass matrix can be written as

ℒ𝜈 mass = −
1
2
(︁
𝜈L Σ0c

)︁ (︃ 0 𝑚D
𝑚T

D 𝑚R

)︃ (︃
𝜈c

L
Σ0

)︃
+ H.c. , (3.11)

which is the same as in the type I seesaw just replacing 𝜈R𝑖 by Σ0
𝛼, and

therefore leads to a light neutrino Majorana mass matrix

𝑚𝜈 ≃ −𝑚D 𝑚
−1
R 𝑚T

D . (3.12)

However, since the triplet has also charged components with the same Ma-
jorana mass, in this case there are stringent lower bounds on the new mass
scale from direct searches, so 𝑚R & 100 GeV.

3.4 Inverse seesaw
In inverse and linear seesaw models, one can have much lighter right-handed
neutrinos masses than in type I seesaw (although in that case right-handed
neutrinos can also be light if their Yukawas are small) and still get the correct
neutrino mass scale [104]. In these models, LN is slightly broken by a small
parameter protected from radiative corrections, and flavour and CP violation
effects are not suppressed by light neutrino masses. The model incorporates
two singlet fermions, 𝑁 and 𝑆, per generation, to which we assign LN one.
In the (𝜈L, 𝑁

𝑐, 𝑆) basis the 9 × 9 mass matrix Ω of the neutral sector after
SSB has this form:
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Ω =

⎛⎜⎝ 0 𝑚D 𝑀𝑇
L

𝑚𝑇
D 0 𝑀𝑇

𝑀L 𝑀 𝜇

⎞⎟⎠,

where 𝑚D = 𝑌 𝑣/
√

2, 𝑀 are 3×3 arbitrary complex matrices in flavour space
and 𝜇 is complex and symmetric. If 𝑀L = 0 and 𝜇 ̸= 0, the models is called
inverse seesaw, while if 𝑀L ̸= 0 and 𝜇 = 0 it is called linear seesaw. LN is
violated in the 𝜇 and or 𝑀L terms.1

Let us focus on the inverse seesaw limit, 𝑀L = 0. If we assume 𝑚D, 𝜇 ≪
𝑀 , the matrix Ω can be diagonalized by a unitary transformation leading
to 9 mass eigenstates: three light neutrinos, while the other three pairs of
two-component leptons combine to form three quasi-Dirac leptons. We can
block-diagonalize first the 2 − 3 sub-matrix, and then the 1 − 2. The effective
Majorana mass matrix for the light neutrinos is approximately given by:

𝑚𝜈 = 𝑚𝑇
D(𝑀𝑇 )−1𝜇𝑀−1𝑚D, (3.13)

while the three pairs of heavy neutrinos have masses of order 𝑀 , and the
admixture among singlet and doublet 𝑆𝑈(2) states is suppressed by 𝑚D/𝑀 .
Although 𝑀 is a large Dirac (Δ𝐿 = 0) mass scale suppressing the light
neutrino masses, it can be much smaller than in type I seesaw, as there is the
further suppression of the LNV scale 𝜇/𝑀 . In the limit 𝜇 = 0, LN would be
conserved, and the three light neutrinos would be massless Weyl particles,
while the six heavy neutral leptons will combine to form three Dirac fermions.

3.5 High-energy frameworks

3.5.1 Left-right symmetric models
Some possible high energy well-motivated theories that embed seesaw mech-
anisms are left-right (LR) symmetric models, which restore parity at high
energies [95, 105,106], based on the group 𝑆𝑈(2)L × 𝑆𝑈(2)R × 𝑈(1)B−L.

In LR symmetric models, the right-handed fermion fields are doublets
under 𝑆𝑈(2)R. There are both 𝑊L and 𝑊R, and left- and right-handed
neutrinos, 𝜈L and 𝜈R, so neutrinos become massive.

The minimal model involves a bi-doublet 𝜑(2, 2, 0) and a pair of triplets
ΔL(3, 1, 2) and ΔR(1, 3, 2). When the LR and the EW symmetries are broken,
the bidoublets provide fermion masses, while the triplets provide Majorana
mass terms for 𝜈L and 𝜈𝑅.

1If LN was spontaneously broken by the VEV of a singlet ⟨𝜎⟩, 𝜇 = 𝑦 ⟨𝜎⟩.
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The minimum of the potential is achieved for 𝑣2 ∼ 𝑣L𝑣R [107], with 𝑣L
(𝑣R) the VEV of the triplet scalar ΔL (ΔR). Thus, if 𝑣R ≫ 𝑣L (in agreement
with the 𝜌 parameter, see discussion on 𝑣𝜒 ≡ 𝑣𝐿 in section 3.2) the Majorana
mass term for 𝜈R (𝑚R = 𝑓 𝑣R) is large and the Majorana mass term for the
left-handed neutrinos (𝑚L = 𝑓 𝑣L) is small, where the couplings 𝑓 are the
same as there is a left-right symmetry. Therefore, the neutrino masses are
given by:

𝑚𝜈 = 𝑓 𝑣L −𝑚D (𝑓 𝑣R)−1 𝑚𝑇
D, (3.14)

and can be naturally small.

3.5.2 Supersymmetric models

There is an intrinsically supersymmetric way of breaking LN by breaking
the so-called R parity, which is defined as R = (−1)3B+L+2S, with B (L) the
baryon (lepton) number and S the spin, so SM (supersymmetric) particles
have 𝑅 = 1(−1) [108–117] (for a review see [118]). In this scenario, the
SM doublet neutrinos mix with the neutralinos, i.e., the supersymmetric
(fermionic) partners of the neutral gauge and Higgs bosons. As a consequence,
Majorana masses for neutrinos (generated at tree level and at one loop) are
naturally small because they are proportional to the small R-parity-breaking
parameters.

3.5.3 Grand Unified Theories

Some of these left-right models and supersymmetric extensions of the SM
are naturally embedded in Grand Unified Theories (GUTs) like SO(10) or
SU(5) [33], although this is not needed. It is remarkable the fact that the
hypothetical right-handed neutrinos, 𝜈R, would complete the representation
16 of SO(10), so that all fermions of each family are contained in a single
representation of the unifying group. This looks too impressive not to be
significant.

We refer the reader to [52] for a more thorough discussion on how to
accommodate neutrino masses in high energy frameworks.
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Figure 3.3: The Zee model diagram contributing to neutrino masses.

3.6 Radiative models
Small Majorana neutrino masses may also be induced by radiative corrections.
Typically, on top of loop factors of at least 1/(4𝜋)2,2 there are additional
suppressions due to couplings and/or ratios of masses, leading to the observed
light neutrino masses with a NP scale not far above the EWS, so in principle
these models can be tested at the LHC.

In this thesis we will analyse in detail various radiative models, like the
Zee-Babu model [119,120], and another two-loop mechanism [121], by adding
new generations (see the scientific research, part V). Therefore, here we just
give a brief introduction to two other examples: the Zee model [119, 122] and
the Inert Doublet Model [123–125].

3.6.1 The Zee Model
The Zee model [119, 122] uses the fact that ℓ̃ℓ couples to a charged scalar
singlet 𝜒+ with 𝑌 = 1. This coupling, call it 𝑓 , is anti-symmetric. Two Higgs
doublets are needed so the LNV term 𝜑2𝜑1 𝜒

− exists.
If 𝜑2 does not couple to leptons, the diagram shown in figure 3.3 gives

neutrino masses at one loop, and the final expression of the neutrino mass
matrix can be written as [126]:

(𝑚𝜈)𝑖𝑗 = 𝐶 𝑓𝑖𝑗(𝑚2
ℓ𝑖 −𝑚2

ℓ𝑗), (3.15)

where 𝐶 is some constant that includes the loop factor and 𝑚ℓ are the charged
leptons masses. Therefore, the mass matrix is symmetric, as it has to be, and
the 𝑒𝑒 element is suppressed with respect to the other ones, which renders
in general a tiny rate of 0𝜈𝛽𝛽. The reader is referred to [127] for a recent
analysis of the model.

2More than three loops typically yield too light neutrino masses or have problems with
LFV.
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3.6.2 The Scotogenic model
The Scotogenic model3 (see for instance [128] for the original proposal, and
[123–125, 129–136] for some among the long list of different studies of the
model, some of them with just a inert doublet and no inert singlet fermions)
is an extension of the SM which provides both neutrino masses and a dark
matter (DM) candidate.

The SM is extended with a second scalar doublet 𝜂 and at least two
right-handed singlet (or triplet) fermions 𝜈R𝑖

4 (or Σ𝑖) with masses 𝑚R𝑖 are
needed to give masses to the two known active massive neutrinos.5

All of the new fields are odd under a discrete symmetry 𝑍2, while the
SM particles are even. The lightest of them is stable, so if it is the neutral
component and if its mass and interactions are the correct ones to have the
measured relic abundance, it could provide the DM of the Universe.

First of all, let us briefly explain how a discrete symmetry can be motivated,
although in principle it looks ad hoc. A 𝑍N discrete symmetry can be gauged
in a U(1)D group. For example, consider matter fields 𝜒 with U(1)D charge
𝑄𝜒 = −1 and Higgs field 𝜑 with charge 𝑄𝜑 = 𝑁. Let us call 𝑣 the VEV of
this Higgs field which breaks spontaneously the symmetry. Then we can have
that the symmetry is broken by the VEV:

ℒ = 𝜑𝜒𝑁 + H.c. → 𝑣𝜒𝑁 + H.c., (3.16)

and we see how the Lagrangian has a discrete remnant 𝑍N symmetry:

𝜒 → 𝑒𝑖2𝜋/𝑁𝜒,

that it is exactly conserved due to its gauge origin.

The new interactions of the model that are added to the SM are:

ℒ𝜈R = 𝑖 𝜈R𝛾
𝜇𝜕𝜇𝜈R −

(︂1
2𝜈

c
R𝑚R𝜈R + ℓ 𝜂 𝑌 𝜈R + H.c.

)︂
, (3.17)

and the most general scalar potential 𝑉 (𝜂, 𝜑) is:

𝑉 (𝜂, 𝜑) = 𝑚2
1 𝜑

†𝜑+𝑚2
2 𝜂

†𝜂 +
1
2𝜆1(𝜑†𝜑)2 +

1
2𝜆2(𝜂†𝜂)2+

3Also sometimes known as the Inert Doublet Model (IDM).
4We call them 𝜈R𝑖, although they are not what one normally means by right-handed

neutrinos: they do not couple to the lepton doublets via the Higgs, i.e., there is no Dirac
mass after SSB.

5If the three of them are massive we would need to add three right-handed singlets, as
in seesaw models.
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Figure 3.4: Scotogenic model diagram contributing to neutrino masses. The
𝑁 represent either right-handed neutrinos, 𝜈R𝑖, or the neutral component of
fermion triplets, Σ0.

+ 𝜆3(𝜑†𝜑)(𝜂†𝜂) + 𝜆4(𝜑†𝜂)(𝜂†𝜑) +
1
2𝜆5

(︂
(𝜑†𝜂)2 + H.c.

)︂
. (3.18)

Notice that there is a U(1) global symmetry (LN) violated by the simulta-
neous presence of 𝑚R, 𝜆5 and 𝑌 . If we assume 𝑚2

2 > 0 so ⟨𝜂⟩ = 0, the 𝑍2 is
exactly conserved and neutrinos remain massless at tree level. The masses of
the scalar particles in this model are:

𝑚2
𝐻 = −2𝑚2

1 = 2𝜆1𝑣
2, (3.19)

𝑚2
𝜂+ = 𝑚2

2 + 𝜆3 𝑣
2/2, (3.20)

𝑚2
𝜂0

1
= 𝑚2

2 + (𝜆3 + 𝜆4 + 𝜆5) 𝑣2/2, (3.21)

𝑚2
𝜂0

2
= 𝑚2

2 + (𝜆3 + 𝜆4 − 𝜆5) 𝑣2/2, (3.22)

where 𝐻 is the SM Higgs and the rest are the components of 𝜂. The lightest
of 𝜂0

1, 𝜂
0
2 can serve as a DM candidate (if all 𝜈R𝑖 are heavier). Notice that

the mass splitting between 𝜂0
1 and 𝜂0

2 is proportional to 𝜆5, which is naturally
small, as in its absence LN is conserved.

The one-loop diagram that contributes to neutrino masses from 𝜂0
1 and 𝜂0

2
exchange is shown in figure 3.4, and its exact contribution is given by:

(𝑚𝜈)𝑖𝑗 =
∑︁
𝑘

𝑌𝑖𝑘 𝑌𝑗𝑘𝑚R𝑘

16 𝜋2

⎡⎣ 𝑚2
𝜂0

1

𝑚2
𝜂0

1
−𝑚2

R𝑘
ln
𝑚2
𝜂0

1

𝑚2
R𝑘

−
𝑚2
𝜂0

2

𝑚2
𝜂0

2
−𝑚2

R𝑘
ln
𝑚2
𝜂0

2

𝑚2
R𝑘

⎤⎦ . (3.23)

In the limit 𝑚2
𝜂0

1
−𝑚2

𝜂0
2

= 𝜆5𝑣
2 ≪ 𝑚2

0 = (𝑚2
𝜂0

1
+𝑚2

𝜂0
2
)/2, we get:

(𝑚𝜈)𝑖𝑗 = 𝜆5𝑣
2

16 𝜋2

∑︁
𝑘

𝑌𝑖𝑘 𝑌𝑗𝑘𝑚R𝑘

𝑚2
0 −𝑚2

R𝑘

[︃
1 −

𝑚2
R𝑘

𝑚2
0 −𝑚2

R𝑘
ln

𝑚2
0

𝑚2
R𝑘

]︃
. (3.24)

There are some limiting cases:
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∙ For 𝑚2
R𝑘 ≪ 𝑚2

0:

(𝑚𝜈)𝑖𝑗 =
𝜆5𝑣

2

8𝜋2𝑚2
0

∑︁
𝑘

𝑌𝑖𝑘 𝑌𝑗𝑘𝑚R𝑘. (3.25)

∙ For 𝑚2
R𝑘 ≫ 𝑚2

0:

(𝑚𝜈)𝑖𝑗 =
𝜆5𝑣

2

8𝜋2

∑︁
𝑘

𝑌𝑖𝑘 𝑌𝑗𝑘

𝑚R𝑘

[︃
−1 − ln

𝑚2
0

𝑚2
R𝑘

]︃
. (3.26)

∙ For 𝑚2
R𝑘 ≃ 𝑚2

0:

(𝑚𝜈)𝑖𝑗 =
𝜆5𝑣

2

16 𝜋2

∑︁
𝑘

𝑌𝑖𝑘 𝑌𝑗𝑘

𝑚R𝑘
. (3.27)

So the typical seesaw scale is reduced by ∼ 𝜆5
(4𝜋)2 . This means that for

𝜆5𝑌
2 ≃ 10−8, we can have neutrino masses with a NP scale at the TeV.

If we consider 𝜈R𝑖 lighter than the 𝜂’s and we want it to be a DM candidate
and at the same time to give the right order of magnitude of neutrino masses,
there are strong constraints coming from LFV processes such as 𝜇 → 𝑒 𝛾.

However, as studied in [129, 130] it is still possible to find compatible
points that satisfy all constraints (for instance with 𝜆5 ∼ 10−9). Recently, it
was also studied in [136] the possibility that the lightest right-handed singlet
does not reach thermal equilibrium in the early Universe so that it behaves as
a Feebly Interacting Massive Particle (FIMP). For the case of fermion triplets,
as they have gauge interactions, it is in principle much easier to satisfy the
three constraints: neutrino masses, DM abundance and the LFV constraints.

For 𝜂 lighter than 𝜈R𝑖, as it is a doublet, it is possible to satisfy the
strong constraints coming from relic abundance, LFV, direct detection and so
on [131,132]. In this case, there are also constraints on 𝜆5 coming from DM
relic abundance and direct detection bounds, see for instance [133]. Studies
of the scotogenic model in the context of leptogenesis and baryogenesis can
be found in [134] and [135], respectively.

We emphasize here that the Scotogenic model is a nice example of a
radiative model that connects issues in principle disconnected such as neutrinos
masses and DM, with a powerful phenomenology.



Part III

Dark matter





Chapter 4

The Cosmological Model in a
nutshell

In this chapter we briefly review the Cosmological Model, before focusing on
dark matter (DM) in the next chapter.

4.1 The basic ingredients of the ΛCDM model
The Cosmological Model is also known as the ΛCDM model, where Λ refers
to the cosmological constant, which causes the accelerated expansion of the
Universe we have observed, and CDM stands for cold dark matter (it could
also be warm, see chapter 5), which is an extra matter component in addition
to the luminous one, that we observe via its gravitational effects.

These are the basic ingredients of the ΛCDM model:

∙ The Cosmological Principle. By assuming that the symmetries of the
Universe, thought of as a perfect fluid, are isotropy (invariance under
rotations) and homogeneity (invariance under translations), on scales
larger that ∼ 100 Mpc, one obtains that the metric 𝑔𝜇𝜈 , known as the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, is:1

𝑑𝑠2 ≡ 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 = −𝑑𝑡2 + 𝑎2(𝑡)

[︂
𝑑𝑟2

1 − 𝑘𝑟2 + 𝑟2𝑑Ω
]︂
, (4.2)

1Recall Minkowski’s metric for a flat space-time:

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + 𝑟2𝑑Ω2. (4.1)
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with 𝑑Ω = 𝑑𝜃2 + sin2 𝜃𝑑𝜑2, 𝑎(𝑡) the scale factor which parametrizes the
evolution of space-time and 𝑘 the curvature of space-time (𝑘 = 0, see
below).

∙ Einsteins’ Field Equations of General Relativity (GR), invariant under
general transformations of coordinates, which are:

𝑅𝜇𝜈 − 1
2𝑔𝜇𝜈𝑅 + Λ𝑔𝜇𝜈 = 8𝜋𝐺

𝑐4 𝑇𝜇𝜈 , (4.3)

where 𝑔𝜇𝜈 is the space-time metric, 𝑅𝜇𝜈 is the Ricci tensor, 𝑅 = 𝑔𝜇𝜈𝑅
𝜇𝜈

the Ricci scalar and 𝑇𝜇𝜈 is the energy-momentum tensor, constructed in
terms of the matter Lagrangian density. As already mentioned, Λ is the
cosmological constant, which parametrizes the accelerated expansion of
the Universe. A pictorial representation of GR is that energy (matter)
tells space-time how to curve, while space-time tells matter how to move.
Eq. 4.3 can be derived from the Hilbert-Einstein action (with 𝑔 =
det 𝑔𝜇𝜈):

𝑆 =
∫︁ √

−𝑔𝑑4𝑥
(︂

𝑐4

16𝜋𝐺(𝑅 − 2Λ) + ℒ𝑚

)︂
, (4.4)

through the Principle of Least Action (𝛿𝑆 = 0). ℒm is the matter
content of the theory, whose variation with respect to the metric gives
rise to the energy-momentum tensor 𝑇𝜇𝜈 of eq. 4.3.
In principle ℒm can be associated to the content of the Standard Model
(SM) of particle physics, plus any beyond the SM (BSM) physics, such
as dark matter (DM), neutrino masses, inflation and so on, i.e.:2

ℒm = ℒSM + ℒBSM = ℒSM + ℒ𝜈masses + ℒDM + ... (4.5)

However, in general, the different energy components are interpreted as
forming a fluid, and are divided in matter and radiation. For a perfect
fluid we have that:

𝑇 𝜇𝜈 = (𝜌+ 𝑝)𝑈𝜇𝑈𝜈 + 𝑝𝑔𝜇𝜈 , (4.6)

with 𝜌 and 𝑝 the energy density and the pressure and 𝑈𝜇 the four-
velocity vector of the fluid. In an homogeneous and isotropic Universe,
it is given by:

𝑇 𝜇𝜈 = diag(−𝜌, 𝑝, 𝑝, 𝑝). (4.7)
2Let us notice that GR, encoded in eq. 4.3, is a classical theory, while the SM is a

Quantum Field Theory (QFT). A more complete theory which would unify both gravity and
and gauge interactions is still missing, as quantization of GR yields a non-renormalizable
theory. String Theory, that goes beyond QFT, is the most popular candidate.
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∙ The equation of state of different energy components, that relates
their pressure and their density: 𝑝𝑖 = 𝑤𝑖 𝜌𝑖. From the First Law of
Thermodynamics, 𝑑𝐸𝑖 + 𝑑𝑊𝑖 = 0, with the energy being 𝐸𝑖 = 𝜌𝑖𝑉 and
the work done by the system 𝑑𝑊𝑖 = 𝑝𝑖𝑑𝑉 , with 𝑉 = 𝑎3, we get:

�̇�𝑖
𝜌𝑖

= −3(1 + 𝑤𝑖)
�̇�

𝑎
, (4.8)

which can be integrated to obtain:

𝜌𝑖 ∝ 𝑎−3(1+𝑤𝑖) . (4.9)

Matter has 𝑤matter = 0, so 𝜌matter ∝ 𝑎−3. For radiation 𝑤rad = 1/3 and
therefore 𝜌rad ∝ 𝑎−4, and for the cosmological constant 𝑤Λ = −1 and
trivially 𝜌Λ = constant.

4.2 Friedmann equations
Using the metric 𝑔𝜇𝜈 of eq. 4.2 in Einsteins equations of GR, eq. 4.3,
together with eq. 4.7, one obtains the Friedmann equations, which describe
the evolution of the Universe in terms of the energy content:(︂

�̇�

𝑎

)︂2
= 8𝜋𝐺

3 𝜌tot(𝑡) − 𝑘

𝑎2 (4.10)

and (︂
�̈�

𝑎

)︂2
= −4𝜋𝐺

3 (𝜌tot(𝑡) + 3𝑝tot), (4.11)

where 𝜌tot = ∑︀
𝑖 𝜌𝑖 and 𝑝tot = ∑︀

𝑖 𝑝𝑖. Using eq. 4.9 (which can also be obtained
combining eqs. 4.10 and 4.11) in eq. 4.10 (𝑘 = 0), one obtains the time
evolution of the scale factor:

𝑎(𝑡) ∝ 𝑡1/2, (4.12)

for the epoch of radiation domination (RD), i.e., when the energy density of
the Universe was dominated by radiation, at 𝑇 > 𝑇M−R equality ∼ 1 eV, and

𝑎(𝑡) ∝ 𝑡2/3 (4.13)

for the matter-dominated epoch (MD), i.e., when the energy density of the
Universe was dominated by matter.

For a cosmological constant (that dominates today), 𝜔 = −1, one gets:

𝑎(𝑡) ∝ 𝑒𝐻0𝑡. (4.14)
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Similarly, an accelerated expansion happens during inflation, see section
4.5.

The left-hand side of eq. 4.10 is the square of the Hubble parameter,
𝐻(𝑡) ≡ �̇�

𝑎
. Its value today is 𝐻0 = (73.8 ± 2.4) km s−1 Mpc−1 as measured by

the Hubble Space Telescope [137]3; recently, however, the Planck satellite has
measured a smaller value: 𝐻0 = (67.3 ± 1.2) km s−1 Mpc−1 [85].

From observations of the Cosmic Microwave Background (CMB) - the
relic photons that were released when electrons and protons combined to form
hydrogen atoms - made by the Planck satellite [85], we know that the energy
density is to a great accuracy equal to the critical density, 𝜌crit: the energy
density needed to have a flat Universe (𝑘 = 0), defined from eq. 4.10 as:

𝜌crit ≡ 3𝐻2
0

8𝜋𝐺 ∼ 104 ℎ2 eV
cm3 ∼ 3 · 1010 MSun

Mpc3 ∼ 10−30 g
cm3 ∼ 10−6 GeV

cm3 , (4.15)

i.e., in the Universe is almost empty (∼ one Hydrogen atom per cubic metre).4
Different energy components are expressed as ratios with respect to 𝜌crit,

that can be thought of, in a hand-waving fashion, as a measure of the different
weights of kinetic 𝐾𝑖 ∼ 1

2𝑚𝑖�̇�
2 and potential energy 𝑈𝑖 ∼ 𝐺𝑀𝑚𝑖

𝑎
for a particle

of mass 𝑚𝑖, as can be trivially seen using 𝑉 ∼ 4
3𝜋𝑎

3:

Ω𝑖 ≡ 𝜌𝑖
𝜌crit

∼ 𝑈𝑖
𝐾𝑖

. (4.16)

Using Ωtot = ∑︀
𝑖 Ω𝑖, eq. 4.10 can be expressed in the following compact

and nice form:
Ωtot − 1 = 𝑘

𝑎2 𝐻2 . (4.17)

4.3 Hubble’s Law and other cosmological pa-
rameters

Let us introduce a few important cosmological concepts and parameters.
Redshift is defined as

𝑧 ≡ 𝜆0 − 𝜆𝑒
𝜆𝑒

= 𝑎0

𝑎𝑒
− 1 , (4.18)

3The subscript 0 always denotes current values. Sometimes ℎ is used, which is today’s
Hubble constant, 𝐻0, in units of 100 km s−1 Mpc−1. A useful quantity to keep in mind is
ℎ2 ≃ 0.5.

4Notice the overdensity at our location in the Milky Way (MW), where 𝜌local ≈
0.3 GeV cm−3.
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where 𝜆0 is the observed wavelength of the radiation at a time 𝑡0 and 𝜆𝑒 is
the wavelength emitted at a time 𝑡𝑒 by the source which is at a comoving
coordinate 𝑟. The convention is to take 𝑎0 = 1.

The length of the spatial geodesic at a fixed time, 𝑑𝑡 = 0, is the proper
distance 𝑑𝑝. Along a radial geodesic 𝑑Ω = 0, so we get from eq. 4.2:

𝑑𝑝(𝑡) = 𝑎(𝑡) 𝑟. (4.19)

Differentiating with respect to time, we get:

𝑣𝑟 = 𝐻0 𝑑𝑝, (4.20)

where for simplicity we have taken the peculiar velocities of the galaxies to be
zero, i.e., 𝑣𝑝 ≡ 𝑎�̇� = 0. Therefore galaxies expand with recessional velocities
𝑣𝑟 proportional to their proper distances. This is known as Hubble’s Law and
has been tested to a great accuracy (for large values of redshift there are
deviations, see below).

The luminosity distance is defined as

𝑑2
𝐿 = 𝐿

4𝜋𝐹 , (4.21)

where 𝐿 is the luminosity of the source and 𝐹 the flux received by the observer.
In an expanding Universe one obtains from energy conservation that

the flux received at our position, whose photons are redshifted by a factor
1 + 𝑧 ≡ 𝑎0/𝑎, is:

𝐹 = 𝐿

4𝜋𝑎2
0𝑟

2(1 + 𝑧)2 . (4.22)

So from eqs. 4.21 and 4.23, we get that:

𝑑𝐿 = 𝑑𝑝(1 + 𝑧) . (4.23)

The deceleration parameter is defined as:

𝑞 = −𝑎�̈�

�̇�2 . (4.24)

To connect observations (redshift, luminosity distances) and the cosmological
parameters (𝐻0, 𝑞0) let us consider the path travelled by light in a null-geodesic.
From eq. 4.2:

0 = 𝑑𝑠2 = −𝑑𝑡2 + 𝑎2

1 − 𝑘𝑟2𝑑𝑟
2, (4.25)

and taking 𝑘 = 0, we can integrate it from a time 𝑡1 to the current time, 𝑡0:

𝑟 =
∫︁ 𝑡0

𝑡1

𝑑𝑡

𝑎(𝑡) . (4.26)
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For small enough redshifts, we can expand the scale factor in a Taylor series
around its actual value 𝑎0:

𝑎(𝑡1) = 𝑎0 + (�̇�)0Δ𝑡+ 1
2(�̈�)0(Δ𝑡)2 + . . . , (4.27)

where Δ𝑡 = 𝑡1 − 𝑡0. Then, eq. 4.26 becomes:

𝑟 = 𝑎−1
0

[︂
−Δ𝑡+ 1

2𝐻0Δ𝑡2 + . . . .
]︂
. (4.28)

Substituting eq. 4.27 in eq. 4.18, we get:

1
1 + 𝑧

= 1 +𝐻0Δ𝑡− 1
2𝑞0𝐻

2
0 Δ𝑡2 + . . . , (4.29)

from which Δ𝑡 can be obtained by expanding in 𝑧:

Δ𝑡 = 𝐻−1
0

[︂
−𝑧 +

(︂
1 + 𝑞0

2

)︂
𝑧2 + . . .

]︂
. (4.30)

Replacing eq. 4.30 in eq. 4.28 it is straightforward to obtain

𝑟 = 1
𝑎0𝐻0

[︂
𝑧 − 1

2 (1 − 𝑞0) 𝑧2 + . . .
]︂
. (4.31)

Finally, using eq. 4.23, we get:

𝑑𝐿 = 𝐻−1
0

[︂
𝑧 + 1

2(1 + 𝑞0)𝑧2 + . . .
]︂
. (4.32)

For 𝑧 ≪ 1, we have that 𝑧 = 𝐻0 𝑑𝐿. Using that for low enough redshifts
the recessional velocity is 𝑣𝑟 ≈ 𝑐𝑧 and 𝑑𝐿 ≈ 𝑑𝑝, we get Hubble’s Law. At
larger redshifts we will have deviations from this law that are connected with
the deceleration parameter, as can be seen in eq. 4.32.

4.4 The energy content of the Universe
In 1998, by using type Ia Supernovae, which are standard candles, i.e., their
luminosity profiles (𝐿) are known, measurements of 𝑑𝐿 (see eq. 4.21) showed
that the expansion of the Universe in recent epochs is accelerating [15, 16]. A
cosmological constant Λ could provide the repulsive force needed to accelerate
the expansion, with 𝜌Λ = −𝑝 = Λ

8𝜋𝐺 , but this does not have to be the case,
and in general we refer to this mysterious component with negative pressure as
dark energy (DE). From these Supernovae luminosity distances, a combination
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Figure 4.1: The temperature fluctuations of the CMB observed by Planck [85].

Figure 4.2: The energy content of the Universe by Planck [85].
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of the total energy density in matter, Ωmatter, and that in dark energy, ΩDE,
can be inferred.5

We show in figure 4.1 the CMB temperature fluctuations as a function of
the angular scale [85]. Depending on the content of baryons, DM and DE, the
shape, position and height of the CMB peaks vary. For instance, the position
of the first peak of the CMB tells us that the Universe is flat, Ωtotal = 1.
Using latest Planck results [85], we know the following facts about the energy
content of the Universe today, illustrated in figure 4.2:

∙ It is dominated by DE, with ΩDE ∼ 0.68. If the current acceleration is
understood as being caused by a cosmological constant Λ, which has
been negligible throughout the entire history of the Universe, this poses
the question of why precisely now Ωmatter ∼ ΩΛ.

∙ DM constitutes a significant fraction of the energy density in the Uni-
verse, ΩDM ∼ 0.27.

∙ Visible matter, which is described by the first family of the SM (atoms)
(see chapter 1) represents just a tiny fraction of the total, Ωb ≈ 0.05.6

∙ The photon and the neutrino energy densities are almost negligible.

So we have that:

Ωtotal = Ωb + ΩDM + ΩDE = 1. (4.33)

The baryon density Ωb has also been measured and agrees well with the
synthesis of elements in the Early Universe (a few seconds after the Big Bang),
known as Big Bang Nucleosynthesis (BBN) [138–142]. At temperatures ∼ 1
MeV, the light elements were produced with mass abundances of ∼ 75%
(1H), ∼ 25% 4

2He, ∼ 0.01% deuterium (2
1H) and 3

2He, and ∼ 10−10% 7
3Li.

For instance, a somewhat hand-waving computation of the Helium mass
abundance is rather straightforward. Calling 𝑛𝑛 (𝑛𝑝) the number density of
neutrons (protons), roughly the final number of He nuclei is 1/2𝑛𝑛, as two
neutrons per He atom are needed. The mass is 𝑚He ∼ 4𝑚𝑛, so 𝜌He ≈ 2𝑛𝑛𝑚𝑛

and the total mass is 𝜌tot ≈ (𝑛𝑛 + 𝑛𝑝)𝑚𝑛, where we took 𝑚𝑛 ∼ 𝑚𝑝. The final
mass fraction of Helium 𝑌He is therefore given by:

𝑌He ≡ 𝜌He

𝜌tot
= 2(𝑛𝑛/𝑛𝑝)

1 + (𝑛𝑛/𝑛𝑝)
, (4.34)

5Λ can be also interpreted as entering on the left-hand side of the GR equations, eq.
4.3, forming part of the geometry of the Universe, although it is probably easier to think of
it as an extra energy component.

6There is no better lesson in humility towards our knowledge of the Universe as this
piece of data.
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which just depends on the neutron to proton fraction at the moment of
Nucleosynthesis, given by their equilibrium distributions:

𝑛𝑛
𝑛𝑝

∼ 𝑒
−(𝑚𝑛−𝑚𝑝)

𝑇Nucl . (4.35)

Neutrons interact with positrons or electron neutrinos to create protons and
other products, until the expansion of the Universe is larger than these rates,
moment at which they freeze-out. If Nucleosynthesis occurred very early,
𝑇Nucl ≫ 10 MeV, then 𝑛𝑛/𝑛𝑝 ∼ 1 and 𝑌He → 1. If too late, 𝑇Nucl ≪ 1 MeV,
then 𝑛𝑛/𝑛𝑝 ∼ 0 and 𝑌He → 0. At 𝑇Nucl ∼ 0.7 MeV which is the correct freeze-
out temperature, 𝑛𝑛/𝑛𝑝 ∼ 1/67, and at 𝑇Nucl ∼ 0.1 MeV, when the Universe
had cooled sufficiently to allow deuterium nuclei to survive disruption by high-
energy photons, 𝑛𝑛/𝑛𝑝 ∼ 1/7, for which one gets 𝑌He ∼ 0.25, in agreement
with observations.

The excellent agreement between the theoretical computations and the
observations is one of the main evidences of a Hot Big Bang, together with
the observation of the CMB.

Analysis of Large Scale Structure (LSS), like the study of the photon-
baryon fluid before recombination, where the competition between gravity
and radiation pressure produces oscillations in the plasma which propagate as
acoustic waves, known as Baryon Acoustic Oscillations (BAO), can be used
to infer the cosmic expansion. Also from observations of clusters of galaxies,
for instance, via gravitational lensing, one gets information on Ωmatter.

For a mass density 𝜌(r), one can define the density contrast 𝛿(r) ≡
(𝜌(r)−𝜌0)/𝜌0, where 𝜌0 is the mean value of the matter density. The matter
power spectrum, 𝑃 (k), is just the Fourier transform of the correlation function
of the matter density contrast, 𝜉(r) = ⟨𝛿(r1)𝛿(r1 + r)⟩, i.e.:

𝑃 (k) =
∫︁
𝜉(r) ei k·r d3r, (4.36)

and can be reconstructed from different observations, as shown in figure 4.3.
As will be discussed in chapter 5, if DM was hot, 𝑃 (k) at low scales would
be suppressed (also warm dark matter modifies it, but it is compatible).

The different cosmological observations from CMB, BAO and Supenovae
agree very well, as can be seen in figure 4.4, and it is sometimes known as the
Concordance Model (another name of the ΛCDM model).

7This fraction is not constant, as the neutron decays.
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Figure 4.3: The matter power spectrum 𝑃 (k) reconstructed from different
observations [143].

4.5 An inflationary epoch
The evidence for an inflationary epoch in the first stages of the Universe,
at 𝑡 ∼ 10−34 s, is very strong. Looking at eq. 4.11, we see that to have an
accelerated expansion, �̈� > 0, we need that, if the component 𝑖 dominates the
energy density, 𝜌𝑖(𝑡) + 3𝑝𝑖 < 0 (i.e., 𝜔𝑖 < −1/3).

This is equivalent to demanding that the comoving Hubble radius decreases
with time:

𝑑

𝑑𝑡

(︂ 1
𝑎𝐻

)︂
≡ −�̈�
𝑎𝐻

< 0. (4.37)

One of the most important pieces of evidence for an epoch of accelerated
expansion comes from the CMB. As shown in figure 4.1, where the CMB
temperature fluctuations are plotted as a function of the angular scale [85], the
CMB is extremely homogeneous, with temperature fluctuations 𝛿𝑇/𝑇 ∼ 10−5.
The problem is that within the standard Big Bang paradigm, these regions
were never causally connected. This is known as the horizon problem and it
is easy to show how inflation solves it by looking at figure 4.5 (from [34]),
which shows the evolution of the comoving Hubble radius, 1/(𝑎𝐻(𝑡)), which
is the maximum distance between causally connected regions (the maximum
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Figure 4.4: The concordance within the ΛCDM model of the different
cosmological observations coming from the CMB (Planck and WP), BAO
(SDSS-II, BOSS and 6dFGS) and Supernovae (Union2), from [144]. Dark and
light regions indicate 68.3% and 95.4% CL.

Figure 4.5: Left: The comoving Hubble sphere shrinks during inflation and
expands after inflation. Right: all scales relevant to cosmological observations
today were larger than the comoving Hubble radius until recently (came back
within the Hubble radius at relatively recent times). However, at sufficiently
early times, these scales were smaller than the Hubble radius and therefore
causally connected.
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distance light has had time to travel), shrinking during inflation and expanding
afterwards.

All scales that are relevant to cosmological observations today were larger
than the Hubble radius until recently - having reentered the Hubble radius at
relatively recent times. However, at sufficiently early times, these scales were
smaller than the Hubble radius and therefore causally connected if inflation
happened.

As has been already said, current observations of the CMB by the Planck
satellite [85] tell us that the Universe is flat, i.e., 𝑘 = 0 in eq. 4.2, and
therefore Ωtotal ≡ 𝜌total

𝜌crit
= 1.8 In the standard picture, the right-hand side of

eq. 4.17 always grows with time (∝ 𝑡 in RD (∝ 𝑡2/3 in MD)), and therefore Ω
would have to be severely fine-tuned to one in the past to be observed today
as having a value equal to one. This is known as the flatness problem, and a
period of accelerated expansion is able to solve it, as can be clearly deduced
from eq. 4.37. Last but not least, the density fluctuations that we see in the
CMB, from which structures grew, are caused by the primordial fluctuations
of the inflationary field Φ and the metric 𝑔𝜇𝜈 (Φ(�⃗�, 𝑡) ≡ Φ(𝑡) + 𝛿Φ(�⃗�, 𝑡),
𝑔𝜇𝜈(�⃗�, 𝑡) ≡ 𝑔𝜇𝜈(𝑡) + 𝛿𝑔𝜇𝜈(�⃗�, 𝑡)).

Figure 4.6: Contours showing the 68% and 95% CL regions for 𝑟 and the
scalar spectral index 𝑛𝑠, from [12].

Inflation implies that the quantization of the gravitational field coupled
to the exponential expansion produces a primordial background of stochastic

8The first acoustic peak determines the size of the horizon at the time of decoupling,
and therefore the geometry of the Universe.
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gravitational waves, that would give a unique signature on the CMB via
local quadrupole anisotropies, that include a curl or B-mode component at
degree angular scales, which depends on the tensor-to-scalar ratio, 𝑟. Recently,
the first detection of primordial B-modes was made by BICEP2 [12], in the
range 30 < 𝑙 < 150, inconsistent with the null hypothesis at several standard
deviations. They give a tensor-to-scalar ratio of 𝑟 = 0.20+0.07

−0.05. This ratio in
the simplest models tells us that the typical energy scale of inflation is similar
to the GUT scale, ∼ 1016 GeV. In figure 4.6 from [12] are shown contours
in the tensor (𝑟) and the scalar spectral index (𝑛𝑠) plane. As scalars do not
produce B-modes while tensors do, the detection of B-modes is a smoking gun
of tensor modes, and therefore of inflation. This discovery, which as always in
physics should be confirmed by other independent experiments, like Planck,
is to date the most compelling evidence of a nearly exponential expansion
which sets the initial conditions for the subsequent Hot Big Bang, understood
as the creation of particles from inflaton decays, not as the initial singularity.

For different inflationary models and a more extense discussion, the reader
is referred to [34], a nice review of the topic.





Chapter 5

Dark matter

In this chapter we discuss the evidence and properties of DM. We will
then focus on Weakly Interacting Massive Particles (WIMPs) and detection
prospects via indirect searches, colliders and cosmological imprints. We leave
direct detection, which is the focus of this thesis, to chapter 6.

5.1 Evidence of dark matter
There is plenty of evidence for the existence of some extra matter in the
Universe, whose properties we will detail in the next section. The most
important pieces of evidence are the following:

1. Rotation curves of spiral galaxies.
Like the planets rotating around the Sun, one would expect that lumi-
nous matter in the galaxies, basically Hydrogen, should have a rotation
speed that would decrease with the distance to the galactic centre
as 1/

√
𝑟.1 However, one observes2 that the rotation velocity remains

practically constant (𝑣𝑟𝑜𝑡 ∼ 𝑣𝑆𝑢𝑛 ∼ 220 km/s) up to large distances, see
figure 5.1. This can not be understood with just the luminous matter,
which decreases exponentially with the distance: there must be a much
larger gravitational potential than that created by luminous matter.
There are non-DM possibilities to explain this piece of evidence, for
instance if we modify gravity at these scales (Modified Newtonian
Dynamics, MOND [145,146] or its relativistic version [147]). Its basic

1In reality there are two components of luminous matter with different behaviours, the
bulge and the disc, as can be seen looking at figure 5.3.

2In the Milky Way (MW) we can measure its rotation curve using the Hydrogen 21 cm
line, as there is too much dust to observe X-rays.
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assumption is that Newton’s Second Law has only been tested at large
accelerations. The new modified equation would be:

𝐹 = 𝑚𝜇[𝑎/𝑎0] 𝑎, (5.1)

where 𝜇 = 1 for 𝑎 ≫ 𝑎0, recovering Newton’s Second Law, and 𝜇 = 𝑎/𝑎0
if 𝑎 ≪ 𝑎0. Therefore, for a star of mass 𝑚 far away from the galaxy of
mass 𝑀 at a distance 𝑟, we have:

𝐹 = 𝐺𝑀𝑚

𝑟2 = 𝑚𝜇[𝑎/𝑎0] 𝑎, (5.2)

and we get for 𝑎 ≪ 𝑎0:

𝑎 =
√
𝐺𝑀𝑎0

𝑟
→ 𝑣 = (𝐺𝑀𝑎0)1/4 = constant. (5.3)

The only parameter of the theory, 𝑎0, is similar for all galaxies and has
a curious value, 𝑎0 ∼ 1.2 · 10−10 m s−2 ∼ 𝑐𝐻0.

Figure 5.1: Rotation velocity as a function of distance. It can be seen how
the sum of the disc and the halo components give the observed final constant
speed.

2. Mass-to-light ratio of galaxy clusters.
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One can apply the Virial Theorem (2𝑇 + 𝑉 = 0) to galaxy clusters,
which are gravitationally bounded systems. From X-rays one gets the
temperature of the baryons in the gas, and therefore their velocities,
from which the mass of the cluster can be inferred. In the 1930’s, F.
Zwicky applied this procedure to the galaxies inside the Coma Cluster,
and obtained a very large mass-to-light ratio of ∼ 400 (in solar units)3:
more matter than the luminous one is present.

3. Collisions of clusters, like the Bullet Cluster.
In figure 5.2 [148] we see the result of the merging of two galaxy clusters.
Via gravitational lensing we can infer that most of the matter of the
cluster is located in the blue regions, while from X-rays observations
we see that the luminous matter, basically the gas of the clusters that
collided, is located in the red regions. It is very difficult to conceive
how gravity in a modified theory will point to regions (the blue ones)
where no matter is present.

Figure 5.2: Picture of the Bullet Cluster. In blue the matter component,
inferred from gravitational lensing; in red, the luminous component, from
X-rays.

4. The anisotropies of the Cosmic Microwave Background (CMB).
As was discussed in chapter 4, by measuring the positions and relative
heights of the acoustic peaks of the CMB [85,149], see figure 4.1, one can
deduce the energy content of the Universe. There are two competing
forces in the photon-baryon-dark matter plasma: radiation pressure that
acts as a repulsive force, and gravity that is an attractive force. DM

3Currently typical values of the total matter density in clusters are Ω𝑀 ∼ 0.2 − 0.3.
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does not couple to photons, while baryons do, and therefore the relative
heights of the peaks give us information about the relative amount of
DM (mainly the third peak) compared to baryonic matter (mainly the
second peak).

5. The growth of structure.
From N-body simulations we infer that the growth of structures in
the Universe is a hierarchical process. During radiation domination
the growth is slow; clustering becomes more efficient when matter
dominates. As DM does not dissipate energy, it seeds large potential
wells, where baryonic matter becomes gravitationally trapped, forming
therefore small scales that are gravitationally bound and decouple from
the overall expansion. This leads to a picture of hierarchical structure
formation with small-scale structures (like stars and galaxies) forming
first and then merging into larger structures (clusters and superclusters
of galaxies).

6. Globular Clusters.
These are regions of ∼ 105 stars, very old, that would escape the galaxy,
as they are moving very fast, if the galactic potential well was just the
one created by the luminous matter.

7. Other cosmological observations, like the matter power spectrum, BBN
and gravitational lensing tell us that the amount of matter is not
compatible with the luminous one.

5.2 Properties of dark matter
Although there are exceptions, the main properties that DM particle 𝜒 should
have are the following:

∙ It interacts gravitationally.

∙ Collision-less, it does not dissipate. This is the main reason why DM
does not lose energy and therefore forms ellipsoidal haloes (see figure
5.3 for our halo in the Milky Way), unlike baryonic matter, that forms
discs due to energy losses and angular momentum conservation.

∙ Cold (or warm) at the time of decoupling, i.e., 𝑚𝜒 > 𝑇dec, otherwise it
would have free-streamed erasing the smaller structures. The matter
power spectrum 𝑃 (k), as shown in figure 4.3, gives us very valuable
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information about the type of DM particle. For typical CDM, the
smaller scales that can be formed are ∼ 10−6 𝑀𝑆, while for typical
WDM (HDM) these are ∼ 109 𝑀𝑆 [150] (∼ 1015 𝑀𝑆), yielding for them
a non-hierarchical growth of structure. This rules-out HDM as a primary
component, as 𝑃 (k) would be suppressed at the smaller scales, while
WDM is still allowed, even as the dominant component.

∙ Neutral (no tree level EW interactions). It does not emit or absorb light.
Otherwise the CMB as well as the matter spectrum would be different.
In addition, bounds on charged DM (CHAMPs) [151] from looking for
heavy isotopes or heavy water are very strong, see for instance [152].

∙ Colorless (no tree level color interactions). In general, DM that is
strongly interacting with nucleons is severely constrained, for instance
from measurements of the Earth’s heat flow [153].

∙ Long-lived with respect to the age of the Universe (or stable), so it is
present today with the observed abundance. Light DM candidates, such
as the axion or the sterile neutrino, are naturally long-lived as their
lifetimes are inversely proportional to the mass to the fifth power. For
the case of WIMPs, however, some symmetry is usually needed.

∙ It may interact weakly with the SM. If it is a thermal relic, in principle
it is hoped that it talks to the SM, see section 5.3, although this does
not have to be the case.

∙ It has to be a new particle not present in the SM: baryonic objects
such as interstellar gas, massive compact halo objects (MACHOs) or
primordial black holes [154] are ruled-out as a significant component.
MACHOs are ruled-out by gravitational lensing searches [155] and black
holes in several mass ranges are severy constrained, see for instance [156].
In addition, BBN imposes severe constraints on the amount of light
elements, which matches the amount of gas (basically Hydrogen and
Helium) observed [157]. Neutrinos (HDM) are also ruled-out as the
primary component: we know that relic neutrinos are part of the DM
energy density, but not a significant fraction as they are hot. Well-
motivated non-baryonic candidates include axions (can explain the
CP problem of the SM) or neutralinos (SUSY solves theoretically the
Hierarchy Problem).4

4For more information on WIMP candidates (among other DM topics, such as the
evidence and properties of DM) the reader is referred to the review [158]. For a minimalistic
approach, see [159], where the different multiplets with their assignments that can be added
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∙ It can have whatever spin: 0, 1/2, 1...

∙ There could be more than one non-baryonic DM particle, i.e., contribut-
ing significantly to the DM energy density of the Universe. Why would
there just be one stable DM? In the SM there are a few stable (or
extremely long-lived) particles: electrons (lightest electrically charged
particle), protons (lightest particle carrying baryon number, which
could decay only by higher-dimensional operators), photons (massless,
by kinematics), gluons (lightest colored states) and the lightest fermion,
which is the lightest neutrino, stable thanks to angular momentum
conservation.

Figure 5.3: Pictorical view of the Milky Way (MW), with the disc, the bulge
and the DM halo. Figure taken from the lecture notes "Galaxies", by Phil
Uttley.

to the SM to provide a neutral stable particle, that is a viable DM candidate, are studied
(like a spin 1/2 𝑌 = 0 𝑆𝑈(2)L quintuplet which has a stable particle).
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5.3 Thermal freeze-out and the WIMP paradigm
In the Hot Big Bang paradigm, basic ingredient of the ΛCDM model, the
Early Universe is a hot and dense soup of particles in thermal equilibrium. The
particle interaction rate, Γ ∼ 𝑛 ⟨𝜎𝑣⟩, is initially, when the temperature is very
high, much larger than the Hubble expansion rate, 𝐻. Thermal decoupling
happens at 𝑇 = 𝑇f.o., when the particle interaction rate becomes of the same
order of the Hubble expansion rate, Γ(𝑇f.o.) ∼ 𝐻(𝑇f.o.). To compute relic
densities one should solve Boltzmann equations, that describe the evolution
of the number densities, 𝑛(𝑡):

𝑑𝑛

𝑑𝑡
+ 3𝐻𝑛 = −⟨𝜎𝑎𝑛𝑛𝑣⟩[(𝑛)2 − (𝑛𝑒𝑞)2], (5.4)

where 𝑛𝑒𝑞 is the equilibrium number density. However, here we will just
discuss what happens qualitatively.

If this freeze-out (f.o.) occurs in the radiation-dominated era, 𝑇f.o. >
𝑇M−R equality ∼ 1 eV, we can use that (𝑛hot ∝ 𝑇 3)

𝜌 ∼ 𝜌rad = 𝜋2

30 𝑔* 𝑇
4, (5.5)

with 𝑔* the number of relativistic degrees of freedom at 𝑇f.o.. Therefore, using
eq. 4.10 (setting 𝑘 = 0), we can approximate:

𝐻 =
(︂8𝜋𝐺

3 𝜌
)︂1/2

≃ 𝑇 2

𝑀𝑝

, (5.6)

where we used that 𝑀𝑝 =
√︁

1
8𝜋𝐺 .

Depending on whether the particle decoupling happens while being rela-
tivistic (𝑇f.o. > 𝑚𝜒) or non-relativistic (𝑇f.o. < 𝑚𝜒), it is called a hot or cold
relic.

Neutrinos, that are non-relativistic today (at least two of them)5, but are
relativistic (hot) when they decouple at 𝑇 𝜈f.o. ≃ 1 MeV, have a relic density
given by:6

Ω𝜈ℎ
2 ≃

∑︀
𝑖𝑚𝜈𝑖

93 eV . 10−2, (5.7)

where we have used the approximate upper bound on the sum of neutrino
masses coming from different cosmological observations, ∑︀𝑚𝜈𝑖 . 1 eV. As

5If there is a relativistic neutrino today, its contribution to the energy density is
Ω𝜈ℎ2 ∼ 5.6 · 10−5.

6Before knowing the upper bound on neutrino masses that comes from cosmology, for
instance from not erasing the smaller scales of the Universe, one could set a limit on∑︀

𝑚𝜈𝑖 . 𝒪(20) eV so the Universe was not over-closed.
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we know from neutrino oscillations (see chapter 2) that ∑︀𝑚𝜈𝑖 & 0.06 (0.1) eV
for NH (IH), there are also lower bounds for their contribution to the energy
density: Ω𝜈ℎ

2 & 6 · 10−4 (∼ 10−3).
WIMPs are DM particles with weak scale masses, 𝑚𝜒 = 𝒪(1 − 103) GeV,

and interactions, 𝜎𝜒 = 𝒪(10−8) GeV−2. They are among the most popular
candidates (several examples exist, such as the neutralino in Supersymmetry),
and in principle they can be detected.

When the temperature of the Universe was larger than their mass, 𝑇 > 𝑚𝜒,
the number densities of photons and WIMPs were similar and 𝑛𝜒 ∼ 𝑛𝛾 ∝ 𝑇 3

and WIMPs annihilated into lighter particles and viceversa. But when the
temperature dropped below their mass, their number density was reduced
exponentially, 𝑛𝜒 ∝ 𝑒

−𝑚𝜒
𝑇 . As a consequence, Γ < 𝐻 and they froze-out.

With their weak scale values, the final relic abundance is found to be roughly
the observed one. This is called the WIMP miracle, as the final abundance is
proportional to the one at the equilibrium, which for CDM (non-relativistic)
depends exponentially on the temperature at freeze-out 𝑇f.o. and on the mass
(it is Boltzmann suppressed). The freeze-out temperature 𝑇f.o. depends on
the DM mass and only logarithmically on the cross-section..., yielding a final
value of 𝑚𝜒/𝑇f.o. ≈ 20 − 25, quite insensitive to the particular kind of the
DM interactions and masses.

Neglecting decays of the DM particles7, the final expression for the current
number density is:

𝑛today = 𝑛fo = 𝐻f.o.

⟨𝜎ann𝑣⟩ f.o.
, (5.8)

and the relic density can be easily computed to be:

ΩDMℎ
2 ∝ 3 × 10−27 cm3 s−1

⟨𝜎ann𝑣⟩f.o.
, (5.9)

where one can see that for weak scale couplings it is easy to achieve the
observed value, ΩDMℎ

2 ∼ 0.1.
There is an allowed range in masses for CDM relics: 𝒪(10)GeV ≤ 𝑚𝜒 ≤

𝒪(100)TeV. The upper bound comes from the fact that couplings cannot
be arbitrarily large, while the lower bound, known as the Lee-Weinberg
limit [160], comes from not over-closing the Universe for weak scale cross-
section (𝜎 ∼ 𝐺2

𝐹𝑚
2
𝜒) DM particles.

Exceptions of this typical thermal freeze-out exist [161], the most relevant
ones being the existence of resonances (with mass 𝑚𝑅 ≃ 2𝑚𝜒), threshold
effects (which imply that 𝜎f.o. > 𝜎today) and co-annihilations (for various DM
particles with similar masses, 𝑚heavy −𝑚light . 𝑇f.o.).

7There could be entropy injections from relic decays, for instance, which would dilute
the final densities.
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5.4 Asymmetric dark matter
In the standard paradigm for DM via thermal freeze-out, the DM and baryon
relic densities arise from completely different mechanisms, and the fact that
their densities are of the same order of magnitude is a coincidence. Asymmetric
DM (see for instance [162–164], [165] for a nice implementation and [166] for
a recent review on the topic) proposes that, similarly to baryons, a particle-
antiparticle asymmetry of DM particles is left over, linked to the ordinary
baryonic one. Therefore, the number densities are similar, 𝑛𝜒 ∼ 𝑛baryons, and
the masses fulfill 𝑚𝜒 ∼ 5𝑚baryons ∼ 5 GeV.

The two basic ingredients an asymmetric DM model needs to have are:

∙ a conserved (or approximately-conserved) dark global quantum number,
so that a dark asymmetry exists.

∙ an interaction that erases the symmetric part, just as in the SM the
strong and electroweak interactions annihilate the symmetric component
of the SM into photons.

Apart from these, the new dark sector could be as complicated (or more) as
the SM.

In addition to being theoretically very appealing, asymmetric DM models
recently gain attention as an explanation for the low DM mass hints observed
by some direct detection experiments, as will be shown in chapter 6. A
special feature is that indirect detection through DM particle-antiparticle
annihilations is absent, because there are no DM antiparticles left to annihilate
with, so direct detection seems in principle a more promising way to test this
hypothesis.

5.5 Dark matter searches
In this thesis we focus on direct detection, therefore we next briefly review the
status of other interesting ways to search for DM: indirect detection, collider
searches and via cosmological measurements, and leave direct detection to
chapter 6. These searches assume (hope) that DM interacts at some point
with the SM.

5.5.1 Dark matter indirect detection
In principle, one could observe the annihilation and decay products of DM
particles: neutrinos, photons (gamma rays, X-rays, synchrotron radiation),
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electrons and positrons, protons and antiprotons, anti-deuterons (bound states
of 𝑝 and �̄�)...

These two different processes are given in general by the following expres-
sions:

∙ Particle decay:

Γdecay =
∫︁
𝑛𝜒 𝑑𝑉 · 1

𝜏decay
·𝑁decay

SM . (5.10)

∙ Particle annihilation:

Γann =
∫︁
𝑛2
𝜒 𝑑𝑉 · 𝜎ann 𝑣 ·𝑁ann

SM . (5.11)

In both cases the first term is the number of particles in the volume 𝑉 , the
second is the decay/annihilation rate and the third is the flux of SM particles
per event.

WIMPs are therefore expected to annihilate very efficiently in regions with
high densities, such as the galactic centre, galaxy clusters, dwarf spheroidals,
the Sun... Of course, separating astrophysical origins (cosmic rays) from true
DM particle decays is very challenging, and therefore anti-particles rather
than particles, and heavy nuclei, which have much smaller backgrounds, are
commonly searched for.

One of the smoking guns of DM would be for instance high energy neutrinos
pointing directly to the Sun or a gamma ray line coming from the galactic
centre, as they are not deflected by the magnetic fields of the galaxy.

The experimental situation is controversial, and although there is no
confirmed DM discovery, there have been several claims in the past years.
For example, Pamela, ATIC and Fermi have shown an excess with respect to
the background of positrons in the ∼tens to ∼hundreds of GeV.

A DM explanation of the PAMELA excess faces the problem that no
antiproton excess is observed (and no excess of radio emission or gamma
rays). In addition, the DM particle should have an annihilation cross-section
much larger than the one needed to explain the observed abundance.8 All in
all, pulsars seem to be a plausible explanation for this excess.

8The annihilation cross-section, 𝜎ann, does not have to be the same at freeze-out and
at current times. If it is dominated by the p-wave contribution, it may happen that
𝜎f.o.

ann > 𝜎now
ann . Therefore, the 𝜎now

ann extracted from absence of indirect signals constitutes a
lower bound for 𝜎f.o.

ann.
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5.5.2 Collider searches
DM particles, being very-weakly interacting and stable, are expected to escape
detection at colliders, yielding large amounts of missing energy and other
particles (for instance a jet or a photon) [167–169]. The limits set by these
kind of searches at the Tevatron and LHC are competitive with those coming
from direct searches, especially for spin-dependent interactions and light DM
masses.

An important caveat to discover DM at colliders is that one can never say
that they are stable enough, nor that their annihilation cross-section is such
that, they are present today with the correct relic abundance and therefore
constitute the DM of the Universe. Therefore, even if a stable neutral particle
is observed at a collider, direct and indirect detection of it are needed before
claiming it is the DM.

5.5.3 Imprints in BBN and in the CMB
DM annihilations and decays inject energy and particles, changing the history
and properties of the Universe at different epochs. These energy injections
can change the formation of light nuclei (BBN) (see for instance [170,171]) or
the anisotropies of the CMB (see for instance [172, 173] and more recently
[174,175]), yielding very strong constraints on the annihilation cross-section,
especially in the case of the CMB.

A word of caution is in order in all indirect searches: in almost every
analysis, the rates (and therefore the final constraints) depend crucially on
the channel, and are therefore model-dependent.
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Direct detection of dark matter

We know that DM interacts gravitationally. A fundamental question is
whether DM interacts also non-gravitationally. We review in this chapter
direct detection: experiments that are looking for the scattering of DM
particles from the galactic halo in underground detectors.

6.1 The event rate
As seen in chapter 5, particles that freeze-out with weak scale masses and
couplings, or Weakly Interacting Massive Particles (WIMPs), are among the
most interesting candidates, and at some level we expect that they interact
with the SM.1 If DM is a WIMP it may induce an observable signal in
underground detectors by depositing a tiny amount of energy after scattering
with a nucleus in the detector material [176]. Many experiments are currently
exploring this possibility and delivering a wealth of data.

A useful picture to visualize direct detection is illustrated in figure 6.1,
where one sees that, in our reference frame, as we move through the galactic
halo, there is a DM flux of particles that goes through the Earth.

This flux gives rise to a differential event rate. The rate for a DM particle
𝜒 to scatter off a nucleus (𝐴,𝑍) and deposit the nuclear recoil energy 𝐸𝑛𝑟 in
the detector is given by 𝑅(𝐸𝑛𝑟, 𝑡):

𝑅(𝐸𝑛𝑟, 𝑡) = 𝜌𝜒
𝑚𝜒

1
𝑚𝐴

∫︁
𝑣>𝑣𝑚

𝑑3𝑣
𝑑𝜎𝐴
𝑑𝐸𝑛𝑟

𝑣𝑓det(v, 𝑡), (6.1)

and it is measured in events/keV/kg/day. 𝑚𝐴 and 𝑚𝜒 are the nucleus and
DM masses, 𝜎𝐴 the DM–nucleus scattering cross section and v the 3-vector

1Really, we just hope that they do interact with the SM, as there could be just an
independent dark sector with no interactions with the SM.
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Figure 6.1: The WIMP flow in our rest-frame.

relative velocity between DM and the nucleus, with 𝑣 ≡ |v|.
In direct detection, only the DM density at our location in the MW

matters, 𝜌𝜒. It has some uncertainty, but it affects all experiments by a global
factor. Typical values are 𝜌𝜒 ≃ 0.3 GeV/cm3. There are many different DM
density profiles of our galaxy in the literature, one of the most popular ones
being the Navarro-Frenk-White (NFW) (see [177] for a discussion on CDM
haloes):

𝜌(𝑟) ∝ 1
𝑟(1 + 𝑟/𝑟𝑠)2 , (6.2)

with 𝑟𝑠 ∼ 20 kpc.
𝑓det(v, 𝑡) describes the distribution of DM particle velocities in the detector

rest frame, with 𝑓det(v, 𝑡) ≥ 0 and
∫︀
𝑑3𝑣𝑓det(v, 𝑡) = 1, and it is related to the

velocity distribution in the rest frame of the Sun, 𝑓sun and at the galaxy, 𝑓gal,
by:

𝑓det(v, 𝑡) = 𝑓sun(v + v𝑒(𝑡)) = 𝑓gal(v + v𝑒(𝑡) + vsun), (6.3)

with vsun ≈ (0, 220, 0) km/s + vpec and vpec ≈ (10, 13, 7) km/s the peculiar
velocity of the Sun. We are using galactic coordinates where 𝑥 points towards
the galactic center, 𝑦 in the direction of the galactic rotation, and 𝑧 towards
the galactic north, perpendicular to the disc.

The velocity vector of the Earth, v𝑒(𝑡), is relevant for the annual mod-
ulation signal, which will be described in the following section, and can be
written as [178]

v𝑒(𝑡) = 𝑣𝑒[e1 sin 𝜆(𝑡) − e2, cos𝜆(𝑡)] (6.4)

with 𝑣𝑒 = 29.8 km/s, and 𝜆(𝑡) = 2𝜋(𝑡 − 0.218) with 𝑡 in units of 1 year
and 𝑡 = 0 at January 1st, while e1 = (−0.0670, 0.4927,−0.8676) and e2 =
(−0.9931,−0.1170, 0.01032) are orthogonal unit vectors spanning the plane of
the Earth’s orbit, assumed to be circular. As shown in [179], eq. (6.4) provides
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an excellent approximation to describe the annual modulation signal. For
more information on the relevance of the Earth’s velocity for direct detection
experiments we recommend the recent analysis [180].

The integral of the velocity distribution enters in 𝑅(𝐸𝑛𝑟, 𝑡) because DM
scattering at different angles probes different DM velocities even for fixed 𝐸𝑛𝑟.
For a DM particle to deposit a recoil energy 𝐸𝑛𝑟 in the detector, a minimal
velocity 𝑣𝑚 is required by kinematics, restricting the integral over velocities
in eq. (6.1).

For inelastic scattering between two DM particles close in mass, we have
that the minimal velocity required for a recoil of energy 𝐸𝑛𝑟 is:

𝑣𝑚 =
√︃

1
2𝑚𝐴𝐸𝑛𝑟

(︃
𝑚𝐴𝐸𝑛𝑟
𝜇𝜒𝐴

+ 𝛿

)︃
, (6.5)

where 𝜇𝜒𝐴 is the reduced mass of the DM-nucleus system, and 𝛿 is the
mass splitting between the two DM states. For each value of 𝐸𝑛𝑟 there is a
corresponding 𝑣𝑚 while the converse is not always true: certain values of 𝑣𝑚
correspond to two values of 𝐸𝑛𝑟. We study inelastic scattering in detail in [6],
where this simple observation gave rise to shape test explained there.

For elastic scattering, 𝛿 = 0, eq. 6.5 reduces to

𝑣𝑚 =
⎯⎸⎸⎷𝑚𝐴𝐸𝑛𝑟

2𝜇2
𝜒𝐴

. (6.6)

It is interesting to notice that for light DM particles, i.e., in the limit𝑚𝜒 ≪ 𝑚𝐴,
𝑣𝑚 ∝ 1/𝑚𝜒, and therefore we are probing the tail of the velocity distribution.
In principle, the integral is extended up to arbitrarily large velocities, however,
there is a maximum speed that DM particles can have to be gravitationally
bound to the galaxy, known as the escape velocity, 𝑣esc (more on it later).

The particle physics enters in eq. (6.1) through the differential cross section.
For direct detection to make sense, DM should couple at some level to up
and/or down quarks and/or electrons. Of course, it could happen that DM
interacts with these first-family fermions via loops.

For the standard spin-independent (SI) and spin-dependent (SD) scattering
the differential cross section has the form

𝑑𝜎𝐴
𝑑𝐸𝑛𝑟

= 𝑚𝐴

2𝜇2
𝜒𝐴𝑣

2𝜎
0
𝐴𝐹

2(𝐸𝑛𝑟) , (6.7)

where 𝜎0
𝐴 is the total DM–nucleus scattering cross section at zero momentum

transfer, and 𝐹 (𝐸𝑛𝑟) is the nuclear form factor, different for SI and SD. If
DM is composite, a DM form factor 𝐹𝐷𝑀(𝐸𝑛𝑟) appears here, but we neglect
this possibility for the rest of the thesis.
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SI interactions arise from scalar and vector couplings to quarks, and 𝜎0
𝐴

can be written for them as

𝜎SI
𝐴 = 𝜎𝑝[𝑍 + (𝐴− 𝑍)(𝑓𝑛/𝑓𝑝)]2𝜇2

𝜒𝐴/𝜇
2
𝜒𝑝 , (6.8)

where 𝜎𝑝 is the DM–proton cross-section and 𝑓𝑛,𝑝 are coupling strengths to
neutron and proton, respectively. If 𝑓𝑛 ̸= 𝑓𝑝 the interactions are isospin-
violating (IV).

SD interactions arise from axial-vector couplings to quarks, and 𝜎0
𝐴 can

be written for them as

𝜎SD
𝐴 =

32𝜇2
𝜒𝐴

𝜋
𝐺2
𝐹

(𝐽 + 1)
𝐽

(𝑎𝑝𝑆𝑝 + 𝑎𝑛𝑆𝑛)2, (6.9)

where 𝐽 is the spin of the nucleus, 𝑆𝑝 (𝑆𝑛) are the average spin contributions
from the proton (neutron) groups and 𝑎𝑝 (𝑎𝑛) are the effective couplings to
the proton (neutron).

In general both interactions contribute, although for nuclei with mass
number 𝐴 > 20 the SI contribution usually dominates.

It will be very useful for the rest of the thesis to define the halo integral

𝜂(𝑣𝑚, 𝑡) ≡
∫︁
𝑣>𝑣𝑚

𝑑3𝑣
𝑓det(v, 𝑡)

𝑣
, (6.10)

using which the event rate is given by

𝑅(𝐸𝑛𝑟, 𝑡) = 𝐶 𝐹 2(𝐸𝑛𝑟) 𝜂(𝑣𝑚, 𝑡) with 𝐶 = 𝜌𝜒𝜎
0
𝐴

2𝑚𝜒𝜇2
𝜒𝐴

. (6.11)

The coefficient 𝐶 contains the particle physics dependence, while 𝜂(𝑣𝑚, 𝑡)
encodes the astrophysics dependence.

6.2 The annual modulation signal
The direct detection experiments measure the nuclear recoils via light, charge
and/or heat. Some of them are capable of measuring two of these signals,
which allow them to discriminate between electron (expected for backgrounds)
and nuclear recoils (expected for DM interactions). In addition, DM will
scatter at most once, and this is used to discriminate between nuclear recoils
coming from DM and those coming from, for instance, neutrons, which could
scatter more than once. Of course, going under mountains or to abandoned
mines, using radiopure materials and building shieldings is of uttermost
importance to be able to reject the environmental backgrounds.
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Figure 6.2: Representation of the Earth’s orbit around the Sun that gives
rise to the annual modulation signal of DM.

One of the most powerful ways to discriminate between backgrounds (not
all unfortunately, as will be explained below) and DM signals is observing an
annual modulation.

As can be seen in figure 6.2, due to the motion of the Earth around the Sun,
the velocity of the DM will be different throughout the year. Qualitatively,
the maximum will be in June, when 𝑣𝐽𝑢𝑛𝑒WIMP wind ∼ 𝑣𝑠𝑢𝑛 + 𝑣𝑒

2 , and the minimum
in December, when 𝑣𝐷𝑒𝑐WIMP wind ∼ 𝑣𝑠𝑢𝑛 − 𝑣𝑒

2 . This is known as the annual
modulation signal of DM, and it is a very useful discriminant of backgrounds.
We recommend the reader the interesting review on the annual modulation
[181].

The halo integral, eq. 6.10, and thus the rate, eq. 6.11, will have time-
independent and time-dependent components

𝜂(𝑣𝑚, 𝑡) = 𝜂(𝑣𝑚) + 𝛿𝜂(𝑣𝑚, 𝑡) , (6.12)

In general, one can expand 𝜂(𝑣𝑚, 𝑡) as a Fourier series

𝜂(𝑣𝑚, 𝑡) =
∑︁
𝑛=0

𝐴(𝑛)
𝜂 (𝑣𝑚) cos 2𝑛𝜋(𝑡− 𝑡𝑛), (6.13)

where 𝐴(0)
𝜂 ≡ 𝜂(𝑣𝑚) is the time averaged rate, 𝐴(1)

𝜂 ≡ 𝐴𝜂(𝑣𝑚) is the amplitude
of the annual modulation signal, 𝐴(2)

𝜂 the amplitude of the semi-annual
modulation, and so on.

In the work included in this thesis [4], we were able to bound 𝐴𝜂 in terms



70 Chapter 6. Direct detection of dark matter

of 𝜂(𝑣𝑚), by doing an expansion in 𝑣𝑒. The bounds have the form∫︁ 𝑣2

𝑣1
𝑑𝑣𝑚𝐴𝜂(𝑣𝑚) ≤ 𝑣𝑒 𝜂(𝑣1) , (6.14)

and are almost independent of astrophysics.

6.3 The velocity distribution and the 𝜂-𝑣min
plot

Astrophysical uncertainties are very relevant to direct detection experiments
(see for instance [182–184]).

While stars (baryons) travel together in roughly circular orbits with
small velocity dispersion, and therefore have roughly the same velocity in
the galactic frame, ∼ 220 km s−1, DM particles travel individually with no
circular dependence in general and therefore have a large velocity dispersion,
with a wide velocity distribution.

When presenting results of DM direct detection experiments, it has become
customary to use the Standard Halo Model (SHM), i.e., a Maxwellian DM
velocity distribution, in order to show the constraints on the plane scattering
cross section versus DM mass. This assumes an isotropic, isothermal sphere
for the DM distribution. In the galactic rest frame (truncated at the galaxy
escape velocity 𝑣esc to account for the fact that very high velocity WIMPs
escape the Galaxy’s potential and therefore the tail of the distribution is
depleted) it is given by:

𝑓gal(v) ∝ [𝑒− v2
𝑣2 − 𝑒− 𝑣2

esc
𝑣2 ]Θ(𝑣esc − 𝑣) , (6.15)

where the second term is just to smoothen the transition near the escape
velocity. Typically one uses 𝑣 = 220 km s−1 and 𝑣esc = 550 km s−1. This is an
extra source of uncertainty, giving the maximum speed of DM particles in
the detector rest frame:

𝑣maximum ∼ 𝑣sun + 𝑣esc. (6.16)

There is some uncertainty in 𝑣sun, but most of it comes from 𝑣esc, which
recent measurements from RAVE [186] set to 533+54

−41 km s−1. It is important
to notice that, as we saw, for light WIMPs 𝑣𝑚 ∝ 1/𝑚𝜒 and therefore 𝑣esc can
affect the limits of heavy targets on light WIMPs.

However, the most important astrophysical uncertainties do not come
from 𝜌𝜒 or 𝑣esc, but from the velocity distribution 𝑓gal(v). This SHM is clearly
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Figure 6.3: Velocity distribution function from N-body simulations of Via
Lactea II (from [185]). The right (left) panels are in the restframe of the
Earth on June 2nd, when the Earth’s velocity relative to Galactic DM halo
is maximum (of the galaxy). The solid red line is the average distribution,
the light and dark green shaded regions denote the 68% scatter around the
median and the minimum and maximum values over the samples, and the
dotted line represents the best-fitting Maxwell-Boltzmann distribution.

an oversimplification, with N-body simulations indicating a more complicated
structure of the DM halo, see e.g., fig. 6.3 (from [185]). In fact, from N-
body simulations, we know that, in the tail of the DM velocity distribution,
halo-substructures such as tidal streams [178, 187–189]- regions with very
small velocity dispersions, not spatially mixed (they can be parametrized by
𝛿3(�⃗�− 𝑣𝑠))- or debris flows [190], spatially homogeneous regions with constant
speed (which can be parametrized by 𝛿(𝑣 − 𝑣𝑠)) are expected. The true
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distribution is thus quite sensitive to the exact history of the MW, mergers,
etc, and significantly depends on the halo properties, for instance with the
presence of a dark disk [191] or extragalactic components [192].

Figure 6.4: 𝑓(𝑣) (top) and 𝜂(𝑣𝑚) (bottom) versus velocity for the Maxwellian
and for a stream (taken from [181]).

The dependence of the WIMP signals on the velocity distribution has
been studied for instance in [179,193–196]. In the constant rate, the velocity
distribution is integrated over 𝑣, so it is not so much dependent. However,
the annual modulation signals can be greatly modified.

We show in figures 6.4, 6.5 and 6.6 (from [181]) the differences both in the
rate and in the annual modulation expected depending on the very different
forms of 𝑓(𝑣).

Figure 6.4 plots 𝑓(𝑣) (top) and 𝜂(𝑣𝑚) (bottom) versus velocity, for a
Maxwellian velocity distribution and for a stream, while figure 6.5 plots the
rate 𝜂(𝑣𝑚) and the modulation amplitude 𝐴𝜂(𝑣𝑚) versus the recoil energy
𝐸𝑛𝑟 for the Maxwellian, for a stream and for a debris flow. One can see in
figure 6.5 that there is a sign flip in 𝐴𝜂(𝑣𝑚) for the SHM (and also for debris
flows and for the stream, although for this last case only at the particular
velocity of the stream the modulation is significant) at some particular recoil
energy 𝐸flip

𝑛𝑟 : that is a clear sign of DM, as backgrounds are not expected to
show such behaviour.
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Figure 6.5: The constant rate 𝜂(𝑣𝑚) (top) and the modulation amplitude
𝐴𝜂(𝑣𝑚) (bottom) versus recoil energy 𝐸𝑛𝑟 for the Maxwellian, for a stream
and for a debris flow, shown at the times when the rate is minimized and
maximized (taken from [181]).

In figure 6.6, the fractional modulation (modulation over constant rate) is
plotted versus time for the Maxwellian, for a stream (reduced by ∼ 1/10) and
for the sum of both contributions. Non-sinusoidal behaviours are expected
when one considers a non SHM. From the recoil energy at which the flip
occurs, 𝐸flip

𝑛𝑟 , related to the minimum velocity at which it occurs, that for the
SHM is 𝑣flip

𝑚 ∼ 200 km s−1, one can infer the DM mass 𝑚𝜒 via eq. 6.6.
Presumably, the true velocity distribution is a mixture of different con-

tributions, i.e., a SHM with some streams and debris here and there, and
one should try to be completely independent of it when comparing different
experiments, which in addition are sensitive to different velocity space regions
of 𝑓(𝑣) (their 𝑣𝑚 ranges can be completely different).

Therefore, showing the experimental data in an astrophysics - independent
fashion is of uttermost interest. The halo integral 𝜂(𝑣𝑚, 𝑡), eq. 6.10, is the
basis for the astrophysics-independent comparison of experiments [197,198].
It uses an extremely simple and useful observation: one can translate different
energy ranges 𝐸𝑛𝑟 𝑖 of different experiments 𝑖 into a 𝑣𝑚 range common to all of
them, and plot their corresponding 𝜂(𝑣𝑚, 𝑡), which encodes the astrophysics
uncertainty on 𝑣esc and 𝑓(�⃗�) and has to be the same for all experiments.
In [199], this halo-independent method to compare data from DM direct
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Figure 6.6: The fractional modulation versus time for the Maxwellian, for
a stream (reduced by ∼ 1/10 and for the sum of both contributions (taken
from [181]).

detection was extended to any type of interaction, like magnetic moment
ones.

In the work included in this thesis [5], using this fact and applying the
astrophysics-independent bounds derived in our first work [4], we were able
to bound the modulation amplitude of one experiment, 𝐴exp 1

𝜂 , in terms of the
constant rate of another experiment, 𝜂(𝑣𝑚)exp 2. In [6] we extended the study
to inelastic scattering.
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6.4 Current experimental situation
For SD the leading constraints come from SIMPLE [200], PICASSO [201],
and COUPP [202] and for SI from CDMS-Ge [203,204], XENON100 [205],
and more recently LUX [206], which has put the most stringent bounds on SI
interactions of DM.

Some experiments have found anomalies that may be due to a DM particle
with a low mass (. 10 GeV), like DAMA [207], CoGeNT [208], and CRESST
[209]. The situation is also controversial with CDMS Si [210], which has three
events that can be interpreted as DM. All of these are in strong tension (if
not excluded) with several of the previous null-results.

The two experiments that see an annual modulation are DAMA [207], at
∼ 9𝜎 and CoGeNT [208], at 2.2𝜎, with compatible phases between themselves.
However, the amplitude of the modulation in the CoGeNT is much larger
than its rate, pointing if interpreted as DM to a non-Maxwellian halo or
non-standard DM interactions. We analysed the compatibility of modulations
and rates within the same experiment in great detail in the research done
in [4].

The DAMA/LIBRA results [207] have a total exposure of 1.17 ton yr over
13 years with a modulation claimed to be compatible with DM at the ∼ 9𝜎
level. This annual modulation can be explained under standard assumptions
regarding the DM halo (SHM) and WIMP interactions (elastic, SI) with a
DM mass of either ∼ 10 scattering primarily on Na nuclei or of 80 GeV
scattering primarily on I nuclei, see Figure 6.7, from [211] (and also for
instance [196,212]),2 with this last solution being excluded by LUX by several
orders of magnitude [206]. DAMA claims that no modulating background
satisfies having a sinusoidal one-year period rate with the proper phase and
amplitude, and present only in a definite low energy range.

Note also that gravitational focusing of the Sun affects the phase of the
modulation [213–216], especially at low velocities (large DM masses), and the
modulation caused just by this effect has minima (maxima) when the Earth is
behind (in front of) the Sun, which occurs in March (September). Therefore
the standard modulation phase caused by the Earth’s velocity predicted in
the SHM, June 1st, changes due to gravitational focusing. For DAMA, in
the energy ranges 2 − 4, 2 − 5, 2 − 6 keVee were data is available, it changes
by a few days for an 80 GeV DM mass, being predicted to be around May
20th [216], which is compatible with the one observed by the collaboration.

2Really there are in both cases more scatterings on iodine due to the 𝐴2 enhancement
in the cross section, however for a 10 GeV particle these are below the energy threshold.
Lowering the threshold of the DAMA experiment would in principle allow to distinguish
between both solutions [212].
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Many explanations have been proposed in the literature for the DAMA
signal:

∙ Radon abundance, with an increase in the summer and a decrease in
the winter.

∙ Neutron flux, that modulates due to the water and snow present in
the overburden (in winter the water absorbs more neutrons than in
the summer) or the change in density of the upper atmosphere. For
instance, in [217], neutron data were extrapolated to the DAMA region,
and in principle could give such an annual modulation.

∙ Cosmic muons. For instance, in [218], using muon data from MACRO,
LVD and Borexino, the muon phase is found to be incompatible with
that of the DAMA at 5.2𝜎.

A possibility is that DAMA might be seeing a combination of these effects,
and therefore observing a mixed phase, quite close to the SHM DM one.

Figure 6.7: WIMP discovery limit (thick dashed orange) compared with
current limits and regions of interest from [211]. The dominant neutrino
components for different WIMP mass regions are labeled. The regions and
bounds shown are at 90% C.L.

In fig. 6.7, taken from [211], the current experimental limits are summa-
rized, together with the irreducible neutrino background that next generation
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experiments will be facing. Progress beyond the cross sections of this neutrino
background will require discriminating it from DM via annual modulation
(although it also modulates) or directional detection signals.
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On radiative neutrino mass models
We summarize in this section the results presented in the first part of the
thesis, which is devoted to the study of neutrino masses via radiative models.

As has been argued in chapters 2 and 3, there are several mechanisms
proposed to give masses to neutrinos. A very appealing option are radiative
models, which explain why neutrino masses are much smaller than the masses
of the rest of the fermions: neutrinos are massless at tree level, with their mass
being generated radiatively at one, two or three loops (more loops typically
yield too light neutrino masses and/or are generally incompatible with low-
energy constraints, like charged LFV constraints). In addition, thanks to the
loop suppression and the mandatory presence of a few couplings to violate
lepton number (LN), these models have particles at a scale low enough to be
produced at colliders, in particular in our case, at the LHC, and in low-energy
experiments, giving signals in lepton flavour violating (LFV) processes like
𝜇 → 𝑒𝛾 or LNV ones, such as 0𝜈𝛽𝛽.

In this thesis we have studied radiative generation of neutrino masses
at two-loops both through new fermions (new families) and new scalars
(the Zee-Babu model). We also studied the implications of these models to
other HEP scenarios, either indirectly, such as Higgs physics, for instance via
modifications of the 𝐻 → 𝛾𝛾 signal, or directly, detecting the new particles.

In the first works, we studied in detail the possibility of the existence of a
fourth SM sequential generation, addressing in particular the light neutrino
properties and their nature [1]. The fourth generation neutrino must be much
heavier than the light ones, 𝑚4 & 𝑚Z/2, and a right-handed neutrino is very
likely needed to provide a mass for it. We realised that if light neutrinos are
Majorana particles, as LN is then violated, in all types of seesaw models there
is a contribution to the Majorana mass of this right-handed neutrino at two
loops. Therefore, the fourth generation neutrino should also be Majorana,
unless some symmetry is imposed on the leptons of the fourth generation.

We analysed in detail the possible implications of having a heavy fourth-
generation Majorana neutrino. In particular, it generates light neutrino
masses at two loops and this contribution can easily exceed the cosmological
bound on the absolute mass scale of the light neutrinos. There can also be
extra contributions from the heavy states to 0𝜈𝛽𝛽, which, however, when one
imposes that light neutrino masses do not exceed the cosmological scale, are
in most regions of the parameter space smaller than the usual contribution
from light neutrinos. We also studied possible signals in LFV processes and
other rare processes.

However, even if there is a contribution to the light neutrino masses, their
spectrum cannot be explained with just an extra family. Therefore, in a



82 Final remarks and conclusions

different work, we studied the possibility that light neutrinos were massless
at tree level, with their masses being generated at two loops by the action of
two extra generations [2].

Currently, thanks to the LHC the existence of extra sequential generations
of particles has now been ruled out, at least if the scalar sector comprises
just the SM Higgs boson, due to the fact that the Higgs boson production is
enhanced in the presence of new fermions (and also its decays vary significantly
if a new family exists). Other possibilities arise which may save the fourth
generation, such as an extended scalar sector, for instance with an extra
Higgs doublet that only couples to the fourth family [10]. Limits on fourth
generation fermions are, however, very close to the perturbative limit in the
case of the quarks & 600 GeV, see for instance [11],

In another work [3], we updated the current status of the Zee-Babu model
in the light of new data, e.g., the mixing angle 𝜃13, the rare decay 𝜇 → 𝑒𝛾
and the LHC results. We also analysed the possibility of accommodating
the deviations in Γ(𝐻 → 𝛾𝛾) hinted by the LHC experiments (an enhanced
Higgs diphoton decay rate in the ZB model is compatible with current data
only in a small part of the parameter space), and the stability of the scalar
potential, as well as restrictions that can be placed on the trilinear coupling
from charge conservation.

We found that neutrino oscillation data and low energy constraints are
still compatible with masses of the extra charged scalars accessible to LHC.
We also studied the decays of the doubly-charged singlets, which could be
detected at LHC-14 and may help to discriminate this model from others.
Moreover, if any of the scalars is discovered, the model can be falsified by
combining the information on the singly and doubly charged scalar decay
modes with neutrino data. Conversely, if the neutrino spectrum is found to
be inverted and the CP phase 𝛿 is quite different from ∼ 𝜋, the masses of the
charged scalars will be well outside the LHC reach.

In a broad sense, we have tried to shed some light on different forms to
generate neutrino masses radiatively, focusing on their testability, always
with an eye on possible signals at the LHC, and their connection to other
HEP branches. Hopefully, with more experimental input, nature will help us
disentangle between the overwhelming list of possibilities. For the moment,
we can say that extra families are in a very bad shape, while the Zee-Babu is
still alive and ready to be discovered at LHC-14!
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On bounds on the DM annual modulation sig-
nal
We summarize in this section the results presented in the second part of the
thesis, which is devoted to the study of bounds on the annual modulation
signal.

As has been argued in chapter 5, Weakly Interacting Massive Particles
(WIMPs) are well-motivated dark matter (DM) candidates which are expected
to talk to the SM, as their relic abundance comes from thermal freeze-out.
In this sense, a signal in direct detection experiments could be possible and
probably expected, as discussed in chapter 6, as well as signals in colliders, in
indirect detection and in other cosmological observables.

Direct detection experiments are very difficult to perform, as the expected
DM signals are very low and the backgrounds are very large, even when
the experiments are placed, shielded, in deep-underground laboratories. In
fact, as we saw in figure 6.7, we will be reaching the irreducible neutrino
background in the future.

The annual modulation that should be present in the signal of direct
detection experiments, due to the relative motion of the Earth around the
Sun, could help discriminate a DM signal from the background (some can
modulate, like muons, but the phase does not have to coincide with the
expected one from DM).

An important point to keep in mind when interpreting a DM signal is
that the rates are subject to astrophysical uncertainties, such as the velocity
distribution of the DM particles, the local density or the escape velocity,
so it is important to be as independent of the astrophysical parameters as
possible. This can be done by plotting their corresponding inverse mean
velocity 𝜂(𝑣𝑚, 𝑡) in the same range of 𝑣𝑚.

In this thesis, we bounded the annual modulation in terms of the unmodu-
lated event rate, which is almost independent from astrophysical uncertainties,
by expanding to first order the rate (really 𝜂(𝑣𝑚, 𝑡), see eq. 6.10) in powers
of 𝑣𝑒(𝑡)/𝑣, where 𝑣𝑒(𝑡) is the velocity of the Earth around the Sun and 𝑣
is the DM velocity in the halo. The method is an important test that any
annually-modulated DM signal has to pass.

We applied these bounds to DAMA and CoGeNT, comparing their modu-
lations and rates [4]. DAMA’s modulation is compatible with its own rate,
while CoGeNT is excluded for typical DM haloes at & 90% C.L.

In a second work we showed how the unmodulated rate of one experiment
can bound the annual modulation seen in another experiment in the same
𝑣𝑚 range. We applied it to DAMA’s modulation versus null-results from
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XENON, CDMS and other experiments, for the case of elastic scattering,
with spin-independent (SI), spin-dependent (SD) and isospin violating (IV)
interactions [5]. A DM interpretation of DAMA’s modulation was disfavoured
by at least one experiment at more than 4𝜎 for a DM mass . 15 GeV, for all
type of interactions.

In particular, for the case of spin-independent interactions, DAMA is
excluded by XENON100 at more than 6𝜎 for a DM mass larger or equal to
8 GeV. Of course, the CL of exclusion depends on systematic uncertainties,
such as the sodium quenching factor, but even letting it vary, SI interactions
are excluded at more than 5𝜎 for a dark matter mass larger or equal to 10
GeV. For the case of SD or IV interactions, consistency can be achieved at
about 3𝜎 for this DM mass.

We have also extended the analysis to inelastic scattering [6], showing how
DAMA is incompatible with XENON 100 null-results. This extension was not
trivial, due to the fact that at larger velocities, where inelastic scattering is
relevant, substructure in the DM halo, such as cold streams, may be present,
and higher harmonics can become important. We also applied the shape
test to DAMA, which comes from the fact that in inelastic scattering the
rates of the two different energy branches within an experiment (for instance,
DAMA), corresponding to the same 𝑣𝑚, should be equal. In some regions
of the parameter space inelastic scattering for DAMA can be excluded just
based on the energy spectrum of the modulation.

In a broad way, we have derived astrophysics-independent bounds that
annual modulations have to fulfill. Hopefully, this kind of tests will help to
discriminate between true DM signals and backgrounds. It is important to
emphasize that it is a necessary condition for the modulation to be of DM
origin, but not sufficient.

After applying our bounds to DAMA and CoGeNT annual modulations’
and comparing them to other null-result experiments, they are in very bad
shape. We expect that in future years more experimental input from direct
detection experiments will help to clarify the currently confusing situation
among these different experimental results, that look really incompatible, and
let’s hope that DM is out there ready to be discovered one way or another!
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IFIC, Universitat de València-CSIC
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Abstract

We update previous analyses of the Zee-Babu model in the light of new data, e.g., the mixing angle

θ13, the rare decay µ→ eγ and the LHC results. We also analyse the possibility of accommodating

the deviations in Γ(H → γγ) hinted by the LHC experiments, and the stability of the scalar

potential. We find that neutrino oscillation data and low energy constraints are still compatible

with masses of the extra charged scalars accessible to LHC. Moreover, if any of them is discovered,

the model can be falsified by combining the information on the singly and doubly charged scalar

decay modes with neutrino data. Conversely, if the neutrino spectrum is found to be inverted and

the CP phase δ is quite different from π, the masses of the charged scalars will be well outside the

LHC reach.
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I. INTRODUCTION

The observed pattern of neutrino masses and mixing remains one of the major puzzles

in particle physics. Moreover, massive neutrinos provide irrefutable evidence for physics

beyond the Standard Model (SM) and many theoretical possibilities have been proposed

to account for the lightness of neutrinos (see [1–4] for some reviews). With the running of

the LHC, it is timely to explore neutrino mass models in which the scale of new physics is

close to the TeV. In particular, radiative mechanisms are especially appealing, since small

neutrino masses are generated naturally due to loop factors. On the other hand, new physics

effects can be sizable also in low energy experiments, for instance lepton flavour violating

rare decays of charged leptons, `α → `βγ, providing complementary probes for such models.

In this paper we consider the Zee-Babu model (ZB) of neutrino masses1, which just adds

two (singly and doubly) charged scalar singlets to the SM. Neutrino masses are generated

at two loops and are proportional to the Yukawa couplings of the new scalars and inversely

proportional to the square of their masses. This is phenomenologically quite interesting

because the new scalars cannot be very heavy or have very small Yukawa couplings, otherwise

neutrino masses would be too small. As a consequence, such scalars may be accessible at

the LHC, and in principle they could explain the slight excess over the SM prediction found

by ATLAS in the diphoton Higgs decay channel H → γγ (currently CMS does not see any

excess, see section III for the latest data). They also mediate a variety of lepton flavour

violating (LFV) processes, leading to rates measurable in current experiments.

The phenomenology of the ZB model has been widely analyzed: neutrino oscillation data

was used to constrain the parameter space of the model, LFV charged lepton decay rates

calculated and collider signals discussed [10–12]. Non-standard neutrino interactions in the

ZB model have also been thoroughly studied, in correlation with possible LHC signals and

LFV processes [13]. In [12], some of us performed an exhaustive numerical study of the full

parameter space of the model using Monte Carlo Markov Chain (MCMC) techniques, which

allow to efficiently explore high-dimensional spaces. However, in the last few years there

1 The model was first proposed in [5] and studied carefully in [6]. Similar models with a doubly charged

scalar and masses generated at two loops were discussed in [7] (two-loop neutrino mass models containing

doubly-charged singlets have also been recently discussed in connection with neutrinoless double beta

decay [8, 9]).
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have been several experimental results which motivate an up-to-date analysis including all

relevant data currently available. Therefore, in this work we update previous analysis in

the light of the recent measurement of the neutrino mixing angle θ13 [14–16], the new MEG

limits on µ → eγ [17], the lower bounds on doubly-charged scalars coming from LHC data

[18, 19], and, of course, the discovery of a 125 GeV Higgs boson by ATLAS and CMS [20, 21].

Moreover, we also study the possibility of accommodating deviations from the SM prediction

for the Higgs diphoton decay channel, and the effects of the new couplings of the model in

the stability of the scalar potential. A possible enhancement of the Higgs diphoton decay

rate in the ZB model together with the vacuum stability of the scalar potential has been

studied in [22], however a consistent updated analysis including all constraints is lacking.

The outline of the paper is the following. In section II we briefly review the main features

of the ZB model, discussing perturbativity and naturality estimates for the allowed ranges

of the free parameters of the model. We summarize present constraints from recent neutrino

oscillation data, low energy lepton-flavour violating processes, universality and stability of

the scalar potential. We also review the collider phenomenology of the ZB model, discussing

current limits from LHC, and briefly comment on the prospects for non-standard neutrino

interactions. In section III we analyze in detail the contributions of the ZB charged scalars to

both, Γ(H → γγ) and Γ(H → Zγ). After some analytic estimates in section IV, we present

the results of our MCMC numerical analysis in section V and we conclude in section VI.

Renormalization group equations for the ZB model and relevant loop functions are collected

in the appendices.

II. THE ZEE-BABU MODEL

We follow the notation of [12]. As mentioned above, the Zee-Babu model only contains,

in addition to the SM, two charged singlet scalar fields

h±, k±± , (1)

with weak hypercharges ±1 and ±2 respectively (we use the convention Q = T3 + Y ).

The scalar potential is given by

V = m′2HH
†H +m′2h |h|2 +m′2k |k|2 + λH(H†H)2 + λh|h|4 + λk|k|4

+ λhk|h|2|k|2 + λhH |h|2H†H + λkH |k|2H†H +
(
µh2k++ + h.c.

)
, (2)

3



being H the SU(2) doublet Higgs boson, while the leptons have Yukawa couplings to both

H and the new charged scalars:

LY = LL Y eH + L̃Lf`h
+ + ecg e k++ + h.c. , (3)

where LL and e are the SM SU(2) lepton doublets and singlets, respectively, and L̃L ≡

iτ2L
c
L = iτ2CLL

T
, with τ2 Pauli’s second matrix. Due to Fermi statistics, fab is an antisym-

metric matrix in flavour space while gab is symmetric.

Notice that we can assign lepton number −2 to both scalars, h+ and k++, in such a way

that total lepton number L (or B−L) is conserved in the complete Lagrangian, except for the

trilinear coupling µ of the scalar potential; thus, lepton number is explicitly broken by the µ-

coupling. It is important to remark that lepton number violation requires the simultaneous

presence of the four couplings Y , f , g and µ, because if any of them vanishes one can always

assign quantum numbers in such a way that there is a global U(1) symmetry. This means

that neutrino masses will require the simultaneous presence of the four couplings.

Regarding the physical free parameters in the ZB model, our convention is the following:

without loss of generality, we choose the 3 × 3 charged lepton Yukawa matrix Y to be

diagonal with real and positive elements. We also use fermion field rephasings to remove

three phases from the elements of the matrix g and charged scalar rephasings to set µ real

and positive, and to remove one phase from f . In summary we have 12 moduli (3 from

Y , 3 from f and 6 from gab), 5 phases (3 from g and 2 from f) and the real and positive

parameter µ, plus the rest of real parameters in the scalar potential. As discussed in [12],

this choice is compatible with the standard parametrization of neutrino masses and mixings.

After electroweak symmetry breaking, the masses of charged leptons are ma = Yaav, with

v ≡ 〈H0〉 = 174 GeV, the VEV of the standard Higgs doublet, while the physical charged

scalar masses are given by

m2
h = m′2h + λhHv

2 , m2
k = m′2k + λkHv

2 . (4)

In principle, the scale of the new mass parameters of the ZB model (mh,mk and µ)

is arbitrary. However from the experimental point of view it is interesting to consider

new scalars light enough to be produced in the second run of the LHC. Also theoretical

arguments suggest that the scalar masses should be relatively light (few TeV), to avoid

unnaturally large one-loop corrections to the Higgs mass which would introduce a hierarchy
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problem. Therefore, in this paper we will focus on the masses of the new scalars, mh,mk,

below 2 TeV.

The Yukawa couplings of the new scalars of the model enter in the neutrino mass for-

mula and in several LFV processes, and are strongly bounded for the scalar masses we are

considering except in a few corners of the parameter space where we require that the theory

remains perturbative. Since one-loop corrections to Yukawa couplings are order

δf ∼ f 3

(4π)2
, δg ∼ g3

(4π)2
. (5)

one expects from perturbativity f, g � 4π, although, as we will see, for the scalar masses

considered here, phenomenological constraints are always stronger.

The couplings of the charged scalars in the scalar potential, apart from the stability

constraints described in section II E, are essentially free. However, for the theory to make

sense as a perturbative theory we also impose the limit2 λh,k,kH,hH,hk < 4π.

The trilinear coupling among charged scalars µ, on the other hand, is different, for it has

dimensions of mass and it is insensitive to high energy perturbative unitarity constraints.

However, it induces radiative corrections to the masses of the charged scalars of order

δm2
k, δm

2
h ∼

µ2

(4π)2
. (6)

Requiring that the corrections in absolute value are much smaller than the masses we can

derive a naive upper bound for this parameter, µ� 4πmin(mh,mk), but it is difficult to fix

an exact value of µ for which the contributions to the scalar masses are unacceptably large,

leading to a highly fine-tuned scenario.

A large value of µ, as compared with scalar masses, is also disfavoured because it could

lead to a deeper minimum of the scalar potential for non-vanishing values of the charged

fields, therefore breaking charge conservation. This phenomenon has also been studied in the

context of supersymmetric theories (see for instance [25–27]). As an example, by looking

at the particular direction |H| = |h| = |k| = r, and requiring that the charge breaking

minimum is not a global minimum, V (r 6= 0) > 0, one obtains

µ2 < (λH + λh + λk + λhH + λkH + λhk)
(
m′2H +m′2h +m′2k

)
. (7)

2 Notice that there could be order one differences in the perturbativity constraints on the different couplings

λi from perturbative unitarity of the matrix elements [23, 24]. We can neglect them for the purpose of

this work, keeping in mind that they could be relevant when perturbativity is “pushed” to the limit (as

needed to explain H → γγ enhancement, see sec. III).
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Figure 1: Diagram contributing to the neutrino Majorana mass at two loops.

Assuming no cancellations between the λ’s or mass terms, neglecting λH and m′2H , and using

the perturbative limit for the rest of the couplings λi <∼ 4π one finds a very conservative

bound on µ

µ <∼
√

20πmax(mk,mh) ∼ 8 max(mk,mh) (8)

Tighter limits can be obtained by looking at all directions in the potential and/or allowing

for cancellations.

Given that the neutrino masses depend linearly on the parameter µ, as we will see in

the next section, the ability of the model to accommodate all present data is quite sensitive

to the upper limit allowed for µ. Thus we choose to implement such limit in terms of a

parameter κ,

µ < κmin(mh,mk) , (9)

and discuss our results for different values of κ = 1, 5, 4π. Notice that we are using the

naturality upper bound (expressed in terms of min(mh,mk)), which in general is much more

restrictive than the upper bound obtained by requiring that the minimum of the potential

does not break charge conservation (expressed in terms of max(mh,mk)).

A. Neutrino masses.

The lowest order contribution to neutrino masses involving the four relevant couplings

appears at two loops [5, 6] and its Feynman diagram is depicted in fig. 1.

The calculation of this diagram gives the following mass matrix for the neutrinos (defined
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as an effective term in the Lagrangian Lν ≡ −1
2
νcLMννL + h.c.)

(Mν)ij = 16µfiamag
∗
abIabmbfjb , (10)

where Iab is the two-loop integral, which can be calculated analytically [28]. However, since

mc,md are the masses of the charged leptons, necessarily much lighter than the charged

scalars, we can neglect them and obtain a much simpler form

Icd ' I =
1

(16π2)2

1

M2

π2

3
Ĩ(r) , M ≡ max(mh,mk) , (11)

where Ĩ(r) is a function of the ratio of the masses of the scalars r ≡ m2
k/m

2
h,

Ĩ(r) =

1 + 3
π2 (log2 r − 1) for r � 1

1 for r → 0
, (12)

which is close to one for a wide range of scalar masses. Within this approximation the

neutrino mass matrix can be directly written in terms of the Yukawa coupling matrices, f ,

g, and Y

Mν =
v2µ

48π2M2
Ĩ f Y g†Y TfT . (13)

A very important point is that since f is a 3 × 3 antisymmetric matrix, det f = 0 (for

3 generations), and therefore detMν = 0. Thus, at least one of the neutrinos is exactly

massless at this order.

The neutrino Majorana mass matrix Mν can be written as

Mν = UDνU
T , (14)

where Dν is a diagonal matrix with real positive eigenvalues, and U is the Pontecorvo-Maki-

Nakagawa-Sakata (PMNS) leptonic mixing matrix. We are left with only two possibilities

for the neutrino masses, mi:

• Normal hierarchy (NH): the solar squared mass difference is ∆S = m2
2, the atmospheric

mass splitting ∆A = m2
3 and m1 = 0, with m3 � m2 .

• Inverted hierarchy (IH): ∆S = m2
2 −m2

1, ∆A = m2
1 and m3 = 0, with m1 ≈ m2.

The standard parametrization for the PMNS matrix is

U =


c13c12 c13s12 s13e

−iδ

−c23s12 − s23s13c12e
iδ c23c12 − s23s13s12e

iδ s23c13

s23s12 − c23s13c12e
iδ −s23c12 − c23s13s12e

iδ c23c13




1

eiφ/2

1

 , (15)
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Process Experiment (90% CL) Bound (90% CL)

µ− → e+e−e− BR< 1.0× 10−12 |geµg∗ee| < 2.3× 10−5
(
mk
TeV

)2
τ− → e+e−e− BR< 2.7× 10−8 |geτg∗ee| < 0.009

(
mk
TeV

)2
τ− → e+e−µ− BR< 1.8× 10−8 |geτg∗eµ| < 0.005

(
mk
TeV

)2
τ− → e+µ−µ− BR< 1.7× 10−8 |geτg∗µµ| < 0.007

(
mk
TeV

)2
τ− → µ+e−e− BR< 1.5× 10−8 |gµτg∗ee| < 0.007

(
mk
TeV

)2
τ− → µ+e−µ− BR< 2.7× 10−8 |gµτg∗eµ| < 0.007

(
mk
TeV

)2
τ− → µ+µ−µ− BR< 2.1× 10−8 |gµτg∗µµ| < 0.008

(
mk
TeV

)2
µ+e− → µ−e+ GMM̄ < 0.003GF |geeg∗µµ| < 0.2

(
mk
TeV

)2
Table I: Constraints from tree-level lepton flavour violating decays [3].

where cij ≡ cos θij, sij ≡ sin θij and since one of the neutrinos is massless, there is only one

physical Majorana phase, φ, in addition to the Dirac phase δ.

B. Low energy constraints.

In order to provide neutrino masses compatible with experiment, the Yukawa couplings

of the charged scalars cannot be too small and their masses cannot be too large. This

immediately gives rise to a series of flavour lepton number violating processes, as for instance

µ− → e−γ or µ− → e+e−e−, with rates which can be, in some cases, at the verge of the

present experimental limits. Therefore, we can use these processes to obtain information

about the parameters of the model and hopefully to confirm or to exclude the model in a

near future by exploiting the synergies with direct searches for the new scalars at LHC.

In this section we follow the notation of [12], where all the relevant formulae can be

found, and update the new bounds. We collect the relevant tree-level lepton flavour violating

constraints, from `−a → `+
b `
−
c `
−
d decays and µ+e− ↔ µ−e+ transitions, in table I.

Universality constraints are summarized in table II where we have combined the mea-

surements presented in [29] for the different couplings. There seems to be a 2σ discrepancy

in Gexp
τ /Gexp

e , which we interpret as a bound. If confirmed and interpreted within the ZB

model, one obtains that |fµτ |2 − |feµ|2 = 0.05 (mh/TeV)2. As we will see in section IV, for

NH spectrum feµ ∼ fµτ/2, therefore one needs mh ∼ 4 fµτTeV, which is easily achieved. For

8



SM Test Experiment Bound (90%CL)

lept./hadr. univ.
∑

q=d,s,b |V
exp
uq |2 = 0.9999± 0.0006 |feµ|2 < 0.007

(
mh
TeV

)2
µ/e universality

Gexpµ

Gexpe
= 1.0010± 0.0009 ||fµτ |2 − |feτ |2| < 0.024

(
mh
TeV

)2
τ/µ universality Gexpτ

Gexpµ
= 0.9998± 0.0013 ||feτ |2 − |feµ|2| < 0.035

(
mh
TeV

)2
τ/e universality Gexpτ

Gexpe
= 1.0034± 0.0015 ||fµτ |2 − |feµ|2| < 0.04

(
mh
TeV

)2
Table II: Constraints from universality of charged currents obtained combining the experimental

results compiled in table 2 of [29].

Experiment Bound (90%CL)

δae = (12± 10)× 10−12 r
(
|feµ|2 + |feτ |2

)
+ 4

(
|gee|2 + |geµ|2 + |geτ |2

)
< 5.5× 103 (mk/TeV)2

δaµ = (21± 10)× 10−10 r
(
|feµ|2 + |fµτ |2

)
+ 4

(
|geµ|2 + |gµµ|2 + |gµτ |2

)
< 7.9 (mk/TeV)2

BR(µ→ eγ) < 5.7× 10−13 r2|f∗eτfµτ |2 + 16|g∗eegeµ + g∗eµgµµ + g∗eτgµτ |2 < 1.6× 10−6 (mk/TeV)4

BR(τ → eγ) < 3.3× 10−8 r2|f∗eµfµτ |2 + 16|g∗eegeτ + g∗eµgµτ + g∗eτgττ |2 < 0.52 (mk/TeV)4

BR(τ → µγ) < 4.4× 10−8 r2|f∗eµfeτ |2 + 16|g∗eµgeτ + g∗µµgµτ + g∗µτgττ |2 < 0.7 (mk/TeV)4

Table III: Constraints from loop-level lepton flavour violating interactions and anomalous magnetic

moments [3, 17].

IH spectrum, however, fµτ ∼ 0.2feµ (fµτ ∼ (0.15 − 0.3) feµ if we vary the angles in their

3σ range), and therefore, if this measurement is confirmed, the IH scheme in the ZB model

would be disfavoured.

Finally, one-loop level lepton flavour violating constraints coming from `−a → `−b γ decays3

and anomalous magnetic moments of electron and muon are collected in table III, including

the recent limit on BR(µ→ eγ) from the MEG Collaboration [17].

Given that lepton number is not conserved, another interesting low energy process that

could arise in the ZB model is neutrinoless double beta decay (0ν2β). However, since the

singly and doubly charged scalars do not couple to hadrons and are singlet under the weak

SU(2) (therefore, do not couple to W gauge bosons), the 0ν2β rate is dominated by the

Majorana neutrino exchange [34] and it is proportional to the |(Mν)ee|2 matrix element. In

3 As was shown in [30], doubly charged scalars can give logarithmic enhanced contributions to muon-

electron conversion in nuclei. Moreover, planned experiments will improve current limits by four orders

of magnitude [31–33]; however, at present, limits are still not competitive with µ→ eγ.
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the NH case,

(MNH
ν )ee =

√
∆Sc

2
13s

2
12e

iφ +
√

∆As
2
13 . (16)

Using neutrino oscillation data, one obtains 0.001 <∼ eV|(MNH
ν )ee| <∼ 0.004 eV and there-

fore it is outside the reach of present and near future 0ν2β decay experiments.

In the IH case,

(MIH
ν )ee =

√
∆A + ∆Sc

2
13s

2
12e

iφ +
√

∆Ac
2
13c

2
12 . (17)

Then, 0.01 eV <∼ |(MNH
ν )ee| <∼ 0.05 eV and, therefore, it is observable in planned 0ν2β decay

experiments.

C. Non-standard interactions.

The heavy scalars of the ZB model induce non-standard lepton interactions at tree level,

which have been thoroughly analyzed in [13]. In particular, by integrating out the singly

charged scalar h+, the following dimension-6 operators are generated:

LNSId=6 = 2
√

2GF ε
ρσ
αβ(ναγ

µPLνβ)(`ργµPL`σ), (18)

where ` refer to the charged leptons and the standard NSI parameters ερσαβ are given by

ερσαβ =
fσβf

∗
ρα√

2GFm2
h

. (19)

Regarding neutrino propagation in matter, the relevant NSI parameters are εmαβ = εeeαβ. Since

the couplings fσβ are antisymmetric, in the ZB model only εmµτ , ε
m
µµ and εmττ are non zero.

NSI can also affect the neutrino production in a neutrino factory, via the processes µ →

eνβνα. Source effects in the νµ → ντ and νe → ντ channels are produced by the NSI

parameters

εsµτ = εeµτe =
fµef

∗
eτ√

2GFm2
h

, (20)

εseτ = εeµµτ =
fµτf

∗
eµ√

2GFm2
h

, (21)

respectively. Notice that εmµτ = −εs∗µτ , since both NSI parameters are related to the couplings

feµ and feτ .

As we discuss in section V, the ratios of Yukawa couplings feµ/fµτ and feτ/fµτ are entirely

determined by the neutrino mixing angles and Dirac phase of the PMNS matrix U – see
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eqs. (37) and (38) –, so the impact of the improved bounds on BR(µ → eγ) can be easily

estimated: given that the limit is now ∼ 0.05 times smaller than in the study of [13], and

the contribution of the singly charged scalar h+ to BR(µ → eγ) depends on |f ∗eτfµτ |2, the

current constraints on |fαβ| are roughly a factor 2 tighter than before. Therefore, since the

strength of the NSI depends on ερσαβ ∝ fσβf
∗
ρα, generically we expect that the allowed size

of the NSI is reduced by a factor ∼ 1/4. According to [13]4, this implies that in the most

favorable case of IH neutrino mass spectrum, εseτ and εsµτ are in the range 3× (10−5− 10−4),

which is in a range difficult to probe, but it might be in a future neutrino factory with a ντ

near detector [35].

D. Bounds on the masses of the charged scalars.

Regarding limits on singly-charged bosons decaying to leptons, the best limit still comes

from LEP II, mh > 100 GeV.

ATLAS and CMS have placed limits on doubly-charged boson masses from searches of

dilepton final states, using data samples corresponding to
√
s = 7 TeV with an integrated

luminosity of 4.7 fb−1 and 4.9 fb−1, respectively [18, 19]. The authors of [36] show that,

with current data at 8 TeV and 20 fb−1, all the bounds are expected to become about

∼ 100 GeV more stringent if no significant signal is seen. Further tests on the nature of the

doubly charged scalar (i.e., singlet or triplet of SU(2)L) can be obtained by analysing tau

lepton decay distributions which are sensitive to the chiral structure of the couplings [37].

The main production mechanisms of doubly-charged bosons at hadron colliders are pair

production via an s-channel exchange of a photon or a Z-boson, and associated production

with a charged boson via the exchange of a W-boson (see [38, 39] for a general analysis

of the production and detection at LHC of doubly charged scalars belonging to different

electroweak representations). In the Zee-Babu model, the associated production is absent,

because the new scalars are SU(2)L singlets.

The ATLAS analysis [18] focuses on the ee, µµ, eµ channels and assumes that the rest of

4 Notice that although the analysis of [13] has been done for κ = 1, the impact on NSI of the new bounds

from BR(µ→ eγ) (and in general from any LFV decay `α → `βγ) is independent of the value of κ chosen,

because they constraint directly |f∗ασfσβ |/m2
h, which is the same combination that appears in the NSI

parameters, eq. (19). The only effect of increasing κ may be that a given point (fασ, fσβ ,mh) is able to

fit neutrino masses with smaller gab and therefore possibly lighter mk.
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the channels can make up to 90% of the total decays. Then, the limits for the Zee-Babu

model are, at the 95% C.L., 322, 306, 310 GeV (151, 176, 151 GeV) for branching ratios of

100% (10%) to the ee, µµ, eµ channels. Notice that in [18] the limits on doubly-charged

bosons coupling to left-handed leptons are applied, in addition to the seesaw type II case, to

the Zee-Babu model. However, this is not so, as the doubly-charged singlets in the Zee-Babu

model are SU(2)L singlets and thus couple only to right-handed leptons, at variance with

the seesaw type II models, where the doubly-charged bosons are SU(2)L triplets and do

couple only to left-handed leptons. Therefore, in the Zee-Babu case they have a reduced

production cross section, due to their different couplings to the Z-boson, around 2.5 times

smaller than for the case of the triplet [40], and less stringent limits apply: for the Zee-Babu

model one should look at the second part of table I of [18], the one for H±±R ≡ k±±.

The CMS Collaboration has searched for doubly-charged bosons which are SU(2)L

triplets, both assuming that they decay to the different dilepton final states `` (` = e, µ, τ)

100% of the times, i.e., BR(k++ → ``) = 1, and also considering several benchmark points

with different branching ratios.

The CMS 95% C.L. limits for pair production of SU(2)L singlets, which is the one relevant

for the Zee-Babu Model, are around 60− 80 GeV less stringent [39, 40]:

• ee, µµ, eµ : 310 GeV,

• eτ, µτ : 220 GeV,

• ττ : 100 GeV.

Note that whenever the branching ratio to ττ is less than 30% (see table I and VI of

[19]), the bounds are ∼ 280 GeV, provided that there is a significant fraction of decays into

light leptons (ee, µµ, eµ).

In the Zee-Babu model the decay width of k±± into same sign leptons is given by

Γ(k → `a`b) =
|gab|2

4π(1 + δab)
mk . (22)

Since the gab couplings are free parameters, the BRs of the different decay modes are a

priori unknown, so we can not apply directly these bounds. As we will see in the numerical

analysis, section V, once neutrino oscillation data and low energy constraints are taken into
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account, the branching ratio to ττ is very small in the Zee-Babu model, less than about 1%.

Then, a conservative limit is mk > 220 GeV.

Moreover, in the ZB model for mk > 2mh > 200 GeV, it can happen that the doubly

charged scalar decays predominantly into hh, which can easily escape detection. This way

the constraints from dilepton searches could be evaded. The relevant decay width is given

by

Γ(k → hh) =
1

8π

[
µ

mk

]2

mk

√
1− 4m2

h

m2
k

. (23)

Then, even for gab ∼ 1, for mh = 100 GeV and mk = 200 GeV, we have that Γ(k→hh)
Γ(k→``) ≥ 1

for µ ≥ mk, which is still natural as long it is not very large. Thus, we take mk ≥ 200 GeV

in the numerical analysis.

E. Stability of the potential.

In this section we consider further constraints on the ZB model parameter space com-

ing from vacuum stability conditions. The Hamiltonian in quantum mechanics has to be

bounded from below, this requires that the quartic part of the scalar potential in eq. (2)

should be positive for all values of the fields and for all scales. Then, if two of the fields H, k

or h vanish one immediately finds5:

λH > 0, λh > 0, λk > 0 . (24)

Moreover the positivity of the potential whenever one of the scalar fields H, h, k is zero

implies

α, β, γ > −1 , (25)

where we have defined

α = λhH/(2
√
λHλh) , β = λkH/(2

√
λHλk) , γ = λhk/(2

√
λhλk) . (26)

Eq. (25) constrains only negative mixed couplings, λxH , λhk (x = h, k), since for positive ones

the potential is definite positive and only the perturbativity limit, λxH , λhk <∼ 4π applies.

5 We do not consider the possibility of zero couplings, which can only appear at very specific scales.
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Finally, if at least two of the mixed couplings are negative, there is an extra constraint,

which can be written as:

1− α2 − β2 − γ2 + 2αβγ > 0 ∨ α + β + γ > −1 . (27)

We have checked that the above conditions, eqs. (24, 25, 27), are equivalent to the ones

derived in [41] for the Zee model, but they differ from the ones used in [22] for the ZB

model, which seem not to be symmetric under the exchange of α, β, γ, as they should. Our

constraints also agree with the results obtained by using copositive criteria (see for instance

[42]).

The discovery of the Higgs boson with mass mH ∼ 125 GeV at the LHC has raised

the interest on the vacuum stability of the SM potential: for the current central values of

the strong coupling constant and the Higgs and top quark masses, the Higgs self-coupling

λH would turn negative at a scale Λ ∼ 1010 − 1013 GeV [43], indicating the existence of

new physics beyond the SM below that scale. In fact, by using state of the art radiative

corrections, the authors of [43] find that absolute stability of the SM Higgs potential up to

the Planck scale is excluded at 98% C.L. for mH < 126 GeV.

The one-loop renormalization group equations (RGEs) in the ZB model are written in

Appendix A. For a given set of parameters defined at the electroweak scale, and satisfying

the stability conditions discussed above, we calculate the running couplings numerically by

using one-loop RGEs. From eqs. (A1), we see that the new scalar couplings λhH , λkH always

contribute positively to the running of the Higgs quartic coupling λH , compensating for the

large and negative contribution of the top quark Yukawa coupling. Therefore, the vacuum

stability problem can be alleviated in the ZB model with λH remaining positive up to the

Planck scale for the present central values of mt and mH if λxH are not extremely small

(λxH ∼ ±0.2 are enough to stabilize λH maintaining stability/perturbativity of all couplings

up to the Planck scale (see fig. 2)).

On the other hand, as we discuss in section III, the slight excess in the Higgs diphoton

decay channel found at LHC can be accommodated in the ZB model with relatively light

singlet scalars and large, negative, mixed couplings λhH , λkH . However for such values of the

scalar couplings at the electroweak scale, the RGEs lead to vacuum instability (2
√
λHλx +

λxH < 0, x = h, k) and/or non-perturbativity (λx > 4π) well below the Planck scale. This

can be seen in fig. 2 where we have performed a complete scan of the quartic couplings
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Figure 2: Allowed regions in λkH vs λk (left) and λhk vs λh (right), taken at the mZ scale, if

perturbativity/stability is required to be valid up to 103, 106, 109, 1012, 1015, 1018 GeV (from light

to dark colours). The rest of the parameters entering the RGE are taken at their measured value

or varied in the range allowed by the perturbativity/stability requirement up to the given scale.

of the scalar potential, run all of them from mZ up to a given scale (µ = 103n GeV with

n = 1, 2, · · · , 6), and check that stability (as explained before) and perturbativity (λi < 4π)

are satisfied at all scales below µ. On the left we represent the region allowed in the λkH–

λk plane, with λ’s taken at the mZ scale, when stability/perturbativity is imposed up to

the different scales µ. Lighter regions correspond to small scales and obviously include the

regions of larger scales. A similar plot is obtained for λhH vs λh. On the right we present

the equivalent results for the couplings λhk vs λh.

III. H → γγ AND H → Zγ

It remains an open question whether the 125 GeV Higgs boson discovered by ATLAS [20]

and CMS [21] is the SM one or has some extra features coming from new physics. While

all the present measurements of the Higgs properties are consistent with the SM values, the

uncertainties are still large, so there is plenty of room for non-standard signals to show up

in the upcoming 13-14 TeV run data. Moreover, the present experimental situation of the

H → γγ decay channel is far from clear: although the last reported analysis of the CMS
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and ATLAS Collaborations on the diphoton signal strength are barely consistent with each

other within 2σ, ATLAS still observes a ∼ 2σ excess over the SM prediction [44], while the

CMS measurement has become consistent with the SM at 1σ [45]:

ATLAS : Rγγ = 1.55+0.33
−0.28 ,

CMS : Rγγ = 0.78+0.28
−0.26 , MVA analysis (28)

CMS : Rγγ = 1.11+0.32
−0.31 . cut based analysis

It is thus worthwhile to explore whether an eventually confirmed deviation from the SM

prediction in the H → γγ channel can be accommodated within the ZB model.

In the SM the H → γγ channel is dominated by the W boson loop contribution, which

interferes destructively with the top quark one. Since the Higgs coupling to photons is

induced at the loop-level, extra charged fermions or scalars with significant couplings to

the Higgs can change drastically the H → γγ channel with respect to the Standard Model

expectations, either enhancing it or reducing it [46]. Moreover, in the absence of direct

signatures of new particles at LHC, the enhanced Higgs diphoton decay rate might provide

an indirect hint of physics beyond the SM.

The value of the H → γγ decay width in the ZB model with respect to the SM one is

given by [46–48]:

Rγγ =
Γ(H → γγ)ZB
Γ(H → γγ)SM

= |1 + δR(mh, λhH) + 4 δR(mk, λkH)|2 , (29)

where we have defined δR(mx, λxH) for the scalar x with mass mx and coupling to the Higgs

λxH as:

δR(mx, λxH) ≡ λxH v
2

2m2
x

A0(τx)

A1(τW ) + 4
3
A1/2(τt)

, (30)

with τi ≡ 4m2
i

m2
H

and the loop functions Ai(x) (i = 0, 1/2, 1) are defined in Appendix B. Notice

that the dominant W contribution is A1(τW ) = −8.32 for a Higgs mass of 125 GeV, while

A0(τh,k) > 0, therefore in order to obtain a constructive interference we need to consider

negative couplings λhH , λkH .

As discussed in sec. II E, stability of the potential imposes that 2
√
λHλx + λxH > 0, for

x = h, k. Since MH ∼ 125 GeV fixes the value of the Higgs self-coupling to λH ∼ 0.13, it is

immediately apparent that large and negative λxH couplings are going to be in conflict with

stability of the potential, unless we push λx close to the naive perturbative limit (λx < 4π),
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Figure 3: Rγγ in the presence of a doubly charged particle. Both an enhancement (as seen by

ATLAS [44]) or a suppression (as seen by CMS [45]), can be accommodated. For the same masses

and couplings, the singly-charged produces a smaller enhancement/suppression than the doubly-

charged, due to its smaller charge.

for which −3 <∼ λhH , λkH . Notice that this fact is not a special feature of the ZB model, but

a generic problem of any scenario in which the enhancement of the Higgs diphoton decay

rate is due to a virtual charged scalar.

We can consider three different cases:

• If mh � mk,

Rh
γγ ≈ |1 + δR(mh, λhH)|2 ; (31)

• If mk � mh,

Rk
γγ ≈ |1 + 4δR(mk, λkH)|2 ; (32)

• If mh ≈ mk ≡ mS, with

RS
γγ ≈ |1 + δR(mS, λhH) + 4 δR(mS, λkH)|2 . (33)

For the same masses and couplings of both singlets, the doubly charged produces a larger

enhancement/suppression than the singly-charged, due to its greater charge.

The largest enhancement can happen when both charged scalars are about the same mass

and these masses are low enough. We show in fig. 3 the prediction of the ratio Rγγ when

the doubly charged scalar k dominates, for different values of the coupling with the Higgs,
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Figure 4: Contour of Rγγ = 1.55 (left) [44] and Rγγ = 0.78 (right) [45] in the presence of a singly

charged and doubly charged particle with the same couplings.

λkH . Both an enhancement (as seen by ATLAS [44]) or a suppression (as seen by CMS [45]),

can be accommodated. In fact, deviations from the SM value are expected, i.e., Rγγ 6= 1,

in particular for below the TeV scale singlets and sizeable scalar couplings. Of course, even

for light singlets it is possible that Rγγ ≈ 1, either because the relevant scalar couplings are

tiny or due to a cancellation between the contributions of the singly charged and the doubly

charged scalars.

In principle, the enhancement Rγγ induced by a singly charged scalar h of similar mass

and coupling to the Higgs λhH ∼ λkH is smaller; however since the lower limit on mh from

LEP II direct searches is weaker mh > 100 GeV, as discussed in the previous section, and

the largest contribution occurs for lower masses, the resulting values of Rγγ for the allowed

range of mh are comparable to the doubly charged case.

We show in fig. 4 the contours of Rγγ = 1.55 (0.78), motivated by the experimental

results of ATLAS and CMS [44, 45], in the plane of the singly and doubly charged masses,

for various negative (positive) couplings. In summary, to obtain Rγγ ∼ 1.5 we need mh
<∼

200 GeV and/or mk
<∼ 300 GeV. As it will be shown in the numerical analysis section, these

scalar masses are in tension with describing neutrino oscillation data and being compatible

with current low-energy bounds in the ZB model if naturality is required at the level of

κ = 1, especially for the NH spectrum. Moreover, the large negative values of the couplings
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Figure 5: RγZ in the presence of a doubly charged particle. As can be seen, H → Zγ is anticorre-

lated with respect to H → γγ.

λxH ∼ −2 required to obtain such enhancement also induce vacuum instability of the ZB

scalar potential, unless the corresponding coupling λx is close to the perturbative limit,

λx ∼ 8.

There is a correlation between H → γγ and H → Zγ [46, 49, 50]. The ratio of the

H → Zγ decay rate in the ZB model with respect to the SM one is:

RZγ =
Γ(H → Zγ)ZB
Γ(H → Zγ)SM

=

∣∣∣∣∣1− gZhhλhH v2

m2
h

A0(τh, λh)

AZγSM
− gZkk

2λkH v
2

m2
k

A0(τk, λk)

AZγSM
,

∣∣∣∣∣
2

(34)

where AZγSM is the SM H → Zγ decay amplitude,

AZγSM = cot θWA1(τW , λW ) + 6Qt
T t3 − 2Qts

2
W

sW cW
A1/2(τt, λt) , (35)

with λi ≡ 4m2
i

m2
Z

, and the Z boson couplings to the new charged scalars are gZxx = −Qx cot θW ,

x = h, k. The loop functions Ai(x, y) (i = 0, 1/2, 1) can be found in Appendix B.

In fact, to have an enhancement in the H → γγ channel, we need negative couplings of

the singlets with the Higgs, which in turn implies that the H → Zγ channel is reduced with

respect to SM prediction, as can be seen in fig. 5.

IV. ANALYTICAL ESTIMATES

In this section we give some order of magnitude estimates of the free parameters in

the ZB model, which complement and help to understand our full numerical analysis. In
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particular, we want to estimate to which extent light charged scalar masses, for instance

like those required to fit an enhanced Higgs diphoton decay rate or to have a chance of

being discovered at the LHC, are consistent with neutrino oscillation data and low-energy

constraints.

As discussed in sec. II, with respect to the SM the ZB model has 17 extra parameters

relevant for neutrino masses (9 moduli and 5 phases from the Yukawa couplings f, g, and 3

mass parameters from the charged scalar sector, mh,mk and µ), plus 5 quartic couplings in

the scalar potential. However, some of the free parameters can be traded by the measured

neutrino masses and mixings, ensuring in this way that the experimental data is reproduced

and reducing the number of free variables as follows.

Since det f = 0, there is an eigenvector a = (fµτ ,−feτ , feµ) which corresponds to the zero

eigenvalue, fa = 0 [10]. Then, by exploiting the fact that a is also an eigenvector of Mν ,

we have

DνU
Ta = 0, (36)

which leads to three equations, one of which is trivially satisfied because one element of Dν

is zero. The other two equations allow to write the ratios of Yukawa couplings fij in terms

of the neutrino mixing angles and Dirac phase as follows:

feτ
fµτ

= tan θ12
cos θ23

cos θ13

+ tan θ13 sin θ23e
−iδ ,

feµ
fµτ

= tan θ12
sin θ23

cos θ13

− tan θ13 cos θ23e
−iδ , (37)

in the NH case, and

feτ
fµτ

= − sin θ23

tan θ13

e−iδ ,

feµ
fµτ

=
cos θ23

tan θ13

e−iδ , (38)

for IH spectrum. Therefore, we choose fµτ as a free, real, parameter and obtain (complex) feµ

and feτ from the above equations. Notice that the measured values, s2
12 ∼ 0.3, s2

23 ∼ 0.4 and

s2
13 ∼ 0.02 imply that, for NH, the first term on the right-hand side of eqs. (37) dominates

and leads to feµ ∼ fµτ/2 ∼ feτ . Conversely, for IH it is clear that feτ/feµ = − tan θ23 ∼ −1

and |feµ/fµτ | ∼ |feτ/fµτ | ∼ 4. Of course, to explain such fine-tuned relations of Yukawa

couplings a complete theory of flavour would be needed, which is beyond the scope of this

work.

20



Regarding the Yukawa couplings g, we keep gee, geµ and geτ as free complex parameters

and fix the remaining ones (gµµ, gµτ , gττ ) by imposing the equality of the three elements

m22,m23 and m33 of the neutrino mass matrix Mν , written in terms of the parameters of

the ZB model in eq. (13), and in terms of the masses and mixings measured in neutrino

oscillation experiments in eq. (14), i.e.,

mij = (UDνU
T )ij = ζfiaωabfjb, (39)

where we have defined ωab ≡ mag
∗
abmb, and ζ = µ

48π2M2 Ĩ(r), being r the ratio of the scalar

masses, r ≡ m2
k/m

2
h.

Because of the hierarchy among the charged lepton masses, me � mµ,mτ , it is natural to

assume that ωee, ωeµ, ωeτ � ωµµ, ωµτ , ωττ . Within the approximation ωea = 0, the equation

(39) for neutrino masses is simplified, and we can easily estimate the ranges of parameters

consistent with neutrino oscillation data. Thus in this section we neglect them, although we

keep all ωab in the full numerical analysis6 We then have

m22 ' ζf 2
µτωττ , m23 ' −ζf 2

µτωµτ , m33 ' ζf 2
µτωµµ. (40)

From the large atmospheric angle we expect

|ωττ | ' |ωµτ | ' |ωµµ|, (41)

which leads to a definite hierarchy among the corresponding gab couplings:

gττ : gµτ : gµµ ∼ m2
µ/m

2
τ : mµ/mτ : 1. (42)

It is now convenient to write the mass matrix elements mij in terms of the neutrino

masses and mixings. In the normal hierarchy case this gives

ζf 2
µτωττ ' m3c

2
13s

2
23 +m2e

iφ(c12c23 − eiδs12s13s23)2 ,

ζf 2
µτωµτ ' −m3c

2
13c23s23 +m2e

iφ(c12s23 + eiδc23s12s13)(c12c23 − eiδs12s13s23) ,

ζf 2
µτωµµ ' m3c

2
13c

2
23 +m2e

iφ(c12s23 + eiδc23s12s13)2 , (43)

which for m3 ' 0.05 eV and m2 ' 0.009 eV, leads to

ζf 2
µτ |ωab| ' 0.025 eV , a, b = µ, τ, (44)

6 We find that, in general, this is a very good approximation.
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in agreement with the expectations of eq. (41).

In the inverted hierarchy case, eqs. (40) read

ζf 2
µτωττ ' m1(c23s12 + eiδc12s13s23)2 +m2e

iφ(c12c23 − eiδs12s13s23)2 ,

ζf 2
µτωµτ ' m1(s12s23 − eiδc12c23s13)(c23s12 + eiδc12s13s23)

+ m2e
iφ(c12s23 + eiδc23s12s13)(c12c23 − eiδs12s13s23) , (45)

ζf 2
µτωµµ ' m1(s12s23 − eiδc12c23s13)2 +m2e

iφ(c12s23 + eiδc23s12s13)2,

where m1 ' m2 ' 0.05 eV. It is important to notice that for eiφ ∼ eiδ ∼ 1 the matrix

elements mij are of the same order as in the NH spectrum, i.e.,

ζf 2
µτ |ωab| ' 0.025 eV , a, b = µ, τ. (46)

and therefore the hierarchy of couplings in eq. (42) is also obtained. However, in the IH

case there is a strong cancellation for Majorana phases close to π, so we can obtain smaller

values of ωab. In particular, for φ = δ = π and the best fit values of the masses and mixing

angles we find

ζf 2
µτ |ωµµ| ' 0.003 eV, (47)

which allows for a smaller gµµ and, as a consequence, a lighter mk still consistent with the

experimental limits. On the contrary, if φ ∼ π and δ ∼ 0, |ωττ | can be very small and

therefore gττ � (m2
µ/mτ )

2 gµµ, although this cancellation has no phenomenological impact.

Therefore, although in the following analytic approximations we assume the hierarchy of

couplings in eq. (42), one has to keep in mind that a larger parameter space is expected to

be allowed when φ ' δ ' π. Indeed we will confirm in the full numerical analysis of section

V that this region is specially favoured for light mk.

Now we can estimate the lowest scalar masses able to reproduce current neutrino data.

Using the neutrino mass equation we can write7

m33

0.05 eV
' 500|gµµ||fµτ |2

µ

M

TeV

M
Ĩ(r). (48)

The upper bound on τ → 3µ decay implies that |gµµ| <∼ 0.4(mk/TeV), while the new MEG

limits on µ → eγ lead to ε|fµτ |2 <∼ 1.3 · 10−3(mh/TeV)2, where ε ≡ |feτ/fµτ | ∼ 1/2 (4) for

7 Notice that similar limits are derived from any of the 23 block elements ofMν when assuming the hierarchy

of the g couplings given in eq. (42).
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NH (IH). Substituting these constraints in eq. (48) we obtain

m33

0.05 eV
<∼ 0.26

µmk

εM2

( mh

TeV

)2

Ĩ(r), (49)

which can be translated into a lower bound on the scalar masses. Using that m33 ∼ 0.025

eV from neutrino oscillation data, if mh > mk then µ ≤ κmk and Ĩ(r) ∼ 1, so eq. (49)

implies that

mh > mk
>∼

1 TeV√
κ

NH, (50)

mh > mk
>∼

3 TeV√
κ

IH. (51)

On the contrary, if mh < mk, we find

mk > mh
>∼
√

mk

mh κ Ĩ(r)
1 TeV NH, (52)

mk > mh
>∼
√

mk

mh κ Ĩ(r)
3 TeV IH. (53)

From the above results8, we conclude that:

1. It is easier to reconcile an enhanced Higgs diphoton decay rate with neutrino oscillation

data if the former is due to the doubly charged scalar loop contribution, since the lower

bounds from neutrino masses are similar, while the BR(H → γγ) can be accounted

for by a heavier mk. Moreover, if the enhancement is due to a light mh, then mk can

not be very heavy, because otherwise neutrino masses are too small.

2. For a NH neutrino mass spectrum, it is possible to fit simultaneously neutrino oscilla-

tion data, lepton flavour violation constraints and an enhanced BR(H → γγ) only if

the trilinear coupling µ is large, namely κ >∼ 4(10) for min(mh,mk) = 500 (300) GeV,

respectively.

3. In general, the case of IH neutrino masses is in conflict with an enhanced Higgs dipho-

ton rate unless κ ∼ O(30). However if we take into account the strong cancellations

in ωµµ when φ ' δ ' π, and allow for a smaller m33 ∼ 0.003 eV, it is also possible to

fit all data with κ ∼ 4.

8 Our limits in the IH case differ from those in [11]. We traced this difference to the fact that in the

estimates of [11] the perturbativity bound |gµµ| < 1 is imposed, but for low masses, mk < 2 TeV, such

bound is always satisfied, and the relevant bound is |gµµ| <∼ 0.4(mk/TeV), which depends on mk and

changes the scaling with ε, leading to a weaker lower bound on the charged scalar masses in our case. We

thank Martin Hirsch for discussions about this point.
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V. NUMERICAL ANALYSIS

In order to explore exhaustively the highly multi-dimensional parameter space of the

ZB model, naive grid scans are completely inappropriate, the method of choice is re-

sorting to Monte Carlo driven Markov Chains (MCMC) that incorporate all the cur-

rent experimental information described in precedence. As parameters we will use

{s2
ij,∆A,∆S, δ, φ, fµτ ,mh,mk, µ, gee, geµ, geτ}, and we allow them to vary within the ranges

showed in table IV.

Had we tried to use our MCMC to obtain a posteriori probability distribution functions

with a canonical Bayesian meaning, the choice of priors would have had a significant role.

Nevertheless, since our aim is to explore where in parameter space could the ZB model

adequately reproduce experimental data without weighting in the available parameter space

volume (that is, the “metric” in parameter space given by the priors), we will represent

instead profiles of highest likelihood (equivalently profiles of minimal χ2 ≡ −2 lnL with L

the likelihood) which, on the contrary, can be interpreted on a frequentist basis. This is

not a choice that we make because of the merits or demerits of either statistical school: our

goal remains to understand if and where the ZB “works well”, i.e. could fit experimental

data. The interpretation of the results/plots will be clear: they show the regions where the

model is in agreement with data without regard to their size when the remaining information

(parameters and observables) is marginalized over9. In this case, exploring the parameter

space in a uniform, logarithmic or other manner, in some given parameter will not affect our

results (only the computational efficiency required to reach them will be, of course, affected).

For the modelling of experimental data we typically resort to individual Gaussian like-

lihoods for measured quantities. Bounds are implemented through smooth likelihood func-

tions that include, piecewise, a constant and a Gaussian-like behaviour. For the sake of

clarity: if the experimental bound for a given observable O is BO[90%CL] at 90% CL (1.64σ in

one dimension), the χ2 contribution associated to the model prediction Oth for this observ-

9 Typically both approaches should converge to similar results when (experimental) information abounds;

in a study such as this one, if they differ, rather than sticking to one or the other, from the physical point

of view we would only conclude that the current experimental data is not yet sufficient to pin down or

exclude the model.
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able is

χ2(Oth) =


0, Oth < BO[90%CL]/1.64,(

1.64Oth

BO
[90%CL]

− 1

)2 (
1.64
0.64

)2
, Oth ≥ BO[90%CL]/1.64.

In this way we avoid imposing sharp stepwise bounds or half-Gaussian with best value at

zero that may penalize deviating from null predictions when this might not be supported by

experimental evidence (in particular when the number of bounds included in the analysis is

significant).

Simulations are done for both normal and inverted hierarchy. In each point of the pa-

rameter space we compute the full χ2, including all measurements and bounds. In the plots

we show the regions with the total ∆χ2 ≤ 6, which corresponds to 95% confidence levels

with two variables.

Parameter Allowed range

∆S (7.50± 0.19)× 10−5 eV2

∆A (2.45± 0.07)× 10−3eV2

sin2 θ12 0.30± 0.13

sin2 θ23 (0.42± 0.04) ∪ (0.60± 0.04)

sin2 θ13 0.023± 0.002

δ, φ [0, 2π]

arg(gee), arg(geµ), arg(geτ ) [0, 2π]

fµτ , |gee|, |geµ|, |geτ | [10−7, 5]

mh [100, 2× 103] GeV

mk [200, 2× 103] GeV

µ [1, 2κ× 103] GeV

Table IV: Allowed ranges for the parameter scan (Neutrino oscillation parameters are obtained

from [51–53]).

To compare our results with the analysis presented a few years ago by some of us [12]

some remarks are in order: first, here we have updated the experimental input on LFV and

neutrino oscillation parameters, as well as LHC direct searches. The new limits, in particular

on µ → eγ, tend to reduce the allowed regions but not dramatically. Especially important

is the determination of sin θ13: as shown in [12], already before its measurement the ZB
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Figure 6: mh vs mk for NH (left) and IH (right) for different values of the perturbative parameter

κ = 1, 5, 4π (dark to light colours).

model predicted a large mixing angle θ13 in the case of IH spectrum, close to the previous

experimental upper limit, while for NH any value of θ13 below the bound was allowed. In

fact, a very small value of θ13 would have ruled out the IH possibility within the ZB model.

Second, although the scanning of parameters is performed like in [12], we have chosen here to

present results in terms of profiles of highest likelihood, which are insensitive to the volume

of the parameter space and the priors used to scan it. This allows us to explore regions

where parameters are fine tuned (after all, Yukawa couplings always require a certain degree

of fine tuning). This is important since, as we have seen, the model is highly constrained at

present and less conservative assumptions could exclude it before time, at least in the region

of low masses. Moreover, we focus only on the region of masses with phenomenological

interest (mh,k < 2 TeV) precisely to explore better the region of low masses.

In fig. 6 we depict the points allowed by neutrino oscillation data and all low energy

constraints in the plane (mh,mk) for the two mass orderings (NH and IH) and different

values of the fine-tuning parameter in eq. (9) (κ = 1 darker, κ = 5 dark, κ = 4π light). The

results of the numerical analysis imply that in general the indirect lower bounds on mh and

mk from neutrino oscillation data and low energy constraints are stronger than the current

limits from direct searches, except when cancellations occur for δ, φ ∼ π, especially in the

IH case, and/or when naturality assumptions on µ are relaxed, allowing for κ = 4π. In

table V we summarize the lower bounds on the scalar masses obtained for the three values
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NH IH

κ 1 5 4π 1 5 4π

mh (GeV) 700 (1000) 300 (400) 200 (250) 220 (> 2000) 100 (1000) 100 (650)

mk (GeV) 700 (1100) 300 (450) 200 (250) 200 (> 2000) 200 (1000) 200 (550)

Table V: Lower bounds for the scalar masses for NH and IH and the naturality constraints

parametrized by the three values of κ. We present results for δ = π (δ = 0) (see figs. 6 and

7).

Figure 7: δ vs mk in NH (left) and IH (right).

of the naturality parameter κ, and two illustrative values of the Dirac phase, δ = 0, π. For

δ ∼ −π/2, as might be suggested by a recent analysis [51], the bounds are slightly weaker

than in the δ = 0 case (see fig. 7).

The correlation between the CP phase δ of the neutrino mixing matrix and the scalar

masses is illustrated in fig. 7, where we plot δ versus the doubly charged scalar mass, mk.
10

Such correlation is especially relevant in the IH case, where scalar masses lower than ∼ 1

TeV are only allowed if δ ∼ π. A similar correlation with the phase φ was already found in

[12] for IH spectrum, so we do not show it here.

Regarding the singly charged scalar h±, the width of its decay modes (eν, µν, τν) is fixed

by the fia couplings to leptons (see for instance [11, 12] for the relevant formulae). Therefore,

10 The correlation of δ with mh is entirely analogous.
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Figure 8: Branching ratios of the charged singlet h to eν, µν, τν splitting the two currently allowed

octants of θ23, θ23 < 45◦ (θ23 > 45◦) left (right). One can see the dependence on δ for the

NH spectrum in the µν and τν channels. The most significant change between octants is the

interchange of the µν and τν for the IH case. The bands are 95% C.L. regions.

after the measurement of θ13, present neutrino oscillation data determine completely the BRs

of h from eqs. (37) and (38), up to a residual dependence on the CP phase δ in the case

of NH spectrum. In this case, a very precise measurement of the branching ratios in the

µν or τν channels (probably in a next generation collider) will predict the CP phase δ, and

viceversa. We show the ranges attainable by the different BRs in fig. 8, as a function of

δ, splitting the two currently allowed octants of θ23. The most significant change between

octants is the interchange of the µν and τν for the IH case. Clearly, the best option to

discriminate between hierarchies is the eν channel.

An important point of the ZB model is that the doubly charged scalar can decay to two

singly charged scalars, which are difficult to detect at the LHC. However, in fig. 6 we see

that for a NH neutrino mass spectrum mh > 200 GeV, and the channel k → hh is closed for

mk < 400 GeV. Therefore, present bounds on mk from dilepton searches at LHC discussed

in II D apply. For the IH case, the k → hh channel is always open and can be dominant,

unless κ = 1, for which we obtain that it is closed in the region mk < 440 GeV. Thus in

general current direct bounds from LHC are weaker.

Let us now turn to the gab couplings. We find always gττ � gµτ , both for the NH
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Figure 9: log |gµµ/gµτ | and log |gττ/gµτ | vs δ for NH (left) and IH (right). The horizontal red lines

represent the naive approximation in eq. (42).

and IH cases, in agreement with the analytic estimates in eq. (42); however the expected

ratio gµµ/gµτ ∼ mτ/mµ is only fulfilled for the NH spectrum, since in the IH case large

cancellations when the phases of the PMNS matrix U are δ ∼ φ ∼ π lead to smaller

gµµ � gµτ . This can be seen in fig. 9, where we show the ratios gττ/gµτ and gµµ/gµτ

obtained in the numerical simulation as a function of δ, together with the expectation based

on the analytic approximations, which is just a constant fixed by the charged lepton masses
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Figure 10: log |gµµ| vs mk for NH (left) and log |gµτ | vs mk for IH (right).

(red horizontal line)11.

To set the absolute scale of the couplings we present in fig. 10 the value of the largest

couplings against mk, namely gµµ in the NH case, and gµτ in the IH case. We see that in

both cases the couplings are always in the range from 10−2 to 1 and therefore they tend to

dominate the decays of the k++.

Regarding the couplings gea, which are not determined by the neutrino mass matrix,

bounds from LFV charged lepton decays strongly constrain geτ and geµ to be less than

O(0.01), while gee can be larger, O(1). The constraint on |geegeµ| from µ→ 3e implies that

|geegeµ| < 2.3× 10−5 (mk/TeV)2 and it is illustrated in fig. 11.

Since the widths of the k±± leptonic decay modes are directly related to these couplings,

from the above results we can readily infer the corresponding BRs. We find that the prob-

ability of k → eµ, eτ, ττ is always negligible (even in the IH case, geµ can be at most 0.1

and only when δ ∼ π). For mk
<∼ 400 GeV, and NH neutrino spectrum, BR(k → ee) +

BR(k → µµ) ∼ 1, since the k → hh decay channel is closed; therefore k±± can not evade

current LHC bounds on doubly-charged scalar searches and the limit mk > 310 GeV applies

(400 GeV if no signal is found at 8 TeV with 20 fb−1 [36]). In the same mk range, for IH

11 In the NH case there can also be cancellations with the geτ terms, which have been neglected in eq. (43),

that would allow much smaller values of gττ and gµτ , but those only occur for κ = 4π and in a tiny region

of the parameter space.
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Figure 11: log |geµ| vs log |gee| for NH (left) and IH (right).

neutrino spectrum the BR(k → µτ) can also be significant and the channel k → hh is open

(unless κ = 1, for which it is only open for mk > 440 GeV), thus the present bound is

weaker.

When the upcoming LHC 13-14 TeV data is available, it is important to take into account

that the decay channel k → hh is open for mk
>∼ 400 GeV, and can be dominant, so in this

mass range limits on doubly-charged scalars from dilepton searches will not apply to the ZB

model. On the contrary, if a doubly charged scalar were detected at LHC in any mass range,

neutrino oscillation data and low energy constraints are powerful enough to falsify the ZB

model to a large extent. For instance, we know that BR(k → eµ, eτ, ττ) are negligible for

any neutrino mass spectrum, while a sizeable BR(k → µτ) is only compatible with an IH

spectrum.

VI. CONCLUSIONS

We have analyzed the ZB model in the light of recent data: the measured neutrino mixing

angle θ13, limits from the rare decay µ→ eγ and LHC results. Although the model contains

many free parameters, neutrino oscillation data and low energy constraints are powerful

enough to rule out sizeable regions of the parameter space. A large source of uncertainty

comes from the mass scale of the new physics, which is unknown. Since we are interested
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on possible signatures at the LHC, we present results for the masses of the extra scalar

fields below 2 TeV. Previous analyses [11, 12] have shown that larger mass scales are always

allowed, given the absence of significant deviations from the SM besides neutrino masses.

Even within this reduced scenario, there is still a free mass parameter, the trilinear cou-

pling between the charged scalars, µ, which remains mainly unconstrained. Naturality ar-

guments together with perturbativity and vacuum stability bounds, indicate that µ can not

be much larger than the physical scalar masses, mk,mh, but it is not possible to determine

a precise theoretical limit. Because the neutrino masses depend linearly on the parameter

µ, the ability of the model to accommodate all present data is quite sensitive to the upper

limit allowed for it, so we have considered three limiting values, µ < κmin(mk,mh), with

κ = 1, 5, 4π. Within the above ranges for the mass parameters of the ZB model, we have

performed an exhaustive numerical analysis using Monte Carlo Markov Chains (MCMC),

incorporating all the current experimental information available, both for NH and IH neu-

trino masses. The results of the analysis are presented in sec. V and summarized in figs. 6

– 11.

We have addressed the possibility that the slight excess in the Higgs diphoton decay

observed by the ATLAS collaboration is due to virtual loops of the extra charged scalars

of the ZB model, h± and k±±. Note that in the Zee-Babu model, as the new particles

are singlets, there is a negative correlation between H → γγ and H → γZ. Although a

similar study has been performed in [22], it was limited to the scalar sector parameters of

the model, and neutrino data, which we find crucial to determine the allowed charged scalar

masses, was not included in the analysis. In agreement with [22], we find that in order to

accommodate an enhanced H → γγ decay rate, large and negative λhH , λkH couplings are

needed, together with light scalar masses mh < 200 GeV, mk < 300 GeV. Such couplings

are in conflict with the stability of the potential, unless the self-couplings λh,k are pushed

close to the naive perturbative limit, ∼ 4π. As a consequence, even if vacuum stability

and perturbativity constraints are satisfied at the electroweak scale, RGE running leads to

non-perturbative couplings at scales not far from the electroweak scale, as shown in fig. 2.

When neutrino data and low energy constraints are taken into account, we still find

regions of the parameter space in which such enhancement is compatible with all current

experimental data; in particular, it seems easier if the enhancement is due to the doubly-

charged scalar loop contribution. As can be seen in fig. 6, in the NH case, the trilinear

32



coupling µ should be near its upper limit, while in the IH case lower masses can be achieved

in the region δ ∼ φ ∼ π due to cancellations.

Regarding LHC bounds on the doubly-charged scalar mass, they are largely dependent

on the BRs of the k±± decay modes, namely same sign leptons `±a `
±
b and h±h±. The leptonic

decay widths are controlled by the gab couplings to the right-handed leptons, which are in

principle unknown. By imposing that the measured neutrino mass matrix is reproduced,

within the approximation me = 0 one obtains analytically that gττ : gµτ : gµµ ∼ m2
µ/m

2
τ :

mµ/mτ : 1, while there is no information on the gea couplings. Our numerical analysis

confirms the above ratio of couplings in the case of NH, but for the IH spectrum there can be

large cancellations if the PMNS matrix phases δ, φ are close to π, leading to gττ � gµτ ∼ gµµ.

In both cases, geµ, geτ <∼ 0.1.

Moreover, in NH, if mk < 400 GeV for κ = 4π (mk < 600 GeV if κ = 5), mh < mk/2 is

ruled out, therefore the decay channel k → hh is kinematically closed and the LHC bounds

from doubly-charged scalar searches can not be evaded. In IH, however, for δ ∼ φ ∼ π the

k → hh channel is open unless κ = 1, while if δ is very different from π, indirect bounds on

mk set a much stronger constraint than direct LHC searches.

As a consequence, if the light neutrino spectrum is NH, k decays mainly to ee, µµ, and

the current bound from LHC is mk > 310 GeV, while if the spectrum is IH, k may also decay

to µτ and hh, so the present bound is weaker, about 200 GeV. Were a doubly-charged boson

discovered at LHC, the measurement of its leptonic BRs could rule out the ZB model, or

predict a definite neutrino mass spectrum. Conversely, if a CP phase δ is measured in future

neutrino oscillation experiments to be quite different from π together with an IH spectrum,

the mass of the charged scalars of the ZB model will be pushed up well outside the LHC

reach.

Note: During the final stages of this work we became aware of [54], where an analysis

of the Zee-Babu model was performed. Our bounds on the scalar masses are comparable

to theirs taking into account the slightly different procedures, in particular that they fix

the neutrino oscillation parameters to their best fit values and we allow them to vary in

their two sigma range. While in our work we focus on prospects for the LHC, in [54] the

possibility of detecting the doubly charged singlet in a future linear collider is studied.
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Appendix A: RGES IN THE ZB MODEL

16π2βH =
3

8

[
(g2 + g′2)2 + 2g4

]
− (3g′2 + 9g2)λH + 24λ2

H + λ2
hH + λ2

kH − 6y4
t + 12λHy

2
t

16π2βh = 6g′4 − 12g′2λh + 20λ2
h + 2λ2

hH + λ2
hk

16π2βk = 96g′4 − 48g′2λk + 20λ2
k + 2λ2

kH + λ2
hk

16π2βhH = 3g′4 − (
15

2
g′2 +

9

2
g2)λhH + 12λHλhH + 8λhλhH + 2λkHλhk + 4λ2

hH + 6λhHy
2
t

16π2βkH = 12g′4 − (
51

2
g′2 +

9

2
g2)λkH + 12λHλkH + 8λkλkH + 2λhHλhk + 4λ2

kH + 6λkHy
2
t

16π2βhk = 48g′4 − 30g′2λhk + 4λkHλhH + 8λhλhk + 8λkλhk + 4λ2
hk , (A1)

16π2βg′ =
5

3

(
41

10
+ 1

)
g′3

16π2βg = −19

6
g3

16π2βg3 = −7g3
3 , (A2)

16π2βt = yt

{
9

2
y2
t −

(
17

12
g′2 +

9

4
g2 + 8g2

3

)}
. (A3)
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Here g3, g, g
′ are the SM SU(3)C , SU(2)L and U(1)Y gauge couplings, respectively, and

we have neglected all the Yukawa couplings but the top quark Yukawa, yt. We have also

neglected the fab, gab couplings because for the range of singlet scalar masses that we consider

(≤ 2 TeV), they are are severely constrained by LFV and are much smaller than 1 except

for some corners of the parameter space where some of them could be order one. For the

analysis of the vacuum stability of the scalar potential fab, gab are subdominant, specially

in the region of large and negative mixed scalar couplings required to accommodate the

diphoton excess in Higgs decays. For smaller mixed scalar couplings, however, a more

detailed analysis including all Yukawa couplings and taking also into account leading two-

loop effects (as well as top quark mass uncertainties for the Higgs quartic coupling) should

be carried out, which is beyond the scope of this work.

Appendix B: LOOP FUNCTIONS FOR H → γγ AND H → Zγ

• Functions relevant for H → γγ:

A0(x) = −x+ x2 f

(
1

x

)
(B1)

A1/2(x) = 2x+ 2x(1− x) f

(
1

x

)
(B2)

A1(x) = −2− 3x− 3x(2− x) f

(
1

x

)
(B3)

• Functions relevant for H → Zγ:

A0(x, y) = I1(x, y) (B4)

A1/2(x, y) = I1(x, y)− I2(x, y) (B5)

A1(x, y) = 4(3− tan2 θw)I2(x, y) +
[
(1 + 2x−1) tan2 θw − (5 + 2x−1)

]
I1(x, y) (B6)

where

I1(x, y) =
xy

2(x− y)
+

x2y2

2(x− y)2

[
f(x−1)− f(y−1)

]
+

x2y

(x− y)2

[
g(x−1)− g(y−1)

]
(B7)

I2(x, y) = − xy

2(x− y)

[
f(x−1)− f(y−1)

]
(B8)

and, for a Higgs mass below the kinematic threshold of the loop particle, mH < 2mi,

f(x) = arcsin2
√
x , (B9)

g(x) =
√
x−1 − 1 arcsin

√
x . (B10)

35



[1] R. Mohapatra, S. Antusch, K. Babu, G. Barenboim, M.-C. Chen, et al., Theory of neutrinos:

A White paper, Rept.Prog.Phys. 70 (2007) 1757–1867, [arXiv:hep-ph/0510213] [InSPIRE].

[2] M. Gonzalez-Garcia and M. Maltoni, Phenomenology with Massive Neutrinos, Phys.Rept.

460 (2008) 1–129, [arXiv:0704.1800] [InSPIRE].

[3] Particle Data Group, J. Beringer et al., Review of Particle Physics (RPP), Phys.Rev.

D86 (2012) 010001 [InSPIRE].

[4] Intensity Frontier Neutrino Working Group, A. de Gouvea et al., Neutrinos,

[arXiv:1310.4340] [InSPIRE].

[5] A. Zee, Quantum Numbers of Majorana Neutrino Masses, Nucl.Phys. B264 (1986) 99

[InSPIRE].

[6] K. Babu, Model of ’Calculable’ Majorana Neutrino Masses, Phys.Lett. B203 (1988) 132

[InSPIRE].

[7] T. Cheng and L.-F. Li, Neutrino Masses, Mixings and Oscillations in SU(2) x U(1) Models

of Electroweak Interactions, Phys.Rev. D22 (1980) 2860 [InSPIRE].

[8] F. del Aguila, A. Aparici, S. Bhattacharya, A. Santamaria, and J. Wudka, A realistic model

of neutrino masses with a large neutrinoless double beta decay rate, JHEP 1205 (2012) 133,

[arXiv:1111.6960] [InSPIRE].

[9] F. del Aguila, A. Aparici, S. Bhattacharya, A. Santamaria, and J. Wudka, Neutrinoless

double β decay with small neutrino masses, PoS Corfu2012 (2013) 028, [arXiv:1305.4900]

[InSPIRE].

[10] K. Babu and C. Macesanu, Two loop neutrino mass generation and its experimental

consequences, Phys.Rev. D67 (2003) 073010, [arXiv:hep-ph/0212058] [InSPIRE].

[11] D. Aristizabal Sierra and M. Hirsch, Experimental tests for the Babu-Zee two-loop model of

Majorana neutrino masses, JHEP 0612 (2006) 052, [arXiv:hep-ph/0609307] [InSPIRE].

[12] M. Nebot, J. F. Oliver, D. Palao, and A. Santamaria, Prospects for the Zee-Babu Model at

the CERN LHC and low energy experiments, Phys.Rev. D77 (2008) 093013,

[arXiv:0711.0483] [InSPIRE].

[13] T. Ohlsson, T. Schwetz, and H. Zhang, Non-standard neutrino interactions in the Zee-Babu

model, Phys.Lett. B681 (2009) 269–275, [arXiv:0909.0455] [InSPIRE].

36



[14] DOUBLE-CHOOZ Collaboration, Y. Abe et al., Indication for the disappearance of

reactor electron antineutrinos in the Double Chooz experiment, Phys.Rev.Lett. 108 (2012)

131801, [arXiv:1112.6353] [InSPIRE].

[15] DAYA-BAY Collaboration, F. An et al., Observation of electron-antineutrino

disappearance at Daya Bay, Phys.Rev.Lett. 108 (2012) 171803, [arXiv:1203.1669]

[InSPIRE].

[16] RENO collaboration, J. Ahn et al., Observation of Reactor Electron Antineutrino

Disappearance in the RENO Experiment, Phys.Rev.Lett. 108 (2012) 191802,

[arXiv:1204.0626] [InSPIRE].

[17] MEG Collaboration, J. Adam et al., New constraint on the existence of the µ→ eγ decay,

Phys.Rev.Lett. 110 (2013) 201801, [arXiv:1303.0754] [InSPIRE].

[18] ATLAS Collaboration, G. Aad et al., Search for doubly-charged Higgs bosons in like-sign

dilepton final states at
√
s = 7 TeV with the ATLAS detector, Eur.Phys.J. C72 (2012) 2244,

[arXiv:1210.5070] [InSPIRE].

[19] CMS Collaboration, S. Chatrchyan et al., A search for a doubly-charged Higgs boson in pp

collisions at
√
s = 7 TeV, Eur.Phys.J. C72 (2012) 2189, [arXiv:1207.2666] [InSPIRE].

[20] ATLAS Collaboration, G. Aad et al., Observation of a new particle in the search for the

Standard Model Higgs boson with the ATLAS detector at the LHC, Phys.Lett. B716 (2012)

1–29, [arXiv:1207.7214] [InSPIRE].

[21] CMS Collaboration, S. Chatrchyan et al., Observation of a new boson at a mass of 125

GeV with the CMS experiment at the LHC, Phys.Lett. B716 (2012) 30–61,

[arXiv:1207.7235] [InSPIRE].

[22] W. Chao, J.-H. Zhang, and Y. Zhang, Vacuum Stability and Higgs Diphoton Decay Rate in

the Zee-Babu Model, JHEP 1306 (2013) 039, [arXiv:1212.6272] [InSPIRE].

[23] D. Dicus and V. Mathur, Upper bounds on the values of masses in unified gauge theories,

Phys.Rev. D7 (1973) 3111–3114 [InSPIRE].

[24] B. W. Lee, C. Quigg, and H. Thacker, Weak Interactions at Very High-Energies: The Role

of the Higgs Boson Mass, Phys.Rev. D16 (1977) 1519 [InSPIRE].

[25] J. Frere, D. Jones, and S. Raby, Fermion Masses and Induction of the Weak Scale by

Supergravity, Nucl.Phys. B222 (1983) 11 [InSPIRE].

[26] L. Alvarez-Gaume, J. Polchinski, and M. B. Wise, Minimal Low-Energy Supergravity,

37



Nucl.Phys. B221 (1983) 495 [InSPIRE].

[27] J. Casas and S. Dimopoulos, Stability bounds on flavor violating trilinear soft terms in the

MSSM, Phys.Lett. B387 (1996) 107–112, [arXiv:hep-ph/9606237] [InSPIRE].

[28] K. L. McDonald and B. McKellar, Evaluating the two loop diagram responsible for neutrino

mass in Babu’s model, [arXiv:hep-ph/0309270] [InSPIRE].

[29] A. Pich, Precision Tau Physics, [arXiv:1310.7922] [InSPIRE].

[30] M. Raidal and A. Santamaria, Muon electron conversion in nuclei versus mu→ eγ: an

effective field theory point of view, Phys.Lett. B421 (1998) 250–258,

[arXiv:hep-ph/9710389] [InSPIRE].

[31] H. Witte, B. Muratori, K. Hock, R. Appleby, H. Owen, et al., Status of the PRISM FFAG

Design for the Next Generation Muon-to-Electron Conversion Experiment, Conf.Proc.

C1205201 (2012) 79–81 [InSPIRE].

[32] COMET Collaboration, Y. Kuno, A search for muon-to-electron conversion at J-PARC:

The COMET experiment, PTEP 2013 (2013) 022C01 [InSPIRE].

[33] mu2e Collaboration, G. Onorato, The Mu2e experiment at Fermilab: µ−N → e−N ,

Nucl.Instrum.Meth. A718 (2013) 102–103 [InSPIRE].

[34] F. del Aguila, A. Aparici, S. Bhattacharya, A. Santamaria, and J. Wudka, Effective

Lagrangian approach to neutrinoless double beta decay and neutrino masses, JHEP 1206

(2012) 146, [arXiv:1204.5986] [InSPIRE].

[35] J. Tang and W. Winter, Physics with near detectors at a neutrino factory, Phys.Rev. D80

(2009) 053001, [arXiv:0903.3039] [InSPIRE].

[36] F. del Aguila and M. Chala, LHC bounds on Lepton Number Violation mediated by doubly

and singly-charged scalars, [arXiv:1311.1510] [InSPIRE].

[37] H. Sugiyama, K. Tsumura, and H. Yokoya, Discrimination of models including doubly

charged scalar bosons by using tau lepton decay distributions, Phys.Lett. B717 (2012)

229–234, [arXiv:1207.0179] [InSPIRE].

[38] F. del Aguila, M. Chala, A. Santamaria, and J. Wudka, Discriminating between lepton

number violating scalars using events with four and three charged leptons at the LHC,

Phys.Lett. B725 (2013) 310–315, [arXiv:1305.3904] [InSPIRE].

[39] F. del Aguila, M. Chala, A. Santamaria, and J. Wudka, Distinguishing between lepton

number violating scalars at the LHC, [arXiv:1307.0510] [InSPIRE].

38



[40] M. Muhlleitner and M. Spira, A Note on doubly charged Higgs pair production at hadron

colliders, Phys.Rev. D68 (2003) 117701, [arXiv:hep-ph/0305288] [InSPIRE].

[41] S. Kanemura, T. Kasai, G.-L. Lin, Y. Okada, J.-J. Tseng, et al., Phenomenology of Higgs

bosons in the Zee model, Phys.Rev. D64 (2001) 053007, [arXiv:hep-ph/0011357] [InSPIRE].

[42] K. Kannike, Vacuum Stability Conditions From Copositivity Criteria, Eur.Phys.J. C72

(2012) 2093, [arXiv:1205.3781] [InSPIRE].

[43] G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa, G. F. Giudice, et al., Higgs mass and

vacuum stability in the Standard Model at NNLO, JHEP 1208 (2012) 098,

[arXiv:1205.6497] [InSPIRE].

[44] ATLAS Collaboration, Measurements of the properties of the Higgs-like boson in the two

photon decay channel with the ATLAS detector using 25 fb−1 of proton-proton collision data,

[InSPIRE].

[45] CMS Collaboration, Updated measurements of the Higgs boson at 125 GeV in the two

photon decay channel, [InSPIRE].

[46] M. Carena, I. Low, and C. E. Wagner, Implications of a Modified Higgs to Diphoton Decay

Width, JHEP 1208 (2012) 060, [arXiv:1206.1082] [InSPIRE].

[47] J. R. Ellis, M. K. Gaillard, and D. V. Nanopoulos, A Phenomenological Profile of the Higgs

Boson, Nucl.Phys. B106 (1976) 292 [InSPIRE].

[48] M. A. Shifman, A. Vainshtein, M. Voloshin, and V. I. Zakharov, Low-Energy Theorems for

Higgs Boson Couplings to Photons, Sov.J.Nucl.Phys. 30 (1979) 711–716 [InSPIRE].

[49] J. F. Gunion, H. E. Haber, G. L. Kane, and S. Dawson, The Higgs Hunter’s Guide,

Front.Phys. 80 (2000) 1–448 [InSPIRE].

[50] C.-S. Chen, C.-Q. Geng, D. Huang, and L.-H. Tsai, New Scalar Contributions to h→ Zγ,

Phys.Rev. D87 (2013) 075019, [arXiv:1301.4694] [InSPIRE].

[51] M. Gonzalez-Garcia, M. Maltoni, J. Salvado, and T. Schwetz, Global fit to three neutrino

mixing: critical look at present precision, JHEP 1212 (2012) 123, [arXiv:1209.3023]

[InSPIRE].

[52] D. Forero, M. Tortola, and J. Valle, Global status of neutrino oscillation parameters after

Neutrino-2012, Phys.Rev. D86 (2012) 073012, [arXiv:1205.4018] [InSPIRE].

[53] G. Fogli, E. Lisi, A. Marrone, D. Montanino, A. Palazzo, et al., Global analysis of neutrino

masses, mixings and phases: entering the era of leptonic CP violation searches, Phys.Rev.

39



D86 (2012) 013012, [arXiv:1205.5254] [InSPIRE].

[54] D. Schmidt, T. Schwetz, and H. Zhang, Status of the Zee-Babu model for neutrino mass and

possible tests at a like-sign linear collider, [arXiv:1402.2251] [InSPIRE].

40



J
H
E
P
0
7
(
2
0
1
2
)
0
3
0

Published for SISSA by Springer

Received: April 4, 2012

Accepted: June 15, 2012

Published: July 5, 2012

On the nature of the fourth generation neutrino and

its implications
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1 Introduction

In the framework of the Standard Model (SM), fermions are grouped into three families,

each containing a doublet of quarks and a doublet of leptons. The number of families is not

a constructive parameter of the theory, and it could well be four or more; for this reason,

the enlargement of the SM with new generations has been commonly considered [1], and it

has proven to help in dealing with several problems, such as the lack of CP violation in the

SM to explain the baryon asymmetry of the universe [2] or the structure of the leptonic

mass matrices [3]. The currently available SM observables, however, constrain quite tightly

the properties of such new families [4], and the global electroweak fits seem to disfavour

a scenario with more than five generations [5, 6]; maybe the most striking result against

the existence of additional families is the LEP measurement of the number of neutrinos
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at the Z peak, which forbids more than three light neutrinos [4], but even this can be

dodged if the neutrinos of the new generations are too heavy to be produced in Z decays.

All in all, the existence of new generations is not actually excluded, and it seems worth

being considered [1], even more now that the LHC is working and exploring the relevant

mass range.

On the other hand, right-handed neutrinos constitute a common new physics proposal,

usually linked to the generation of neutrino masses. This is particularly interesting nowa-

days, ever since we gathered compelling evidence that neutrinos do have masses, that they

lie well below the other fermions’ ones, and that their mixing patterns differ extraordinar-

ily from those of the quark sector (for a review on the matter of neutrino masses see, for

example, [7]). The most straightforward way to construct a mass term for the neutrinos

within the SM is just to rely on the Higgs mechanism, and so to write the corresponding

Yukawa couplings; for that aim, one needs some fermionic fields which carry no SM charge:

right-handed neutrinos. However, we do not know whether neutrinos are Dirac or Majo-

rana. If they are Dirac, the smallness of the neutrino mass scale remains unexplained, for

it would be just a product of the smallness of the corresponding Yukawa couplings. In

order to provide such an explanation, many models and mechanisms have been proposed:

in the so-called see-saw models, the lightness of the neutrino mass scale is a consequence

of the heaviness of another scale. For instance, this scale is the lepton-number-violating

(LNV) Majorana mass of the extra right-handed neutrinos in type I see-saw [8–11]. On the

other hand, radiative models propose that neutrino masses are originated via suppressed,

high-order processes [12–15]. Although some of these proposals do not require right-handed

neutrinos, for the sake of generality it is a good idea to consider their possible involvement

in the generation of neutrino masses.

In this work we aim to discuss the naturality of the various scenarios arising when

new generations and right-handed neutrinos are brought together. Several previous works

have considered such association, either explicitly, in order to provide a mechanism for

mass generation, or implicitly, when assuming Dirac neutrinos in their analyses [16–25].

We argue that unless a symmetry is invoked which separates the new family from the first

three, the coexistence of both Dirac and Majorana neutrinos is not stable under radiative

corrections and doesn’t seem natural [25, 26]. Furthermore, the presence of a fourth family

plus a right-handed Majorana neutrino triggers the generation of Majorana masses for the

light species through a well-known mechanism [16, 17, 23, 25, 27–29]; the upper bounds on

the light neutrino masses can thus be translated into bounds on the mixings with the new,

heavy generations.

This paper is structured as follows. In section 2 we start by reviewing the different

mechanisms which can provide light neutrino masses. In section 3 we discuss the natural-

ness of those mechanisms to generate the fourth-family neutrino mass and conclude that

at least one right-handed neutrino is needed. Assuming that light neutrinos are Majorana,

we use naturalness arguments to provide a lower bound on the Majorana mass of the right-

handed neutrino. In section 4 we consider a minimal four generation SM with only one

relatively light right-handed neutrino and Majorana masses for light neutrinos parametrized

by the Weinberg operator [30, 31]. We describe the radiative, two-loop contribution of the

– 2 –
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heavy fourth-family neutrinos to the light neutrino mass matrix. In section 5 we discuss

the phenomenological consequences of this minimal four-generation scenario with heavy

Majorana neutrinos (lepton flavour violation, universality bounds, light neutrino masses,

neutrinoless double beta decay,. . . ), and we conclude in section 6. Appendix A is devoted

to describe an explicit example in which a finite Majorana mass for the fourth-generation

right-handed neutrino is radiatively generated.

2 Light neutrino masses

The huge hierarchy between neutrino masses and those of all other fermions has triggered

the appearance of many different mechanisms to explain the lightness of neutrinos. Here

we briefly review some of these mechanisms, with special emphasis on the frameworks that

are able to explain neutrino masses including a fourth generation, which will be discussed

in the next section.

2.1 Dirac masses

If there are right-handed neutrinos and a conserved global symmetry (for instance B − L)

prevents them from having a Majorana mass, neutrinos are Dirac particles, as all other

fermions in the SM. However, in this scenario there is no explanation for the smallness

of neutrino masses, having to impose by hand extremely tiny Yukawa couplings, approxi-

mately 6 (11) orders of magnitude smaller than the electron (top) one. Therefore, although

in principle it is possible, a Dirac nature does not seem the most natural option for neutri-

nos (but see, for example, [3], for a proposal in this direction which avoids tiny Yukawas).

2.2 Seesaw

Seesaw models are minimal extensions of the SM which can naturally lead to tiny (Majo-

rana) neutrino masses, keeping the SM gauge symmetry, SU(3)C ⊗ SU(2)L ⊗ U(1)Y and

renormalizability, but giving up the (accidental) lepton number conservation of the SM.

Let’s explain briefly the different types to fix notation.

2.2.1 Type I: fermionic singlets

In type I see-saw [8–11, 32], n SM fermionic singlets with zero hypercharge are added to

the SM; these have the quantum numbers of right-handed neutrinos, and can be denoted

by νRi. Note that to explain neutrino data, which requires al least two massive neutrinos,

a minimum of two extra singlets are needed. Having no charges under the SM, Majorana

masses for right-handed neutrinos are allowed by gauge invariance, so the new terms in the

Lagrangian are:

LνR = i νRγ
µ∂µνR −

(
1

2
νc

RMνR + ` φ̃ Y νR + H.c.

)
, (2.1)

where ` and φ are respectively the lepton and Higgs SM doublets, φ̃ = i τ2 φ
∗ with τ2, the

second Pauli matrix, acting on the SU(2)L indices, M is a n× n symmetric matrix, Y is a

general 3×n matrix and we have omitted flavour indices for simplicity. After spontaneous

– 3 –
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symmetry breaking (SSB), 〈φ〉 = vφ with vφ = 174 GeV, the neutrino mass terms are

given by

Lν mass = −1

2

(
νL νc

R

) ( 0 mD

mT
D M

) (
νc

L

νR

)
+ H.c. , (2.2)

where mD = Y vφ. The mass scale for right-handed neutrinos is in principle free, however

if M � mD, upon block-diagonalization one obtains n heavy leptons which are mainly

SM singlets, with masses ∼ M , and the well-known see-saw formula for the effective light

neutrino Majorana mass matrix,

mν ' −mDM
−1mT

D , (2.3)

which naturally explains the smallness of light neutrino masses as a consequence of the

presence of heavy SM singlet leptons.

2.2.2 Type II: scalar triplet

The type II see-saw [33–37] only adds to the SM field content one scalar triplet with

hypercharge Y = 1 (we adopt the convention that Q = Y + T3) and assigns to it lepton

number L = −2. In the doublet representation of SU(2)L the triplet can be written as a

2× 2 matrix, whose components are

χ =

(
χ+/
√

2 χ++

χ0 −χ+/
√

2

)
. (2.4)

Gauge invariance allows a Yukawa coupling of the scalar triplet to two lepton doublets,

Lχ =
(

(Y †χ )αβ ˜̀
αχ`β + H.c.

)
− V (φ, χ) (2.5)

where Yχ is a symmetric matrix in flavour space, and ˜̀= iτ2 `
c. The scalar potential has,

among others, the following terms:

V (φ, χ) = m2
χ Tr[χχ†]−

(
µ φ̃†χ†φ+ H.c.

)
+ . . . (2.6)

The µ coupling violates lepton number explicitly, and it induces a vacuum expectation

value (VEV) for the triplet via the VEV of the doublet, even if mχ > 0. In the limit

mχ � vφ this VEV can be approximated by:

〈χ〉 ≡ vχ '
µv2

φ

m2
χ

; (2.7)

then, the Yukawa couplings in equation (2.5) lead to a Majorana mass matrix for the

left-handed neutrinos

mν = 2Yχvχ = 2Yχ
µv2

φ

m2
χ

. (2.8)

Neutrino masses are thus proportional to both Yχ and µ. Such dependence can be un-

derstood from the Lagrangian, since the breaking of lepton number L results from the
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simultaneous presence of the Yukawa and µ couplings. As long as m2
χ is positive and large,

vχ will be small, in agreement with the constraints from the ρ parameter, vχ . 6 GeV [38].1

Moreover, the parameter µ, which has dimensions of mass, can be naturally small, because

in its absence lepton number is recovered, increasing the symmetry of the model.

2.2.3 Type III: fermionic triplets

In the type III see-saw model [40, 41], the SM is extended by fermion SU(2)L triplets

Σα with zero hypercharge. As in type I, at least two fermion triplets are needed to

have two non-vanishing light neutrino masses. We choose the spinors Σα to be right-

handed under Lorentz transformations and write them in SU(2) Cartesian components
~Σα = (Σ1

α,Σ
2
α,Σ

3
α). The Cartesian components can be written in terms of charge eigen-

states as usual

Σ+
α =

1√
2

(Σ1
α − iΣ2

α) , Σ0
α = Σ3

α , Σ−α =
1√
2

(Σ1
α + iΣ2

α) , (2.9)

and the charged components can be further combined into negatively charged Dirac fermions

Eα = Σ−α +Σ+c
α . Using standard four-component notation the new terms in the Lagrangian

are given by

LΣ = i ~Σαγ
µDµ · ~Σα −

(
1

2
Mαβ

~Σc
α · ~Σβ + Yαβ `α

(
~τ · ~Σβ

)
φ̃+ H.c.

)
, (2.10)

where Y is the Yukawa coupling of the fermion triplets to the SM lepton doublets and the

Higgs, and M their Majorana mass matrix, which can be chosen to be diagonal and real

in flavour space.

After SSB the neutrino mass matrix can be written as

Lν mass = −
1

2

(
νL Σ0c

) ( 0 mD

mT
D M

) (
νc

L

Σ0

)
+ H.c. , (2.11)

which is the same as in the type I see-saw just replacing the singlet right-handed neutri-

nos by the neutral component of the triplets, Σ0
α, and therefore leads to a light neutrino

Majorana mass matrix

mν ' −mDM
−1mT

D . (2.12)

However, since the triplet has also charged components with the same Majorana mass, in

this case there are stringent lower bounds on the new mass scale, M & 100 GeV.

2.3 Others

Here we briefly summarize non minimal mechanisms which also lead to Majorana light

neutrino masses. Most of these models do not include right-handed neutrinos and are

designed to obtain tiny Majorana masses for the left-handed SM neutrinos, so we can

anticipate that they will not be appropriate for the fourth generation.

1This bound is calculated after the inclusion of the one-loop corrections to the ρ parameter, and is

slightly looser than other previously obtained from electroweak global fits (see, for example, [39]). Note

also that the authors of [38] use a different normalisation for the VEV, and hence the difference between

their value and the one we present here.
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a) Radiative mechanisms. Small Majorana neutrino masses may also be induced by

radiative corrections [12–15]. Typically, on top of loop factors of at least 1/(4π)2,

there are additional suppressions due to couplings or ratios of masses, leading to

the observed light neutrino masses with a new physics scale not far above the elec-

troweak one.

b) Supersymmetry. There is an intrinsically supersymmetric way of breaking lepton

number by breaking the so-called R parity [42–51] (for a review see [52]). In this

scenario, the SM doublet neutrinos mix with the neutralinos, i.e., the supersymmet-

ric (fermionic) partners of the neutral gauge and Higgs bosons. As a consequence,

Majorana masses for neutrinos (generated at tree level and at one loop) are naturally

small because they are proportional to the small R-parity-breaking parameters.

2.4 Weinberg operator

As we have mentioned, it does not seem very natural that neutrinos are Dirac particles;

assuming that they are Majorana, we will be often interested in abstracting from the actual

mechanism of mass generation. In such case, if the light degrees of freedom are those of

the SM we can parametrise the Majorana masses in terms of the well-known dimension 5

Weinberg operator2 [30, 31]:

L5 =
1

2

cαβ
ΛW

(`αφ̃) (φ† ˜̀
β) + H.c. , (2.13)

where ΛW � vφ is the scale of new physics and cαβ are model-dependent coefficients with

flavour structure, which in some models can carry additional suppression due to loop factors

(as is the case in radiative mechanisms) and/or ratios of mass parameters (for instance in

type II see-saw c ∝ µ/mχ). In those cases we will assume that ΛW is directly related to

the masses of the new particles and absorb all suppression factors in cαβ.

Upon electroweak symmetry breaking, the Weinberg operator leads to a Majorana

mass matrix for the light neutrinos of the form

mν = c
v2
φ

ΛW
. (2.14)

Notice that if cαβ is suppressed, the scale ΛW does not need to be extremely large in order

to fit light neutrino masses and, thus, the Weinberg operator can parametrize a variety of

Majorana neutrino mass models, including those with masses generated radiatively.

3 Fourth-generation neutrino masses

If there exists a fourth generation, the fourth-generation neutrinos must be massive (with

masses & mZ/2 in order to avoid the strong limits for the number of active neutrinos

found at LEP). In principle all mass mechanisms available for the light neutrinos are also

available to the fourth-generation neutrinos, however, the fact that they must be quite

2In supersymmetric models, φ̃ = Hu, since there are two Higgs doublets.

– 6 –



J
H
E
P
0
7
(
2
0
1
2
)
0
3
0

massive changes completely the discussion of the naturalness of the different mechanisms.

Let us discuss them:

a) Dirac masses.

Since the fourth generation must be at the electroweak scale, this mechanism of

mass generation is quite natural for the fourth-generation neutrinos as long as lepton

number is conserved.

b) Fermionic singlets with Majorana mass.

If lepton number is not conserved there is no reason to forbid a Majorana mass term

for right-handed neutrinos (see the discussion below). However if mR � mD the

see-saw formula applies and the spectrum contains a relatively light, almost-active

neutrino with mass m4 ∼ m2
D/mR, which must be heavier than mZ/2. Therefore

mR < m2
D/mZ and the mass of the right-handed neutrino cannot be much larger

than the electroweak scale. On the other hand, if mR � mD there are two almost

degenerate neutrinos and we are in the pseudo-Dirac limit, which does not pose any

problem.

c) Scalar triplet.

In principle, as in the case of light neutrinos, scalar triplets could also be used to

obtain Majorana masses for the fourth-generation neutrinos. However, the strong

limits on the triplet’s VEV coming from the ρ parameter vχ . 6 GeV will yield

fourth-generation neutrino masses too small. This limit could be relaxed a bit if

radiative corrections to the ρ parameter coming from triplet masses are large and

such that cancel in part the deviations induced by the triplet’s VEV, but this will

require quite a high degree of fine tuning among rather different quantities. Therefore,

this mechanism alone is not a natural mechanism for the fourth-generation neutrino

masses.

d) Fermionic triplets.

This is similar to b), but together with the right-handed neutrinos there come new

charged fermions degenerate with the neutral component. Since production limits tell

us that the charged fermions must be heavier than about 100 GeV, in this case the

pseudo-Dirac limit is not possible. Moreover these new fermions cannot be extremely

heavy, because otherwise the active neutrino will be too light. We conclude that this

mechanism is viable but much more constrained than b).

e) Radiative mechanisms and SUSY with broken R parity.

Neutrino masses in these models are strongly suppressed with respect to the elec-

troweak scale by either loop factors, couplings and/or ratios of masses. Therefore

they are not viable for the fourth generation.

f) Weinberg operator.

In principle the Weinberg operator could also be used to give Majorana masses to

the fourth-generation neutrinos. However, it will provide masses O(v2
φ/ΛW ) which
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νR4

νR4ℓi

νRk

νRk

ℓj

φ

φ

Figure 1. The two-loop process that provides a Majorana mass for the fourth-generation right-

handed neutrino in the framework of type I see-saw. The indices i and j represent any of the

four families; the index k, however, represents only the right-handed neutrinos associated to the

generation of masses for the light families, k = 1, 2, 3.

should be & mZ/2, so the scale of new physics ΛW can not be much larger than

the electroweak scale vφ and the effective theory does not make sense. Therefore the

Weinberg operator does not provide a useful parametrization of the fourth-generation

neutrino mass.

We can therefore conclude that only a), b) (which includes a) in some limit) and

possibly d) are good mechanisms for the fourth-generation neutrino masses. It seems then

that to describe correctly the fourth-generation neutrino one needs at least one right-

handed neutrino (either SM singlet or triplet) which has standard Dirac couplings to the

doublets. If this RH neutrino is a SM triplet, we have seen that its Majorana mass is in

the range 100 GeV . mR . few TeV.

However, if the right-handed neutrino is a SM singlet it could have a very small or

even vanishing Majorana mass term. Is it natural to have Dirac neutrinos for the fourth

generation? The answer is simple: yes, provided there is a symmetry that protects them

from acquiring a Majorana mass term. This is not the situation if the light neutrinos are

Majorana, as most of the SM extensions that we considered in section 2, and they can mix

freely with the heavy fourth family. We argue that in such a case a Majorana mass term

for the fourth right-handed neutrino should be allowed just on symmetry grounds, and in

fact, based on naturality arguments, a lower bound for this Majorana mass can be given.

Let us consider first the case in which the three light neutrinos obtain their masses via a

type-I see-saw containing heavy right-handed neutrinos with masses mRk (with k = 1, 2, 3)

of the order of 1012–1015 GeV. Since lepton number is not conserved it is natural to

consider a Majorana mass term for the fourth right-handed neutrino, νR4. However, in

order to satisfy the LEP bounds on the number of light active neutrinos, mR4 should be, at

most, of the order of a few TeV and, therefore, much smaller than mRk. Thus, one might

think that perhaps it is more natural to set directly mR4 = 0 and consider only Dirac

neutrinos for the fourth generation. The question that arises then is whether this choice

is stable or not under radiative corrections and what is the natural size one might expect

for mR4, since setting mR4 = 0 does not increase the symmetries of the Lagrangian. The
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answer can be obtained from the diagram in figure 1 which gives a logarithmically divergent

contribution to mR4 induced by the presence of the three heavy Majorana neutrino masses,

mRk [25, 26]. Thus, above the mRk scale, mR4 and mRk mix under renormalization and

do not run independently. Therefore, even if one finds a model in which mR4 = 0 at some

scale ΛC > mRk, mR4 will be generated by running from ΛC to mRk. This running can

easily be estimated from the diagram in figure 1 and, barring accidental cancellations, one

should require

mR4 &
1

(4π)4

∑
ijk

Yi4Y
∗
ikmRkY

∗
jkYj4 ln(ΛC/mRk) &

1

(4π)4

∑
ijk

Yi4Y
∗
ikmRkY

∗
jkYj4 , (3.1)

where i, j = 1, 2, 3, 4, k = 1, 2, 3 and in the last step we have taken ln(ΛC/mRk) & 1.

Of course, given a particular renormalizable model yielding mR4 = 0 at tree level (see

appendix A for an explicit example) one should be able to compute the full two-loop

mass mR4, which will be finite and will contain the logarithmic contributions we have just

discussed.

Eq. (3.1) sets the lower bound that we had announced. Let us now estimate its

value; bearing in mind that in type I see-saw the light neutrino masses are given by3

(mν)ij ∼
∑

k YikYjkv
2
φ/mRk. Then, by taking all mRk of the same order we can rewrite the

bound as

mR4 &
∑
ij

Yi4(m∗ν)ijYj4
(4π)4

m2
Rk

v2
φ

. (3.2)

To give a conservative estimate we consider only the contribution of the first three gen-

erations because we expect their Yukawa couplings to the fourth right-handed neutrino

to be somewhat suppressed due to universality and LFV constraints [16, 17, 23, 53] (say,

Yk4 ∼ 10−2). Once we fix the neutrino masses and the Yukawa couplings between the

fourth-generation neutrino and the first three, mR4 grows quadratically with mRk. For

mν = 0.01 eV and Yk4 = 0.01 we obtain that mR4 is of order keV, GeV, PeV for

mRk = 109, 1012, 1015 GeV, respectively. The contribution of the fourth active neutrino is

not necessarily suppressed by the Yuwawa couplings and, in principle, by using it, even

more restrictive bounds on mR4 could be set. However, as (mν)44 is model-dependent,4 we

keep the most conservative bound.

Let us consider now the case in which the three light neutrinos obtain their masses

through the type II see-saw mechanism (see section 2.2.2), i.e., through their coupling to

a scalar triplet, χ, which develops a VEV. As discussed in section 3, this triplet cannot

be the only source Majorana masses for the fourth-generation neutrinos and, at least, one

right-handed neutrino is needed. We will assume then that there is a right-handed neutrino

which has Yukawa couplings to the four SM doublets. In this scenario one can easily see

that the right-handed neutrino will acquire, at two loops (as seen in figure 2), a Majorana

3Notice that by integrating out the three heavy right-handed neutrinos we obtain a Majorana neutrino

mass matrix for the four active neutrinos which is of the order of the light neutrino masses.
4In this case, (mν)44 is the see-saw mass induced by only the three heavy right-handed neutrinos, thus,

it could even be zero if the Yukawas between the fourth lepton doublet and the three right-handed neutrinos

vanish for some reason.
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χ

ℓj

φ φ

Figure 2. The process that provides a Majorana mass for the right-handed neutrino associated to

the fourth generation in the framework of type II see-saw.

mass. This just reflects the fact that the right-handed neutrino mass mR4 and the trilinear

coupling of the triplet, µ, mix under renormalization. Applying the same arguments used

in the case of see-saw type I for light neutrino masses and the estimate of the diagram in

figure 2 we can write

mR4 &
µ

(4π)4

∑
ij

Yi4(Y ∗χ )ijYj4 , (3.3)

where Yχ are the Yukawa couplings of the triplet to the lepton doublets and, as before, we

have taken ln(ΛC/mχ) & 1. As in the type I see-saw case the result can also be expressed

in terms of the light neutrino masses (mν)ij ∼ (Yχ)ijµv
2
φ/m

2
χ; thus

mR4 &
∑
ij

Yi4(m∗ν)ijYj4
(4π)4

m2
χ

v2
φ

, (3.4)

which shows a similar structure to that obtained for type I see-saw, eq. (3.2). The same

result is obtained for type III see-saw, whose couplings are analogous to those of type I.

The similarity of the two results suggests that bounds of this type are quite general

and should appear in all kinds of four-generation models with light Majorana neutrinos.

In fact, as discussed in section 2.4, light Majorana neutrino masses can be parametrized in

many models by means of the Weinberg operator, eq. (2.13), which yields neutrino masses

given by eq. (2.14). Then, one could draw a two-loop diagram analogous to the diagrams

in figures 1 and 2 but with the propagators of heavy particles pinched and substituted

by one insertion of the Weinberg operator. This diagram is quadratically divergent and,

therefore, its contribution to mR4 can not be reliably computed in the effective field theory

because it depends on the details of the matching with the full theory from which the

effective one originates (in fact it vanishes in dimensional regularization or in any other

regularization scheme allowing symmetric integration), but one can use naive dimensional

analysis to estimate contributions of order

mR4 ∼
ΛW

(4π)4

∑
ij

Yi4c
∗
ijYj4 ∼

Yi4(m∗ν)ijYj4
(4π)4

Λ2
W

v2
φ

(3.5)

which is precisely the result obtained in the see-saw models discussed above if one identifies

ΛW ∼ mRk,mχ. However, it is important to remark that in the low energy effective theory

mR4 is a free parameter, and eq. (3.5) is only a naive dimensional analysis estimate of what

one would expect in a more complete theory.
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4 Light neutrino masses induced by new generations

After the discussion above, to describe correctly the neutrino sector of models with four

generations we need just one relatively light right-handed neutrino, νR, to give Dirac mass

terms to the fourth-generation neutrinos, while Majorana masses for light neutrinos can

be parametrized by the Weinberg operator. We will work in this minimal four-generation

scenario, thus, the relevant part of the Lagrangian for our discussion is

LY = −¯̀YeeRφ− ¯̀yνRφ̃−
1

2
νc

RmRνR +
1

2v2
φ

(`φ̃)mL(φ† ˜̀) + H.c. , (4.1)

where ` and eR contain the four generation components while νR is the only right-handed

neutrino. Thus Ye is a completely general 4×4 complex matrix, y is a 4 component column

vector, mR is just a number and mL is a general complex symmetric 4 × 4 matrix. The

Dirac limit is recovered when mR = 0 and mL = 0. Since light neutrino masses are very

small, we will assume mL � vφ while mR, as we immediately see, cannot be very large

to ensure there are only three light active neutrinos. Moreover, as shown in the previous

section, we do not expect it to be zero if mL is not zero.

Above we have taken for mL a general complex symmetric 4 × 4 matrix in spite of

the fact that to describe the light neutrino sector we just need a 3 × 3 matrix. This is

because in most of the neutrino mass models one also obtains contributions to the fourth-

generation Weinberg operator. For instance, we give below the values of mL one obtains

for the different types of seesaw.

If the three light neutrino masses are generated by the seesaw mechanism type I or

type III, we need three of the right-handed neutrinos much heavier than the fourth. We

can always choose a basis in which the Majorana mass matrix of right-handed neutrinos

is diagonal and integrate out the three heavy right-handed neutrinos. The result can be

writen in terms of the Weinberg operator in (4.1) with

(mL)αβ = −
∑

k=1,2,3

(Yν)αk (Yν)βk
mRk

v2
φ , (4.2)

where mRk are the eigenvalues of the diagonal Majorana mass matrix of the three heavy

right-handed neutrinos, while (Yν)αk are the Yukawa couplings of the three heavy right-

handed neutrinos with the four lepton doublets. Then, the 4 × 4 mass matrix (4.2) is

projective and has at most rank 3.

If the three light neutrino masses are generated by the VEV of a triplet (type II

see-saw), we will have

(mL)αβ = 2(Yχ)αβvχ (4.3)

being (Yχ)αβ the Yukawa couplings of the 4 lepton doublets to the triplet and vχ ∼ µv2
φ/m

2
χ

its VEV. In this case, mL is a completely general 4× 4 symmetric complex matrix.

After SSB the neutrino mass matrix (in the basis (νc
Lα, νR)) is

M =

(
mL yvφ
yTvφ mR

)
. (4.4)
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To diagonalize this mass matrix we perform first a 4×4 rotation in order to separate heavy

from light degrees of freedom, so we change from the flavour basis (νe, νµ, ντ , νE) to a new

basis ν ′1, ν
′
2, ν
′
3, ν
′
4 in which the first three states are light (with masses given by mL) and

only ν ′4 mixes with νR. Then, we have να =
∑

i Vαiν
′
i (i = 1, · · · , 4, α = e, µ, τ, E), where

V is a orthogonal matrix, and we define

Nα ≡ Vα4 =
yα√∑
β y

2
β

. (4.5)

Now, we are free to choose ν ′1, ν
′
2, ν
′
3 in any combination of νe, νµ, ντ , νE as long as they are

orthogonal to ν ′4, i.e.,
∑

α VαkNα = 0 for k=1,2,3. The orthogonality of V almost fixes all
its elements in terms of Nα, but still leaves us some freedom to set three of them to zero.
Following [16, 17] we choose Vτ1 = VE1 = VE2 = 0 for convenience. The transpose of the
matrix V is:

V T =



Nµ√
N2
e +N2

µ

−Ne√
N2
e +N2

µ

0 0

NeNτ√
(N2

e +N2
µ)(1−N2

E)

NµNτ√
(N2

e +N2
µ)(1−N2

E)

−N2
e −N2

µ√
(N2

e +N2
µ)(1−N2

E)
0

NeNE√
(1−N2

E)

NµNE√
(1−N2

E)

NτNE√
(1−N2

E)
−
√

(1−N2
E)

Ne Nµ Nτ NE .


(4.6)

After this rotation the neutrino mass matrix is

M̃ =


m̃L

ω1 0

ω2 0

ω3 0

ω1 ω2 ω3

0 0 0

ω4 mD

mD mR

 , (4.7)

where (m̃L)kk′ = (V mLV
T)kk′ is a 3 × 3 matrix with k, k′ = 1, 2, 3, ωk = (V mLV

T)4k,

ω4 = (V mLV
T)44 and mD = vφ

√∑
α y

2
α. Since m̃L, ωk, ω4 � mR,mD, the matrix M̃

can be block-diagonalized using the see-saw formula. Then, the mass matrix of the light

neutrinos (at tree level) will be

m(0)
ν = m̃L −

mR

mRω4 −m2
D

~ω · ~ωT , (4.8)

while the heavy sector will be obtained after diagonalizing the 2× 2 matrix

MH =

(
ω4 mD

mD mR

)
. (4.9)

Neglecting ω4, this diagonalization leads to two Majorana neutrinos

ν4 = i cos θ(−ν ′4 + ν ′c4 ) + i sin θ(νR − νc
R) (4.10)

ν4̄ = − sin θ(ν ′4 + ν ′c4 ) + cos θ(νR + νc
R) (4.11)
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with masses

m4,4̄ =
1

2

(√
mR

2 + 4m2
D ∓mR

)
, (4.12)

and mixing angle tan2 θ = m4/m4̄. The imaginary unit factor i and the relative signs

in ν4 are necessary to keep the mass terms positive and preserve the canonical Majorana

condition ν4 = νc
4. If mR � mD, we have m4 ≈ m4̄, tan θ ≈ 1, and we say we are in the

pseudo-Dirac limit while when mR � mD, m4 ≈ m2
D/mR and m4̄ ≈ mR, tan θ ≈ mD/mR

and we say we are in the see-saw limit.

Eq. (4.8) can be used as long as mRω4 − m2
D is different from zero. However, we

expect mR to be below few TeV and ω4 below 1 eV. Therefore mRω4 � m2
D unless mD is

very small but, in that case, the fourth-generation neutrinos will be too light. Thus, the

correction to the 3 × 3 neutrino mass matrix is projective (only one eigenvalue different

from zero) and it is naturally order m2
L and, therefore, negligible.

Summarizing, there are two heavy neutrinos 4 and 4̄ (with a small pollution from mL

which can be neglected) and a tree-level mass matrix for the light neutrinos m
(0)
ν ' m̃L.

Therefore, neglecting the small ωi’s in eq. (4.7), the 5×5 unitary matrix which relates the

flavour with the mass eigenstate basis can be written as U = UH ·UL, being UH the rotation

in the heavy sector which diagonalizes the mass matrix MH in eq. (4.9) and UL given by

UL =


V

0

0

0

0

0 0 0 0 1




W

0 0

0 0

0 0

0 0 0

0 0 0

1 0

0 1

 , (4.13)

where V rotates from the ν ′i basis to the flavour basis (see eq. (4.6)) and W is the matrix

which diagonalizes m̃L. Within this approximation, the mixing among the light and the

heavy sector, which we wish to constrain, depends on (UL)α4 = Vα4 = Nα.

Having fixed the tree-level neutrino mass spectrum and given the huge hierarchies

present we should consider the stability of the results against radiative corrections. One can

check that there are no rank-changing one-loop corrections to the neutrino mass matrices.

This result can be easily understood in the ν ′i basis that we defined before, since the light

neutrinos (ν ′1, ν
′
2, ν
′
3) are decoupled from the heavy sector, ν4, ν4̄, so there are not one-loop

diagrams involving the fourth-generation neutrinos with light ones as external legs.

However it has been shown [16, 17, 23, 27] that two-loop corrections induced by the

fourth-generation fermions can generate neutrino masses for the light neutrinos even if they

were not present at tree level, see figure 3. In the ν ′i basis the result reads (see [23] for

details)

(mν)
(2)
ij = − g4

m4
W

mRm
2
D

∑
α

VαiVα4m
2
α

∑
β

VβjVβ4m
2
βIαβ , (4.14)

where the sums run over the charged leptons α, β = e, µ, τ, E while i, j = 1, 2, 3, and Iαβ is a

loop integral which was discussed in [23]. When mR = 0, (mν)
(2)
ij = 0, as it should, because
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νi

νj

eα

W

W

eβν4, ν 4̄

Figure 3. Two-loop diagram generating light neutrino masses in the presence of a Majorana fourth

generation.

in that case lepton number is conserved. Also when mD = 0 we obtain (mν)
(2)
ij = 0, since

then the right-handed neutrino decouples completely and lepton number is again conserved.

To see more clearly the structure of this mass matrix we can approximate me =

mµ = mτ = 0; then, since we have chosen Vτ1 = VE1 = VE2 = 0, the only non-vanishing

element in (mν)
(2)
ij is (mν)

(2)
33 and it is proportional to V 2

E3N
2
Em

4
EIEE . Therefore, the largest

contribution to (mν)(2) is given by:

(mν)
(2)
33 = − g4

m4
W

N2
E(N2

e +N2
µ +N2

τ )mRm
2
Dm

4
EIEE

≈ g4

2(4π)4
(N2

e +N2
µ +N2

τ )mR
m2

Dm
2
E

m4
W

ln
mE

m4̄

, (4.15)

where in the last line we have used the approximated expression of the loop integral IEE
in the case mE � m4,4̄ � mW for definiteness, but other mass relations lead to analogous

conclusions. Keeping all the charged lepton masses one can easily show that the eigenvalues

of the light neutrino mass matrix are proportional to m4
µ, m

4
τ , m

4
E which gives a huge

hierarchy between neutrino masses. Therefore, as discussed in [23, 26], these radiative

corrections cannot explain by themselves the observed spectrum of masses and mixings,

although they lead to a strong constraint for this kind of SM extensions which we will

analyze in the next section.

5 Phenomenological constraints

5.1 Direct searches

Let us now discuss the constraints that several phenomenological tests impose on the

parameters of this minimal four-generation (4G) model. Direct searches for the new heavy

leptons can be used to set limits on the Yukawa couplings and the Majorana mass of the

νR. In the case of the heavy charged lepton, searches at LEP [4] yield mE > 100.8 GeV

(assuming it decays rapidly to νW ; a slightly poorer bound is obtained if the lepton is
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Figure 4. The shaded region shows the allowed values for the Majorana and Dirac masses of

the heavy neutrinos given the LEP bound mN > 33.5 GeV on stable neutrinos with both Dirac

and Majorana masses. We also display a dashed line in the 62.1 GeV limit for unstable neutrinos.

Two more lines are drawn for completeness, giving an idea of the combination of parameters that

produces two possible, allowed masses for the lightest heavy neutrino.

long-lived and can be tracked inside the detectors), which can be immediately translated

into a bound on the corresponding Yukawa. For the heavy neutrinos, we can have different

bounds depending on their stability and the Dirac or Majorana character of their masses [4]:

stable neutrinos, for example (understood here as ‘stable enough to get out of the detectors

after production’), are only constrained by the requirement that they don’t show up in the

invisible decays of the Z boson. Unstable (visible) neutrinos get tighter bounds due to the

non-observation of their decay products. As we are not making any a priori assumption

about the neutrino mass structure, we will select here the most conservative from this set of

bounds; that corresponds to a stable neutrino with both Dirac and Majorana mass terms,

for which we demand mN > 33.5 GeV [54]. The weakest bound for an unstable neutrino,

which applies if it has again both Dirac and Majorana mass terms, will also be of use; we

need in that case mN > 62.1 GeV [20]. As these bounds apply to the physical masses of

the neutrinos, which as seen in eqs. (4.10)–(4.12) are nonlinear combinations of the Dirac

and Majorana components, we display in figure 4 the translation of the 33.5 and 62.1 GeV

bounds into the mD −mR plane, together with several other lines to give an idea of the

relations between physical masses and Lagrangian parameters.

As explained in section 4, the neutrino Yukawas yα encode the mixings between the

flavour-eigenstate neutrinos να and the mass eigenstates ν4,4̄. Thus, we can use mixing-

mediated LFV processes to constrain the values of the light neutrino Yukawas ye, yµ, yτ . It

is important to note, however, that the situation is not the same for ‘stable’ and unstable

neutrinos; so-called stable neutral leptons are constrained to decay outside the detectors,

which implies that the mean free path must go beyond O(m). The lightest of our heavy
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Experimental bounds at 90% C.L. [4, 56] Constraints on the mixings

B(µ→ eγ) < 2.4× 10−12 NeNµ < 2.85× 10−4

B(τ → eγ) < 1.85× 10−7 NeNτ < 0.079

B(τ → µγ) < 2.5× 10−7 NµNτ < 0.093

Table 1. Summary of the constraints derived from low-energy radiative decays.

neutrinos can only decay through mixing (the main channel being ν4 → `αW , α = e, µ, τ ,

with a possibly virtual W depending on the mass of the ν4), so this statement is actually

a constraint on the Yukawas, implying yα ∼ Nα . 10−6. This constraint is much stronger

than any other phenomenolgical bound, and so it ends the discussion for stable neutrinos,

which must have very small mixings that won’t be observable in low-energy experiments

in the near future (see below). For the rest of this section we will consider the case of

unstable neutrinos, which present a richer variety of constraints.

5.2 Lepton flavour violation

Let us now discuss the bounds on violation of lepton family number that can shed light

on the relevant mixings of our model; the most stringent limits are derived from the non-

observation of radiative decays of the form `α → `βγ.5 In our model, the ratios for such

processes are given by

B(`α → `βγ) ≡ Γ(`α → `βγ)

Γ(`α → `βνν̄)
=

3α

2π

∣∣∣∣∣∣
∑
a=4,4̄

UβaU
∗
αaH (m2

a/m2
W )

∣∣∣∣∣∣
2

, (5.1)

where H(x) is a loop function that can be found in [53], and the sum proceeds over all the

heavy neutrinos6 (one in the Dirac case, two if they are Majorana). The weakest bounds

are obtained if only one neutrino with light mass runs inside the loop; this corresponds

either to the Dirac limit with a low mass or to a hard see-saw limit, with the heavy neutrino

almost decoupled due to its small mixing. We will assume this scenario in our calculations

in order to produce conservative bounds. Table 1 summarises the experimental limits and

the constraints that can be extracted from these processes.

5.3 Universality tests

A second class of constraints upon family mixing arises from the tests of universality in

weak interactions. For our purposes, these are either direct comparison of decay rates of

one particle into two different weak-mediated channels, or comparison of the decay rates

of two different particles into the same channel.7 If the weak couplings are to be the

5Bounds obtained from present data on µ–e conversion in nuclei [4] are of the same order. However, there

are plans to improve the sensitivity in µ–e conversion in 4 and even 6 orders of magnitude [55], therefore

we expect from this process much stronger bounds in the future.
6Note this expression contains the contributions from the light neutrinos; by using unitarity of the mixing

matrix, they are included in the definition of H(x).
7Data from neutrino oscillations can also be used to constrain the elements of the leptonic mixing

matrix [57], however, they lead to weaker bounds than the ones obtained here.
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Experimental bounds at 90% C.L. [4] Constraints on the mixings

Rπ→e/π→µ

RSM
π→e/π→µ

= 0.996± 0.005 N2
e −N2

µ = 0.004± 0.005

Rτ→e/τ→µ

RSM
τ→e/τ→µ

= 1.000± 0.007 N2
e −N2

µ = 0.000± 0.007

Rτ→e/µ→e

RSM
τ→e/µ→e

= 1.003± 0.007 N2
µ −N2

τ = 0.003± 0.007

Rτ→µ/µ→e

RSM
τ→µ/µ→e

= 1.001± 0.007 N2
e −N2

τ = 0.001± 0.007

Table 2. Summary of the constraints derived from universality tests in weak decays. The ratios

marked as “SM” represent the theoretical predictions of a 3G Standard Model.

same for all families these rates should differ only in known kinematic factors or calculable

higher-order corrections. The relevant ratios are:

Rπ→e/π→µ ≡
Γ(π → eν)

Γ(π → µν)
, Rτ→µ/τ→e ≡

Γ(τ → µνν̄)

Γ(τ → eνν̄)
,

Rτ→e/µ→e ≡
Γ(τ → eνν̄)

Γ(µ→ eνν̄)
, Rτ→µ/µ→e ≡

Γ(τ → µνν̄)

Γ(µ→ eνν̄)
,

and their theoretical values in a 3G SM can be consulted, for example, in [58]. Comparison

of the experimental values and the 3G predictions yields values very close to 1, as can be

seen in table 2; in our 4G model, family mixing induces deviations from this behaviour

that must be kept under control. Essentially, these deviations result from the fact that

the flavour-eigenstate neutrinos νe, νµ, ντ have a small component of the heavy neutrinos

ν4, ν4̄, which cannot be produced in the decays of pions, taus or muons; the corresponding

mixings Ne, Nµ, Nτ are then forced to be small. In table 2 we also show the constraints

that this processes impose on the mixing parameters.

In figure 5 we collect all the relevant LFV constraints from tables 1 and 2. As can be

read from the graphs, the final bounds we can set on the mixings of the light families are

Ne < 0.08

Nµ < 0.03 (5.2)

Nτ < 0.3

5.4 Light neutrino masses

Finally, there is a further constraint that can be set upon the mixings of the model: as

explained in section 4, the two-loop mechanism which gives small Majorana masses for

the light neutrinos cannot explain by itself the observed pattern of masses in this simple

model; it, nevertheless, still has the potential to generate too large masses, which would

exclude the model. Of course, one could always invoke cancellations between these two-

loop masses and other contributions (for example, the Weinberg operator), but we think
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Figure 5. These two graphs present the allowed regions for the mixing parameters in our model

at 90% confidence level, according to several LFV tests. The left plot displays the constraints in

the Ne − Nµ plane, which are much more stringent and suffice to bound both Ne and Nµ. The

right plot displays the Ne − Nτ plane; the Nµ − Nτ plane offers slighly poorer constraints and is

not displayed.

that this wouldn’t be a natural situation and choose not to consider it. If we bar such

cancellations we need to impose that the two-loop masses don’t go above some limit, and

thus a bound can be set upon the parameters that participate in the two-loop mechanism,

essentially the mixings and the Majorana mass, as seen in equation (4.14). Figure 6 shows

the allowed regions for this constraint; the curves are constructed using the lowest possible

values of the fourth-generation Dirac masses, in order to provide conservative limits (this

implies using a different value of mD for each mR, as we must also impose that m4 is

above 62.1 GeV). We show two possible limits: m
(2)
ν < 0.05 eV ensures that the largest

two-loop mass is below the atmospheric mass scale; this, of course, does not guarantee

that it doesn’t distort the neutrino spectrum, which may contain smaller masses, so this

bound can be contemplated as rather conservative (particular models may need to impose

a stronger bound to be phenomenologically viable). An even more conservative constraint

is obtained if we impose m
(2)
ν < 0.3 eV, meaning that the largest of the two-loop masses

is not above the bound imposed by cosmology to each mass of the degenerate spectrum,∑
kmk . 1 eV [59, 60]. Two-loop masses as large as 0.3 eV will in most cases spoil the

structure of neutrino masses, but there may be pathological cases in which such situation

is allowed (for example, if the Weinberg operator generates a massless neutrino and two

massive ones near the 0.3 eV limit; then the two-loop diagram might provide the third mass

to fit the mass splittings). Even with these conservative assumptions, the two-loop bound

proves to be much stronger than those derived from universality and LFV for most of the

parameter space. It is, therefore, a limit to be kept in mind when considering 4G models

with Majorana neutrinos.

– 18 –



J
H
E
P
0
7
(
2
0
1
2
)
0
3
0

Figure 6. Summary of the constraints on the mixings of the model, as defined in equation (4.5).

The three horizontal lines present the upper bounds in equation (5.2), derived from universality

tests and limits on LFV processes. The two shaded areas display the allowed region derived from

the fact that the two-loop diagram does not disturb the correct structure for the light neutrino

masses, assumed to arise from any other mechanism. This last bound applies to any of the mixings.

5.5 Neutrinoless double beta decay (0ν2β)

In our framework, the contributions to the amplitude of neutrinoless double beta decay

(0ν2β) can be written as:

A = AL +Amd +A4 , (5.3)

where AL stands for the light neutrino contribution (i.e., neutrino masses mk � peff ∼
100 MeV), given by

AL ∝
light∑
k

mkU
2
ekM

0ν2β(mk) ' meeM
0ν2β(0) , (5.4)

with M0ν2β(0) ∝ 1/p2
eff the nuclear matrix element. The cosmology upper bound on the

sum of neutrino masses,
∑

kmk . 1 eV [59, 60], combined with neutrino oscillation data,

leads to an upper limit on each neutrino mass mk . 0.3 eV and on the element of the

neutrino mass matrix relevant to 0ν2β decay, mee . 0.3 eV.

Amd represents the additional, model dependent contribution due to the unknown

physics which generates the three light neutrino masses parametrized by the Weinberg

operator. We assume that this last term is negligible compared to AL, as it is the case

if the underlying mechanism for neutrino masses is any of the standard three see-saw

types [61].
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We focus then on the contribution from the fourth-generation neutrinos (ν4, ν4̄),

given by

A4 ∝ N2
e

(
m4 cos2 θM0ν2β(m4)−m4̄ sin2 θM0ν2β(m4̄)

)
∝ N2

e

(
cos2 θ

m4
− sin2 θ

m4̄

)
= N2

e

m2
4̄
−m2

4

m4m4̄(m4 +m4̄)
= N2

e

mR

m2
D

, (5.5)

where we have used that M0ν2β(ma) ∝ 1/m2
a for a = 4, 4̄, tan2 θ = m4/m4̄, m4m4̄ =

m2
D and m4̄ − m4 = mR. From eqs. (5.4) and (5.5) we see that the fourth-generation

neutrino contribution to the 0ν2β amplitude can be dominant provided N2
emR/m

2
D >

mee/(100 MeV)2. Notice, in fact, that the value of mee could be zero if normal hierarchy

is realised and the neutrino phases have the appropriate values; in this extreme case the

only contribution would be that of the fourth generation, which would dominate 0ν2β.

Now we can exploit the dependence on N2
emR of both A4 and (mν)

(2)
33 in eq. (4.15)

to constrain the fourth-generation neutrino contribution to the 0ν2β decay amplitude,8

namely

A4 ≤
(

4πmW

gmD

)4 2(mν)
(2)
33

m2
E ln mE

m4̄

. 190(mν)
(2)
33

(
50 GeV

mD

)4

GeV−1 , (5.6)

where we have taken into account the LEP limit, mE & 100 GeV and set ln(mE/m4̄) ' 1.

From this equation, it is clear that the largest fourth-generation contributions to the

amplitude A4 correspond to a small Dirac neutrino mass, mD. Imposing that the two-

loop mass matrix element (mν)
(2)
33 is below the cosmology upper bound, 0.3 eV, we obtain

A4 < 6×10−8(50 GeV/mD)4 GeV−1, while if we require that the two-loop contribution is at

most the atmospheric mass scale, 0.05 eV, we find A4 < 10−8(50 GeV/mD)4 GeV−1. On the

other hand, the non-observation of 0ν2β implies that A4 < 10−8 GeV−1 [62], while future

sensitivity is expected to improve this limit one order of magnitude. Bringing these two

results together, we see that, once the constraint from light neutrino masses is taken into

account, the contribution of the fourth-generation neutrinos to the 0ν2β decay amplitude

can reach observable values only in the small region of parameter space mD . 100 GeV

(see figure 4), even though it is the dominant one for a larger set of allowed masses and

mixings.

5.6 Four generations and the Higgs boson

It is well known that due to the presence of a new generation there is an enhancement of

the Higgs-gluon-gluon vertex, which arises from a triangle diagram with all quarks run-

ning in the loop. This vertex is enhanced approximately by a factor 3 in the presence

of a heavy fourth generation, therefore the Higgs production cross section through gluon

fusion at the LHC is enhanced by a factor of 9. However, Higgs decay channels are also

strongly modified, in particular the Higgs to gluon decays are equally enhanced, while

the γγ channel is reduced because of a cancellation between the quark and W contribu-

tions. Moreover some of these channels, γγ for instance, suffer from important electroweak

radiative corrections [63].

8Note that (mν)
(2)
33 receives contributions from Ne, Nµ and Nτ , while 0ν2β only involves Ne.
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With the first LHC data, ATLAS and CMS ruled out at 95% C.L the range 120 −
600 GeV for a SM4 Higgs boson, assuming very large masses for the fourth-generation

particles [64]. However, different authors have noticed that if fourth-generation neutrinos

are light enough (mW /2 . mν4 . mW ), the decay mode of the Higgs into fourth-generation

neutrinos can be dominant for mH . 2mW [65–68]. Moreover, if the lightest fourth-

generation neutrino is long-lived this decay channel is invisible and the excluded range

for the SM4 Higgs boson is reduced to 160 − 500 GeV [67, 68]. In general, if the fourth-

generation neutrinos have both Dirac (mD) and Majorana (mR) masses, the Higgs can

decay to more channels: ν4ν4, ν4̄ν4̄ and ν4ν4̄.

Recently, ATLAS and CMS have analysed new data, including more Higgs decay chan-

nels [69, 70], and they have a preliminary low-mass (∼ 125 GeV) hint of the Higgs boson

in several channels.9 In particular there is an excess in the γγ channel with respect to

the SM3 prediction. For such a light Higgs, the expected ratio of number of events into

γγ for SM4 over SM3 is about 1.5 − 2.5 at leading order [72, 73]. However, a global

fit to all relevant observables (Higgs searches and electroweak precision data), assuming

Dirac neutrinos and a Higgs mass of 125 GeV, shows that data are better described by

the SM3 [74]. On the other hand, as commented above, within the SM4 the cancellations

in the γγ channel at leading order render next-to-leading order radiative corrections im-

portant. These corrections tend to decrease even further the two-photon production rate

σ(gg → H) × BR(H → γγ)|SM4. Therefore, were the 125 GeV Higgs hint confirmed, by

combining the γγ, ZZ∗, WW ∗ and the ff̄ channels a perturbative SM4 with just one

SM Higgs doublet would be excluded, even in the case mν4 < mW [75, 76]. Otherwise,

in principle it seems possible that if mν4 . mW and ν4 is long-lived, some portion of the

low Higgs mass parameter space, previously allowed to be between 114− 160 GeV, is still

allowed by the new data. Moreover, if one does not trust the convergence of perturbation

theory in the γγ channel and drops it from the global analysis, including Higgs searches,

Rb and oblique parameters, the SM4 with Dirac neutrinos is strongly constrained but still

viable [77]. Considering neutrino Majorana masses will presumably open up even more the

allowed parameter space of the model.

The previous bounds from LEP on the masses of unstable (in collider sense) fourth-

generation neutrinos were mν4 > 62.1 GeV. Using CDF inclusive like-sign dilepton analysis,

ν4 masses below mW can be excluded for Higgs masses up to 2mW [67], therefore in this

case the ATLAS and CMS analysis for the Higgs boson still apply, and at least the range

120− 600 GeV for a SM4 Higgs boson is excluded.

To know definitely whether the SM4 Higgs boson is excluded or not, we will have to

wait for new data and a combined analysis of the different channels, γγ, ZZ∗, WW ∗ and ff̄ ,

including correctly all radiative corrections. However, even if the SM-like four-generation

Higgs is excluded, many possibilities may arise in extensions of a four-generation scenario,

for instance, with an extra Higgs doublet (see [78, 79] where the observed signatures of

LHC are explained in the framework of 4G two-Higgs-doublet models).

9Also Fermilab CDF and D0 have presented some preliminary results pointing to some excess around

this mass which can be assigned mainly to H → bb̄ decays in HW and HZ associated production [71].
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6 Conclusions

We have addressed the question of the generation and nature of neutrino masses in the

context of the SM with four families of quarks and leptons.

The three light neutrinos can obtain their masses from a variety of mechanisms with

or without new neutral fermions, but the huge hierarchy among such masses and those

of the remaining fermions is more naturally explained assuming that they have Majorana

nature.

On the other hand, current bounds on fourth-generation neutrino masses imply that,

although in principle the same mechanisms are also available, most of them are not natural

or provide too small fourth-generation neutrino masses; therefore, we have argued that at

least one right-handed neutrino is needed. This would suggest that, contrary to the light

neutrinos, fourth-generation ones are naturally Dirac.

However, we have shown that if lepton number is not conserved in the light neutrino

sector, the right-handed neutrino must have a Majorana mass term whose size depends on

the underlying mechanism for LNV, unless Yukawa couplings of the light leptons to the

right-handed neutrino are forbidden. We have estimated the natural size of such Majorana

mass term within two frameworks for the light neutrino masses, namely see-saw type I

and type II. We have seen that, even if we set it to zero by hand in the Lagrangian at

tree level, it is generated at two-loops , and although it depends on the Yukawa couplings

and the LNV scale responsible for light neutrino masses, it can be up to the TeV scale.

We have developed a model where this Majorana mass is forbidden at tree level by a

global symmetry, and it is generated radiatively and finite once this symmetry is broken

spontaneously (see appendix A).

We have then considered a minimal four-generation scenario, with neutrino Majorana

masses parametrized by the Weinberg operator and one right-handed neutrino νR, which

has Yukawa couplings to the four lepton doublets and non-zero Majorana mass. We have

analyzed the phenomenological constraints on the parameter space of such a model, de-

rived from direct searches for four-generation leptons, universality tests, charged lepton

flavour-violating processes and neutrinoless double beta decay. We have pointed out that

the Majorana mass for the fourth-generation neutrino induces relatively large two-loop

contributions to the light neutrino masses, which can easily exceed the atmospheric scale

and the cosmological bounds. Indeed, this sets the strongest limits on the masses and

mixings of fourth-generation neutrinos, collected in figure 6.

To summarize, in the context of a SM with four generations, we have shown that if light

neutrinos are Majorana particles, it is natural that also the fourth-generation neutrino has

the Majorana character. We did so by calculating the fourth-neutrino Majorana masses

induced by the three light neutrino ones. This has important implications for the neutrino

and Higgs sectors of these models, which are being actively tested at the LHC.
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A A model for calculable right-handed neutrino masses

In this appendix we present a model which gives a realistic pattern of neutrino masses in

the context of the SM with four-generations and in which the right-handed neutrino mass

of the fourth generation is generated radiatively and finite. This is an illustration of the

general (model-independent) mechanism discussed in section 3 which allowed us to estimate

the size of Majorana neutrino masses for the fourth-generation right-handed neutrinos if

the three light active neutrinos are Majorana particles.

Let us consider the SM with four generations and four right-handed neutrinos νRi

(i = 1, · · · , 4). To implement the ordinary see-saw, we need three of them very heavy

while one of them should be much lighter in order to avoid a too light fourth-generation

active neutrino. Then, it is natural to require that one of the fourth right-handed neutrino

is massless at tree level and let its mass be generated by radiative corrections. For that

purpose we add three extra chiral singlets sLa (a = 1, · · · , 3). In order to break lepton

number we will also include a complex scalar singlet σ

We assign lepton number in the following way

`j → eiα`j , eRj → eiαeRj , νRj → eiανRj , σ → eiασ ; (A.1)

the sLa do not carry lepton number. With these assignments and the requirement that

lepton number is conserved we have the following Yukawa Lagrangian

LY = −` YeeRφ− ` YννRφ̃− σ νR y
∗ sL −

1

2
sc

LM
∗sL + H.c. , (A.2)

where Ye and Yν are the ordinary four-generation Yukawa couplings, yia, along this ap-

pendix, is a general 4× 3 matrix while M is a symmetric 3× 3 matrix, which without loss

of generality can be taken diagonal and positive. We choose the scalar potential in such a

way that lepton number is conserved and subsequently spontaneously broken by the VEV

of σ, vσ = 〈σ〉. Thus, the model will contain a singlet Majoron. Alternatively, we could

also choose to softly break lepton number in the potential to avoid the Majoron without

changing the point we would like to illustrate. Before spontaneous symmetry breaking

only sLa are massive. We will take M very large (around GUT scale). After σ gets a VEV

(which is somewhat free, but we can take it just a bit below M), we will have a mass
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Figure 7. The process which generates masses for the right-handed neutrinos at two loops.

matrix for the combined system νR − sL of see-saw type. Therefore, if y vσ �M the four

right-handed neutrinos will get a 4× 4 Majorana mass matrix

M
(0)
R ' v2

σ yM
−1yT ; (A.3)

this is basically the see-saw formula but applied to the right-handed neutrinos and changing

the VEV of the Higgs doublet for that of the singlet σ. This matrix has rank 3 and,

therefore, only three of the right-handed neutrinos will obtain a tree-level mass. The other

neutrino will remain massless at tree level. However, at two loops, due to the mechanism

described in section 3, also the fourth right-handed neutrino will acquire a Majorana mass.

We depict the diagram giving rise to this mass in figure 7; the diagram is obviously finite

by power counting and the generated mass matrix can be estimated as

M
(2)
R ∼ v2

σ

(4π)4
(Y †ν Yν)T yM−1yT Y †ν Yν ln

(
M

yvσ

)
(A.4)

Since Ye does not enter in these calculations we can choose a basis in which Ye is

arbitrary but Yν is diagonal and real. If we take the logarithm order 1, ln
(
M
yvσ

)
∼ 1, we

see that M
(2)
R is also projective but in a different direction, given by y′ = (Y †ν Yν)Ty; then

we can write the full right-handed neutrino mass matrix as

MR ∼ v2
σ

(
yM−1yT +

1

(4π)4
y′M−1y′

T
)
, (A.5)

which, in general, has rank 4 and gives a Majorana mass to the fourth right-handed neu-

trino. To see how it works, let us discuss a simplified example, with the following structure

for the sL Yukawas:

y =


y1 0 0

0 y2 0

0 0 y3

0 0 y4

 . (A.6)

– 24 –



J
H
E
P
0
7
(
2
0
1
2
)
0
3
0

Let us also choose M diagonal and with elements Mi; then, at tree level we obtain an

almost diagonal mass matrix,

M
(0)
R = v2

σ


y2
1

M1
0 0 0

0
y2
2

M2
0 0

0 0
y2
3

M3

y3y4

M3

0 0 y3y4

M3

y2
4

M3

 , (A.7)

which has a zero eigenvalue. At two loops we will have

M
(2)
R =

v2
σ

(4π)4


y′21
M1

0 0 0

0
y′22
M2

0 0

0 0
y′23
M3

y′3y
′
4

M3

0 0
y′3y

′
4

M3

y′24
M3

 , (A.8)

with y′i = yi(Yν)i
2, and (Yν)i the diagonal elements of Yν . M

(2)
R has also rank 3. However,

the sum of M
(0)
R and M

(2)
R has rank 4, and the fourth νR acquires a mass. We can estimate

it by considering M
(2)
R a small perturbation to M

(0)
R and find that

mR4 ∼
v2
σ

(4π)4M3

y2
4 y

2
3

y2
3 + y2

4

(
(Yν)2

4 − (Yν)2
3

)2
, (A.9)

while the mass of the third right-handed neutrino is of order (the other two are also order

y2v2
σ/M as can be seen from the mass matrix)

mR3 ∼ (y2
3 + y2

4)
v2
σ

M3
. (A.10)

Therefore, if we rewrite the fourth-generation right-handed neutrino mass mR4 in terms of

mR3 we have

mR4 ∼
mR3

(4π)4

y2
4 y

2
3

(y2
3 + y2

4)2

(
(Yν)2

4 − (Yν)2
3

)2
, (A.11)

which is roughly the structure that one would expect from the effective theory obtained

by integrating the new fermions sLa, i.e, mR4 obtains a contribution proportional to the

heavy right-handed Majorana masses mR3 suppressed by a two-loop factor and Yukawa

couplings. After all, the diagram in figure 7 reduces to the diagram in figure 1 when the

fermion lines of sLa are contracted to a point. The result also shows that, as expected,

the exact coefficient depends on the details of the model. These expressions could be

generalized to a more general structure of Yukawa couplings, leading to similar, although

more complicated expressions.

As for other features of this model, we will just mention that as lepton number is broken

spontaneously, a Majoron will appear. Since the Majoron is a singlet and vσ is large their

couplings to standard model particles are suppressed and, therefore, this Majoron should

not create any problem. On the other hand, it could have some advantages in cosmological

contexts; if lepton number is also broken softly (for instance with a mass term σ2) the
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Majoron will become a massive pseudo-Majoron, which could constitute a good dark matter

candidate.

In any case, this simple example illustrates how the general mechanism discussed in

section 3 works in a complete renormalizable model; if mR4 is zero at tree level and light

neutrinos are Majorana (therefore lepton number is not conserved), in general mR4 will be

generated at two-loops with the behaviour discussed in section 3.
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1 Introduction

Neutrino oscillation data [1–14] require at least two massive neutrinos with large mixing,

providing one of the strongest evidences of physics beyond the Standard Model (SM).

However, the new physics scale responsible for neutrino masses is largely unknown. With

the starting of the LHC, new physics scales of order TeV will become testable through

direct production of new particles, so it is very interesting to explore low-energy scenarios

for neutrino masses. Moreover, typically, these scenarios also lead to observable signatures

in precision experiments, such as violations of universality, charged lepton flavour violating

(LFV) rare decays such as ℓi → ℓjγ or µ–e conversion in nuclei, which, being complementary

to the LHC measurements, may help to discriminate among different models. Regarding

the fundamental question of the neutrino mass nature, Dirac or Majorana, lepton-number-

violating low-scale models may give additional contributions to neutrinoless double beta

(0ν2β) decay process, shedding new light on this issue.

On the other hand, one of the most natural extensions of the SM that has been

extensively explored in the last years is the addition of one (or more) sequential generations

of quarks and leptons [15]. This extension is very natural and has a rich phenomenology
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both at LHC as well as in LFV processes. Moreover, new generations address some of the

open questions in the SM and can accommodate emerging hints on new physics (see for

instance [16] for a recent review).

Theoretically, apart from simplicity, there are no compelling arguments in favour of

only three families. In theories with extra dimensions one can relate the number of families

to the topology of the compact extra dimensions or set constraints on the number of chiral

families and allowed gauge groups by requiring anomaly cancellation. Then, one can build

models to justify only three generations at low energies. However, one could also build other

models in order to justify four or more generations. In the SM in four dimensions anomalies

cancel within each generation and, therefore, the number of families is in principle free.

From the phenomenological point of view it seems that the most striking argument

against new generations is the measurement of the invisible Z-boson decay width, Γinv,

which effectively counts the number of light degrees of freedom coupled to the Z-boson

(lighter than mZ/2) which is very close to 3 [17]. However, if neutrinos from new families

are heavy they do not contribute to Γinv and, then, additional generations are allowed.

Still, pairs of virtual heavy fermions from new generations contribute to the electroweak

parameters and spoil the agreement of the SM with experiment. Global fits of models

with additional generations to the electroweak data have been performed [18, 19] and the

conclusion is that they favour no more that five generations with appropriate masses for

the new particles. Although some controversy exists on the interpretation of the data

(see for instance [20]) most of the fits make some simplifying assumptions on the mass

spectrum of the new generations and do not consider Majorana neutrino masses for the

new generations or the possibility of breaking dynamically the gauge symmetry via the

condensation of the new generations’ fermions; all these will give additional contributions

to the oblique parameters and will modify the fits. Therefore, in view that soon we will

see or exclude new generations thanks to the LHC, it is wise to approach this possibility

with an open mind.

From the discussion above, it seems that neutrinos from new generations are very

different from the ones discovered up to now, since they should have a mass 1011 times

larger. However, this apparent difference is naturally explained within the framework that

we are going to explore. In the SM neutrinos are massless because there are no right-handed

neutrinos and because, with the minimal Higgs sector, lepton number is automatically

conserved. We now know that neutrinos have masses, therefore the SM has to be modified

to accommodate them; the simplest possibility is to add three right-handed neutrinos with

Dirac mass terms, like for the rest of the fermions in the SM. If one then considers the

SM with four generations (and four right-handed neutrinos), it is very difficult to justify

why the neutrino from the fourth generation is 1011 times heavier than the three observed

ones. This difficulty is alleviated if right-handed neutrinos have Majorana masses at the

electroweak scale and the Dirac masses of the neutrinos are of the order of magnitude of

their corresponding charged leptons [21]. Then, the see-saw mechanism is operative and

gives neutrino masses m1 ∼ m2
e/M , m2 ∼ m2

µ/M , m3 ∼ m2
τ/M , m4 ∼ m2

E/M ∼ mE (we

denote by E the fourth generation charged lepton). Although with a common Majorana

mass M at the electroweak scale it is not possible to obtain m3 light enough to fit the
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observed neutrino masses, this could be solved by allowing different Majorana masses for

the different generations; but then one should explain why M2,M3 ≫ M4.

Right-handed neutrinos, however, do not have gauge charges and are not needed to

cancel anomalies, therefore their number is not linked to the number of generations. In fact,

an extension of the SM with four generations and just one right-handed neutrino with both

Dirac and a Majorana masses at the electroweak scale leads, at tree level, to three massless

and two heavy Majorana neutrinos. Since lepton number is broken in the model, the three

massless neutrinos acquire Majorana masses at two loops therefore providing a natural

explanation for the tiny masses of the three known neutrinos [22].1 More generally, it has

been shown that in the SM with nL lepton doublets, nH Higgs doublets and nR < nL right-

handed neutrino singlets with Yukawa and Majorana mass terms there are nL−nR massless

Majorana neutrinos at tree level, of which nL−nR−max(0, nL−nHnR) states acquire mass

by neutral Higgs exchange at one loop [24–26]. The remaining max(0, nL − nHnR) states

get masses at two loops. Similar extensions could be built with additional hyperchargeless

fermion triplets, like in type III see-saw.

In this work we reconsider the model of ref. [22], without enlarging the scalar sector of

the SM but allowing for extra generations. The paper is organised as follows. In section 2

we summarize current neutrino data and searches for new generations. In section 3 we

review the radiative neutrino mass generation at two loops, and show that the observed

light neutrino mass hierarchy can not be accommodated in the minimal scenario with

four generations. In section 4 we present a five generation example which leads to the

observed neutrino masses and (close to tribimaximal) mixing. We introduce a simple

parametrization of the model and explore the parameter space allowed by current neutrino

data, universality, charged lepton flavour violating rare decays ℓi → ℓjγ and 0ν2β decay, as

well as the regions that will be probed in near future experiments (MEG, µ–e conversion

in nuclei). Section 5 is devoted to collider phenomenology and we summarize our results

in section 6.

2 Framework and review

It has been well established in the last decade that neutrinos are massive, thanks to the re-

sults obtained with solar [1–4, 11], and atmospheric [6, 7, 10] neutrinos, confirmed in exper-

iments using man-made beams: neutrinos from nuclear reactors [5] and accelerators [8, 12].

The minimum description of all neutrino data requires mixing among the three neutrino

states with definite flavour (νe, νµ, ντ ), which can be expressed as quantum superpositions

of three massive states νi (i = 1, 2, 3) with masses mi. The standard parametrization of

the leptonic mixing matrix, UPMNS, is:

UPMNS =







c13c12 c13s12 s13e
−iδ

−c23s12 − s23s13c12e
iδ c23c12 − s23s13s12e

iδ s23c13

s23s12 − c23s13c12e
iδ −s23c12 − c23s13s12e

iδ c23c13













eiφ1

eiφ2

1






, (2.1)

1Two-loop quantum corrections within the SM with only two massive Majorana neutrinos also lead to

a (tiny) mass for the third one [23].
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Light neutrino best fit values

∆m2
21 = (7.64+0.19

−0.18 ) × 10−5 eV2

∆m2
31 =

{

(2.45 ± 0.09) × 10−3 eV2 NH

−(2.34+0.10
−0.09 ) × 10−3 eV2 IH

sin2 θ12 = 0.316 ± 0.016

sin2 θ23 =

{

0.51 ± 0.06 NH

0.52 ± 0.06 IH

sin2 θ13 =

{

0.017+0.007
−0.009 NH

0.020+0.008
−0.009 IH

Table 1. The best fit values of the light neutrino parameters and their 1σ errors from [27].

where cij ≡ cos θij and sij ≡ sin θij. In addition to the Dirac-type phase δ, analogous to that

of the quark sector, there are two physical phases φi if neutrinos are Majorana particles.

The measurement of these parameters is by now restricted to oscillation experiments which

are only sensitive to mass-squared splittings (∆m2
ij ≡ m2

i − m2
j). Moreover, oscillations in

vacuum cannot determine the sign of the splittings. As a consequence, an uncertainty in

the ordering of the masses remains; the two possibilities are:

m1 < m2 < m3 , (2.2)

m3 < m1 < m2 . (2.3)

The first option is the so-called normal hierarchy spectrum while the second one is the

inverted hierarchy scheme; in this form they correspond to the two possible choices of the

sign of ∆m2
31 ≡ ∆m2

atm, which is still undetermined, while ∆m2
21 ≡ ∆m2

sol is known to be

positive. Within this minimal context, two mixing angles and two mass-squared splittings

are relatively well determined from oscillation experiments (see table 1), there is a slight

hint of θ13 > 0 and nothing is known about the phases.

Regarding the absolute neutrino mass scale, it is constrained by laboratory experiments

searching for its kinematic effects in Tritium β-decay, which are sensitive to the so-called

effective electron neutrino mass,

m2
νe

≡
∑

i

m2
i |Uei|2. (2.4)

The present upper limit is mνe < 2.2 eV at 95% confidence level (CL) [28, 29], while a

new experimental project, KATRIN [30], is underway, with an estimated sensitivity limit

mνe ∼ 0.2 eV. However, cosmological observations provide the tightest constraints on

the absolute scale of neutrino masses, via their contribution to the energy density of the

Universe and the growth of structure. In general these bounds depend on the assumptions

made about the expansion history as well as on the cosmological data included in the
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analysis [31]. Combining CMB and large scale structure data quite robust bounds have been

obtained:
∑

i mi < 0.4 eV at 95% CL within the ΛCDM model [32] and
∑

i mi < 1.5 eV at

95% CL when allowing for several departures from ΛCDM [33].

Finally, if neutrinos are Majorana particles complementary information on neutrino

masses can be obtained from 0ν2β decay. The contribution of the known light neutrinos

to the 0ν2β decay amplitude is proportional to the effective Majorana mass of νe, mee =

|∑i miU
2
ei|, which depends not only on the masses and mixing angles of the UPMNS matrix

but also on the phases. The present bound from the Heidelberg-Moscow group is mee <

0.34 eV at 90% CL [34], but future experiments can reach sensitivities of up to mee ∼
0.01 eV [35].

We now briefly review the current status of searches for new sequential generations.

Direct production of the 4th generation quarks t′ and b′, assuming t′ → Wq and b′ →
Wt has been searched in CDF, leading to the lower mass bounds mt′ > 335 GeV and

mb′ > 385 GeV [36, 37]. Limits on new generation leptons, from LEP II, are weaker:

mℓ′ > 100.8 GeV and mν′ > 80.5 (90.3) GeV for pure Majorana (Dirac) particles, assuming

that the 4th generation leptons are unstable, i.e., their mixing with the known leptons

is large enough so that they decay inside the detector [17]. When neutrinos have both

Dirac and Majorana masses, their coupling to the Z boson may be reduced by the neutrino

mixing angle and the bound on the lightest neutrino mass may be relaxed to 63 GeV [38].

While the bound on a charged lepton stable on collider lifetimes is still about 100 GeV,

in the case of stable neutrinos the only limit comes from the LEP I measurement of the

invisible Z width, mν′ > 39.5 (45) GeV for pure Majorana (Dirac) particles [17].

Even if new generation fermions are very heavy and cannot de directly produced, they

affect electroweak observables through radiative corrections. Recent works have shown that

a fourth generation is consistent with electroweak precision observables [20, 39, 40], pro-

vided there is a heavy Higgs and the mass splittings of the new SU(2) doublets satisfy [40]2

|mt′ − mb′ | < 80GeV, (2.5)

|mℓ′ − mν′ | < 140GeV. (2.6)

Notice, however, that a long-lived fourth generation can reopen a large portion of the

parameter space [41].

In addition to these phenomenological bounds one can place some upper limits by

using perturbative unitarity, triviality and by imposing the stability of the Higgs potential

at one loop. Typically one obtains limits of the order of the TeV [42] for degenerate lepton

doublets and about 600 GeV for degenerate quark doublets.

A very striking effect of new generations is the enhancement of the Higgs-gluon-gluon

vertex which arises from a triangle diagram with all quarks running in the loop. This

vertex is enhanced approximately by a factor 3 (5) in the presence of a heavy fourth (fifth)

generation [39, 43]. Therefore, the Higgs production cross section through gluon fusion at

the Tevatron and the LHC is enhanced by a factor of 9 (25) in the presence of a fourth (fifth)

2The allowed quark mass splittings depend on the Higgs mass, according to the approximate formula

mt′ − mb′ ≃

`

1 + 1

5
log( mH

115 GeV
)
´

× 50 GeV from ref. [39].
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νi

νj

eα

W

W

eβν4, ν 4̄

Figure 1. Two-loop diagram contributing to neutrino masses in the four-generation model.

generation. Thus, a combined analysis from CDF and D0 for four generations has excluded

a SM-like Higgs boson with mass between 131 GeV and 204 GeV at 95% CL [44], while

LHC data already excludes 144GeV < mH < 207GeV at 95% CL [45]. From these results,

we estimate roughly that mH > 300 GeV in the case of five generations. However, these

limits may be softened if the fourth generation neutrinos are long-lived and the branching

ratio of the decay channel H → ν4ν̄4 is significant [46].

Putting all together, a general analysis seems to suggest that at most only two extra

generations are allowed [19] unless new additional physics is invoked. If extra generations

exist, the Higgs should be heavy. Extra generation quarks should also be quite heavy and

be almost degenerate within a generation. The constraints on new generation leptons are

milder; charged lepton and Dirac neutrino masses should be in the range 100–1000 GeV

and, as we will see in section 4.3, this range will increase if neutrinos have both Dirac and

Majorana mass terms.

3 Four generations

If we add one right-handed neutrino νR to the SM with three generations and we do not

impose lepton number conservation, so that there is a Majorana mass term for the right-

handed neutrino, a particular linear combination of νe, νµ, ντ , call it ν ′
3, will couple to νR

and get a Majorana mass at tree level. The other two linear combinations are massless at

tree level but, since lepton number is broken, no symmetry protects them from acquiring

a Majorana mass at the quantum level. In fact, they obtain a mass at two loops by the

exchange of two W bosons (same diagram as in figure 1, but with ν3, ν3̄ running in the

loop). This leads to two extremely small neutrino masses, as desired, but there is a huge

hierarchy between the tree-level mass, for ν3, and the two-loop-level masses, for ν1 and ν2,

therefore this possibility cannot accommodate the observed neutrino masses.3

Analogously, we can extend the SM by adding a complete fourth generation and one

right handed neutrino νR with a Majorana mass term [22, 26, 48, 49]. We denote the new

3See however [47] for a model with three generations, one right-handed neutrino singlet and two Higgs

doublets which can accommodate neutrino masses and mixings.
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charged lepton E and the new neutrino νE . The relevant part of the Lagrangian is

LY = −ℓ̄YeeRφ − ℓ̄YννRφ̃ − 1

2
νc

RmRνR + H.c. , (3.1)

where ℓ represents the left-handed lepton SU(2) doublets, eR the right-handed charged

leptons, νR the right-handed singlet and flavour indices are omitted. In generation space

ℓ and eR are organized as column vectors with four components. Thus, Ye is a general,

4 × 4 matrix, Yν is a general four-component column vector whose elements we denote by

yα with α = e, µ, τ,E, and mR is a Majorana mass term. The standard kinetic terms, not

shown in eq. (3.1), are invariant under general unitary transformations ℓ → Vℓℓ, eR → VeeR

and νR → eiανR. One can use those transformations, Vℓ and Ve, to choose Ye diagonal and

positive and also mR can be taken positive by absorbing its phase in νR. Yν is in general

arbitrary; however, there is still a rephasing invariance in ℓ and eR that will allow us to

remove all phases in Yν .

After spontaneous symmetry breaking (SSB) the mass matrix for the neutral leptons is

a 5×5 Majorana symmetric matrix which has the standard see-saw structure with only one

right-handed neutrino Majorana mass term. Therefore, it leads to two massive Majorana

and three massless Weyl neutrinos. From the Lagrangian it is clear that only the linear

combination of left-handed neutrinos ν ′
4 ∝ yeνe + yµνµ + yτντ + yEνE will pair up with

νR to acquire a Dirac mass term. Thus, it is convenient to pass from the flavour basis

(νe, νµ, ντ , νE) to a new one ν ′
1, ν

′
2, ν

′
3, ν

′
4 where the first three states will be massless at

tree level and only ν ′
4 will mix with νR. If V is the orthogonal matrix that passes from

one basis to the other we will have να =
∑

i Vαiν
′
i (i = 1, · · · , 4, α = e, µ, τ,E) with

Vα4 ≡ Nα = yα/
√

∑

β y2
β. Since ν ′

1, ν
′
2, ν

′
3 are massless, we are free to choose them in

any combination of νe, νµ, ντ , νE as long as they are orthogonal to ν ′
4, i.e.,

∑

α VαiNα = 0

for i = 1, 2, 3. The orthogonality of V almost fixes all its elements in terms of Nα, but

still leaves us some freedom to set three of them to zero. Following [22, 48] we choose

Vτ1 = VE1 = VE2 = 0 for convenience.

After this change of basis, we are left with a non-trivial 2 × 2 mass matrix for ν ′
4 and

νR which can easily be diagonalized and leads to two Majorana neutrinos

ν4 = i cos θ(−ν ′
4 + ν ′c

4 ) + i sin θ(νR − νc
R) ,

ν4̄ = − sin θ(ν ′
4 + ν ′c

4 ) + cos θ(νR + νc
R) ,

m4,4̄ =
1

2

(
√

mR
2 + 4m2

D ∓ mR

)

, (3.2)

where mD = v
√

∑

i y
2
i , with v = 〈φ(0)〉, and tan2 θ = m4/m4̄. The factor i and the

relative signs in ν4 are necessary to keep the mass terms positive and preserve the canonical

Majorana condition ν4 = νc
4. If mR ≪ mD, we have m4 ≈ m4̄, tan θ ≈ 1, and we say we

are in the pseudo-Dirac limit while when mR ≫ mD, m4 ≈ m2
D/mR and m4̄ ≈ mR,

tan θ ≈ mD/mR and we say we are in the see-saw limit.

Since lepton number is broken by the νR Majorana mass term, there is no symmetry

which prevents the tree-level massless neutrinos from gaining Majorana masses at higher
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order. In fact, Majorana masses for the light neutrinos, ν ′
1, ν

′
2, ν

′
3, are generated at two

loops by the diagram of figure 1, and are given by

Mij = − g4

m4
W

mRm2
D

∑

α

VαiVα4m
2
α

∑

β

VβjVβ4m
2
βIαβ , (3.3)

where the sums run over the charged leptons α, β = e, µ, τ,E while i, j = 1, 2, 3, and

Iαβ = J(m4,m4̄,mα,mβ, 0) − 3

4
J(m4,m4̄,mα,mβ,mW ) , (3.4)

with J(m4,m4̄,mα,mβ,mW ) the two-loop integral defined and computed in appendix A.

When mR = 0, Mij = 0, as it should, because in that case lepton number is conserved.

Also when mD = 0 we obtain Mij = 0, since then the right-handed neutrino decouples

completely and lepton number is again conserved.

To see more clearly the structure of this mass matrix we can take, for the moment,

the limit me = mµ = mτ = 0; then, since we have chosen Vτ1 = VE1 = VE2 = 0, the only

non-vanishing element in Mij is M33 and it is proportional to V 2
E3N

2
Em4

EIEE. Keeping

all the masses one can easily show that the eigenvalues of the light neutrino mass matrix

are proportional to m4
µ, m4

τ , m4
E which gives a huge hierarchy between neutrino masses.

Moreover, for mE ≫ m4,4̄ ≫ mW , the loop integrals in eq. (3.4) can be well approximated

by (see appendix A):

IEE ≈ −1

(4π)42m2
E

ln
mE

m4̄
(3.5)

and

Iµµ ≈ Iττ ≈ −1

(4π)42m2
4̄

ln
m4̄

m4
, (3.6)

leading to only two light neutrino masses, since the mass matrix in eq. (3.3) has rank 2 if

the three light charged lepton masses are neglected in Iαβ. The third light neutrino mass is

generated when at least mτ is taken into account in the loop integral, leading to a further

suppression. Within the above approximation, the following ratio of ν2 and ν3 masses is

obtained [50]:

m2

m3
.

1

4N2
E

(

mτ

mE

)2(mτ

m4̄

)2

.
10−7

N2
E

, (3.7)

where we have taken ln(m4̄/m4) ≈ ln(mE/m4̄) ≈ 1 and in the last step we used that

mE ,m4̄ & 100 GeV. To overcome this huge hierarchy one would need very small values of

NE which would imply that the heavy neutrinos are not mainly νE but some combination of

the three known neutrinos νe, νµ, ντ ; but this is not possible since it would yield observable

effects in a variety of processes, like π → µν, π → eν, τ → eνν, τ → µνν. This requires

that ye,µ,τ . 10−2yE [51, 52] and then NE ≈ 1.

Therefore, although the idea is very attractive, the simplest version is unable to ac-

commodate the observed spectrum of neutrino masses and mixings. However, notice that

whenever a new generation and a right-handed neutrino with Majorana mass at (or below)

the TeV scale are added to the SM, the two-loop contribution to neutrino masses is always

present and provides an important constraint for this kind of SM extensions.
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In the following we modify the original idea by adding one additional generation and

one additional fermion singlet. We will see that this minimal modification is able to ac-

commodate all current data.

4 Five generation working example

4.1 The five generations model

We add two generations to the SM and two right-handed neutrinos. We denote the two

charged leptons by E and F and the two right-handed singlets by ν4R and ν5R. The

Lagrangian is exactly the same we used for four generations (3.1) but now ℓ and e are

organized as five-component column vectors while νR is a two-component column vector

containing ν4R and ν5R. Thus, Ye is a general, 5 × 5 matrix, Yν is a general 5 × 2 matrix

and mR is now a general symmetric 2 × 2 matrix. The kinetic terms are invariant under

general unitary transformations ℓ → Vℓℓ, eR → VeeR and ν → Vνν, which can be used to

choose Ye diagonal and positive and mR diagonal with positive elements m4R and m5R.

After this choice, there is still some rephasing invariance ℓi → eiαiℓi, eiR → eiαieiR broken

only by Yν , which can be used to remove five phases in Yν . Therefore

Yν =
(

y, y′
)

, (4.1)

where y and y′ are five-component column vectors with components yα and y′α respectively

(α = e, µ, τ,E, F ), one of which can be taken real while the other, in general, will contain

phases. The model, contrary to the four-generation case, has additional sources of CP

violation in the leptonic sector. However, since at the moment we are not interested in CP

violation, for simplicity we will take all yα and y′α real.

Much as in the four-generation case, the linear combination ν ′
4 ∝ ∑

α yανα only couples

to ν4R and the combination ν ′
5 ∝ ∑

α y′ανα only couples to ν5R. Therefore, the tree-level

spectrum will contain three massless neutrinos (the linear combinations orthogonal to ν ′
4

and ν ′
5) and four heavy Majorana neutrinos. Unfortunately, since in the general case ν ′

4

and ν ′
5 may not be orthogonal to each other, the diagonalization becomes much more

cumbersome than in the four-generation case. Since we just want to provide a working

example, we choose ν ′
4 and ν ′

5 orthogonal to each other, i.e.,
∑

α yαy′α = 0. This simplifies

enormously the analysis of the model and allows us to adopt a diagonalization procedure

analogous to the one followed in the four-generation case.

We change from the flavour fields νe, νµ, ντ , νE , νF to a new basis ν ′
1, ν

′
2, ν

′
3, ν

′
4, ν

′
5 where

ν ′
1, ν

′
2, ν

′
3 are massless at tree level, so we are free to choose them in any combination of

the flavour states as long as they are orthogonal to ν ′
4 and ν ′

5. Thus, if V is the orthogonal

matrix that passes from one basis to the other να =
∑

i Vαiν
′
i (i = 1, · · · , 5, α = e, µ, τ,E, F )

we have Vα4 = Nα = yα/
√

∑

β y2
β, Vα5 = N ′

α = y′α/
√

∑

β y′2β , and
∑

β NβN ′
β = 0. The

rest of the elements in Vαi can be found by using the orthogonality of V , which gives us 12

equations (9 orthogonality and 3 normalization conditions, because Nα and N ′
α are already

normalized and orthogonal), therefore we still can choose at will three elements of Vαi; for
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instance we could choose VF1 = VF2 = VE1 = 0. In this case

V =















Ve1 Ve2 Ve3 Ne N ′
e

Vµ1 Vµ2 Vµ3 Nµ N ′
µ

Vτ1 Vτ2 Vτ3 Nτ N ′
τ

0 VE2 VE3 NE N ′
E

0 0 VF3 NF N ′
F















. (4.2)

Moreover, since
∑

α NαN ′
α = 0, the 4×4 mass matrix of ν ′

4, ν4R, ν ′
5 and ν5R is block-diagonal

and can be separated in two 2 × 2 matrices (for ν ′
4 and ν4R and ν ′

5 and ν5R respectively)

with the same form found in the four-generation case. Its diagonalization leads to four

Majorana massive fields:

νa = i cos θa(−ν ′
a + ν ′c

a ) + i sin θa(νaR − νc
aR) ,

νā = − sin θa(ν
′
a + ν ′c

a ) + cos θa(νaR + νc
aR) ,

ma,ā =
1

2

(
√

m2
aR + 4m2

aD ∓ maR

)

, (4.3)

with a = 4, 5, tan2 θa = ma/mā, m4D = v
√

∑

α y2
α and m5D = v

√
∑

α y′2α .

4.2 Two-loop neutrino masses

As in the case of four generations, the diagrams of figure 1 (now with the four massive

neutrinos running in the loop) will generate a non-vanishing mass matrix for the three

neutrinos ν ′
1, ν

′
2, ν

′
3 given by

Mij = − g4

m4
W

∑

a=4,5

maRm2
aD

∑

α

VαiVαam
2
α

∑

β

VβjVβam
2
βI

(a)
αβ , (4.4)

with I
(a)
αβ given by (3.4) with a labeling the contribution of the 4th and 5th generations.

To analyze this mass matrix first we will impose several phenomenological constraints:

a) The model should be compatible with the observed universality of fermion couplings

and have small rates of lepton flavour violation in the charged sector. This requires

ye, yµ, yτ , y
′
e, y

′
µ, y′τ ≪ yE, yF , y′E, y′F .

b) The model should fit the observed pattern of masses and mixings. A good starting

point would be to have expressions able to reproduce the tribimaximal (TBM) mixing

structure.

The constraint a) together with the orthogonality condition implies that yEy′E +yF y′F ≈ 0,

which can be satisfied, for instance, if yF = y′E = 0, that is, νE only couples to ν4R and νF

only couples to ν5R. Then, one can define yα = yE(ǫe, ǫµ, ǫτ , 1, 0), y′α = y′F (ǫ′e, ǫ
′
µ, ǫ′τ , 0, 1),

where ǫi and ǫ′i are at least O(10−2) in order to satisfy universality constraints4 (see sec-

tion 4.3.2 for more details). Thus, to order ǫ, Nα ≈ (ǫe, ǫµ, ǫτ , 1, 0), N ′
α ≈ (ǫ′e, ǫ

′
µ, ǫ′τ , 0, 1),

4This pattern of couplings can easily be enforced by using a discrete symmetry which is subsequently

broken at order ǫ.
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and since for i 6= 4, 5
∑

α VαiNα =
∑

α VαiN
′
α = 0, all the entries Vαi with α = e, µ, τ ,

i = 1, 2, 3 can be order one. Now if we choose VF1 = VF2 = VE1 = 0 one can see that

VE2, VE3 are O(ǫ) while VF3 is O(ǫ′).

A further simplification occurs if we assume that VE3 = 0, since in that case E only

couples to ν ′
2 and and F only couples to ν ′

3. Then, in the limit me = mµ = mτ = 0 the

neutrino mass matrix Mij in eq. (4.4) is already diagonal and we can easily estimate the

size of the two larger eigenvalues by neglecting the masses of the known charged leptons

in front of mE and mF . We find5

M22 ∼ ǫ2m4R
g4m2

4Dm2
E

m4
W (4π)42

ln
mE

m4̄

, M33 ∼ ǫ′2m5R
g4m2

5Dm2
F

m4
W (4π)42

ln
mF

m5̄

. (4.5)

Taking mF ∼ m5D ∼ mW /g and ǫ′ ∼ 10−2 we find M33 ∼ 2 × 10−9m5R, therefore, to

obtain M33 ∼ 0.05 eV we need m5R ∼ 20 MeV (or ǫ′ . 10−3 for m5R ∼ 1GeV). Since m5R

and m4R control the splitting between the two heavy Majorana neutrinos we are naturally

in the pseudo-Dirac regime unless the ǫ’s are below 10−4. We also see that the higher

m4D(5D) or mE(F ), the lower the ǫ (ǫ′) that is needed for a given m4R(5R). On the other

hand, it is clear that the required hierarchy between M33 and M22 can be easily achieved

both in the normal and the inverted hierarchy cases, while the degenerate case cannot

be fitted within this scheme since the third neutrino mass is proportional to m4
τ . After

discussing the phenomenology of the model with more detail in section 4.3, we present the

allowed regions of the parameter space in figure 4.

Now let us turn to constraint b), that is, the light neutrino mixings. With our simpli-

fying choices the diagonal entries of the light neutrino mass matrix are proportional to m4
τ ,

m4
E , m4

F , whereas the off-diagonal ones are proportional to m2
τm

2
E and m2

τm
2
F . Therefore

the neutrino states ν ′
1, ν

′
2, ν

′
3 are very close to being the true mass eigenstates and the first

3 × 3 elements of V , Vαi, with α = e, µ, τ, i = 1, 2, 3 give us directly the PMNS mixing

matrix (up to permutations). Then, by using the orthogonality conditions it is easy to

find the structure of Yukawas that reproduce a given pattern for the PMNS matrix. Let

us study separately the two phenomenologically viable cases, normal hierarchy (NH) and

inverted hierarchy (IH).

4.2.1 Normal hierarchy

In the normal hierarchy case (m1 < m2 < m3), the experimental data tell us that

m3 ≈
√

| △ m2
31| ≈ 0.05 eV, m2 ≈

√

△m2
21 ≈ 0.01 eV and allow for m1 ≪ m2. The struc-

tures we have found (by choosing VF1 = VF2 = VE1 = VE3 = 0) automatically fall in this

scheme, since (for mE,F ≫ m4,4̄,5,5̄ ≫ mW ) we obtain (m1,m2,m3) ∝ (m4
τ/m

2
4̄
,m2

E ,m2
F ).

Is there any choice of the Yukawa couplings yα and y′α that leads naturally to some

phenomenologically successful structure, for instance TBM? If we impose TBM in Vαi

(α = e, µ, τ , i = 1, 2, 3), given the structure of Nα and N ′
α, the orthogonality of V (at

order ǫ2) immediately tells us that ǫe = ǫµ = −ǫτ ≡ ǫ, ǫ′e = 0, ǫ′µ = ǫ′τ ≡ ǫ′, and finally

5Note that the position of the eigenvalues in Mij depends on the position of the zeros in Vαi. The choice

we made is very convenient to reproduce the normal hierarchy spectrum.
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VE2 = −ǫ
√

3, VF3 = −ǫ′
√

2. Therefore, a successful choice of the Yukawas will be

yα = yE(ǫ, ǫ,−ǫ, 1, 0) ,

y′α = y′F (0, ǫ′, ǫ′, 0, 1) , (4.6)

which, keeping only terms up to order ǫ2, leads to

V ≈

































√

2

3

1
√

3
−

√
3

2
ǫ2 0 ǫ 0

−
1
√

6

1
√

3
−
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3

2
ǫ2

1
√

2
−

1
√

2
ǫ′2 ǫ ǫ′

1
√

6
−

1
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3
+
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3
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1
√

2
−

1
√

2
ǫ′2 −ǫ ǫ′

0 −ǫ
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2
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2 0 1 − ǫ′2

































+ O(ǫ3) . (4.7)

Assuming that mE,F ≫ m4,4̄,5,5̄ ≫ mW , we find:

m2 = − 3g4

m4
W

ǫ2m2
4Dm4Rm4

EIEE ≈ 3g4

2(4π)4m4
W

ǫ2m2
4Dm4Rm2

E ln
mE

m4̄

, (4.8)

m3 = − 2g4

m4
W

ǫ′2m2
5Dm5Rm4

F IFF ≈ g4

(4π)4m4
W

ǫ′2m2
5Dm5Rm2

F ln
mF

m5̄

, (4.9)

and the required ratio m3/m2 ≈ 5 can be easily accommodated, for instance if the fifth

generation is heavier than the fourth one or ǫ′ > ǫ.

4.2.2 Inverted hierarchy

In the inverted hierarchy case (m3 < m1 . m2), we have m2 ≈ m1 ≈
√

| △ m2
31| ≈ 0.05 eV

and m3 ≪ m1 is allowed. Therefore now we need (m1,m2,m3) ∝ (m2
E ,m2

F ,m4
τ/m

2
4̄
), which

is just a cyclic permutation of the three eigenvalues. This ordering cannot be obtained

directly with our previous choice for the zeroes in Vαi, so now it is convenient to choose

VF1 = VF3 = VE3 = VE2 = 0 instead. Following the same procedure as above, we find that

yα = yE(−2ǫ, ǫ,−ǫ, 1, 0) ,

y′α = y′F (ǫ′, ǫ′,−ǫ′, 0, 1) (4.10)

will reproduce the desired TBM pattern, leading to

V ≈
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6ǫ2
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2
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−
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6
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3
2 ǫ2

1
√

3
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3

2
ǫ′2

1
√

2
ǫ ǫ′

1
√

6
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3
2 ǫ2 −

1
√

3
+

√
3

2
ǫ′2

1
√

2
−ǫ −ǫ′

ǫ
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6 0 0 1 − 3 ǫ2 0
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3 0 0 1 −
3

2
ǫ′2

































+ O(ǫ3) . (4.11)
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Assuming that mE,F ≫ m4,4̄,5,5̄ ≫ mW , we get:

m1 ≈ 3g4

(4π)4m4
W

ǫ2m2
4Dm4Rm2

E ln
mE

m4̄
, (4.12)

m2 ≈ 3g4

2(4π)4m4
W

ǫ′2m2
5Dm5Rm2

F ln
mF

m5̄
, (4.13)

while the ratio of masses between the heaviest neutrinos, m1/m2 ≈ 1 can be obtained by

choosing the different parameters in their natural range.

Thus, the model accommodates the light neutrino masses and mixings. In the next

section we will analyse current phenomenological bounds on the mixings between the new

generations and the first three, ǫ, ǫ′.

4.3 The parameters of the model

We have seen above that neutrino masses are proportional to ǫ2m4R (or ǫ′2m5R) and a

product of masses, m2
4Dm2

E (or m2
5Dm2

F ), which come from the Higgs mechanism and are

proportional to Yukawa couplings. As discussed in section 2 the values of these masses can-

not vary too much; perturbative unitarity requires they are smaller than about 1TeV [42]

while lower limits for charged leptons masses from colliders are about 100 GeV. Lower

limits for neutral fermions are a bit less uncertain. In the case of unstable pure Dirac

neutrinos (maR = 0, a = 4, 5) the neutrino masses are basically maD and the lower limits

are about 90 GeV, therefore, in that case, maD & 90 GeV. If neutrinos have both Dirac

and Majorana mass terms (maR 6= 0) the masses are given by eq. (4.3) and the lower limits

are6 mā ≥ ma > 63 GeV, then the upper limits on maD < 1 TeV automatically imply

maR . 16 TeV and therefore mā . 16 TeV. More generally in figure 2 we present the

allowed regions in the plane maR vs maD given the lower bound on ma > 63 GeV and the

upper limit on maD < 1000 GeV. We also plot the lines corresponding to ma = 200, 400,

600 and 800 GeV.

To be definite we will take

100GeV < m4D,m5D,mE ,mF < 1000GeV,

63GeV . ma ≤ maD ≤ mā . 16TeV,

with mamā = m2
aD and mā − ma = maR. In addition there are strong constrains from

the electroweak oblique parameters which in the pure Dirac case require some degeneracy

of masses, m4D ≃ mE (m5D ≃ mF ). However, these constraints depend on the complete

spectrum of the theory (masses of quarks and leptons from new generations and the Higgs

boson mass) and are less certain. In fact, contributions from the splitting of masses in the

quark sector can be compensated in part by lepton contributions with large maR [53, 54],

which, if we do take into account the constraints set by LEP II can vary from essentially

zero (Dirac case) to 16 TeV.

6Notice that in our scenario there is a lower bound on the mixing ǫ, in order to obtain the correct scale

of light neutrino masses, which implies that the heavy neutrinos would have decayed inside the detector

at LEP.
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Figure 2. Allowed region in maR–maD given the present lower limit (ma > 63GeV) on the mass

of an extra generation neutrino (a = 4, 5 refers the 4th or 5th generation).

The other parameters that enter neutrino masses are the ǫ’s, which characterize the

mixing of light neutrinos with heavy neutrinos, and the mR’s, which characterize the

amount of total lepton number breaking. The ǫ parameters will produce violations of uni-

versality and flavour lepton number conservation in low energy processes. The combination

of data from these processes will allow us to constrain both ǫ and ǫ′. On the other hand, to

obtain information on the mR’s we will use the light neutrino masses, which in the model

are Majorana particles. We will also study the contributions of the heavy neutrinos to

neutrinoless double beta decay.

4.3.1 Lepton flavour violation processes (µ → eγ and µ–e conversion)

The general expression for the branching ratio of µ → eγ produced through a virtual pair

W -neutrino is:

B(µ → eγ) =
3α

2π
|δν |2, (4.14)

where

δν =
∑

i

UeiU
∗
µi H(m2

χi/m2

W
) (4.15)

and H is the loop function for this process [51]

H(x) =
x(2x2 + 5x − 1)

4(x − 1)3
− 3x3 log(x)

2(x − 1)4
,

with mχi
the masses of all heavy neutrinos running in the loop and Uei and Uµi their

couplings to the electron and the muon respectively. In (4.14) we have used the unitarity

of the mixing matrix and neglected the light neutrino masses to rewrite the final result only

in terms of the heavy neutrino contributions. Then, as the mixings of the heavy neutrinos

with the light leptons are different in normal and inverted hierarchy, so are the µ → eγ

amplitudes generated; one can see just by inspection of the mixing matrices, eqs. (4.7)
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Ε = 0.025

Ε = 0.008

Current bound

Future bound

100 500200 300150 70010-14
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HΜ
�
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Figure 3. B(µ → eγ) against m4 for different values of ǫ in the NH case. We also display present

and future limits on B(µ → eγ) as horizontal lines.

and (4.11) that in NH only the pair ν4, ν4̄ couples to both the electron and the muon,

whereas in IH the four heavy neutrinos contribute to the process. The predicted branching

ratios are

NH: B(µ → eγ) =
3α

2π
H̄2

4 ǫ4, (4.16)

IH: B(µ → eγ) =
3α

2π

[

H̄5 ǫ′2 − 2 H̄4 ǫ2
]2

, (4.17)

where

H̄a ≡ cos2 θaH(m2
a/m

2
W ) + sin2 θaH(m2

ā/m
2
W ) .

Now since H(x) is a monotonically increasing function and mā ≥ ma > 63GeV we have

H̄a ≥ H(m2
a/m

2
W ) > 0.09 which gives the less stringent constraint on ǫ and ǫ′. The

experimental bound reads B(µ → eγ) < 1.2 × 10−11, and it is translated into

NH: ǫ < 0.03 , (4.18)

IH: |ǫ′2 − 2 ǫ2| < 7 × 10−4. (4.19)

To see how these bounds depend on the masses of the heavy neutrinos we display in

figure 3 B(µ → eγ) against the mass of the heavy neutrino m4 in the NH case. For IH we

expect similar results unless there are strong cancellations. We also display as horizontal

lines present limits [17] B(µ → eγ) < 1.2 × 10−11 and near future limits [55]. From the

figure we can extract a conservative bound of the order of the one quoted above, ǫ < 0.03.

Some extra information could be extracted from τ → eγ and τ → µγ. Thus, from

B(τ → eγ) < 3.3 × 10−8 we obtain ǫ < 0.3 in the case of NH and |ǫ′2 − 2 ǫ2| < 0.08, limits

that show exactly the same dependence on ǫ and ǫ′ as the one obtained in µ → eγ, but
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which are roughly one order of magnitude worse. From B(τ → µγ) < 4.4× 10−8, although

the bounds are of the same order of magnitude as for B(τ → eγ), we obtain different

combinations of ǫ’s, |ǫ′2 − ǫ2| < 0.09 for NH and ǫ′2 + ǫ2 < 0.09 for IH.

Another very interesting process which gives information on ǫ is µ–e conversion in

nuclei. From present data [17] one obtains bounds similar to the limit obtained from

µ → eγ. However, there are plans to improve the sensitivity in µ–e conversion in 4 and

even 6 orders of magnitude [56], therefore we expect much stronger bounds in the future

coming from µ–e conversion. Strong correlations between both processes exist, as can be

seen in [51].

4.3.2 Universality bounds

New heavy generations that couple to the observed fermions can potentially lead to viola-

tions of universality in charged currents because of the “effective” lack of unitarity in the

mixings when the heavy generations cannot be produced. Data from neutrino oscillation

experiments can also be used to constrain deviations from unitarity of some of the elements

of the leptonic mixing matrix [57], however, in our scenario they lead to weaker bounds

than the ones obtained here.

There are different types of universality bounds which constrain the mixings of light

fermions with new generations:

• Lepton-hadron universality. One compares weak couplings of quarks and leptons

using muon decay and nuclear β decay, which are very well tested. In our case this

involves mixings both in the quark and lepton sectors and they are not useful to test

individually the lepton mixings we are interested in.

• Relations between muon decay, mZ , mW and the weak mixing angle sin2 θW . These

are very well-determined relations in the SM, and in our case they are modified

because the heavy neutrinos cannot be produced in ordinary muon decay. Unfortu-

nately, these relations depend strongly on the ρ parameter, which receives contribu-

tions from the Higgs and very large contributions from the heavy fermions of the new

generations. Therefore, although these type of relations could be used to set bounds

on the ǫ’s, they would depend on other unknown parameters.

• Ratios of decay widths of similar processes. The bounds obtained from this type of

processes are very robust because most of the uncertainties cancel in the ratios. We

will only consider the most precise among these ratios, which are well measured and

can be computed accurately [58–60]:

Rπ→e/π→µ ≡ Γ(π → eν̄)

Γ(π → µν̄)
, (4.20)

Rτ→e/τ→µ ≡ Γ(τ → eν̄ν)

Γ(τ → µν̄ν)
, (4.21)

Rτ→e/µ→e ≡ Γ(τ → eν̄ν)

Γ(µ → eν̄ν)
= Bτ→e

τµ

ττ
, (4.22)
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Observable R [17] RSM R/RSM

Rπ→e/π→µ (1.230 ± 0.004) × 10−4 (1.2352 ± 0.0001) × 10−4 0.996 ± 0.003.

Rτ→e/τ→µ 1.028 ± 0.004 1.02821 ± 0.00001 1.000 ± 0.004

Rτ→µ/µ→e (1.31 ± 0.06) × 106 (1.3086 ± 0.0006) × 106 1.001 ± 0.004

Table 2. Relevant universality tests.

Rτ→µ/µ→e ≡ Γ(τ → µν̄ν)

Γ(µ → eν̄ν)
= Bτ→µ

τµ

ττ
, (4.23)

where Bτ→f = Γ(τ → f ν̄ν)/Γ(τ → all) is the branching ratio of the tau decay to the

fermion f , and τf = 1/Γ(f → all) its lifetime. In our model there are corrections to these

ratios because νe, νµ and ντ have a small part of ν4,4̄ and ν5,5̄, which are heavy and cannot

be produced. This leads to an additional violation of universality which depends on the

mixings of νe, νµ and ντ with ν4,4̄ and ν5,5̄. For Rπ→e/π→µ, and using the Vαi in (4.7)

and (4.11), we find that

Rπ→e/π→µ

RSM
π→e/π→µ

=
|Ve1|2 + |Ve2|2 + |Ve3|2
|Vµ1|2 + |Vµ2|2 + |Vµ3|2

=

{

1 + ǫ′2 NH

1 − 3ǫ2 IH
. (4.24)

Rτ→e/τ→µ/RSM
τ→e/τ→µ tests exactly the same couplings, therefore the result is the same

as in (4.24).

Rτ→e/µ→e gives a different information because it tests τ/µ universality; however, we

find that for both NH and IH Rτ→e/µ→e/R
SM
τ→e/µ→e = 1, and since it is independent of the

ǫ’s, this process does not give any further information. This is a consequence of our choice

for the Yukawa couplings,7 which, up to signs, are equal for the τ and µ neutrinos.

Finally for Rτ→µ/µ→e, using our mixing matrices, we find

Rτ→µ/µ→e

RSM
τ→µ/µ→e

=
|Vτ1|2 + |Vτ2|2 + |Vτ3|2
|Ve1|2 + |Ve2|2 + |Ve3|2

=

{

1 − ǫ′2 NH

1 + 3ǫ2 IH
, (4.25)

which gives exactly the inverse combinations of those obtained from e/µ universality tests.

Therefore, if we combine the three results, Rπ→e/π→µ/RSM
π→e/π→µ,Rτ→e/τ→µ/RSM

τ→e/τ→µ

and (Rτ→µ/µ→e/R
SM
τ→µ/µ→e)

−1 and use the data collected in table 2, we obtain

0.998 ± 0.002 =

{

1 + ǫ′2 NH

1 − 3ǫ2 IH
, (4.26)

which translates into the following upper 90% CL limits on ǫ′ and ǫ

NH: ǫ′ < 0.04 , (4.27)

IH: ǫ < 0.04 . (4.28)

7Which, in turn, is a consequence of the TBM structure we wanted to reproduce.
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Notice that although in the IH case we have more sensitivity than in the NH case because

of the factor of 3 we finally obtain similar limits in the two cases. This is because in the

NH case the deviation from 1 obtained in the model is always positive while the present

measured value is slightly smaller than 1 (in both cases we used the Feldman & Cousins

prescription [61] to set 90% CL limits).

Now we can use all data from LFV and universality and conclude that in the NH case

we have ǫ < 0.03, basically from µ → eγ, and ǫ′ < 0.04, basically from universality tests.

In the IH case we obtain that, except in a narrow band around ǫ′2 ≃ 2ǫ2, ǫ . 0.02 and

ǫ′ . 0.03 basically from µ → eγ; if ǫ′2 ≃ 2ǫ2 there is a cancellation in µ → eγ but still one

can combine these data with the universality limits to obtain ǫ . 0.04 and ǫ′ . 0.06.

4.3.3 Neutrinoless double beta decay (0ν2β)

As commented above m4R,m5R are the relevant parameters which encapsulate the non-

conservation of total lepton number and they control, together with the ǫ’s, the neutrino

masses. Therefore, it would be useful to have additional independent information on these

parameters. The most promising experiments to test the non-conservation of total lep-

ton number are neutrinoless double beta decay experiments. The standard contribution,

produced by light neutrinos, to 0ν2β has largely been studied (for a recent review see for

instance [35]) and, given the expected future sensitivity, mee = 0.01 eV, it will be very

difficult to see it unless the neutrino spectrum is inverted or degenerate. However, if heavy

neutrinos from new families are Majorana particles, they lead to tree-level effects in neu-

trinoless double beta decay [62], while, in our scenario, light neutrino masses are generated

at two loops; thus, in principle, it is possible that these new contributions dominate over

the standard ones.

The contribution of new generation heavy neutrinos (with mass larger than about the

proton mass, mp) to the rate of neutrinoless double beta decay can be written in terms of

an effective mass,

〈MN 〉−1 =
∑

a

U2
eaM

−1
a , (4.29)

where Uea is the coupling of the electron to the left-handed component of the heavy neu-

trino a. The non-observation of neutrinoless double beta decay implies that [63]

〈MN 〉 > 108 GeV. (4.30)

In the case of NH the electron only couples to ν4 and ν4̄ (see eqs. (4.7) and (4.3)), thus

〈MN 〉−1 = 2ǫ2

(

cos2 θ

m4
− sin2 θ

m4̄

)

= ǫ2 m4R

m2
4D

, (4.31)

and using (4.30), we get:

m4Rǫ2/m2
4D < 10−8 GeV−1. (4.32)

This is the same combination of the relevant parameters (m4Rǫ2) that appears in (4.8) for

m2, therefore we can use neutrino data to set bounds on the heavy neutrino contribution
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Figure 4. Parameter space that predicts the right scale for heavy and light neutrinos (blue region

between the curves). As a comparison we also present the current bound from µ → eγ and future

limits from µ–e conversion experiments.

to neutrinoless double beta decay written in terms of the effective mass. We obtain

〈MN 〉 =

3g4m4
4Dm2

E ln
mE

m4̄

2m2(4π)4m4
W

& 2 × 1011 GeV, (4.33)

where we have used m2 ∼ 0.01 eV, typical values for m4D ∼ mE ∼ 100 GeV and

ln(mE/m4̄) ∼ 1. This is far from present, eq. (4.30), and future sensitivities.

In the case of IH, the effective mass is given by

〈MN 〉−1 = 4ǫ2m4R/m2
4D + ǫ′2m5R/m2

5D , (4.34)

leading also to unobservable effects in 0ν2β decay.

To summarize all phenomenological constraints on the model, in figure 4 we show

in blue the allowed region in the ǫ–m4R plane, which leads to M33 ∼ 0.05 eV varying

the charged lepton masses mE (mF ) and the Dirac neutrino masses m4D (m5D) between

100 GeV–1 TeV, and imposing the LEP bound on the physical neutrino mass, m4 > 63 GeV.

We also plot the present bounds on the mixings ǫ (ǫ′) from µ → eγ and future limits from

µ–e conversion if expectations are attained.

5 Collider signatures

As we mentioned before, the LHC offers a unique opportunity to discover (or exclude)

new sequential generations of quarks and leptons. For instance, with 1 fb−1 at 7TeV, the

exclusion bound on b′ would reach 500 GeV via b′ → Wt decay channel, close to the partial

wave unitarity bound. Even if the t′ and b′ are too heavy to be seen directly, their effects

may be manifest at LHC, since they induce a large gg → ZZ signal [64]. See also [41] for
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prospects of detecting very long-lived fourth generation quarks, i.e., in the case of extremely

small mixings with the lighter three generations.

Regarding the lepton sector, the standard searches for a fourth generation have to

be restricted to the parameter space which leads to the correct light neutrino mass scale,

depicted in figure 4. The expected signatures depend on the nature (Dirac or Majorana)

of the neutrinos, which are generally assumed to be the lightest states.

Most theoretical analysis of fourth generation Majorana neutrino at hadron colliders

have focused on the process qq̄′ → W± → ν4ℓ
±, where the fourth generation neutrino is

produced in association with a light charged lepton [65–68]. Subsequently, if neutrinos are

Majorana, they will decay through ν4 → W∓ℓ±, leading to the low-background like-sign di-

lepton signature in half the events. However in our model the cross section for this process

is suppressed both by the mixing of the extra generations with the first three and by the

small Majorana masses m4R,5R, much as in the neutrinoless double beta decay discussed

above, so it will not be observable at LHC for the parameter range that reproduce the

correct scale of light neutrino masses.

Alternatively, the lighter neutrinos can be pair-produced via an s-channel Z boson,

qq̄ → Z → νIνJ (I, J = 4, 4̄) [69]. Although the W production has a higher cross section

than the Z at hadron colliders, and the mass reach is enhanced when only one heavy

particle is produced, if the mixing angle between the extra generations and the light ones

is less than about 10−6 the neutrino production rates in the W channel are so suppressed

that they are unobservable [65]. However the rate of heavy neutrino pair-production via

a Z boson is independent of this mixing, becoming the dominant production mechanism

in the small mixing regime. Moreover, if the mass difference between ν4 and ν4̄ is at least

1 GeV, and the mixing so small that the decay ν4̄ → ν4Z always dominates, the above

processes also lead to like-sign leptons in half of the events.8 See ref. [69] for a detailed

study of the Tevatron dataset potential to exclude (or discover) fourth generation neutrinos

with both, Dirac and Majorana masses, up to 150–175 GeV, depending on the mixing. For

the LHC, only the pure Majorana case has been studied in ref. [70]. According to them,

the LHC at
√

s = 10 TeV with 5 fb−1 could expect to set a 95% CL mass lower limit of

mN > 300 GeV or report 3σ evidence for the ν4 if mν4
< 225 GeV. We expect a similar

sensitivity in our model, in the region m4 − m4̄ > 1 GeV and small mixing (ǫ, ǫ′ . 10−4)

i.e., somehow complementary to the one probed in LFV processes. See also [71] for an

evaluation of the LHC discovery potential for both Majorana and Dirac type fourth family

neutrinos in the process pp → Z/H → ν4ν̄4 → WµWµ.

Searches for fourth generation charged leptons at the LHC have been studied in [72],

also in a general framework with Dirac and Majorana neutrino masses, and assuming

that the neutrino ν4 is the lightest fourth generation lepton. For charged leptons with

masses under about 400 GeV, the dominant production channel is charged lepton - neutrino,

through the process qq̄′ → W± → ν4E
±. The neutrino ν4 can only decay to ν4 → Wℓ,

and being Majorana it can decay equally to W−ℓ+ and W+ℓ−. Therefore when a pair of

8In the exact Dirac limit, ν4̄ must decay to Wℓ and the different contributions to same sign di-lepton

production cancel, since the Dirac neutrino conserves lepton number. However, as far as ν4̄ always decays

to ν4Z there is no interference amplitude, and same-sign di-lepton decays are unsuppressed.
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fourth generation leptons are produced, we expect the decay products to contain like-sign

di-leptons half of the time. The sensitivity study for this process in events with two like-sign

charged leptons and at least two associated jets shows that with
√

s = 7 TeV and 1 fb−1

of data, the LHC can exclude fourth generation charged lepton masses up to 250 GeV. It

would be interesting to study the parameter space in our model that would lead to this

type of signals.

In the above searches, it was assumed that the lightest neutrino decays promptly. How-

ever, if the mixing of the lightest fourth generation neutrino with the first three generation

leptons is ǫ . 10−7 its proper lifetime will be τ4 & 10−10s. The decay length at the LHC

is given by d = βcγτ4 ∼ 3 cm(τ4/10
−10s)βγ, thus for τ4 & 10−10s the fourth neutrino

will either show displaced vertices in its decay or decay outside the detector, if d & O(m),

which is a typical detector size. In our scenario, such a tiny mixing is only compatible

with large Majorana masses, mR ∼ 1 TeV (see figure 4), far from the pseudo-Dirac case.

Searches for Majorana neutrinos stable on collider times have been discussed in [73], where

it is proposed to use a quadri-lepton signal that follows from the pair production and decay

of heavy neutrinos pp → Z → ν4̄ν4̄ → ν4ν4ZZ, when both Z’s decay leptonically. The final

state is thus 4ℓ plus missing energy. For 30 fb−1 of LHC data at 13 TeV, ν4 masses can be

tested in the range 100 to 180 GeV, and ν4̄ masses from 150 to 250 GeV.

Finally, if the lightest fourth generation lepton is the charged one, there is a striking

signal which to our knowledge has not been studied in the literature: lepton number vio-

lating like-sign fourth generation lepton pair-production, through qq̄′ → W± → E±ν4,4̄ →
E±E±W∓ or via W fusion, qq̄ → W±W±q′q′ → E±E±jj. These processes are not sup-

pressed by the small mixing with the first three generations, so in principle they could

be observable in our scenario. Depending on the charged lepton lifetime, they will decay

promptly to same-sign light di-leptons, show displaced vertices or leave an anomalous track

of large ionization and/or low velocity. A detailed phenomenological study would be very

interesting, but it is beyond the scope of this work.

6 Summary and conclusions

We have analysed a simple extension of the SM in which light neutrino masses are linked

to the presence of n extra generations with both left- and right-handed neutrinos. The

Yukawa neutrino matrices are rank n, so if we do not impose lepton number conservation

and allow for right-handed neutrino Majorana masses, at tree level there are 2n massive

Majorana neutrinos and three massless ones. In order to obtain heavy neutrino masses

above the experimental limits from direct searches at LEP, the Dirac neutrino masses

should be at the electroweak scale, similar to those of their charged lepton partners, and

the right-handed neutrino Majorana masses can not be too high (of order 10 TeV at most).

The three remaining neutrinos get Majorana masses at two loops, therefore this framework

provides a natural explanation for the tiny masses of the known SM neutrinos. On the

other hand, it should be kept in mind that the two-loop contribution to the neutrino mass

matrix is always present in this type of SM extensions, therefore the experimental upper
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limit on the absolute light neutrino mass scale leads to a relevant constraint which has to

be taken into account.

We have shown that the minimal extension with a fourth generation can not fit si-

multaneously the ratio of the solar and atmospheric neutrino mass scales, ∆m2
sol/∆m2

atm,

the lower bound on the heavy neutrino mass from LEP and the limits on the mixing be-

tween the fourth generation and the first three from low energy universality tests. Then,

there are two possibilities: either enlarge the Higgs sector [47] or consider a five generation

extension. In this work we have analyzed the second one, while the first will be studied

elsewhere [74]. Notice that five generations are still allowed by the combination of collider

searches for its direct production, indirect effects in Higgs boson production at Tevatron

and LHC, and precision electroweak observables [19], provided the Higgs mass is roughly

mH > 300 GeV. However they will be either discovered or fully excluded at LHC, making

our proposal falsifiable in the very near future.

Given the large number of free parameters in a five generation framework (10 neutrino

Yukawa couplings, 2 charged lepton masses and 2 right-handed neutrino Majorana masses),

we have considered a very simple working example assuming that i) the linear combinations

of left-handed neutrinos that get Dirac masses at tree level are orthogonal to each other,

ii) each extra generation left-handed neutrino couples only to one of the two right-handed

SM singlet states and iii) each extra generation charged lepton couples only to one linear

combination of the (tree-level) massless neutrinos. Then, we are left with 2 neutrino Yukawa

couplings yE, yF , 2 charged lepton masses mE, mF , 2 right-handed neutrino Majorana

masses maR, a = 4, 5, which characterize the amount of total lepton number breaking, and

two small parameters ǫ, ǫ′ which determine the mixing among the first three generations

and the new ones. Moreover, at leading order the two-loop neutrino masses m2, m3 depend

only on ǫ,m4R, yE ,mE and ǫ′,m5R, yF ,mF , respectively (see eq. (4.5)). Even in this over-

simplified case we are able to accommodate all current data, including the observed pattern

of neutrino masses and mixings both for normal and inverted hierarchy spectrum. A definite

prediction of the model (independent of the above simplifying assumptions) is that the three

light neutrinos can not be degenerate.

We have explored the parameter space regions able to generate the correct scale of

neutrino masses, ∼ 0.05 eV. We find that for typical values of mE,m4D (mF ,m5D) at the

electroweak scale, we need ǫ2m4R (ǫ′2m5R) . 1 keV to obtain the atmospheric mass scale

(see figure 4).

We have also studied the current bounds on the mixing parameters ǫ and ǫ′ from the

non-observation of LFV rare decays ℓα → ℓβγ, as well as from universality tests. All of them

are independent of the Majorana masses miR, since they conserve total lepton number.

Depending on the light neutrino mass spectrum (normal or inverted), the strongest bounds

come from µ → eγ and from universality tests in π decays. Combining the information from

both processes we can set independent limits on ǫ and ǫ′ which being quite conservative

are of the order of the few percent, ǫ . 0.03 and ǫ′ . 0.04.

Finally, we have analysed the phenomenological prospects of the model. With respect

to LFV signals, future MEG data will improve the limits on the ǫ’s by a factor of about

3 while, if expectations from µ–e conversion are attained the limits on the ǫ’s will be
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pushed to 10−3. This region of observable LFV effects corresponds to the pseudo-Dirac

limit, maR . 1 GeV, i.e., two pairs of strongly degenerate heavy neutrinos. In this regime,

they can only be discovered at LHC using pure Dirac neutrino signatures, which are more

difficult to disentangle from the background.

On the other hand, we find that in the complementary region of very small mixing

ǫ, ǫ′ ≪ 10−3, maR & 1 GeV, the lighter Majorana neutrinos ν4, ν4̄ will lead to observable

same-sign di-lepton signatures at LHC. A detailed study is missing, but previous results

seem to indicate that a lower bound on m4 of order 300 GeV could be set with 5 fb−1 of

LHC data at 10 TeV [70].
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A The neutrino mass two-loop integral

The relevant integral is

J ≡ J(m4,m4̄,mα,mβ,mW ) =

=

∫

pq

p · q
(

(p+q)2−m2
4

)(

(p+q)2−m2
4̄

)

(p2−m2
α)(q2−m2

β)(p2−m2
W )(q2−m2

W )
, (A.1)

where
∫

pq
=

∫∫

d4p

(2π)4
d4q

(2π)4
.

We combine propagators with the same momentum by using

1

(p2 − m2
α)(p2 − m2

W )
=

1

(m2
α − m2

W )

∫ m2
α

m2

W

dt1
(p2 − t1)2

,

then

J =

∫

t

∫

pq

(pq)

(p2 − t1)2(q2 − t2)2((p + q)2 − t3)2
,

where
∫

t
=

1

(m2
α − m2

W )

1

(m2
β − m2

W )

1

(m2
4 − m2

4̄
)

∫ m2
α

m2

W

dt1

∫ m2

β

m2

W

dt2

∫ m2

4̄

m2
4

dt3 .

Now we use the standard Feynman parametrization to combine the last two propagators

and perform the integral in q, which leads to

J = − i

(4π)2

∫

t

∫ 1

0

dx

1 − x

∫

p

p2

(p2 − t1)2
(

p2 − t3/(1 − x) − t2/x
)2 .
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The integral in p can be reduced by using an additional Feynman parameter and the final

result can be written as

J = − 2

(4π)4

∫ 1

0
dx

∫ 1

0
dy

∫

t

y(1 − y)x

t3xy + t2(1 − x)y + t1x(1 − x)(1 − y)
. (A.2)

The integrals in t1, t2, t3 can be done analytically and reduced to logarithms. The expres-

sions obtained are complicated but can be used to feed the final numerical integration in

x and y which converges smoothly for most of the parameters. The expression in (A.2) is

also very useful to obtain different approximations for small masses as compared with the

largest mass in the integral. For that purpose one can use

lim
a→0

lim
b→a

1

b − a

∫ b

a
dtf(t) = lim

a→0
f(a) = f(0) .

Thus, for instance if m4̄,m4 ≫ mα,mβ,mW ∼ 0 we can take t1, t2 → 0 in the integrand

and perform trivially the remaining integrals,

J = − 1

(4π)4
1

m2
4̄
− m2

4

ln
m2

4̄

m2
4

, (A.3)

in agreement with the result in [48].

If mβ,m4̄,m4 ≫ mα,mW ∼ 0 the integral can also be computed (take t1 → 0 in the

integrand and perform the rest of the integrals). The result can be written in terms of the

dilogarithm function Li2(x) and it is rather compact,

J = − 1

(4π)4m2
β

(

π2

6
−

m2
4̄

m2
4̄
− m2

4

(

Li2

(

1 −
m2

β

m2
4̄

)

− m2
4

m2
4̄

Li2

(

1 −
m2

β

m2
4

)))

.

When mβ → 0 it reduces, as it should, to (A.3).

We are especially interested in the case mα = mβ ≡ mE with mE > mW , but m4,m4̄

could be larger or smaller than mE (and even smaller than mW since we only know that

m4̄ ≥ m4 > 63 GeV). Some asymptotic expressions can be obtained when there are large

hierarchies in masses

J ≈ − 1

(4π)4
1

m2
X

ln
m2

X

m2
Y

,

where mX is the heaviest of mE ,m4̄,m4,mW and mY the next to the heaviest of these

masses. This expression can be used to perform analytical estimates but, since in the

allowed range of masses the hierarchies cannot be huge, we do expect large corrections to

these estimates. Fortunately, as commented above, the exact value of J for all values of

the masses can be obtained numerically rather easily using (A.2). For fast estimates one

can use

J ≈ 1

(4π)4
1

m2
4̄
− m2

4 − m2
E

ln

(

m2
4 + m2

E

m2
4̄

)

, mE,m4̄,m4 ≫ mW ,

which interpolates smoothly the different asymptotic expressions and reproduces the com-

plete result with an error less than 50% in the worse case.

– 24 –



J
H
E
P
0
7
(
2
0
1
1
)
1
2
2

References

[1] B.T. Cleveland et al., Measurement of the solar electron neutrino flux with the Homestake

chlorine detector, Astrophys. J. 496 (1998) 505 [SPIRES].

[2] GALLEX collaboration, W. Hampel et al., GALLEX solar neutrino observations: results

for GALLEX IV, Phys. Lett. B 447 (1999) 127 [SPIRES].

[3] GNO collaboration, M. Altmann et al., GNO solar neutrino observations: results for

GNO I, Phys. Lett. B 490 (2000) 16 [hep-ex/0006034] [SPIRES].

[4] SNO collaboration, Q.R. Ahmad et al., Direct evidence for neutrino flavor transformation

from neutral-current interactions in the Sudbury Neutrino Observatory,

Phys. Rev. Lett. 89 (2002) 011301 [nucl-ex/0204008] [SPIRES].

[5] KamLAND collaboration, K. Eguchi et al., First results from KamLAND: evidence for

reactor anti-neutrino disappearance, Phys. Rev. Lett. 90 (2003) 021802 [hep-ex/0212021]

[SPIRES].

[6] Super-Kamiokande collaboration, Y. Fukuda et al., Evidence for oscillation of

atmospheric neutrinos, Phys. Rev. Lett. 81 (1998) 1562 [hep-ex/9807003] [SPIRES].

[7] Soudan-2 collaboration, W.W.M. Allison et al., The atmospheric neutrino flavor ratio from

a 3.9 fiducial kiloton-year exposure of Soudan 2, Phys. Lett. B 449 (1999) 137

[hep-ex/9901024] [SPIRES].

[8] K2K collaboration, E. Aliu et al., Evidence for muon neutrino oscillation in an

accelerator-based experiment, Phys. Rev. Lett. 94 (2005) 081802 [hep-ex/0411038] [SPIRES].

[9] R. Davis Jr., D.S. Harmer and K.C. Hoffman, Search for neutrinos from the sun,

Phys. Rev. Lett. 20 (1968) 1205 [SPIRES].

[10] KAMIOKANDE-II collaboration, K.S. Hirata et al., Experimental study of the atmospheric

neutrino flux, Phys. Lett. B 205 (1988) 416 [SPIRES].

[11] The Borexino collaboration, G. Bellini et al., Measurement of the solar 8B neutrino rate

with a liquid scintillator target and 3MeV energy threshold in the Borexino detector,

Phys. Rev. D 82 (2010) 033006 [arXiv:0808.2868] [SPIRES].

[12] MINOS collaboration, P. Adamson et al., Search for muon-neutrino to electron-neutrino

transitions in MINOS, Phys. Rev. Lett. 103 (2009) 261802 [arXiv:0909.4996] [SPIRES].

[13] T. Schwetz, M.A. Tortola and J.W.F. Valle, Three-flavour neutrino oscillation update,

New J. Phys. 10 (2008) 113011 [arXiv:0808.2016] [SPIRES].

[14] M.C. Gonzalez-Garcia and M. Maltoni, Phenomenology with massive neutrinos,

Phys. Rept. 460 (2008) 1 [arXiv:0704.1800] [SPIRES].

[15] P.H. Frampton, P.Q. Hung and M. Sher, Quarks and leptons beyond the third generation,

Phys. Rept. 330 (2000) 263 [hep-ph/9903387] [SPIRES].

[16] B. Holdom et al., Four statements about the fourth generation, PMC Phys. A 3 (2009) 4

[arXiv:0904.4698] [SPIRES].

[17] Particle Data Group collaboration, K. Nakamura et al., Review of particle physics,

J. Phys. G 37 (2010) 075021 [SPIRES].

[18] H.-J. He, N. Polonsky and S.-f. Su, Extra families, Higgs spectrum and oblique corrections,

Phys. Rev. D 64 (2001) 053004 [hep-ph/0102144] [SPIRES].

– 25 –



J
H
E
P
0
7
(
2
0
1
1
)
1
2
2

[19] V.A. Novikov, A.N. Rozanov and M.I. Vysotsky, Once more on extra quark-lepton

generations and precision measurements, Phys. Atom. Nucl. 73 (2010) 636

[arXiv:0904.4570] [SPIRES].

[20] J. Erler and P. Langacker, Precision constraints on extra fermion generations,

Phys. Rev. Lett. 105 (2010) 031801 [arXiv:1003.3211] [SPIRES].

[21] C.T. Hill and E.A. Paschos, A naturally heavy fourth generation neutrino,

Phys. Lett. B 241 (1990) 96 [SPIRES].

[22] K.S. Babu and E. Ma, Natural hierarchy of radiatively induced Majorana neutrino masses,

Phys. Rev. Lett. 61 (1988) 674 [SPIRES].

[23] S. Davidson, G. Isidori and A. Strumia, The smallest neutrino mass,

Phys. Lett. B 646 (2007) 100 [hep-ph/0611389] [SPIRES].

[24] W. Grimus and H. Neufeld, Radiative neutrino masses in an SU(2) × U(1) model,

Nucl. Phys. B 325 (1989) 18 [SPIRES].

[25] G.C. Branco, W. Grimus and L. Lavoura, The seesaw mechanism in the presence of a

conserved lepton number, Nucl. Phys. B 312 (1989) 492 [SPIRES].

[26] S.T. Petcov and S.T. Toshev, Conservation of lepton charges, massive Majorana and

massless neutrinos, Phys. Lett. B 143 (1984) 175 [SPIRES].

[27] T. Schwetz, M. Tortola and J.W.F. Valle, Global neutrino data and recent reactor fluxes:

status of three-flavour oscillation parameters, New J. Phys. 13 (2011) 063004

[arXiv:1103.0734] [SPIRES].

[28] J. Bonn et al., The Mainz neutrino mass experiment, Nucl. Phys. Proc. Suppl. 91 (2001) 273

[SPIRES].

[29] V.M. Lobashev et al., Direct search for neutrino mass and anomaly in the tritium

beta-spectrum: status of ‘Troitsk neutrino mass’ experiment,

Nucl. Phys. Proc. Suppl. 91 (2001) 280 [SPIRES].

[30] KATRIN collaboration, A. Osipowicz et al., KATRIN: a next generation tritium beta decay

experiment with sub-eV sensitivity for the electron neutrino mass, hep-ex/0109033

[SPIRES].

[31] J. Lesgourgues and S. Pastor, Massive neutrinos and cosmology, Phys. Rept. 429 (2006) 307

[astro-ph/0603494] [SPIRES].

[32] B.A. Reid, L. Verde, R. Jimenez and O. Mena, Robust neutrino constraints by combining low

redshift observations with the CMB, JCAP 01 (2010) 003 [arXiv:0910.0008] [SPIRES].

[33] M.C. Gonzalez-Garcia, M. Maltoni and J. Salvado, Robust cosmological bounds on neutrinos

and their combination with oscillation results, JHEP 08 (2010) 117 [arXiv:1006.3795]

[SPIRES].

[34] H.V. Klapdor-Kleingrothaus et al., Latest results from the Heidelberg-Moscow double beta

decay experiment, Eur. Phys. J. A 12 (2001) 147 [hep-ph/0103062] [SPIRES].

[35] F.T. Avignone III, S.R. Elliott and J. Engel, Double beta decay, Majorana neutrinos and

neutrino mass, Rev. Mod. Phys. 80 (2008) 481 [arXiv:0708.1033] [SPIRES].

[36] CDF collaboration, A. Lister, Search for heavy top-like quarks t′ → Wq using lepton plus

jets events in 1.96TeV pp̄ collisions, arXiv:0810.3349 [SPIRES].

– 26 –



J
H
E
P
0
7
(
2
0
1
1
)
1
2
2

[37] C.J. Flacco, D. Whiteson and M. Kelly, Fourth generation quark mass limits in

CKM-element space, arXiv:1101.4976 [SPIRES].

[38] L.M. Carpenter and A. Rajaraman, Revisiting constraints on fourth generation neutrino

masses, Phys. Rev. D 82 (2010) 114019 [arXiv:1005.0628] [SPIRES].

[39] G.D. Kribs, T. Plehn, M. Spannowsky and T.M.P. Tait, Four generations and Higgs physics,

Phys. Rev. D 76 (2007) 075016 [arXiv:0706.3718] [SPIRES].

[40] O. Eberhardt, A. Lenz and J. Rohrwild, Less space for a new family of fermions,

Phys. Rev. D 82 (2010) 095006 [arXiv:1005.3505] [SPIRES].

[41] H. Murayama, V. Rentala, J. Shu and T.T. Yanagida, Saving fourth generation and baryon

number by living long, arXiv:1012.0338 [SPIRES].

[42] M.S. Chanowitz, M.A. Furman and I. Hinchliffe, Weak interactions of ultraheavy fermions. 2,

Nucl. Phys. B 153 (1979) 402 [SPIRES].

[43] C. Anastasiou, R. Boughezal and E. Furlan, The NNLO gluon fusion Higgs production

cross-section with many heavy quarks, JHEP 06 (2010) 101 [arXiv:1003.4677] [SPIRES].

[44] CDF and D0 collaboration, T. Aaltonen et al., Combined Tevatron upper limit on

gg → H → W+W− and constraints on the Higgs boson mass in fourth-generation fermion

models, Phys. Rev. D 82 (2010) 011102 [arXiv:1005.3216] [SPIRES].

[45] CMS collaboration, S. Chatrchyan et al., Measurement of WW production and search for the

Higgs boson in pp collisions at
√

s = 7 TeV, Phys. Lett. B 699 (2011) 25 [arXiv:1102.5429]

[SPIRES].

[46] W.-Y. Keung and P. Schwaller, Long lived fourth generation and the Higgs,

JHEP 06 (2011) 054 [arXiv:1103.3765] [SPIRES].

[47] W. Grimus and H. Neufeld, 3-neutrino mass spectrum from combining seesaw and radiative

neutrino mass mechanisms, Phys. Lett. B 486 (2000) 385 [hep-ph/9911465] [SPIRES].

[48] K.S. Babu, E. Ma and J.T. Pantaleone, Model of radiative neutrino masses: mixing and a

possible fourth generation, Phys. Lett. B 218 (1989) 233 [SPIRES].

[49] D. Choudhury, R. Ghandi, J.A. Gracey and B. Mukhopadhyaya, Two loop neutrino masses

and the solar neutrino problem, Phys. Rev. D 50 (1994) 3468 [hep-ph/9401329] [SPIRES].

[50] K.S. Babu and E. Ma, Radiative hierarchy of Majorana neutrino masses,

Phys. Lett. B 228 (1989) 508 [SPIRES].

[51] A.J. Buras, B. Duling, T. Feldmann, T. Heidsieck and C. Promberger, Lepton flavour

violation in the presence of a fourth generation of quarks and leptons, JHEP 09 (2010) 104

[arXiv:1006.5356] [SPIRES].

[52] H. Lacker and A. Menzel, Simultaneous extraction of the Fermi constant and PMNS matrix

elements in the presence of a fourth generation, JHEP 07 (2010) 006 [arXiv:1003.4532]

[SPIRES].

[53] S. Bertolini and A. Sirlin, Effect of a fourth fermion generation on the m(t) upper bound,

Phys. Lett. B 257 (1991) 179 [SPIRES].

[54] B.A. Kniehl and H.-G. Kohrs, Oblique radiative corrections from Majorana neutrinos,

Phys. Rev. D 48 (1993) 225 [SPIRES].

[55] MEG collaboration, F. Cei, Lepton flavour violation experiments in LHC era,

J. Phys. Conf. Ser. 259 (2010) 012010 [SPIRES].

– 27 –



J
H
E
P
0
7
(
2
0
1
1
)
1
2
2

[56] COMET collaboration, E.V. Hungerford, COMET/PRISM muon to electron conversion at

J-PARC, AIP Conf. Proc. 1182 (2009) 694 [SPIRES].

[57] S. Antusch, C. Biggio, E. Fernandez-Martinez, M.B. Gavela and J. Lopez-Pavon, Unitarity

of the leptonic mixing matrix, JHEP 10 (2006) 084 [hep-ph/0607020] [SPIRES].

[58] A. Pich, Tau physics: theory overview, Nucl. Phys. Proc. Suppl. 181-182 (2008) 300

[arXiv:0806.2793] [SPIRES].

[59] V. Cirigliano and I. Rosell, π/K → eν branching ratios to O(e2p4) in chiral perturbation

theory, JHEP 10 (2007) 005 [arXiv:0707.4464] [SPIRES].

[60] W.J. Marciano and A. Sirlin, Electroweak radiative corrections to tau decay,

Phys. Rev. Lett. 61 (1988) 1815 [SPIRES].

[61] G.J. Feldman and R.D. Cousins, A unified approach to the classical statistical analysis of

small signals, Phys. Rev. D 57 (1998) 3873 [physics/9711021] [SPIRES].

[62] A. Lenz, H. Pas and D. Schalla, Fourth generation Majorana neutrinos, arXiv:1104.2465

[SPIRES].

[63] H. Pas, M. Hirsch, H.V. Klapdor-Kleingrothaus and S.G. Kovalenko, A superformula for

neutrinoless double beta decay. II: The short range part, Phys. Lett. B 498 (2001) 35

[hep-ph/0008182] [SPIRES].

[64] M.S. Chanowitz, Probing for ultraheavy quanta at LHC, Phys. Lett. B 352 (1995) 376

[hep-ph/9503458] [SPIRES].

[65] T. Han and B. Zhang, Signatures for Majorana neutrinos at hadron colliders,

Phys. Rev. Lett. 97 (2006) 171804 [hep-ph/0604064] [SPIRES].

[66] A. Atre, T. Han, S. Pascoli and B. Zhang, The search for heavy Majorana neutrinos,

JHEP 05 (2009) 030 [arXiv:0901.3589] [SPIRES].

[67] F. del Aguila, J.A. Aguilar-Saavedra and R. Pittau, Heavy neutrino signals at large hadron

colliders, JHEP 10 (2007) 047 [hep-ph/0703261] [SPIRES].

[68] F. del Aguila, S. Bar-Shalom, A. Soni and J. Wudka, Heavy Majorana neutrinos in the

effective Lagrangian description: application to hadron colliders,

Phys. Lett. B 670 (2009) 399 [arXiv:0806.0876] [SPIRES].

[69] A. Rajaraman and D. Whiteson, Tevatron discovery potential for fourth generation

neutrinos: Dirac, Majorana and everything in between, Phys. Rev. D 82 (2010) 051702

[arXiv:1005.4407] [SPIRES].

[70] A. Rajaraman and D. Whiteson, Discovering Majorana neutrinos produced via a Z boson at

hadron colliders, Phys. Rev. D 81 (2010) 071301 [arXiv:1001.1229] [SPIRES].

[71] T. Cuhadar-Donszelmann, M. Karagoz, V.E. Ozcan, S. Sultansoy and G. Unel, Fourth family

neutrinos and the Higgs boson, JHEP 10 (2008) 074 [arXiv:0806.4003] [SPIRES].

[72] L.M. Carpenter, A. Rajaraman and D. Whiteson, Searches for fourth generation charged

leptons, arXiv:1010.1011 [SPIRES].

[73] L.M. Carpenter, Fourth generation lepton sectors with stable Majorana neutrinos: from LEP

to LHC, arXiv:1010.5502 [SPIRES].
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1 Introduction

A smoking-gun signature of the dark matter (DM) signal in DM direct detection experiments
is the annual modulation of the event rate. This arises because the earth rotates around the
sun, while at the same time the sun moves relative to the DM halo [1, 2]. Currently, two
experiments report annual modulation of the signals, DAMA with 8.9σ significance [3], and
CoGeNT with a significance of 2.8σ [4]. An important question is whether the observed
modulation rates are consistent with the interpretation that the signal is due to DM. Ideally,
one would like to answer this question without requiring a detailed knowledge of the DM
halo. As we will show below, we come very close to this ideal.

The DM scattering rate in the detector is determined by the particle physics properties of
DM and by the astrophysical properties of the DM halo. The latter carry large uncertainties.
When presenting results of DM direct detection experiments, it has become customary to
use a “standard” Maxwellian DM velocity distribution in order to show the constraints on
DM mass and scattering cross section. This is very likely an oversimplification, with N-body
simulations indicating a more complicated structure of the DM halo, see e.g., [5]. It is well
known that the annual modulation signal is sensitive to such deviations from the Maxwellian
halo [6–8]. DM streams are particularly relevant for the annual modulation signal and can
lead to large effects. These can, for instance, be comparable in size to the modulation effect
due to the whole Maxwellian halo [9–12].

In the following we will derive constraints on the amplitude of the annual modulation
using measured unmodulated rates. The derivation of these bounds is made possible by
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the fact that the velocity of the earth rotating around the sun, ve ∼ 30 km/s, is much
smaller than the typical velocity of DM particles in the halo, 〈v〉 ∼ 200 km/s, and we can
expand the velocity integral to first order in ve. The derived constraints on the annual
modulation then serve as a consistency check for the hypothesis that the annual modulation
is due to the DM signal. The check that we provide is (almost) independent of DM halo
properties. Previously halo independent methods to interpret DM direct detection data have
been developed and applied in [13–18], with different goals than ours. In ref. [14] a method for
determining the DMmass independently of the halo was developed, while refs. [13, 18] focused
on extracting halo properties from the data. Compatibility studies of different experiments
without adopting assumptions on the halo have been performed in [15–17]. Our goal is to
obtain a consistency check between the modulation amplitude and the unmodulated signal
within a given experiment.

The structure of the paper is as follows: in section 2 we set up the notation, followed
in section 3 by a derivation of the general bound on the modulation signal under the very
mild assumption that the properties of the DM halo in our vicinity do not change on time
scales of months. In section 4 we impose further symmetry requirements on the DM velocity
distribution and obtain successively more stringent bounds. In section 5 we then demonstrate
the usefulness of our bounds by applying them to the modulation signals reported in CoGeNT
and DAMA within elastic spin-independent scattering. We find that our method leads to non-
trivial restrictions on DM interpretations of the modulation signal in CoGeNT whereas the
DAMA signal satisfies our bounds for the relevant DM masses. We summarize in section 6.
In appendix A we consider the Maxwellian DM halo and show that the expansion in ve is
rather accurate in this case. Furthermore, we illustrate the various bounds compared to the
modulation signal expected for the Maxwellian halo. Appendix B provides technical details
necessary to translate the bounds derived for the halo velocity integral into observable event
rates. Supplementary material related to the treatment of an unknown background is given
in appendix C.

2 Notation

The differential rate in events/keV/kg/day for DM χ to scatter off a nucleus (A,Z) and
depositing the nuclear recoil energy Enr in the detector is

R(Enr, t) =
ρχ
mχ

1

mA

∫

v>vm

d3v
dσA
dEnr

vfdet(v, t). (2.1)

Here ρχ ≃ 0.3GeV/cm3 is the local DM density, mA and mχ are the nucleus and DM masses,
σA the DM-nucleus scattering cross section1 and v the 3-vector relative velocity between DM
and the nucleus, while v ≡ |v|. For a DM particle to deposit recoil energy Enr in the detector
a minimal velocity vm is required, restricting the integral over velocities in (2.1). For elastic
scattering it is

vm =

√

mAEnr

2µ2
χA

, (2.2)

where µχA is the reduced mass of the DM-nucleus system.

1Throughout this work we assume that DM is dominated by a single particle species. A generalization to
multi-component DM is straightforward and will be pursued in future work.
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The function fdet(v, t) describes the distribution of DM particle velocities in the detector
rest frame with fdet(v, t) ≥ 0 and

∫

d3vfdet(v, t) = 1. It is related to the velocity distribution
in the rest frame of the sun by

fdet(v, t) = fsun(v + ve(t)) , (2.3)

where ve(t) is the velocity vector of the earth, which we write as [9]

ve(t) = ve[e1 sinλ(t)− e2 cosλ(t)] (2.4)

with ve = 29.8 km/s, and λ(t) = 2π(t − 0.218) with t in units of 1 year and t = 0 at
January 1st, while e1 = (−0.0670, 0.4927,−0.8676) and e2 = (−0.9931,−0.1170, 0.01032)
are orthogonal unit vectors spanning the plane of the earth’s orbit, assumed to be circular.
Similarly, the DM velocity distribution in the galactic frame is connected to the one in the
rest frame of the sun by fsun(v) = fgal(v + vsun), with vsun ≈ (0, 220, 0) km/s + vpec and
vpec ≈ (10, 13, 7) km/s the peculiar velocity of the sun. We are using galactic coordinates
where x points towards the galactic center, y in the direction of the galactic rotation, and z
towards the galactic north, perpendicular to the disc. As shown in [7], eq. (2.4) provides an
excellent approximation to describe the annual modulation signal.

In the following we consider the typical situation, where the differential cross section is
given by

dσA
dEnr

=
mA

2µ2
χAv

2
σ0
AF

2(Enr) , (2.5)

where σ0
A is the total DM-nucleus scattering cross section at zero momentum transfer, and

F (Enr) is a form factor. The event rate is then given by

R(Enr, t) = C F 2(Enr) η(vm, t) with C =
ρχσ

0
A

2mχµ2
χA

(2.6)

and the halo integral

η(vm, t) ≡
∫

v>vm

d3v
fdet(v, t)

v
. (2.7)

Here and in the following vm and Enr are related by eq. (2.2). This formalism covers a wide
range of possible DM-nucleus interaction models, including the standard spin-independent
and spin-dependent scattering. The results we derive below apply to all the cases where
dσA/dEnr ∝ 1/v2, in which case the halo integral (2.7) is obtained. The arguments can
easily be generalized to a non-trivial q2 dependence of the interaction, which would introduce
an additional Enr dependent function in (2.6) but would not change (2.7). Our results do
not apply, however, to a non-standard velocity dependence of the cross section, which would
modify eq. (2.7).

The rate will have a time independent component and an annually modulated compo-
nent which we define as

R(Enr, t) = R(Enr) + δR(Enr, t) = C F 2(Enr) [η(vm) + δη(vm, t)] . (2.8)

Below we will be specifically interested in purely sinusoidal time dependence with period of
one year, in which case we can write

δR(Enr, t) = AR(Enr) cos 2π[t− t0(Enr)] ,

δη(vm, t) = Aη(vm) cos 2π[t− t0(Enr)] .
(2.9)
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The peak of the annual modulation occurs at t0, which in general depends on Enr (or equiv-
alently on vm). The modulation amplitudes of the event rate, AR, and of the halo integral,
Aη, are related through AR(Enr) = CF 2(Enr)Aη(vm) ≥ 0. We will first derive bounds on Aη

in terms of the time averaged value of the halo integral η. In section 5 we will then translate
the bounds into constraints involving the observable quantities AR and R.

3 General bound on the annual modulation amplitude

Assumption 1. We assume that the only time dependence comes from ve(t) and there is
no explicit time dependence in fsun.

This assumption implies that the halo is spatially constant at the scale of the sun-earth
distance and also constant in time on scale of months. Under this assumption we can derive
a general bound on the annual modulation by expanding eq. (2.7) in ve/vm ≪ 1.2 Using for
short f ≡ fsun, we have

η(vm, t) =

∫

|v−ve|>vm

d3v
f(v)

|v − ve|
(3.1)

=

∫

v>vm

d3v
f(v)

v
+

∫

d3vf(v)
v · ve(t)

v3
[Θ(v − vm)− δ(v − vm)vm] +O(v2e/v

2
m) ,

(3.2)

where the first term in (3.2) gives the time independent part of the DM scattering signal. In
polar coordinates the time independent halo integral is then given by

η(vm) =

∫

v>vm

d3v
f(v)

v
=

∫

vm

dv v

∫ 2π

0
dϕ

∫ 1

−1
d cosϑ f(v, ϑ, ϕ) . (3.3)

The second term in (3.2) corresponds to the time dependent part of the DM scattering signal,
with ve(t) given in (2.4). Expanding to linear order in ve thus leads to an annual modulation
signal that has a sinusoidal shape. One can check experimentally for the convergence of
the expansion by searching for higher order terms, ∝ v2e sin

2[2π(t − t0)], etc. Note that the
expansion is in ve/v, where v & vm, so that the accuracy is typically better than O(ve/vm).
In appendix A we demonstrate explicitly that this expansion is rather accurate in the case
of a Maxwellian halo.

By expanding the velocity integral in the small quantity ve we assume that f(v) is
smooth on scales . ve. Hence, our bounds do not apply in situations where f(v) has strong
structures at scales smaller than ve. An example would be a very cold stream with velocity
vstream and a dispersion smaller than ve. In such a case the expansion will not be accurate
for vm in the range |vm − vstream| . ve sinα, though it may still work to good accuracy for
vm outside this range.

The time dependent component in (3.2) has two contributions

δη(vm, t) =

∫

d3vf(v)
v · ve(t)

v3
[Θ(v − vm)− δ(v − vm)vm] . (3.4)

2Typically vm is sensitive to both the nucleus and the DM mass. For a 10GeV DM mass and a recoil
energy Enr of a few KeV, we get for the nuclei we have analysed (Ge, Na, I) that vm & 5ve km/s, so the
expansion is rather accurate (as we have checked explicitly for a Maxwellian halo in appendix A).
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The term with the Θ-function comes from expanding the denominator in eq. (3.1) and involves
a volume integral over the region v > vm. The term with the δ-function comes from taking
into account the effect of ve on the integration boundary, and the δ-function indicates that
the argument has to be evaluated at the surface v = vm. Let us treat the two terms separately
and define

v̂g(vm)g(vm) ≡
∫

d3vf(v)
v

v3
δ(v − vm) , (3.5)

v̂G(vm)G(vm) ≡
∫

d3vf(v)
v

v3
Θ(v − vm) . (3.6)

The unit vectors v̂g(vm) and v̂G(vm) give the corresponding weight averaged DM wind di-
rections in the earth’s rest frame. In general they point in different directions and can
depend on vm. For the Maxwellian halo they point in the same direction and are equal to
v̂g = v̂G = −vsun. We will treat such special cases in the next section. The positive functions
g(vm) and G(vm) are given by

g(vm) =

∫ 2π

0
dϕ

∫ 1

−1
d cosϑf(vm, ϑ, ϕ) cosϑ , (3.7)

G(vm) =

∫

vm

dv

∫ 2π

0
dϕ

∫ 1

−1
d cosϑ′f(v, ϑ′, ϕ) cosϑ′ , (3.8)

where ϑ(ϑ′) is the angle between v and v̂g(v̂G). The time dependent halo integral is thus
given by

δη(vm, t) = ve(t) · [v̂G(vm)G(vm)− v̂g(vm)vmg(vm)] . (3.9)

As already mentioned, the form of ve(t) from eq. (2.4) implies that our approximations
lead to strictly sinusoidal modulations, justifying the ansatz in eq. (2.9), δη(vm, t) =
Aη(vm) cos 2π(t − t0). Using eq. (3.9), the modulation amplitude can be constrained in
the following way:

Aη(vm) ≤ ve
[

vmg(vm) +G(vm)
]

. (3.10)

Note that the two terms in eq. (3.9) will contribute to the modulation amplitude proportional
to sinαg and sinαG, respectively, where αg,G is the angle between v̂g,G and the direction
orthogonal to the plane of the earth orbit, i.e., cosαg,G = v̂g,G · e3, with e3 = e1 × e2, and
e1,2 given below eq. (2.4). In general αg,G will depend on vm. To derive the bound we have
assumed the maximal possible effect, corresponding to sinαg = sinαG = 1. Since we do not
know the relative sign of the contributions from g(vm) and G(vm) we have to take the sum
of the moduli.

The function g(vm) is bounded from above by

g(vm) ≤
∫

dϕ dcosϑf(vm, ϕ, ϑ)| cosϑ| ≤
∫

dϕ dcosϑf(vm, ϕ, ϑ) = − 1

vm

dη

dvm
, (3.11)

where the last equality follows from eq. (3.3). Note that η(vm) is a monotonously decreasing
function and therefore, dη(vm)/dvm ≤ 0. Using again the last equality above, also a bound
for G(vm) can be derived:

G(vm) ≤ −
∫

vm

dv
1

v

dη

dv
=

η(vm)

vm
−
∫

vm

dv
η(v)

v2
. (3.12)
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The equality in (3.12) follows from integration by parts. The inequalities (3.11) and (3.12) are
saturated if f(v) ∝ δ(ϑ), i.e., the hypothetical situation that all DM particles have the same
direction and their velocities have no transversal component. Using eqs. (3.11) and (3.12)
the bound on the modulation amplitude (3.10) becomes

Aη(vm) ≤ ve

[

− dη

dvm
+

η(vm)

vm
−
∫

vm

dv
η(v)

v2

]

(Assumption 1) , (3.13)

where the first two terms on the r.h.s. are positive and the third is negative. If
the DM scattering rate R is measured, the r.h.s. is fully determined experimentally by
η(vm) = R(Enr)/CF 2(Enr), and can be compared to the observed modulation through
Aη = AR/CF 2(Enr), see section 5 for details. Note that the phase of the modulation (which
may vary with vm) does not appear in the bound (3.13). The bound applies on the modula-
tion amplitude, irrespective of the phase. Eq. (3.13) is one of the main results of this paper.
The bound is rather general and holds under the very mild Assumption 1 specified above.
For it to be saturated the DM velocity distribution at the position of the solar system would
need to be highly nontrivial. For instance, the bound in (3.10) can be saturated if there is a
DM stream aligned with the ecliptic and it is strong enough so that it dominates the velocity
distribution at v = vm. Note that even in this case, for different vm the bound will not be
saturated. To saturate in addition eq. (3.11) or (3.12), the stream should have no transversal
velocity dispersion. Any modulation signal which violates, or even just saturates, this bound
is very unlikely to have a DM origin.

4 Bounds on the annual modulation for symmetric halos

Assumption 2. In addition to Assumption 1 we now assume that v̂g defined in eq. (3.5)
is independent of vm, i.e., we assume that there is a constant direction v̂halo ≡ v̂g governing
the shape of the DM velocity distribution in the sun’s rest frame.

From this assumption it follows immediately that v̂G is also constant and equal to v̂halo,
so that

g(vm) = − dG

dvm
, (4.1)

and eq. (3.9) becomes

δη(vm, t) = −ve(t) · v̂halo [vmg(vm)−G(vm)] . (4.2)

The crucial difference to the general case (3.9) is that we were able to pull the velocity vector
in front of the bracket. The functions vmg(vm) and G(vm) are both positive. Their relative
sizes determine whether the bracket is positive or negative. For small vm the function G(vm)
typically dominates and we get an extra half a year shift in the peak of the modulation (for
the Maxwellian halo the peak would then be in December). For larger vm the boundary term
vmg(vm) dominates and the whole bracket is positive (and thus for the Maxwellian halo the
peak in this case is in June, see appendix A).

Assumption 2 is fulfilled if f(v) obeys certain symmetry requirements that we can
deduce from eq. (3.5). For a given vm we chose a coordinate system such that v̂g = (1, 0, 0),
and

∫

d3vf(v)vyδ(v − vm) = 0 ,

∫

d3vf(v)vzδ(v − vm) = 0 . (4.3)
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Assumption 2 implies that these relations hold for any vm in the same coordinate system.
The distribution in vx (i.e., in the direction of v̂halo) can be arbitrary, and can for instance
even include several peaks, as long as v̂g does not flip sign. Therefore, we have to require
that the integral over the half-sphere with vx > 0 is larger than the one with vx < 0 for
all vm:

∫

vx<0
d3vf(v)vxδ(v − vm) <

∫

vx>0
d3vf(v)|vx|δ(v − vm) . (4.4)

One possibility to satisfy the condition (4.3) is a symmetric velocity distribution, with
f(vx, vy, vz) = f(vx,−vy, vz) and f(vx, vy, vz) = f(vx, vy,−vz) for all vx. Eq. (4.3) can also
be satisfied for distributions asymmetric in vy and/or vz, however, in this case the asymmetry
has to be such that the cancellation between vy,z > 0 and < 0 happens for all radii vm.

Assumption 2 is fulfilled for the standard Maxwellian halo, as well as for any other
isotropic velocity distribution. Up to small corrections due to the peculiar velocity of the sun
it holds also for tri-axial halos, and covers also streams parallel to the motion of the sun, such
as a dark disc co-rotating with the galactic stellar disc [19]. Note that for all those examples
the DM direction v̂halo is aligned with the motion of the sun (up to the peculiar velocity that
leads to sub-leading corrections). Let us introduce this as an additional assumption:

Assumption 2a. In addition to Assumption 2 we require that the preferred direction v̂halo

is aligned with the motion of the sun relative to the galaxy.

As mentioned above, for many realistic cases fulfilling Assumption 2 also this additional
requirement is fulfilled. An exception would be the situation when the DM density at the sun’s
location is dominated by a single stream from an arbitrary direction and the contribution of
the static halo is negligible.

Let us now use eq. (4.2) to derive a bound on the modulation. We have ve(t) · v̂halo =
−ve sinαhalo cos(t− t0), where t0 is now independent of vm. Here αhalo is the angle between
v̂halo and e1 × e2, i.e., the projection of v̂halo on the ecliptic plane, with sinαhalo ≥ 0.
Assumptions 2 and 2a thus imply that the phase of the modulation is independent of vm
(and therefore independent of Enr). As discussed above this is up to a sign flip of the square
bracket in eq. (4.2) that can happen due to the two competing terms. To take this into
account we now define

δη(vm, t) = A′
η(vm) cos(t− t0) , (4.5)

where t0 is constant and we allow a sign change for A′
η(vm). This is different from Aη,

which has been defined to be positive in eq. (2.9). While for Assumption 2 the phase is
arbitrary but constant, Assumption 2a also gives a prediction for the phase — that the
maximum (or minimum) of the event rate is around June 2nd. This can be checked in the
experiment by looking at the annual modulation phase at different energy bins. Hence, from
the experimental information on the phase we can conclude whether Assumptions 2 or 2a
may be justified and whether it makes sense to apply the corresponding test.

A useful bound on the modulation can be obtained by first integrating eq. (4.2) over vm,

∫ vm2

vm1

dvmA′
η(vm) = ve sinαhalo

∫ vm2

vm1

dvm[vmg(vm)−G(vm)]

= ve sinαhalo [vm1G(vm1)− vm2G(vm2)] ,

(4.6)

where the second equality is obtained by integrating vmg(vm) by parts using g(vm) =
−dG/dvm, eq. (4.1). Note that the A′

η and αhalo are defined in such a way that A′
η is
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positive for large vm, above the last sign flip. Experimentally, this is at present the most
interesting region of the parameter space. Both putative modulation signals, at CoGeNT
and DAMA, have a peak close to June, and no half year phase change is seen within the
observed energy range.3

In general we do not know which of the two vmG(vm) terms in (4.6) dominates. Dropping
the smaller of the two and using the bound (3.12) we arrive at

∣

∣

∣

∣

∫ vm2

vm1

dvmA′
η(vm)

∣

∣

∣

∣

≤ ve
∣

∣sinαhalo

∣

∣max

[

η(vm1)− vm1

∫

vm1

dv
η(v)

v2
, vm1 → vm2

]

. (4.7)

Assumption 2 allows for arbitrary directions of the DM wind, therefore we need to use
| sinαhalo| → 1 above, while for Assumption 2a one has sinαhalo ≃ 0.5. Note that a sign
flip of A′

η will lead to cancellations in the integral on the l.h.s. of eq. (4.7) and make the
bounds weaker. An observation of such a sign flip in the modulation amplitude would be a
strong experimental evidence that the modulation is due to a DM signal. If such a sign flip
is observed, one might be able to obtain stronger constraints by applying the bound for the
region below and above the sign flip separately, to avoid the cancellations.

At present there is no indication of such a sign flip in which case the bound (4.7)
simplifies to

∫ vm2

vm1

dvmA′
η(vm) ≤ ve

[

η(vm1)− vm1

∫

vm1

dv
η(v)

v2

]

(Assumption 2) , (4.8)

and
∫ vm2

vm1

dvmA′
η(vm) ≤ 0.5 ve

[

η(vm1)− vm1

∫

vm1

dv
η(v)

v2

]

(Assumption 2a) . (4.9)

The bounds (3.13), (4.8), (4.9) are the central results of this paper. In the following we
will refer to them as

Eq. (3.13) “general bound” (Assumption 1),
Eq. (4.8) “symmetric halo” (Assumption 2),
Eq. (4.9) “symmetric halo, sinα = 0.5” (Assumption 2a).

The term “symmetric halo” should be understood in the sense of eqs. (4.3) and (4.4).
For completeness let us also mention an unintegrated bound, even though we will not

use it for the numerical analysis. Using eq. (4.2) we have for the modulation amplitude

Aη(vm) = ve
∣

∣ sinαhalo

∣

∣

∣

∣vmg(vm)−G(vm)
∣

∣ . (4.10)

Note that the minus sign between the two terms is conserved, while in the general case,
eq. (3.10), one is forced to sum the two terms in the bound. From eqs. (3.11) and (3.12) one
then obtains the following bound on the modulation

Aη(vm) ≤ ve| sinαhalo|max

[ ∣

∣

∣

∣

dη

dvm

∣

∣

∣

∣

,
η(vm)

vm
−

∫

vm

dv
η(v)

v2

]

. (4.11)

A similar bound has been obtained recently in [18]. If eq. (B4) of [18] is expanded in u our
bound (4.11) is obtained, if the derivative term dominates. However, eq. (B4) of [18] seems

3Note that the lowest energy bin in DAMA shows a somewhat smaller modulation amplitude, which might
be an indication of a phase shift below the threshold.

– 8 –



 
J
C
A
P
0
3
(
2
0
1
2
)
0
0
5

to neglect the possibility that the second term in eq. (4.11) dominates. This assumption is
justified if data show no phase flip in the modulation and correspond to vm above the last
phase flip (A′

η ≥ 0). In this case eq. (4.11) becomes

A′
η(vm) ≤ −ve sinαhalo

dη

dvm
. (4.12)

Note that this bound is complementary to the ones from eqs. (4.8), (4.9). By taking the
integral over the modulation amplitude those bounds probe global properties of the amplitude
over the considered energy range, whereas eq. (4.12) bounds the local size of the modulation
amplitude at a given value of vm. Both bounds are necessary conditions which a modulation
signal with a DM origin has to fulfill.

5 Applying the bound to data

In this section we show how the bounds (3.13), (4.8), (4.9) obtained in vm space for halo
integrals can be applied to observable quantities, the unmodulated rate R and the amplitude
of the modulation of the rate, AR. The halo integral and the DM scattering rate are propor-
tional to each other, see eq. (2.6). The relation is complicated by the fact that experiments
typically do not observe the recoil energy Enr directly. The nuclear recoil energy is related
to the observed energy through a quenching factor Q. In the case of CoGeNT and DAMA
the observed energy Eee is measured in electron equivalent and is related to the recoil energy
by Q = Eee/Enr. In general this is a nonlinear equation, as Q also depends on the recoil
energy. Finally, in an experiment data is reported in bins, and the continuous bounds derived
above have to be integrated over the bin sizes. We relegate the details of the derivation to
appendix B, and quote below only the final results.

5.1 Single target detector

Let us first assume that the target consists of a single material, as is for instance the case
for CoGeNT. We denote the modulation amplitude and the unmodulated rate in bin i as Ai

and Ri, respectively, both in units of counts/day/kg/keVee. The general bound (3.13) then
becomes

Ai ≤ ve



Ri(αi + βi)−Ri+1α
′
i+1 − 〈κ〉i

N
∑

j=i

Rjγj



 (Assumption 1) , (5.1)

and the bounds for the symmetric halo are

N
∑

j=i

Ajxj ≤ ve sinα



Riyi − 〈vm〉i
N
∑

j=i+1

Rjγj



 (Assumptions 2, 2a) , (5.2)

where the bounds (4.8) (Assumption 2) and (4.9) (Assumption 2a) are obtained for sinα = 1
and 0.5, respectively. The bin index i runs from 1 to N , while the rates Ri are zero for i > N .
The coefficients αi, α

′
i, βi, 〈κ〉i , γi, xi, yi, 〈vm〉i are given in eqs. (B.9) and (B.12). They are

known quantities calculable in terms of the form factor F (Enr), quenching factor Q(Enr),
and Jacobians needed for changing the variable from vm to Eee. They depend on the DM
mass mχ via the reduced mass µχA, eq. (2.2), needed to convert vm into Enr. The dependence
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on the scattering cross section and the local DM density is encoded in the constant factor
C, eq. (2.6). This factor cancels completely, as expected, since it is a common factor for the
modulation as well as for the rate.

The rates Ri in the bounds (5.1) and (5.2) are the unmodulated scattering rate induced
by DM without including any backgrounds. In a “background free” experiment, where the
full observed event rate is due to DM, the bounds can be applied as they are. Here we
want to be more conservative, and consider also the situation where an unknown background
may contribute to the unmodulated rate. The remaining assumption is then just that the
background itself is not modulated, only the DM signal. In each bin a fraction ωi of the
observed count rate Ri is due to DM, i.e.,

Ri = Riωi , 0 ≤ ωi ≤ 1 , (5.3)

so that we can replace Ri → Riωi in eqs. (5.1) and (5.2) to obtain,

Ai ≤ ve



Riωi(αi + βi)−Ri+1ωi+1α
′
i+1 − 〈κ〉i

N
∑

j=i

Rjωjγj



 (Assumption 1) , (5.4)

N
∑

j=i

Ajxj ≤ ve sinα



Riωiyi − 〈vm〉i
N
∑

j=i+1

Rjωjγj



 (Assumptions 2, 2a) . (5.5)

Now we have to find a set of ωi (i = 1, . . ., N), such that the bound becomes the “weakest”.
In the following we describe two different procedures for this task. Procedure 1 is easy to
implement but gives slightly weaker bounds, whereas procedure 2 involves an optimization
algorithm but gives somewhat more stringent bounds.

Procedure 1. We can sum eq. (5.4) from bin i to N and drop the last term in the square
bracket, since 〈κ〉i and γi are positive:

N
∑

j=i

Aj ≤ ve



Riωiαi +
N
∑

j=i

Rjωjβj



 ≤ ve



Riαi +
N
∑

j=i

Rjβj



 (Assumption 1) , (5.6)

where the last inequality was obtained by setting ωi = 1. Similarly we can drop the second
term from eq. (5.5) and obtain

N
∑

j=i

Ajxj ≤ ve sinαRiωiyi ≤ ve sinαRiyi (Assumptions 2, 2a) , (5.7)

where the last inequality holds for yi > 0.4 These bounds have to be satisfied for all bins i.

Procedure 2. A somewhat stronger bound can be obtained by searching for the optimal
choice for the ωi, without dropping the last terms in eqs. (5.4) and (5.5). We present here
a method based on a least-square minimization (an alternative procedure is outlined in ap-
pendix C). Let us denote the r.h.s. of eqs. (5.4) and (5.5) as Bi which are functions of ωj .
Then we can construct from eq. (5.4) the following least-square function

X2 =
N
∑

i=1

(

Ai −Bi

σA
i

)2

Θ(Ai −Bi) (Assumption 1) , (5.8)

4According to eq. (B.12) yi can also become negative. In that case the bound (5.7) is always violated for
any ωi ≥ 0.
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where σA
i is the 1σ error on Ai (errors on Bi are typically much smaller and we neglect them

here). This X2 can now be minimized with respect to ωj under the condition 0 ≤ ωj ≤ 1.
The Θ function takes into account that there is only a contribution to X2 if the bound is
violated. Hence, X2 will be zero if the bound is satisfied for all bins. A non-zero value of
X2 indicates that the bound is violated for some bin(s), weighted by the corresponding error
in the usual way. In the case of eq. (5.5) one has to take into account that the modulation
amplitude in each bin is used several times, leading to correlated errors for the l.h.s.:

X2 =
N
∑

i,j=1

(Ai −Bi)S
−1
ij (Aj −Bj)Θ(Ai −Bi)Θ(Aj −Bj) (Assumption 2,2a) , (5.9)

where

Ai ≡
N
∑

k=i

Akxk and Sij =
N
∑

k=1

dAi

dAk

dAj

dAk

(

σA
k

)2
=

N
∑

k=max(i,j)

(

xkσ
A
k

)2
. (5.10)

While non-zero values of the X2 functions (5.8) and (5.9) can be considered as a qual-
itative measure for the violation of the bound, the precise distribution of them should be
determined by Monte Carlo studies. From the definition one can expect, however, that they
will be approximately χ2 distributed if the bound is violated.

5.1.1 CoGeNT

Let us consider now the modulation signal reported by the CoGeNT experiment at 2.8σ [4].
It has been pointed out that for specific assumptions on the halo (standard Maxwellian) there
is a tension between the modulated and unmodulated rate in CoGeNT [20, 22, 23]. Recent
analyses on the CoGeNT modulation signal can be found in refs. [24, 25], see also [18].
Here we use the CoGeNT data for a case study and apply the above bounds assuming
spin-independent elastic scattering. For the germanium quenching factor we use Eee[keV] =
0.199(Enr[keV])1.12 [26]. We adopt the Helm parameterization of the spin-independent form
factor, F (Enr) = 3e−q2s2/2[sin(qr) − qr cos(qr)]/(qr)3, with q2 = 2mAEnr and s = 1 fm,
r =

√
R2 − 5s2, R = 1.2A1/3 fm. We use the data from figure 6 of ref. [20] where the total

rate R and the modulation amplitude AR are given in four bins of Eee between 0.5 and
3.1 keV. We reproduce the data in table 1.5

The modulation amplitude has been extracted in three different ways in [20]. First,
by fitting independently the modulation phase for each energy bin, second, by assuming a
constant phase for all bins, and third, by fixing the phase such that the modulation maximum
is on June 2nd. These are precisely the requirements corresponding to our Assumptions 1,
2, 2a, respectively. We can thus use the appropriate data on the modulation for each of
the three assumptions. The modulation amplitudes in the first and the second case are very
similar, while in the third case (forcing the phase to equal June 2nd) the amplitudes are
lower and error bars are larger.

Choosing three values of the DM mass as examples, we show in figure 1 the bound
on the integrated modulation amplitude for Assumption 1, and using procedure 1. The bin
labels on the horizontal axis give the ith energy bin, which is the lower limit of summation
in eq. (5.6). The data on amplitudes are shown as red dots, while the bounds are shown in

5We thank Mariangela Lisanti for providing us the data from figure 6 of ref. [20].
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Eee bins [keV] Mod. (Ass. 1, 2) Mod. (Ass. 2a) Unmod. rate Corrected rate

0.5–0.9 1.41± 0.79 0.90± 0.72 12.33± 0.52 5.29± 0.52

0.9–1.5 0.84± 0.59 0.37± 0.55 4.33± 0.39 3.36± 0.39

1.5–2.3 0.46± 0.24 0.48± 0.22 2.76± 0.16 2.76± 0.16

2.3–3.1 0.66± 0.24 0.27± 0.23 2.83± 0.17 2.83± 0.17

Table 1. CoGeNT data on modulation amplitude and unmodulated rate [4] in cnts/day/kg/keV, as
reported in . 6 of ref. [20]. The modulation has been extracted allowing for indpendent phases in each
bin (Ass. 1) and for a constant but arbitrary phase (Ass. 2) (which lead to very similar amplitudes),
and by requiring the maximum at June 2nd (Ass. 2a). In the last column we show the preliminary
surface events corrected unmodulated rate [21].
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ì ì
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ì ì
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ì ì

Red dot æ : integrated modulation

Black diamond ì : general bound

(from bottom mΧ= 7, 10, 20 GeV) 
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Figure 1. Procedure 1 upper bound compared to the integrated modulation amplitude from the
CoGeNT data, from figure 6 of [20]. The red dots correspond to the l.h.s. of eq. (5.6). The black
diamonds correspond to the upper bound obtained under Assumption 1, r.h.s. of eq. (5.6), for DM
masses of mχ = 7, 10, 20GeV (from bottom to top) . The bins on the horizontal axis indicate the bin
i from which we start to sum the data. Error bars correspond to 1σ.

black. Whenever a red dot lies above one of the bounds (within errors), the DM hypothesis
is disfavoured. In figure 1 this happens for the case of DM mass mχ = 7GeV. Such light
DM thus cannot be the source of the modulation, even under the very general assumption
on the DM halo adopted here.

We see from figure 1 that the strongest restriction comes from the bins i = 2 or 3. In
figure 2 we show the constraints on DM mass that follow from the bounds on the modulation
amplitudes in these two bins. The bounds are obtained from procedure 1 for the three
Assumptions 1, 2, 2a. We observe that the bound becomes stronger for smaller DM masses.
This behaviour can be understood from how the coefficients defined in appendix B depend on
the reduced mass µχA. The bounds on amplitudes are violated for DM masses below 10, 27,
33GeV, respectively, for the three assumptions. The lower bounds on mχ are summarized in
table 2 (left part), where we also give the bounds at 1σ and 2σ. Notice that due to the smaller
modulation amplitudes and larger errors when extracted from the data under Assumption 2a,
at 95% CL the corresponding bound becomes weaker than the one from Assumption 2 and
equal to the one from Assumption 1, although naively one would expect the opposite. This
can be traced back to the fact that, under Assumption 2a, the modulation phase is forced

– 12 –



 
J
C
A
P
0
3
(
2
0
1
2
)
0
0
5

Figure 2. Bounds on the CoGeNT modulation amplitude for the three assumptions about the DM
halo (1, 2, 2a), and using eqs. (5.6) and (5.7) (procedure 1). We show the l.h.s. (integrated modulation
amplitude) minus the r.h.s. (upper bound) divided by the error on the l.h.s., as a function of DM
mass. We sum the data starting from bin i = 3, 2 and 3 for Assumptions 1, 2 and 2a, respectively.
The bounds are violated in the regions where the curves are above zero, which are shaded in the plot.

unmodulated rate from [4] corrected unmod. rate [21]

Mean 68% 95% X2 ≤ 1 Mean 68% 95% X2 ≤ 1

Ass. 1: general bound 8.5 6 3 7.3 10 6.5 3 10

Ass. 2: symmetric halo 24 14 6 18 43 25 12.5 37

Ass. 2a: sym. halo, sinα = 0.5 27.5 13.5 3.5 16 59.5 23 3 35

Table 2. Lower bounds on the DM mass in GeV, from the requirement that the modulation
amplitude in CoGeNT is consistent with the upper bound from the unmodulated rate, according
to the Assumptions 1, 2, 2a on the DM distribution. The bounds are obtained from procedure 1,
requiring that eqs. (5.6) or (5.7) are satisfied for the mean value, or the 68% and 95% CL limits. The
bounds labeled “X2 ≤ 1” are obtained from procedure 2 by requiring that X2 defined in eqs. (5.8)
or (5.9) is less than 1. In the left part of the table we use the published unmodulated event rates
from [4], whereas for the right part of the table we adopt the preliminary results on surface events
contamination at low energies from [21].

to take the value of June 2nd which is not the one preferred by the data. The extracted
modulation signal then gets weaker and consequently the bounds are more easily satisfied.
We have also checked that bounds for Assumptions 2, 2a derived from eq. (4.12) give always
weaker limits than the ones discussed here, which are based on eq. (4.8) and eq. (4.9).

In figure 3 we show the X2 functions according to procedure 2 as a function of the
DM mass. For a given value of mχ we minimize X2 numerically with respect to the ωj .
The conclusion is similar to procedure 1, leading to similar lower bounds on the DM mass.
Requiring that X2 ≤ 1 one finds mχ ≥ 7.3, 18, 16GeV for Assumptions 1, 2, 2a, respectively.
We observe again the unusual situation that Assumption 2a leads to a weaker constraint, due
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Figure 3. Bounds on the CoGeNT modulation amplitude for the three assumptions about the DM
halo (1, 2, 2a), always using procedure 2. We show X2 defined in eqs. (5.8) and (5.9) as a function
of DM mass. The thin dashed curve is for illustrative purpose only; it corresponds to the data and
errors on the modulation amplitude extracted with a free phase (Assumption 2) but using the bound
for Assumption 2a, see text for details. If we assume that X2 is distributed as a χ2 with 1 d.o.f. (see
below) X2 = 1 (4) corresponds to 68% (95%) CL.

to the less significant signal for the modulation. To illustrate this effect we show in figure 3
with a thin-dashed curve also X2 that would follow from the hypothetical situation where
the modulation amplitude would be as strong as in the case of Assumption 2. That is, we
allow for an arbitrary energy independent phase, but assume that this phase turned out to
be June 2nd (in contrast to the real CoGeNT data), so that we could apply the bound from
Assumption 2a to these data. We see that in this case one would obtain a much stronger
bound, disfavoring DM masses up to 60GeV. This example shows the potential of our
method in cases of a strong modulation signal in the data. If the signal for the modulation
itself is weak, the bounds we derived will also give only weak constraints.

A recent re-analysis of CoGeNT data indicates that a significant fraction of the event
excess at low energies could be due to surface events [21]. Assuming that surface events are
not modulated, the unmodulated rate will be reduced after subtructing the surface events,
while the modulation signal will remain, leading to a strengthening of our bounds. Here we
estimate this effect by using the preliminary result for a surface events rejection efficiency
shown on slide 19 of the presentation in [21] (red curve). Averaging this curve for the bins
used in our analysis we find that the unmodulated rate in the first and second bins are
reduced by a factor 0.43 and 0.78, respectively, while the other two bins are not effected.
This leads to the reduced event rates shown in the last column of table 1. Figure 4 shows
the plots equivalent to figures 2 and 3 but using the surface events corrected unmodulated
rate. The general bound remains essentially the same. In this case the strongest limit (from
procedure 1) for the uncorrected rate comes from summing data starting from bin 3, whereas
in the surface events corrected case it comes from bin 2, with only a minor reduction (79%)
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Figure 4. Bounds on the CoGeNT modulation amplitude for the preliminary surface events corrected
unmodulated rate [21] for the three assumptions about the DM halo (1, 2, 2a). The left plot shows
the bounds according to procedure 1, whereas the right plot shows X2 defined in eqs. (5.8) and (5.9)
(procedure 2). The thin curves in the right panel are the bounds without surface event subtruction
reproduced from figure 3 for the purpose of comparison with the thick curves obtain with the surface
event corrected rates.

of the rate, leading to a very similar limit. In contrast, for Assumptions 2 and 2a significantly
stronger bounds are obtained, with the limit coming now from summing from bin 1, with
a 43% reduced rate. The surface events corrected bounds are summarized in the right part
of table. 2.

Due to the non-standard definition of the X2 functions (5.8) and (5.9), involving the Θ-
function, the actual distribution of them is not clear a priori. Therefore we have performed
a Monte Carlo study in order to determine the distribution. For a given DM mass we
first determine the optimal set of ωi by minimizing the X2. For those ωi we assume that
the bound is saturated and we simulate a large number of pseudo-data taking the r.h.s. of
eqs. (5.4), (5.5) as mean value for a Gaussian with standard deviation given by the actual
error on the modulation amplitude.6 For each random data set we calculate the X2 value
and obtain therefore the distribution of X2 assuming that the bound is saturated. Then we
can compare the X2 of the actual data and calculate the probability of obtaining a X2 larger
than the observed one. Note that this procedure is conservative, since we assume that the
mean value of the random data is the bound itself. If the “true” mean values are smaller
than the bound, the distribution of X2 would be shifted towards smaller values, leading to
more stringent bounds.

We show the results of this calculation in figure 5. The probabilities obtained in this
way are in qualitative agreement with the numbers reported in table 2. Under assumptions
2 and 2a, surface event corrected data is inconsistent with the DM hypothesis for any DM
mass at the 97% and 90% CL, respectively. We find that if the bound is violated (i.e.,
for small DM masses) the X2 distribution is close to a χ2-distribution with 1 d.o.f.. Large
deviations from a χ2-distribution occur if X2 is close to zero (i.e., for larger DM masses). In

6In the case of Assumptions 2 and 2a we proceed iteratively. Starting from eq. (5.5) for i = N we generate
AN , and then simulate successively Ai−1. This is necessary to obtain the correct random properties of the
l.h.s. of eq. (5.5).
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Figure 5. The probability to obtain a X2 larger than the one obtained from CoGeNT data, as
determined by Monte Carlo simulation. Dashed curves correspond to surface event corrected data.

this case the X2 distribution is strongly peaked at small values close to zero. This indicates
that in such situations it is in most cases possible to find a set of ωi such that X2 becomes
zero. This is the reason why non-trivial constraints are obtained under assumptions 2, 2a for
surface events corrected data at large masses, although the values of X2 are relatively small,
compare figure 4.

5.2 Bounds for multi-target experiments

So far we have restricted the discussion to the situation where only one target nucleus is
present, as for example Ge in CoGeNT. Let us now generalize our bounds to experiments
where several elements are used as DM target. In this case both the modulation amplitude
as well as the unmodulated rate will receive contributions from each element: Ai =

∑

nA
n
i

and Ri =
∑

nR
n
i , where n labels the different target elements and i energy bins. The

bounds from procedure 1 hold for each of the elements separately, where in general all the
coefficients appearing in the equations will depend on the nucleus type. Summing eqs. (5.6)
and (5.7) over n and using the fact that for positive ai and bi, the following inequality holds,
∑

i aibi ≤ (
∑

i ai)(
∑

j bj), we derive:

N
∑

j=i

Aj ≤ ve



Ri

∑

n

αn
i +

N
∑

j=i

Rj

∑

n

|βn
j |



 (Assumption 1) , (5.11)

N
∑

j=i

Aj minn
(

xnj
)

≤ ve sinαRi

∑

n

|yni | (Assumptions 2, 2a) . (5.12)

On the l.h.s. of the last inequality it is necessary to take the minimum of xnj between all the
nuclei present in the target, for each bin. We used that αi and xj are positive, see appendix B.

It is possible to generalize also the X2 method to the case of multiple targets. For each
nucleus the bounds (5.4) and (5.5) apply separately. We define the amplitude from element n
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Figure 6. Upper bound compared to the integrated modulation amplitude for DAMA data for
Assumption 1 (left) and Assumptions 2 and 2a (right). We assume quenching factors q = 0.3 and
q = 0.09 for Na and I, respectively. The red dots correspond to the l.h.s. of eqs. (5.11) and (5.12),
and the purple triangles to the r.h.s.. In the left panel we show the bounds for DM masses of
mχ = 3, 20, 50GeV (from bottom), in the right panel for mχ = 3GeV. Bins are 0.5 keV wide and we
sum all bins starting from bin i shown on the horizontal axis up to 7 keVee. Error bars are negligible
and are not shown for clarity. All dark matter masses are compatible with the modulation.

in the bin i as An
i = ǫni Ai, and similarly for the rate Rn

i = ωn
i Ri. Then one can construct aX2

similar to the one in the previous section, from l.h.s. minus r.h.s. of the following inequality:

ǫni Ai ≤ ve



Riω
n
i (α

n
i + βn

i )−Ri+1ω
n
i+1α

n
i+1 − 〈κn〉i

N
∑

j=i

Rjω
n
j γ

n
j



 (Assumption 1) .

(5.13)

This X2 is minimized over ωn
i ≥ 0, ǫni ≥ 0 given the constraints

∑

n ω
n
i ≤ 1 and

∑

n ǫ
n
i = 1

for each i. A similar relation can be set up for Assumption 2.

5.2.1 DAMA

Let us now apply above bounds to the DAMA result, based on data from a NaI detector.
DAMA observes a relatively large unmodulated count rate of about 1 cnt/kg/day/keV com-
pared to the modulation amplitude of about 0.02 cnt/kg/day/keV. In contrast, CoGeNT
reports a modulation amplitude in the range of 0.5 to 1 cnt/kg/day/keV, compared to an
unmodulated rate of 3 to 4 cnt/kg/day/keV. Because of this much smaller modulation am-
plitude compared to the unmodulated rate for DAMA we expect the signal to be consistent
with our bounds. It is also well known that a consistent fit of the DAMA modulated and un-
modulated data is possible e.g., for a Maxwellian halo, although in certain parameter regions
the unmodulated rate does provide a non-trivial constraint, see e.g. [8, 11]. In figure 6 we
show the bounds for DAMA, assuming quenching factors of 0.3 for Na and 0.09 for I (con-
stant in energy) using the spectral data on the modulated and unmodulated rates from [3].
We find that both the general bound, eq. (5.11), as well as the bounds for a symmetric
halo, eq. (5.12), are consistent with the modulation even for a DM mass as small as 3GeV.
As noted above the bounds get weaker for larger DM masses, hence they do not place any
relevant constraint on the dark matter interpretation of the DAMA modulation signal.

In deriving the multi-target bounds eqs. (5.11) and (5.12) we had to use inequalities
related to the presence of several contributions to the rates, which makes the bounds some-
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Figure 7. Upper bound compared to the integrated modulation amplitude from DAMA data for
Assumptions 2 and 2a, assuming that DM scatters only on sodium (left) or iodine (right). The red
dots correspond to the l.h.s. of eq. (5.7) and the purple triangles to the r.h.s., for a DM mass of
mχ = 7GeV (left) and 30GeV (right). Bins are 0.5 keV wide and we sum all bins starting from bin i
shown on the horizontal axis up to 7 keVee. Error bars are negligible and are not shown for clarity.

what weaker than single target bounds. In case of NaI we have a relatively large hierarchy
between the two targets since A = 23 for Na and A = 127 for I. Therefore, one may con-
sider also the situation that only one of them dominates the signal. If scattering on both
targets is kinematically allowed, iodine will dominate because of the A2 enhancement of the
spin-independent scattering cross section (which we will assume here). For low DM masses,
scattering on iodine may be kinematically forbidden since vm is larger than the escape veloc-
ity of the halo and in that case the signal is provided only by scattering off Na (this requires
additional assumptions on the escape velocity, which in general are not necessary for our
bounds). We show the bounds for Assumptions 2 and 2a assuming that scattering on either
Na or I dominates in figure 7 for some representative DM masses. In both cases only very
weak constraints are obtained. While scattering on Na is consistent down to mχ ≈ 3GeV
for Assumption 2a, scattering on iodine is consistent for mχ & 30GeV under Assumption 2.
(Note that below around 30GeV typically scattering on Na dominates.)

As expected, we conclude that based solely on our bounds the DAMA signal is com-
patible with assuming dark matter scattering being its origin. We do not expect that this
conclusion will change significantly if bounds from procedure 2 according to eq. (5.13) were
applied. Therefore, we limited ourselves to the discussion based on procedure 1 for DAMA.

6 Summary and discussion

The annual modulation is probably the most distinctive signature of dark matter and is
playing (and will certainly play) a central role in revealing its existence and nature. However,
it is not always clear that the modulation detected by a DM direct detection experiment is
caused by the dark matter particles and not by any other unknown background source. In
this work we have presented a consistency check for the amplitude of the modulation and
the unmodulated count rate, which is a necessary (but not sufficient) condition for DM being
the origin of an observed annual modulation.

We have derived upper bounds on the energy integrated modulation amplitude in terms
of the unmodulated rate by expanding the DM velocity integral to first order in the earth’s
velocity ve ≈ 30 km/s. It holds for a wide class of particle physics models where the dif-
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ferential scattering cross section dσ/dEnr is proportional to 1/v2. Although we have only
focused on elastic scattering the method can also be generalized to the inelastic case. The
important aspect of our work is that our bounds hold for very general assumptions about
the DM velocity distribution f(v) in the sun’s vicinity. We have presented bounds under the
hypothesis of a single DM species and the following assumptions on the DM halo:

• Assumption 1, bound in eq. (3.13): We assume that the only time dependence is
induced by the rotation of the earth around the sun. The halo itself is static on the time
scale of months to years and spatially constant at the scale of the sun-earth distance.
Otherwise the DM velocity distribution can have an arbitrary structure, including, for
example, several streams coming from various directions. In order to saturate this
bound the halo has to be very peculiar, with rather unrealistic properties.

• Assumption 2, bound in eq. (4.8): In addition to Assumption 1 we assume that
there is just one preferred direction of the DM velocity distribution in the rest frame of
the sun (independent of the minimal velocity vm in the halo integral). This requires cer-
tain symmetries of the velocity distribution, which are specified in eqs. (4.3) and (4.4).
It covers typically situations where the DM distribution is dominated by one single
component, which may come from an arbitrary (but constant) direction. Assumption 2
requires that the phase of the modulation is independent of the recoil energy (up to a
phase flip of half a year).

• Assumption 2a, bound in eq. (4.9): We require that the preferred direction from
Assumption 2 is aligned with the motion of the sun. This is fulfilled for any isotropic
halo, and also for tri-axial halos up to corrections due to the peculiar velocity of the sun.
Furthermore, it includes the possibility of streams parallel to the motion of the sun,
such as a possible dark disk. Assumption 2a requires that the maximum (or minimum)
of the event rate is around June 2nd.

The theoretical bounds are obtained in terms of the minimal velocity vm and have to
be related to observable quantities by translating into recoil energy. We have outlined two
possible procedures for this task in section 5 for the case of elastic scattering, taking into
account statistical errors and the possibility that an unknown background may contribute to
the unmodulated rate, but that it has no time-dependence. As an example we have applied
the proposed consistency checks to the annual modulation signals reported by the CoGeNT
and DAMA experiments. While DAMA data are compatible with a dark matter origin for its
modulation, severe restrictions on the dark matter mass can be set for the case of CoGeNT.
Applying our bounds we find that the CoGeNT modulation amplitude can be consistent
with the unmodulated rate at the 68% CL only for DM masses mχ & 7.3, 18, 16GeV for the
Assumptions 1, 2, 2a, respectively. If preliminary results on a possible surface events contami-
nation of the unmodulated rate at low energies in CoGeNT are confirmed, those bounds would
become even more restrictive. In this case, CoGeNT modulation data would be inconsistent
with the DM hypothesis under assumptions 2 and 2a at about 97% and 90% CL, respectively.
DAMA has a relatively large unmodulated count rate of about 1 cnt/kg/day/keV compared
to the modulation amplitude of about 0.02 cnt/kg/day/keV. Therefore, our bounds are not
very stringent and the modulation amplitude is consistent with the unmodulated rate. In
contrast, CoGeNT reports a modulation amplitude in the range of 0.5 to 1 cnt/kg/day/keV,
compared to an unmodulated rate of 3 to 4 cnt/kg/day/keV. Because of this relatively large
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ratio between modulated and unmodulated rate our method provides stringent constraints
in the case of CoGeNT. Several comments are in order:

(i) In deriving the bounds we assume a certain smoothness of the halo, since we are ex-
panding in ve. Spikes in the velocity distribution much narrower than 30 km/s are not
covered by our procedure.

(ii) Our bounds assume that a modulation signal is present in the data. If the significance
of the modulation is weak, the bounds are more easily satisfied. This effect is explicitly
illustrated in section 5 by using CoGeNT data under different assumptions regarding the
modulation signal. The method discussed here cannot be used to establish the presence
of a modulation, it can only test whether a given modulation signal is consistent with
the unmodulated rate.

(iii) In this work we have used the relation between the minimal velocity vm and nuclear
recoil energy Enr implied by elastic scattering, see eq. (2.2) and appendix B. The bounds
can be generalised in a straightforward way also to inelastic scattering. However, in
that case vm = (mAEnr/µχA + δ)/

√
2mAEnr has a minimum in Enr, and therefore

there is no one-to-one correspondence between vm and Enr. When translating from
vm to Enr one has to take into account that different disconnected regions in Enr can
contribute to a given interval in vm.

(iv) The type of DM-nucleus interaction (i.e., the particle physics) has to be specified before
applying our bounds. Apart from the 1/v2 dependence of the differential cross section
dσ/dEnr, the Enr dependence of the interaction is encoded in the form factor F (Enr).
It can describe conventional spin-independent or spin-dependent interactions, but also
a possible non-trivial q2-dependence of the DM-nucleus interaction, all of which can be
absorbed into F (Enr).

To conclude, we have presented a consistency check for the amplitude of a DM induced
annual modulation compared to the unmodulated event rate in a given DM direct detection
experiment. Our bounds rely only on very mild and realistic assumptions about the DM halo.
We believe that the proposed method is a useful check which any annual modulation signal
should pass. A violation of our bounds suggests a non-DM origin of the annual modulation,
or requires rather exotic properties of the DM distribution, for example very sharp spikes and
edges. Such extreme features of the halo should have other observable consequences, such
as surprising spectral features or strong energy dependence of the modulation phase. Such
features could be used as additional diagnostics, beyond the signatures explored here, which
are restricted to the energy integrated modulation amplitude, irrespective of the phase.
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Figure 8. Comparison for the Maxwellian halo of the exact (solid line) and ve expanded (dashed)
modulated and unmodulated halo integrals Aη and η̄, respectively. The modulation flips the phase
by half a year below the zero of the amplitude. In the lower panel the general bound (3.13) is also
shown (dashed-dotted curve). The upper panel shows the relative accuracy defined as (exact —
approx)/exact.

A Maxwellian halo

As a cross check we apply our formalism to the commonly used Maxwellian velocity distri-
bution, with a cut off at an escape velocity vesc. In the galactic rest frame it is given by

fgal(v) ∝ [exp(−v2/v̄2)− exp(v2esc/v̄
2)]Θ(vesc − v) , (A.1)

where we use v̄ = 220 km s−1 and vesc = 550 km s−1. This distribution is boosted to the sun’s
and earth’s rest frames as described in section 2. For the above velocity distribution the halo
integral η(vm, t) is known analytically. We define the “exact” modulated and unmodulated
halo integrals as

η̄exact(vm) ≡ 1

2
[η(vm, t∗) + η(vm, t∗ + 0.5)] ,

A′
η
exact

(vm) ≡ 1

2
[η(vm, t∗)− η(vm, t∗ + 0.5)] ,

(A.2)

where for the (exact) analytic expressions η(vm, t) we are are using the results given in the
appendix of [27]. Above, t∗ is June 2nd and Aexact

η (vm) = |A′
η
exact(vm)|.

We first check the accuracy of the ve expansion. Expanding to zeroth order in ve
gives the approximate unmodulated rate (3.3), while the modulation amplitude is given by
expanding to linear order in ve, (4.10), with sinαhalo = 0.5. The comparison with the “exact”
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expressions is shown in figure 8. Both for the modulation amplitude and the unmodulated
rate we find excellent agreement, with the differences hardly visible on logarithmic scale. As
seen from the upper panel, for large regions of vm the agreement is within few %, apart from
the zero of the modulation amplitude. Minor deviations appear for large vm values, where
non-linear effects due to the cut-off at the escape velocity become important. We see that
our expression for Aη captures accurately the phase flip of the modulation. At low vm the
G(vm) term in eq. (4.10) dominates, leading to the maximum of the count rate in December,
the modulation amplitude becomes zero when the two terms cancel, and the maximum in
June at large vm is obtained from the g(vm) term.

We compare next the bounds with the actual modulation amplitude. The dash-dotted
(green) curve in figure 8 shows the general bound, eq. (3.13), which follows from Assump-
tion 1. Clearly, the Maxwellian halo is far from saturating this bound. Much tighter con-
straints are obtained from Assumptions 2 and 2a. Figure 9 shows the bounds (4.8) and (4.9)
on integrals of modulation amplitudes. The shaded region shows the l.h.s. of the bounds,
∫

vm1
dvA′

η, where the upper boundary of the integration is chosen so high that the DM signal
vanishes. Note that A′

η flips the sign at vm ∼ 200 km/s, which explains the maximum of
the integral around 200 km/s. The curve labeled “partial bound” corresponds to the bound
following from Assumption 2, eq. (4.8), but without the second term in the square bracket.
We find that it is only slightly more stringent than the general bound that follows from
Assumption 1, (3.13), especially for large vm. Although it does not capture the behaviour at
low vm it is rather similar to the full bound, eq. (4.8), (dashed curve) for vm & 400 km/s. The
bound from Assumption 2a, eq. (4.9) (dash-dotted curve), which assumes sinαhalo = 0.5, is
roughly a factor 2 larger than the prediction for small vm1 and approaches the true modula-
tion around vm1 & 400 km/s. In the right panel we show that for a Maxwellian distribution
with very small dispersion (v = 40 km/s) the bound for Assumption 2a is nearly saturated.
As mentioned in section 3, the inequalities used to derive the bound (4.9) become equalities if
the velocity distribution f(v) ∝ δ(ϑ), which is approximated by the Maxwellian with small v.

B Translating bounds in vm space to observable quantities

In sections 3 and 4 we have derived bounds involving the halo integral η(vm) and the modu-
lation amplitude Aη(vm). Here we give details on how to translate these bounds into bounds
that involve observable rates as functions of nuclear recoil energy Enr. The nuclear energy
is measured in electron-equivalents, Eee, which is related to Enr through a quenching factor
Q. We also define a differential quenching factor q,

q ≡ dEee

dEnr
= Q+ Enr

dQ

dEnr
, where Q ≡ Eee

Enr
, (B.1)

which then gives the translation between vm and Eee,

vm =

√

mAEee

2µ2
χAQ

,
1

ξ(Eee)
≡ dvm

dEee
=

dvm
dEnr

dEnr

dEee
=

1

2µχA

√

mAQ

2Eee

1

q
. (B.2)

The quenching factor Q is in general energy dependent. If it is energy independent, then
q = Q, while if data are reported directly in Enr then furthermore q = Q = 1. Note that
q,Q, vm, ξ, are all positive.
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Figure 9. The bounds on the modulation amplitude for a Maxwellian velocity distribution and
velocity dispersions v = 220 km/s (40 km/s) in the left (right) panels. The shaded region shows the
integral of

∫

∞

vm1

A′

η
exact

. We show the bound for a “symmetric halo” from eq. (4.8), and the bound

from eq. (4.9) which assumes that the DM wind is parallel to the motion of the sun (“sym. halo,
sinα = 0.5”). The solid curve (“partial bound”) shows the bound eq. (4.8), but without the second
term in the square bracket.

The modulation amplitude and rate in units of counts/day/kg/keVee are given as

AR(Eee) = κAη(vm) , R(Eee) = κ η(vm) with κ(Eee) ≡
CF 2(Eee/Q)

q(Eee)
, (B.3)

with the constant C defined in (2.6). To keep the notation simple we use the same symbols
for rate and modulation whether they depend on recoil energy in keVee or keVnr. The units
are denoted in the argument (Eee versus Enr) and should be clear from the context.

Let us consider first the general bound following from Assumption 1. Multiplying
eq. (3.13) by κ and converting the integral over vm into Eee by using eq. (B.2) one finds

AR(Eee) ≤ ve



−d(Rξ)

dEee
+R





dξ

dEee
+

√

2µ2
χAQ

mAEee
+

ξ

κ

dκ

dEee



− κ

∫

Eee

dEee
R

ξκ

2µ2
χAQ

mAEee





(B.4)
eq. (4.12) for Assumptions 2, 2a becomes similarly:

AR(Eee) ≤ ve sinαhalo

[

−d(Rξ)

dEee
+R

(

dξ

dEee
+

ξ

κ

dκ

dEee

)]

. (B.5)

Note that the constant C containing the cross section and local DM density drops out,
as expected, since it is a common pre-factor for rate as well as modulation. In practise AR

and R are given in bins in Eee. Let us define the bin average of a quantity X(Eee) as

〈X〉i ≡
1

∆Ei

∫ Ei2

Ei1

dEeeX(Eee) , (B.6)
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where Ei1 and Ei2 are the boundaries of bin i and ∆Ei = Ei2−Ei1. The observed modulation
and rate in bin i are then Ai = 〈AR〉i and Ri =

〈

R
〉

i
, respectively. Now we have to perform

the bin average of eq. (B.4). The first term in the square bracket gives

R(Ei1)ξ(Ei1)−R(Ei2)ξ(Ei2)

∆Ei
≈

Ri 〈ξ〉i −Ri+1 〈ξ〉i+1

∆Ei
. (B.7)

For the other two terms in the square bracket we approximate 〈XY 〉 ≈ 〈X〉 〈Y 〉 and the
integral becomes a sum over bins, up to the last reported bin i = N . Finally we obtain

Ai ≤ ve



Ri(αi + βi)−Ri+1α
′
i+1 − 〈κ〉i

N
∑

j=i

Rjγj



 , (B.8)

with

αi ≡
〈ξ〉i
∆Ei

, α′
i ≡

〈ξ〉i
∆Ei−1

, βi ≡
〈

dξ

dEee
+

√

2µ2
χAQ

mAEee
+

ξ

κ

dκ

dEee

〉

i

, γi ≡ ∆Ei

〈

2µ2
χAQ

mAEeeξκ

〉

i

.

(B.9)
For eq. (B.5) we get

Ai ≤ ve sinαhalo

[

Ri(αi + β′
i)−Ri+1α

′
i+1

]

with β′
i ≡

〈

dξ

dEee
+

ξ

κ

dκ

dEee

〉

i

. (B.10)

Terms with indices larger than N are dropped. We see from the definitions that αi, α
′
i, γi,

and 〈κ〉i are positive.
A similar calculation for the bounds (4.8) and (4.9), following from the Assumptions 2

and 2a, leads to
N
∑

j=i

Ajxj ≤ ve sinα



Riyi − 〈vm〉i
N
∑

j=i+1

Rjγj



 , (B.11)

with

xi ≡ ∆Ei

〈

1

ξκ

〉

i

, yi ≡
〈

1

κ

〉

i

− 〈vm〉i γi , 〈vm〉i =
〈
√

mAEee

2µ2
χAQ

〉

i

, (B.12)

and sinα = 1 (0.5) corresponds to Assumption 2 (2a).
Any binning procedure will lead to inaccuracies. We have estimated binning effects by

slightly changing the prescription. Eq. (B.4) can be equivalently written as

AR(Eee) ≤ ve



−ξ
dR

dEee
+R





√

2µ2
χAQ

mAEee
+

ξ

κ

dκ

dEee



− κ

∫

Eee

dEee
R

ξκ

2µ2
χAQ

mAEee



 . (B.13)

The first term in the square bracket can be estimated as

− ξ
dR

dEee
≈ 〈ξ〉i

Ri −Ri+1

∆Ei
, (B.14)

and the other terms are bin-averaged similar as above. We have calculated the CoGeNT
bounds also using this binning procedure and obtain similar results as with our default
method. This confirms that inaccuracies due to binning are acceptable for present Co-
GeNT data.
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unmod. rate from [4] corrected rate [21]

Mean 68% 95% Mean 68% 95%

Ass. 1: general bound 10 5 − 12.5 5 −
Ass. 2: symmetric halo 29.5 17 7 63 34.5 16

Ass. 2a: sym. halo, sinα = 0.5 37.5 14 − 94.5 30.5 −

Table 3. Lower bounds on the DM mass in GeV, from the requirement that the CoGeNT modu-
lation amplitude is consistent with the upper bound from the unmodulated rate, according to the
Assumptions 1, 2, 2a on the DM distribution obtained as described in appendix C. In the left part
of the table we use the published unmodulated event rates from [4], whereas for the right part of the
table we adopt the preliminary results on surface events contamination at low energies from [21].

C Alternative procedure for optimizing the bound in presence of unknown

background

In section 5 we have outlined a method based on a least-square minimization (“procedure 2”)
to find “optimal” values for the coefficients ωi parameterizing the background contribution
in each bin. Here we provide an alternative method for this task.

Let us consider the inequalities (5.4) and (5.5) as a system of equations for the ωi. We
observe that they have a triangular structure with respect to ωi: the inequality for a given
index i depends only on ωj with j ≥ i, i.e., the inequality for i = N depends only on ωN ,
for i = N − 1 it depends on ωN−1, ωN , and so on. From the fact that αi, 〈κ〉i , γi are positive
follows that the bound for a given i is weakest if ωi is as large as possible and ωj with j > i
are as small as possible. We can implement this requirement in an iterative way: replacing
the inequality sign by an equality, we obtain a system of N linear equations in ωi. We can
solve this system by starting at i = N and going up step by step to i = 1, in each step
obtaining a value for the corresponding ωi, to be used in the next step. If the solution for ωi

is less than one, it will be the smallest allowed value, and hence the bound for i− 1 will be
weakest. If the solution for ωi is larger than one the bound is violated by bin i and we have
to set the corresponding ωi = 1 (the largest physically allowed value). In that way we obtain
a set of ωi corresponding to the most conservative choice of background contributions to the
unmodulated rate.

This method treats the inequalities as “hard bounds” and does not take into account
the fact that the amplitudes are subject to experimental uncertainties. A conservative way
to include uncertainties is to apply this procedure as described above but using instead of
the l.h.s. of (5.4) and (5.5) its central value minus n standard deviations. In this way one
aims to satisfy the inequalities within the nσ interval for each bin. We show the results of
such an analysis for CoGeNT data in table 3. Typically one finds qualitatively similar but
slightly stronger bounds than for procedure 1, although if the method is considered at higher
CL bounds may become weaker or even disappear, as visible in the table for the columns at
95% CL. Note, however, that subtracting nσ from the mean value for all bins leads to very
conservative limits.
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We show how constraints on the time integrated event rate from a given dark matter (DM) direct

detection experiment can be used to bound the amplitude of the annual modulation signal in another

experiment. The method requires only mild assumptions about the properties of the local DM distribution:

that it is temporally stable on the scale of months and spatially homogeneous on the ecliptic. We apply the

method to the annual modulation signal in DAMA/LIBRA, which we compare to the bounds derived from

XENON10, XENON100, cryogenic DM search, and SIMPLE data. Assuming a DM mass of 10 GeV, we

show that under the above assumptions about the DM halo, a DM interpretation of the DAMA/LIBRA

signal is excluded for several classes of models: at 6:3! (4:6!) for elastic isospin conserving (violating)

spin-independent interactions, and at 4:9! for elastic spin-dependent interactions on protons.

DOI: 10.1103/PhysRevLett.109.141301 PACS numbers: 95.35.+d

Dark matter (DM) constitutes a significant fraction of
the energy density in the Universe, !DM ¼ 0:229" 0:015
[1]. This conclusion is based entirely on gravitational
effects of DM. A fundamental question is whether DM
interacts also nongravitationally. Direct detection experi-
ments, for instance, are looking for the scattering of DM
particles from the galactic halo in underground detectors.
A characteristic feature of the signal is an annual modu-
lation, because Earth rotates around the Sun, while at the
same time the Sun moves relative to the DM halo [2].
At present, two experiments are reporting annually modu-
lated signals, DAMA/LIBRA [3] (DAMA for short) and
CoGeNT [4], with significances of 8:9! and 2:8!, res-
pectively. Assuming the standard Maxwellian DM halo
and elastic spin-independent (SI) DM scattering, both
claims are in tension [5,6] with bounds on time integrated
rates from other experiments such as XENON10 [7],
XENON100 [8], or cryogenic DM search (CDMS) [9].
The situation may change in the case of non-Maxwellian
DM halos, e.g., halos with anisotropic velocity distri-
butions or with significant substructure, for instance DM
streams or DM debris flows. Recently CDMS provided a
direct bound on the modulation signal, which disfavors
the CoGeNT modulation without referring to any halo or
particle physics model [10]. Therefore, we focus below on
DAMA and CoGeNT.

In this Letter, we present a general method that avoids
astrophysical uncertainties when comparing putative DM
modulation signals with bounds on time averaged DM
scattering rates from different experiments by combining
the results from Refs. [11,12] with bounds on the modu-
lation derived by us in Ref. [13]. We are then able to
translate the bound on the DM scattering rate in one
experiment into a bound on the annual modulation
amplitude in a different experiment. The resulting

bounds present roughly an order of magnitude improve-
ment over Refs. [11–13].
The bounds are (almost completely) astrophysics inde-

pendent. Only very mild assumptions about DM halo
properties are used: (i) that it does not change on the
time scales of months, (ii) that the density of DM in the
halo is constant on the scales of the Earth-Sun distance, and
(iii) that the DM velocity distribution does not vary
strongly on scales of the Earth velocity, ve ¼ 29:8 km=s.
If the modulation signal is due to DM, then the modulation
amplitude has to obey the bounds. In the derivation, an
expansion in ve over the typical DM velocity #200 km=s
is used. The validity of the expansion can be checked
experimentally, by searching for the presence of higher
harmonics in the time-stamped DM scattering data [13].
Bounds on the annual modulation.—We focus on elastic

scattering of DM " off a nucleus (A, Z), depositing the
nuclear-recoil energy Enr. The differential rate in events/
keV/kg/day is

RAðEnr; tÞ ¼
#"!

0
A

2m"$
2
"A

F2
AðEnrÞ%ðvm; tÞ; (1)

with #" the local DM density, !0
A the total DM-nucleus

scattering cross section at zero momentum transfer,m" the

DMmass,$"A the DM-nucleus reduced mass, and FAðEnrÞ
a nuclear form factor. For SI interactions,!0

A can bewritten

as!SI
A ¼ !p½Zþ ðA( ZÞðfn=fpÞ)2$2

"A=$
2
"p, where!p is

the DM-proton cross section and fn;p are coupling

strengths to neutron and proton, respectively. Apart from
#", the astrophysics enters in Eq. (1) through the halo

integral

%ðvm; tÞ *
Z
v>vm

d3v
fdetðv; tÞ

v
; vm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
mAEnr

2$2
"A

s
; (2)
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where vm is the minimal velocity required for recoil energy
Enr, and fdetðv; tÞ describes the distribution of DM particle
velocities in the detector rest frame with fdetðv; tÞ # 0 andR
d3vfdetðv; tÞ ¼ 1. The integral of the velocity distribu-

tion enters in RAðEnr; tÞ because DM scattering at different
angles probes different DM velocities even for fixed Enr.
The velocity distributions in the rest frames of the detector
and the Sun are related by fdetðv; tÞ ¼ fsun½vþ veðtÞ',
where veðtÞ is the velocity vector of Earth. The rotation
of the Earth around the Sun introduces a time dependence
in the event rate through !ðvm; tÞ ¼ !!ðvmÞ þ "!ðvm; tÞ,
where

"!ðvm; tÞ ¼ A!ðvmÞ cos2#½t( t0ðEnrÞ'; (3)

when expanding to first order in ve ¼ 29:8 km=s )
vsun ’ 230 km=s, and A!ðvmÞ # 0. The expansion can be

truncated, if fsunðvÞ does not show large variations on the
scale of ve, i.e., vejdfðvÞ=dvj ) fðvÞ. We are also assum-
ing that the only time dependence comes from the rotation
of Earth around the Sun and that fsunðvÞ itself is constant in
time and space.

Under those assumptions we schematically have !!*R
fðvÞ=v and A! * ve

R
fðvÞ=v2. After some algebra, the

modulation amplitude A!ðvmÞ can be shown to be bounded
by the unmodulated halo integral !! (see Ref. [13] for the
derivation):

A!ðvmÞ + ve

!
( d !!

dvm

þ !!ðvmÞ
vm

(
Z
vm

dv
!!ðvÞ
v2

"
: (4)

If we further assume that the DM velocity distribution
obeys certain symmetry properties such that there is only
one single direction related to the DM flow, independent of
vm (see Ref. [13] for details), then one obtains a more
stringent constraint:

Z v2

v1

dvmA!ðvmÞ + sin$ve

!
!!ðv1Þ ( v1

Z
v1

dv
!!ðvÞ
v2

"
:

(5)

Here $ is the angle between the DM flow and the direction
orthogonal to the ecliptic. The most conservative bound is
obtained for sin$ ¼ 1 (which would correspond to a DM
stream parallel to the ecliptic). However, in many cases the
DM flow will be aligned with the motion of the Sun within
the Galaxy. This holds for any isotropic velocity distribu-
tion and, up to a small correction due to the peculiar
velocity of the Sun, also for triaxial halos or a significant
contribution from a possible dark disk. In this case, we
have sin$ ’ 0:5.

In the following, we will use time averaged rates from
various experiments to derive an upper bound on !!ðvmÞ.
In order to be able to apply this information we integrate
Eq. (4) over vm and drop the negative terms in Eqs. (4)
and (5). This gives the bounds

Z v2

v1

dvmA!ðvmÞ + ve

!
!!ðv1Þ þ

Z v2

v1

dv
!!ðvÞ
v

"
; (6)

Z v2

v1

dvmA!ðvmÞ + sin$ve !!ðv1Þ: (7)

In practice, the integrals on the left-hand side (LHS) are
replaced by a sum over bins. Below we will refer to the
relations (6) and (7) with sin$ ¼ 0:5 as the bounds for
general halo and symmetric halo, respectively. Here
symmetric refers to the local velocity distribution accord-
ing to the sentence before Eq. (5), not the spatial distri-
bution of DM.
Bounds on the unmodulated halo integral.—Let us first

consider SI scattering with fn ¼ fp. Generalization to

isospin-violating scattering with fn ! fp and to spin-

dependent (SD) scattering is straightforward. The pre-
dicted number of events in an interval of observed energies
[E1, E2] is

N
pred
½E1;E2' ¼ MTA2

Z 1

0
dEnrF

2
AðEnrÞG½E1;E2'ðEnrÞ~!ðvmÞ:

(8)

Here G½E1;E2'ðEnrÞ is the detector response function, which
describes the contribution of events with true nuclear-recoil
energy Enr to the observed energy interval [E1, E2]. It may
be nonzero outside the Enr 2 ½E1; E2' interval due to the
finite energy resolution and includes also (possibly energy
dependent) efficiencies.M and T are the detector mass and
exposure time, respectively, and

~! , %p&'

2m'(
2
'p

!!; (9)

where ~! has units of events/kg/day/keV.
Now we can use the fact that ~! is a monotonically

decreasing function of vm [11] (see also Refs. [14,15]).
Among all possible forms for ~! such that they pass through
~!ðvmÞ at vm, the minimal number of events is obtained
for ~! constant and equal to ~!ðvmÞ until vm and zero after-
wards. Therefore, for a given vm we have a lower bound

N
pred
½E1;E2'ðvmÞ # (ðvmÞ with

(ðvmÞ ¼ MTA2 ~!ðvmÞ
Z EðvmÞ

0
dEnrF

2
AðEnrÞG½E1;E2'ðEnrÞ;

(10)

where EðvmÞ is given in (2). Suppose an experiment ob-
serves Nobs

½E1;E2' events in the interval [E1, E2]. Then we can

obtain an upper bound on ~! for a fixed vm at a confidence
level (C.L.) by requiring that the probability of obtaining
Nobs

½E1;E2' events or less for a Poisson mean of(ðvmÞ is equal
to 1-C.L. Note that this is actually a lower bound on the
C.L., because Eq. (10) provides only a lower bound on
the true Poisson mean. For the same reason, we cannot use
the commonly applied maximum-gap method to derive a
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bound on ~!. If several different nuclei are present, there
will be a corresponding sum in Eqs. (8) and (10).

The limit on ~! can then be used in the right-hand side
(RHS) of Eq. (6) or (7) to constrain the modulation ampli-
tude. For concreteness we first focus on the annual modu-
lation in DAMA. If m" is around 10 GeV, then DM

particles do not have enough energy to produce iodine
recoils above the DAMA threshold. We can thus assume
that the DAMA signal is entirely due to the scattering on

sodium. We define ~A! ! #p$"=ð2m"%
2
"pÞA!, which is

related to the observed modulation amplitude Aobs
i by

~A obs
! ðvi

mÞ ¼
Aobs
i qNa

A2
NahF2

NaiifNa
: (11)

Here qNa ¼ dEee=dEnr is the sodium quenching factor, for
which we take qNa ¼ 0:3. The index i labels energy bins,
with vi

m given by the corresponding energy bin center
using Eq. (2). Further, hF2

Naii is the sodium form factor
averaged over the bin width and fNa ¼ mNa=ðmNa þmIÞ is
the sodium mass fraction. For the modulation amplitude in
CoGeNTwe proceed analogously. Note that the conversion

factor from !! to ~! is the same as for A! to ~A!, and is not

dependent on the nucleus. Therefore, the bounds (6) and

(7) apply to ~!, ~A! without change, even if the LHS and

RHS refer to different experiments.
Let us briefly describe the data we use to derive the

upper bounds on ~!. We consider results from XENON10
[7] (XE10) and XENON100 [8] (XE100). In both cases
we take into account the energy resolution due to Poisson
fluctuations of single electrons. For XE100, we adopt the
best-fit light-yield efficiency Leff from Ref. [8]. The XE10
analysis is based on the so-called S2 ionization signal and
we follow [7] imposing a sharp cut off of the efficiency
below threshold. From CDMS, we use results from a low-
threshold (LT) analysis [9] of Ge data, as well as data on Si
[16]. For SIMPLE [17], we use the observed number of
events and expected background events to calculate the
combined Poisson probability for stages 1 and 2.

For all experiments we use the lower bound on the
expected events, Eq. (10), to calculate the probability of
obtaining less or equal events than observed. For XE100,
CDMS Si, and SIMPLE we just use the total number of
events in the entire reported energy range. For XE10 and
CDMS LT, the limit can be improved if data are binned and
the probabilities for each bin are multiplied. This assumes
that the bins are statistically independent, which requires to
make bins larger than the energy resolution. For XE10 we
only use two bins. For CDMS LT, we combine the 36 bins
from Fig. 1 of Ref. [9] into 9 bins of 2 keV where the
energy resolution is 0.2 keV.

Results.—In Fig. 1 we show the 3# limits on ~! com-

pared to the modulation amplitudes ~A! from DAMA and

CoGeNT for a DM mass of 10 GeV. Similar results have
been presented in Refs. [14,15]. The CoGeNT amplitude

depends on whether the phase is let to vary freely in the fit
or fixed at June 2nd [6], which applies to the general and
symmetric halos, respectively. Already at this level XE100
is in tension with the modulation from DAMA (and to
some extent also CoGeNT).
We now apply our method. As shown in Fig. 2, the null

results become significantly more constraining after apply-
ing the bound Eq. (6). DAMA and CoGeNT are strongly
excluded by XE100, XE10, CDMS LT already for the
general halo, and even more assuming a symmetric halo.
Then also CDMS Si excludes DAMA, and there is some
tension with SIMPLE (data not shown). In Fig. 3, we
consider two variations of DM-nucleus interaction. The
upper panel is for SD interactions with the proton, where
the bound from SIMPLE is in strong disagreement with the
DAMA modulation, due to the presence of fluorine in
their target. (A comparable limit has been published re-
cently by PICASSO [18].) In the lower panel of Fig. 3 we
show the case of SI isospin-violating interactions with

FIG. 1 (color online). 3# upper bounds on ~!. The modulation
amplitude ~A! is shown for DAMA (for qNa ¼ 0:3) and CoGeNT

for both free phase fit (general) and fixing the phase to June 2nd
(symmetric). We assume a DM mass of 10 GeV and SI
interactions.

FIG. 2 (color online). Integrated modulation signals,R
v2
v1
dvA~!, from DAMA and CoGeNT compared to the 3# upper

bounds for the general halo, Eq. (6). We assume SI interactions
and a DM mass of 10 GeV. The integral runs from v1 ¼ vmin to
v2 ¼ 743 km=s (end of the 12th bin in DAMA).
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fn=fp ¼ "0:7. This choice evades bounds from Xe, but

now the DAMA modulation is excluded by the bounds
from CDMS Si for the general halo and CDMS Si, LT,
and SIMPLE for the symmetric halo.

Let us now quantify the disagreement between the
observed DAMA modulation and the rate from another
null-result experiment using our bounds. We first fix vm.
To each value of ~!ðvmÞ, Eq. (10) provides a Poisson
mean "ðvmÞ. We can then calculate the probability p! to

obtain equal or less events than measured by the null-
result experiment. Then we construct the bound on the
modulation using the same value ~!ðvmÞ on the RHS of
Eq. (6) or (7) [the integrand ~!ðvÞ in Eq. (6) is calculated
using the same p! but with v > vm in Eq. (10)]. We

calculate the probability pA that the bound is not vio-
lated by assuming on the LHS of Eq. (6) or (7) a
Gaussian distribution for the DAMA modulation signal
with the measured standard deviations in each bin. Then
pjointð~!Þ ¼ p!pA is the combined probability of obtain-

ing the experimental result for the chosen value of ~!.
Then we maximize pjointð~!Þ with respect to ~! to obtain

the highest possible joint probability.
The results of such an analysis are shown in Fig. 4.

The analysis is performed at the fixed vm corresponding
to the third modulation data point in DAMA, depending
on the DM mass m#. We find that for all considered

interaction types and m# & 15 GeV at least one experi-

ment disfavors a DM interpretation of the DAMA modu-
lation at more than 4$ even under the very modest
assumptions of the general halo. In the case of SI inter-
actions, the tension with XE100 is at more than 6$ for
m# * 8 GeV and saturates at the significance of the modu-

lation data point itself at about 6:4$ for m# * 13 GeV.

The exclusion from XE10 is nearly independent of the DM
mass slightly below 6$. We show also a few examples of
the joint probability in case of a symmetric halo.
As mentioned above, one requirement for our method to

apply is that the DM velocity distribution fðvÞ is smooth
on scales & ve. Results from N-body simulations [19]
indicate that close to the galactic escape velocity vesc %
550 km=s fluctuations at such small scales can become
significant due to the presence of cold unvirialized DM
streams. Note however, that in all cases shown above the
DAMA modulation signal is excluded already for vmin

well below vesc, where fðvÞ is expected to be sufficiently
smooth [19]. Furthermore, because Oðv2

eÞ terms in the
expansion of Eq. (1) lead to the appearance of a ½cosð2%tÞ'2
time dependence, the validity of this approximation can be
checked experimentally by searching for higher harmonics in
the modulation.
While astrophysics uncertainties are avoided, the ob-

tained bounds are still subject to nuclear, particle physics,
and experimental uncertainties. For instance, the tension
between the DAMA signal and the bounds depends on the
value of the Na quenching factor qNa, light-yield or ion-
ization yield efficiencies in Xe, upward fluctuations from
below threshold, and so on. For example, if a value of
qNa ¼ 0:45 is adopted instead of the fiducial value of 0.3
consistency for SD and isospin-violating interactions can

FIG. 3 (color online). Integrated modulation signal
R
v2
vmin

dvA~!

from DAMA compared to the 3$ upper bounds for the general
halo, Eq. (6) (solid), and symmetric halo, Eq. (7) with sin& ¼
0:5 (dotted). We assume a DM mass of 10 GeV, and SD
interactions on protons (upper panel) and SI interactions with
fn=fp ¼ "0:7 (lower panel).
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FIG. 4 (color online). The probability that the integrated
modulation amplitude in DAMA (summed starting from the
third bin) is compatible with the bound derived from the con-
straints on ~! for various experiments as a function of the DM
mass. The label SI (SD), refers to spin-independent (spin depen-
dent) interactions with fn ¼ fp (fn ¼ 0), and IV refers to

isospin-violating SI interactions with fn=fp ¼ "0:7. For solid

and dashed curves we use the bounds from Eqs. (6) and (7),
respectively.
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be achieved in the case of the general halo at around 3!,
while for SI interactions the XE10 bound still implies
tension at more than 5! for m" * 10 GeV. Hence, the

precise C.L. of exclusion may depend on systematic un-
certainties. We also stress that the above bounds apply to
elastic scattering only.

In conclusion, we have presented a powerful method to
check the consistency of an annual modulation signal in a
DM direct detection experiment with bounds on the total
DM scattering rate from other experiments, almost com-
pletely independent of astrophysics, for a given type of
DM-nucleus interaction. While our bounds strongly dis-
favor a DM interpretation of present annually modulated
signals for several models of DM interactions (SI and SD
elastic scattering), the method will be an important test that
any future modulated signal will have to pass before a DM
interpretation can be accepted.
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1 Introduction

If dark matter (DM) is a “Weakly Interacting Massive Particle” (WIMP) it may induce an
observable signal in underground detectors by depositing a tiny amount of energy after scat-
tering with a nucleus in the detector material [1]. Many experiments are currently exploring
this possibility and delivering a wealth of data. Among them is the DAMA/LIBRA exper-
iment [2] (DAMA for short) which reports the striking signature of an annual modulation
of the signal in their NaI scintillator detector, with a period of one year and a maximum
around June 2nd with very high statistical significance. Such an effect is expected for DM
induced events because the velocity of the detector relative to the DM halo changes due to
the Earth’s rotation around the Sun [3, 4].

Assuming elastic spin-independent interactions the DAMA modulation signal is in
strong tension with constraints on the total DM interaction rate from other experiments [5–
8]. This problem can be alleviated by considering inelastic scattering [9], where the DM
particle χ up-scatters to an excited state χ∗ with a mass difference δ = mχ∗ −mχ compa-
rable to the kinetic energy of the incoming particle, which is typically O(100) keV. Under
this hypothesis scattering off the heavy iodine nucleus is favoured compared to the relatively
light sodium in the NaI crystal used in DAMA. Furthermore, the relative strength of the
modulation signal compared to the unmodulated rate can be enhanced.1 Nevertheless, under
specific assumptions for the DM halo — typically a Maxwellian velocity distribution — also
the inelastic scattering explanation of the DAMA signal is in tension with the bounds from
XENON100 [12] and CRESST-II [10], see e.g., [13–16]. Below we show that this conclusion
can be confirmed in a halo-independent way. Let us mention that any explanation of the
DAMA signal based on iodine scattering is disfavoured also by KIMS results [17], since their
90% CL upper bound on the DM scattering rate on CsI is already somewhat lower than the
size of the modulation amplitude observed in DAMA. This tension is completely independent
of astrophysics as well as particle physics as long as scattering happens on iodine.

For typical inelastic scattering explanations of DAMA the mass splitting between the
two DM states is chosen such that the minimal velocity, vm, required to deposit the threshold
energy in the detector is already close to the galactic escape velocity, vesc. Only DM particles

1The possibility to use inelastic scattering to reconcile the event excess observed in CRESST-II [10] with
other bounds has been discussed in [11]. Here we do not follow this hypothesis and focus on the DAMA
modulation signal.

– 1 –
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with velocities in the interval, v ∈ [vesc − ∆v, vesc], contribute, where ∆v is the range of
minimal velocities probed by the experiment and is comparable to the Earth’s velocity around
the Sun, ve ≈ 30 km/s. In this case the DM direct detection experiment probes the tails of
the DM velocity distribution, where halo-substructures such as streams or debris flows are
expected. The results are thus quite sensitive to the exact history of the Milky Way halo,
mergers, etc, and significantly depend on the halo properties, see e.g. [18, 19]. Therefore
it is important to develop astrophysics-independent methods to evaluate whether the above
conclusion on the disagreement of the DAMA signal with other bounds is robust with respect
to variations of DM halo properties.

An interesting method to compare signals and/or bounds from different experiments
in an astrophysics independent way has been proposed in refs. [20, 21]. This so-called vm-
method has been applied in various recent studies for elastic scattering, see e.g., [22–27]. The
generalization of this method to inelastic scattering involves some complications which we
are going to address in detail below.

In part of our analyses we will also use the fact that ve is small compared to all other
typical velocities in the problem. One can then derive astrophysics-independent bounds on
the annual modulation signal [28] by expanding in ve and relating the O(v0

e) and O(ve) terms
in a halo-independent way. In [25, 28] the expansion was applied to the case of elastic DM
scattering with DM masses of order 10 GeV, where the expansion is expected to be well-
behaved, and it has been shown that for elastic scattering a strong tension between DAMA
and constraints from other experiments can be established independent of the details of the
DM halo. In the following we will generalize this type of analysis to the case of inelastic
scattering, where special care has to be taken about whether the expansion in ve remains
well-behaved.

Below we will present three different tests for the consistency of the inelastic scat-
tering interpretation of the DAMA signal, focusing on the tension with the bound from
XENON100 [8]:

• the “trivial bound” obtained by the requirement that the amplitude of the annual
modulation has to be smaller than the unmodulated rate,

• the bound on the annual modulation signal based on the expansion of the halo integral
in ve, and

• a test based on the predicted shape of the signal in the case of inelastic scattering which
we call the “shape test” in the following.

The paper is structured as follows. We fix basic notation in section 2. In section 3
we discuss the bound on the annual modulation amplitude derived in [28]. By identifying
the relevant expansion parameter we point out its limitations in the case of inelastic scat-
tering. In section 4 we develop halo-independent methods for inelastic scattering, focusing
on the tension between DAMA and XENON100, and apply the three different types of tests
mentioned above. Conclusions are presented in section 5.

2 Notation

The differential rate in events/keV/kg/day for DM χ to scatter off a nucleus (A,Z) and
deposit the nuclear recoil energy Enr in the detector is

R(Enr, t) =
ρχ
mχ

1

mA

∫
v>vm

d3v
dσA
dEnr

vfdet(v, t) . (2.1)
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Emin E2E1

umin

umax

Emed

umed

Enr

v m

Figure 1. vm as a function of Enr for the case of inelastic scattering for some arbitrary δ > 0.

Here ρχ ' 0.3 GeV/cm3 is the local DM density, mA and mχ are the nucleus and DM masses,
σA the DM-nucleus scattering cross section and v the 3-vector relative velocity between DM
and the nucleus, while v ≡ |v|. For a DM particle to deposit a recoil energy Enr in the
detector, a minimal velocity vm is required, restricting the integral over velocities in eq. (2.1).
For inelastic scattering we have

vm =

√
1

2mAEnr

(
mAEnr

µχA
+ δ

)
, (2.2)

where µχA is the reduced mass of the DM-nucleus system, and δ is the mass splitting between
the two dark matter states. Note that for each value of Enr there is a corresponding vm while
the converse is not always true. Certain values of vm correspond to two values of Enr, others
maybe to none. This is illustrated in figure 1, where we plot vm as a function of Enr for some
arbitrary δ > 0.

The particle physics enters in eq. (2.1) through the differential cross section. For the
standard spin-independent and spin-dependent scattering the differential cross section is

dσA
dEnr

=
mA

2µ2
χAv

2
σ0
AF

2(Enr) , (2.3)

where σ0
A is the total DM-nucleus scattering cross section at zero momentum transfer, and

F (Enr) is a form factor. We focus here on spin-independent inelastic scattering. We also
assume that DM couples with the same strength to protons and neutrons (fp = fn). Relaxing
this assumption does not change the conclusions since DM particles scattering on Xe and I
have very similar dependence on fn/fp (cf. figure 5 of [11]). The astrophysics dependence
enters in eq. (2.1) through the DM velocity distribution fdet(v, t) in the detector rest frame.
Defining the halo integral

η(vm, t) ≡
∫
v>vm

d3v
fdet(v, t)

v
, (2.4)

– 3 –
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the event rate is given by

R(Enr, t) = C F 2(Enr) η(vm, t) with C =
ρχσ

0
A

2mχµ2
χA

. (2.5)

The coefficient C contains the particle physics dependence, while η(vm, t) parametrizes the
astrophysics dependence. The halo integral η(vm, t) is the basis for the astrophysics indepen-
dent comparison of experiments [20, 21] and we will make extensive use of it below.

3 Bound on the annual modulation amplitude from the expansion in ve

In ref. [28] some of us have derived an upper bound on the annual modulation amplitude in
terms of the unmodulated rate. Here we briefly review the idea and generalize the bound to
the case of inelastic scattering, where special care has to be taken about the validity of the
expansion.

The DM velocity distribution in the rest frame of the Sun, f(v), is related to the distri-
bution in the detector rest frame by fdet(v, t) = f(v + ve(t)). The basic assumption of [28]
is that f(v) is constant in time on the scale of 1 year and is constant in space on the scale
of the size of the Sun-Earth distance. These are very weak requirements, called “Assump-
tion 1” in [28], which are expected to hold for a wide range of possible DM halos. Those
assumptions would be violated if a few DM substructures of ∼ 1 AU in size would domi-
nate the local DM distribution. The smallest DM substructures in typical WIMP scenarios
can have masses many orders of magnitude smaller than M�, e.g. [29]. Based on numerical
simulations it is estimated in [30] that Earth mass DM substructures with sizes comparable
to the solar system are stable against gravitational disruption, and on average one of them
will pass through the solar system every few thousand years, where such an encounter would
last about 50 years. Those considerations suggest that Assumption 1 is well satisfied. Let
us stress that typical DM streams or debris flows [31] which may dominate the DM halo at
high velocities (especially relevant for inelastic scattering) are expected to be many orders
of magnitude larger than 1 AU, and the relevant time scales are much larger than 1 yr, and
hence they fulfill our assumptions, see e.g. [32] and references therein.

Under this assumption the only time dependence is due to the Earth’s velocity ve(t),
which we write as [33]

ve(t) = ve[e1 sinλ(t)− e2 cosλ(t)] , (3.1)

with ve = 29.8 km/s, and λ(t) = 2π(t − 0.218) with t in units of 1 year and t = 0 at
January 1st, while e1 = (−0.0670, 0.4927,−0.8676) and e2 = (−0.9931,−0.1170, 0.01032) are
orthogonal unit vectors spanning the plane of the Earth’s orbit which at this order can be
assumed to be circular. The DM velocity distribution in the galactic frame is connected to the
one in the rest frame of the Sun by f(v) = fgal(v+vsun), with vsun ≈ (0, 220, 0) km/s +vpec

and vpec ≈ (10, 13, 7) km/s the peculiar velocity of the Sun. We are using galactic coordinates
where x points towards the galactic center, y in the direction of the galactic rotation, and z
towards the galactic north, perpendicular to the disc. As shown in [34], eq. (3.1) provides an
excellent approximation to describe the annual modulation signal.

Using the fact that ve is small compared to other relevant velocities, one can expand
the halo integral eq. (2.4) in powers of ve. At zeroth order one obtains

η0(vm) =

∫
v>vm

d3v
f(v)

v
, (3.2)

– 4 –
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which is responsible for the unmodulated (time averaged) rate up to terms of order v2
e . The

first order terms in ve lead to the annual modulation signal, which due to eq. (3.1) will have
a pure sinusoidal shape, such that

η(vm, t) = η0(vm) +Aη(vm) cos 2π[t− t0(vm)] +O(v2
e) , (3.3)

where the amplitude of the annual modulation, Aη(vm), is of first order in ve.
In [28] it has been shown that under the above stated “Assumption 1” the modulation

amplitude is bounded as

Aη(vm) < ve

[
− dη0

dvm
+
η0

vm
−
∫
vm

dv
η0

v2

]
. (3.4)

From eq. (3.2) it is clear that η0 is a positive decreasing function, i.e., dη0/dvm < 0. As
mentioned above, in the case of inelastic scattering typically only a small range in minimal
velocities vm is probed. We denote this interval by [umin, umax] with ∆v = umax − umin. The
boundaries of this interval are determined by the threshold of the detector on one side and
by the galactic escape velocity or the nuclear form factor suppression on the other side. For
inelastic scattering ∆v is small. It will thus be convenient to integrate the inequality (3.4)
over the interval [umin, umax]. By changing the order of integrations of the double integral
we find∫ umax

umin

dvAη(v) < ve

[
η0(umin)− η0(umax) + umin

∫ umax

umin

dv
η0

v2
−∆v

∫
umax

dv
η0

v2

]
< ve

[
η0(umin) + umin

∫ umax

umin

dv
η0

v2

]
. (3.5)

Integrating again over umin we obtain∫ umax

umin

dvAη(v)(v − umin) <
ve
2

∫ umax

umin

dvη0

(
3− u2

min

v2

)
(3.6)

<
ve
2

(
3− u2

min

u2
max

)∫ umax

umin

dvη0 . (3.7)

Hence we obtained a bound on the integral of the annual modulation in terms of an integral
of the unmodulated rate at first order in ve.

2 This bound receives no corrections at order
O(v2

e) and hence is valid up to (but not including) terms of order O(v3
e) [35]. In applying

eq. (3.7) we use only an upper bound, ηbnd on the unmodulated signal η0, allowing also
for the presence of background. However, we assume that Aη is background free, i.e., the
background shows no annual modulation.

Let us define the average over the velocity interval by

〈X〉 =
1

∆v

∫ umax

umin

dvX(v) . (3.8)

Estimating
∫ umax

umin
dvAη(v)(v− umin) ∼ ∆v

∫ umax

umin
dvAη(v) and neglecting O(1) coefficients we

obtain from eq. (3.7)

〈Aη〉 .
ve
∆v
〈η0〉 . (3.9)

2Below we will use the bound (3.7) for the numerical analysis since this will allow for easy comparison
with the “trivial bound” discussed later. The numerical difference between the bounds using (3.7) or (3.6) is
small, typically less than 10%.

– 5 –
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Figure 2. Contours of the ratio ve/∆v as a function of DM massmχ and mass splitting δ for scattering
on iodine in DAMA, assuming that ∆v is the overlap between the velocity ranges corresponding to
the DAMA [2, 4] keVee energy range for scattering on iodine and the XENON100 [6.61, 43.04] keV
range. Dashed curves show contours of constant vm = 400, 600, 800 km/s, with vm being the minimal
velocity corresponding to the above energy interval for the given δ and mχ.

This shows that the expansion parameter in deriving the bound (3.7) is ve/∆v. In contrast
to expressions like ve/umin which are always small, the ratio ve/∆v can become of order one,
in particular for inelastic scattering.

As an example we show in figure 2 the ratio ve/∆v as a function of the DM mass mχ and
the inelasticity parameter δ. Elastic scattering is recovered for δ = 0. The velocity interval
∆v is chosen having in mind a possible explanation for DAMA. The signal in DAMA is
predominantly in the energy region [2, 4] keVee. As explained in section 4 below, we take for
∆v the overlap between the velocity ranges corresponding to the DAMA [2, 4] keVee interval
for scattering on iodine and the XENON100 [6.61, 43.04] keV interval. From figure 2 one sees
that the expansion parameter ve/∆v & 1 for a non-negligible part of the parameter space
of DM masses mχ and mass splittings δ. For those values of mχ and δ the bound eq. (3.7)
does not apply. Still, in a significant part of the parameter space ve/∆v is sufficiently small
such that the expansion can be performed. In particular, we observe from the figure that
for elastic scattering (δ = 0) and mχ . 50 the expansion parameter is small, justifying the
approach of ref. [25].

4 Halo-independent tests for inelastic scattering

In this section we present three different halo-independent tests of the tension between the
DAMA annual modulation signal [2] and the bound from XENON100 [8] in the framework
of inelastic scattering. The tests are presented in the following order. First, we present the
shape test which is a test based on the predicted shape of the signal. Second, we present the
bound on the annual modulation signal from eq. (3.7). Third, we present the trivial bound

– 6 –
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which is based on the fact that the amplitude of the annual modulation must be smaller than
the unmodulated rate.

The vm method [20, 21] to compare different experiments like DAMA and XENON100
requires to translate the physical observations in nuclear recoil energy Enr into vm space
using eq. (2.2). Then experiments can be directly compared based on the halo integral
η(vm) or inequalities such as eq. (3.7) [25]. However, for inelastic scattering this involves
some complications. The reason is that in inelastic scattering each minimal velocity vm can
correspond to up to two values of Enr, depending on the values of mχ and δ. This has to be
taken into account when translating an observation at a given Enr into vm, since the relation
between them is no longer unique (as it is for elastic scattering). Solving eq. (2.2) for Enr,
one obtains two solutions E± as a function of vm,

E± =

(
µχA
mA

)[
(µχAv

2
m − δ)± vm

√
µχA(µχAv2

m − 2δ)
]
. (4.1)

There is a minimal value of vm given by
√

2δ/µχA at an energy Emin = µχAδ/MA.

Let us consider the following situation, having in mind DAMA: we have a region [E1, E2]
in nuclear recoil energy where the modulation amplitude is non-zero. We assume that E1 is
the threshold energy of the detector. When mapped into vm space according to eq. (2.2) we
obtain that the whole interval [E1, E2] is mapped into a small region in vm, between umin

and umax with umax − umin � umin, where umin and umax are the minimum and maximum
values of vm in the [E1, E2] interval, respectively. For the special case plotted in figure 1,
umin = vm(Emin), and umax = vm(E1). In general, depending on the shape of vm as a function
of Enr in the interval [E1, E2], umax may either be vm(E1) (as in the case shown in figure 1)
or vm(E2). Furthermore, in cases where Emin falls outside of the interval [E1, E2], umin will
either be vm(E1) or vm(E2). We will not discuss all these cases here explicitly, but as an
example focus on the case shown in figure 1.

To compute the bound in eq. (3.7) using DAMA data, we need to numerically compute
integrals such as

∫ umax

umin
dvh(v)Aobs

η (v) where h(v) = v−umin is specified in eq. (3.7) (we leave
it general here to apply the same formalism also to the bound in eq. (4.7) discussed later on,
where h(v) = 1) and Aobs

η (v) is the observed amplitude of the annual modulation in units of
events/kg/day/keV. In order to compute those integrals we have to consider the functional
relation between vm and Enr in the relevant interval [E1, E2]. Let us discuss for instance the
situation depicted in figure 1. In this case we have∫ umax

umin

dvh(v)Ãobs
η (v) =

∫ umed

umin

dvh(v)Ãobs
η (v) +

∫ umax

umed

dvh(v)Ãobs
η (v)

=

∫ umed

umin

dvh(v)Ãobs
η (v) +

∫ E1

Emed

dEnr
dv

dEnr
h(Enr)Ã

obs
η (v) . (4.2)

Here, umed = vm(E2) and Emed = E−(umed). The integrals can be written as a sum of several
integrals which are evaluated over energy bins, as given by the DAMA binning. We take four
bins of equal size in the [2, 4] keVee range for the DAMA data. In each bin we write [25]

Ãobs
η (vi) =

Aobs
i qI

A2
IF

2
I (Enr)fI

, (4.3)

– 7 –
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Figure 3. The DM exclusion regions (red bands, with significance as denoted) that follow from the
internal consistency shape test for DAMA data, see eq. (4.4). In the gray region denoted by “no shape
test” there is a one-to-one correspondence between Enr and vm since Emin lies outside the relevant
energy interval [E1, E2] and therefore the shape test cannot be applied.

where the index i labels energy bins, qI is the iodine quenching factor for which we take
qI = 0.09,3 FI(Enr) is the Helm form factor for iodine, and fI = mI/(mNa + mI). In
each energy bin we assume Aobs

i is constant, and thus in each bin we numerically integrate
(dv/dEnr)h(Enr)/F

2
I (Enr) over the bin width.

For the first integral on the r.h.s. of eq. (4.2) there is an ambiguity, since the interval
[umin, umed] corresponds to two regions in energy: [Emed, Emin] or [Emin, E2]. If the inelastic
DM hypothesis under consideration is correct, both energy intervals should give the same
value of the integral. We can use this observation to test the hypothesis that the signal is
due to inelastic DM scattering by requiring that the two integrals agree within experimental
errors. In the following, we will call this the “shape test”. Let us denote the integrals
corresponding to the two energy intervals by Ia and Ib and their experimental errors by σa
and σb, correspondingly. In figure 3 we show the difference weighted by the error as obtained
from DAMA data:

|Ia − Ib|√
σ2
a + σ2

b

. (4.4)

We observe that a strip in the parameter space in δ and mχ is already excluded by this
requirement at more than 3σ in a completely halo-independent way, just requiring a spectral
shape of the signal consistent with the inelastic scattering hypothesis. In cases where the
two values are consistent within errors we use for the integral the weighted average of the
two values. In figure 3, Ia and Ib are evaluated for the choice of h(v) = v − umin. The shape

3For DM masses that we consider one can safely neglect scattering on sodium. Note also that the channeling
fraction of iodine in NaI is likely to be very small and can be neglected [36].
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test is only slightly different for h(v) = 1 which is the case for the trivial bound explained
later in eq. (4.7).

In order to evaluate the r.h.s. of the inequality in eq. (3.7), we need to calculate an
integral over the experimental upper bound η̃bnd(vm) on the unmodulated signal, with

η̃(vm) ≡ σpρχ
2mχµ2

χp

η0(vm) , (4.5)

where σp is the cross section on a nucleon and µχp is the DM-nucleon reduced mass. η̃
has units of events/kg/day/keV. In using eqs. (4.3) and (4.5) we have assumed an A2

dependence of the scattering cross section on the nucleus with mass number A. We use
the method discussed in ref. [25] (see also [20]) to evaluate η̃bnd(vm) for the inelastic case.
Namely, we use the fact that η̃(vm) is a falling function, and that the minimal number of
events is obtained for η̃ constant and equal to η̃(vm) up to vm and zero for larger values of
vm. Therefore, for a given vm we have a lower bound on the predicted number of events in
an interval of observed energies [E1, E2], Npred

[E1,E2] > µ(vm) with

µ(vm) = MTA2η̃(vm)

∫ E+

E−

dEnrF
2
A(Enr)G[E1,E2](Enr) , (4.6)

where G[E1,E2](Enr) is the detector response function which describes the contribution of
events with the nuclear-recoil energy Enr to the observed energy interval [E1, E2]. M and
T are the detector mass and exposure time, respectively. Notice that µ(vm) for the elastic
case is given in eq. (10) of ref. [25] and in that case the integral is computed between 0 and
E(vm) which corresponds to velocities below a fixed vm. For the inelastic case, we have two
solutions E+ and E− for each vm, and the region in velocity space below vm is precisely, the
region E− < Enr < E+.

Assuming an experiment observes Nobs
[E1,E2] events in the interval [E1, E2], we can obtain

an upper bound on η̃(vm) for a fixed vm at a confidence level CL by requiring that the
probability of obtaining Nobs

[E1,E2] events or less for a Poisson mean of µ(vm) is equal to 1−CL.

The upper bound obtained in this way is η̃bnd(vm) and can then be used in eq. (3.7) and
numerically integrated over [umin, umax] to constrain the modulation amplitude. We use the
data from XENON100 [8] where the Enr interval [6.61, 43.04] keV is binned into four bins.
In each bin we calculate the probability of obtaining Nobs

[E1,E2] events or less for a Poisson

mean of µ(vm) as described above, and then multiply the probability of the four bins to
obtain the overall probability, giving finally the actually observed event distribution. Note,
that since only the high energy range in Xenon is relevant, our results are not sensitive to
uncertainties in the scintillation efficiency Leff at low energies. For the comparison of the
DAMA and XENON100 data using eq. (3.7) we define the [umin, umax] range as the overlap
between vm spaces corresponding to the DAMA iodine [2, 4] keVee range and the XENON100
[6.61, 43.04] keV range.4

In figure 4 we show the l.h.s. and r.h.s. of the bound from eq. (3.7) in red and black,
respectively, as a function of mχ for δ = 50 keV, 100 keV, 120 keV, and 150 keV. We calculate
the integral over the annual modulation amplitude in the l.h.s. of eq. (3.7) as described above.
The red dashed curves indicate the 1σ error on the integral. The upper limit on the r.h.s.
of eq. (3.7) is calculated from the XENON100 3σ upper limit. We see that in most regions

4For most of the region in parameter space this joint interval is actually very close to the one coming from
DAMA iodine [2, 4] keVee.

– 9 –



J
C
A
P
0
7
(
2
0
1
3
)
0
4
9

l.h.s. HtrivialL

r.h.s. Hupper boundL

l.h.s.

20 50 100 200 500 1000
10-6

10-5

10-4

10-3

10-2

mΧ HGeVL

Iodine, ∆=50 keV, General bound

r.h.s. Hupper boundL

l.h.s. HtrivialL

l.h.s.

20 50 100 200 500 1000
10-5

10-4

10-3

10-2

mΧ HGeVL

Iodine, ∆=100 keV, General bound

l.h.s. HtrivialL

r.h.s. Hupper boundL

l.h.s.

20 50 100 200 500 1000
10-5

10-4

10-3

10-2

mΧ HGeVL

Iodine, ∆=120 keV, General bound

l.h.s. HtrivialL

r.h.s. Hupper boundL

l.h.s.

20 50 100 200 500 1000
10-5

10-4

10-3

10-2

mΧ HGeVL

Iodine, ∆=150 keV, General bound

Figure 4. The bounds from eqs. (3.7) and (4.7) for DAMA data as a function of mχ for δ =
50, 100, 120, 150 keV. The red curve labeled “l.h.s.” shows the integral on the l.h.s. of eq. (3.7), whereas
the blue curve labeled “l.h.s. (trivial)” corresponds to the l.h.s. of the trivial bound in eq. (4.7). The
dashed curves indicate the 1σ error. The black curve labeled “r.h.s. (upper bound)” is the same
for (3.7) and (4.7) and has been obtained from the 3σ limit on ηbnd from XENON100 data. The units
on the vertical axis are counts/kg/day/keV (km/s)2. In the gray shaded regions we have ve/∆v > 0.7;
truncating the expansion may not be a good approximation and hence, the red curve should not be
trusted in those regions, but instead the blue one can be used there. The solid (dashed) vertical lines
indicate the regions where the two integrals relevant for the “shape test” differ by more than 2σ (3σ)
according to eq. (4.4).

of the parameter space the bound is strongly violated, disfavoring an inelastic scattering
interpretation of the DAMA signal halo-independently. Note that DM mass enters only via
µχA, so that µχA ' mA for mχ � mA, and eq. (4.1) becomes independent of mχ. This is
what we see in figure 4, where curves become flat for large mχ and therefore the tension
between XENON100 and DAMA cannot be diminished when going to larger DM masses.

The shaded regions in figure 4 are the regions where the expansion parameter ve/∆v
is large (we take somewhat arbitrarily ve/∆v > 0.7, cf. also figure 2). Hence, in the shaded
regions the astrophysics independent bound on the modulation amplitude, eq. (3.7) (the red
curves in figure 4), can receive O(1) corrections and should not be trusted. Interestingly,
however, part of the region where the ve expansion breaks down is disfavored by the internal
consistency “shape test”, eq. (4.4). We indicate the range in mχ where the two integrals
differ by more than 2σ and 3σ with vertical lines, cf. also figure 3.
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Finally we consider the “trivial bound”, which is based on the simple fact valid for any
positive function that the amplitude of the first harmonic has to be smaller than the constant
part, i.e., Aη ≤ η0. To compare directly with eq. (3.7), we can write the trivial bound as,

ve
2

(
3− u2

min

u2
max

)∫ umax

umin

dvAη(v) <
ve
2

(
3− u2

min

u2
max

)∫ umax

umin

dv ηbnd(v) . (4.7)

The l.h.s. of this relation is shown as blue curve in figure 4 together with its 1σ error band.
We observe again strong tension with the upper bound from XENON100 data. Clearly this
bound is independent of any expansion parameter and is valid in the full parameter space.
In the regions where the expansion is expected to break down (i.e., the grey shaded regions)
this bound can be used to exclude the inelastic explanation for DAMA. From figure 4 we also
observe that in the regions where the expansion in ve is expected to be valid the modulation
bound from eq. (3.7) becomes stronger (or at least comparable — for large mχ) to the trivial
bound.

5 Conclusions

Inelastic scattering [9] has originally been invoked to reconcile the DAMA annual modulation
signal with bounds from other experiments. Using the kinematics of inelastic scattering the
annual modulation amplitude can be enhanced compared to the time averaged rate. This is
achieved at the expense of tuning the minimal velocity probed by the experiment so that it
is close to the galactic escape velocity, which makes the signal rather sensitive to properties
of the tails of the dark matter velocity distribution. Hence it is important to establish
halo-independent methods for this scenario.

In this work we have generalized the comparison of dark matter direct detection ex-
periments in vm space [20, 21] to the case of inelastic scattering. This is non-trivial due to
the non-unique relation between the recoil energy and vm. Turning this complication into
a virtue, we presented a consistency check based on the particular shape of the signal for
inelastic scattering which we dubbed the “shape test”, given in eq. (4.4) and figure 3. In
certain regions of the parameter space the inelastic scattering hypothesis can be excluded
simply based on the energy spectrum of the modulation signal, without referring to halo
properties.

Furthermore, we have applied a bound on the annual modulation amplitude based on an
expansion of the halo integral in the Earth’s velocity ve [28]. We have identified the relevant
expansion parameter to be ve/∆v, where ∆v is the range in minimal velocities vm probed in
the experiment. For inelastic scattering, ∆v can become of order ve for part of the (mχ, δ)
parameter space, and then the bound cannot be applied. However, in those cases one can
use the “trivial bound”, requiring that the amplitude of the annual modulation has to be
less than the bound on the unmodulated rate.

We were able to show that XENON100 strongly disfavors an interpretation of the DAMA
modulation signal in terms of inelastic scattering, independent of assumptions on the prop-
erties of the local dark matter velocity distribution. Beyond the immediate problem of inter-
preting the DAMA signal, the methods developed in this manuscript will provide a valuable
consistency check for an inelastic scattering interpretation of any future dark matter signal.

In our work we have focused on spin-independent contact interactions, where the dif-
ferential scattering cross section takes the form of eq. (2.3). Our considerations generalize
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trivially to other interaction types which lead to a similar 1/v2 dependence (e.g., the spin-
dependent inelastic scattering considered in [15]) but may feature a different dependence
on Enr. Furthermore, the shape test and the trivial bound can be applied for any particle
physics model where the differential cross section factorizes as X(v)Y (Enr), where X and Y
are arbitrary functions of v and Enr, respectively. An example where such a factorization is
not possible in general are magnetic interactions, e.g. [37]. In such cases generalized methods
as presented recently in [38] may be invoked.
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Philosophical reflection

Since I have use of reason, I have always been asking myself questions about
the world and wanted to learn everything about Nature. Some of them went
so deep inside my mind that really obsessed me and sometimes made me feel
lost. The thoughts, extended from childhood to nowadays, which I could call
the dialogue of my life, are something like this:

∙ What is all this?

∙ You mean the world, etc...?

∙ Yes... all this complexity we see around us.... the world... I know it is a
planet inside a spiral galaxy, just like many others of the billions that
are out there, in a Universe that is flat, expanding, in fact accelerating...
but apart from this, we don’t know much...

∙ We know a lot, what do you mean?

∙ Come on, you did not even read the introduction...!! We know about
5% of the energy content of the Universe! We are here in a Universe
whose more abundant ingredients, like dark energy or dark matter we
have not detected, we have no idea what makes most of it...

∙ OK, one step at a time... what bothers you?

∙ Why all this... what are we... I mean, I know we are a human beings,
not so different from other animals: made out of carbon through millions
of years of evolution, conscious about our existence, and more intelligent
than other mammals, with some abstract thinking... We have just
evolved from inert matter, probably from some primary amino-acids
that were made thanks to lightning... We are alive in the sense that we
are born, we build ourselves with inert matter, atoms that are most of
them made up in the stars, we reproduce so the species survives, we die
and we become inert again... but.... where do we come from?



ii Philosophical reflection

∙ That one I know, from the Big Bang ∼15.000.000.000 years ago, and
from there on... before no time can be defined... In fact, we have a
decent understanding of what happened from ∼ 10−10 seconds after it
until now, which looks quite amazing... although it is true that in energy
scale, we are several orders of magnitude below the Planck mass....

∙ but I think it is an allowed to question to ask why.... why all this?

∙ Why? Come on...!! You just ask how!!! Otherwise you should go to the
philosophy school then and do some bla bla bla...

∙ You mean a physicist should not look for the reason why things happen,
be happy with just a phenomenological description of how things work...?
I believe the separation between why and how is not so well defined...
and I want to use the scientific method, test my theories and reject
them if proven to be false!!

∙ OK... You know, we are just the result of evolution... let’s say
4.000.000.000 years ago life started, random mutations and evolution
get the fittest to survive, reproduce and therefore to evolve and we are
here, with our brothers the chimpanzees... so we have just the brain
and senses needed to understand how some things work to be able to
survive, live a couple of years, but not much more... In fact some people
seem to have just the brain to pass the day :)...

∙ I guess that is the reason why when deadlines approach my brain works
better, because then it is no longer a matter of curiosity but of survival...
:) but really, why does everything exist?

∙ The why questions seem beyond our capacities... I guess we ask where
do all atoms come from? from stars... and why do stars shine? and
we can find an answer... because of nuclear fusion... but why are
there protons? Because of QCD’s phase transition... and Helium
nuclei? Nucleosynthesis in the Early Universe, 3 minutes after the Big
Bang... and when do Hydrogen atoms form? at recombination, below
Hydrogen’s binding energy... in fact the CMB is a snapshot of 380.000
years after the Big Bang, when protons and electrons combined to form
hydrogen, that is a pretty amazing picture of the Big Bang... and quarks
and leptons? Probably some GUT, SO(10)... and three families? some
flavour symmetry... but why these symmetries? String Theory... and so
on... but why does the Universe exist?



Philosophical reflection iii

∙ I deeply think there is a logic in all this... Quantum fluctuations of
some field... we have even recently discovered gravitational waves from
inflation! We are speaking about times as early as ∼ 10−36 seconds... in
any case, it is true that without knowing what are dark matter and dark
energy, and the inflationary model, and a quantum theory of gravity,
we seem to be far from this question....

∙ so you really think that everything can be described in a mathematical
way...

∙ Mathematics are just a language, a tool... I don’t believe in a deep
meaning of a perfect Platonic triangle... we invent mathematics, some
do describe Nature extremely well, some are good approximations of it
and some have nothing to do with it... but there always seem to be a
why question to which we have no clue...

∙ So we give up and enjoy life...

∙ What!!??

∙ We said it was going to be hard, we have begun the soccer match with
the leg injured, just one eye, no contact lenses and with a headache,
but for sure there is a logic in all this mess, a pattern, a symmetry that
got broken by quantum fluctuations in the Big Bang and gave all this
apparent non-sense... (don’t ask me why that symmetry please...) but
don’t be pessimistic, we know a lot, even if it is true that we don’t know
most of it... from a working perspective it is good news: there are many
things to investigate...

∙ Yes, you are right... So what do we do?

∙ We continue... being smarter... working harder.... we should build
an enormous accelerator, precise satellites, super-pure underground
experiments... As you know, one can do physics in several different
ways:

– Build experiments without a particular motivation, trying to see if
Nature reveals any of its mysteries.

– Based on some theoretical and/or experimental motivation, propose
a complete new theoretical framework, with a strong mathematical
background needed, and try to test it, probably in the very long
run, as you are in the frontier of theory/experiment.
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– Try to explain some experimental result which is not understood,
proposing a new model with new particles, interactions... which
hopefully will give signals in other experiments, so it can be tested
in the near future.

– and so on...

Choose your preferred way, and go for it...

∙ OK, I like the idea of proposing testable models, and trying to under-
stand strange experimental results...

∙ So in which topic would you like to do your research? The time in
History is important... maybe we don’t have the knowledge, or it is not
the time, to solve the flavour puzzle... or to unify gravity and quantum
physics, remember that not even Einstein could, and that guy was kind
of smart... and these theories can be difficult to test... Neutrinos have
recently been discovered to have masses and we still don’t know how
they get them...

∙ That sounds really interesting...!

∙ But keep and eye on dark matter, it could be the next one to be discov-
ered. Its experimental situation looks pretty much like the confusing
situation with neutrino oscillations some years ago...

∙ That sounds also great!

∙ Good luck!
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Algunas críticas y sugerencias

Desde mi humildad y experiencia quiero comentar algunos puntos que en mi
opinión son más que mejorables en el funcionamiento de la educación y el
sistema científico en general, y el español en particular.

Primero debo decir que muchos de mis profesores nos obligaban en muchas
ocasiones a memorizar sin sentido. Hago aquí un llamamiento, al mundo
educativo: no hagan perder el tiempo a los estudiantes memorizando horrores
que van a olvidar tras el examen, enséñenles a pensar, argumentar, imaginar...
ojalá no hubiera tenido que aprenderme semejantes ladrillos... el que necesite
saber algo de memoria lo estudiará en su momento (por ejemplo en Derecho
o Medicina) y siempre puede acudir a las referencias. Practicar y ejercitar
la memoria en una dosis prudente puede ser discutible, basar el sistema en
recitar la lección cual loro que no sabe ni lo que dice, no. Lo importante es
el razonamiento y el conocimiento, no la erudición. Lo fundamental es la
pregunta, no la respuesta.

Y hago un segundo llamamiento de algo que me ha enervado desde el
día uno de mi Doctorado (realmente incluso antes, al pedir becas), que me
ha frustrado, que mi cabeza no logra comprender: por favor, señores que
organizan las cosas, políticos y burócratas, ¿saben ustedes que nos ahogan
en burocracias estúpidas? Es una auténtica barbaridad. No puedo estar
haciendo memorias cada tres meses, para viajes, estancias, al volver, de beca,
de contrato... y todas con papeles físicos. Como mi amigo David diría, tienen
ustedes que tener empapelado un par de cuartos con fotocopias de mi DNI.
No puede ser que se dedique el 20% del tiempo a burocracias que no son
discriminantes, no aportan nada más que pérdida de tiempo: las haces, nadie
las lee, y ya está, aceptan a todos. Para dar clases, un papelito. Irte de
viaje, otro, volver, otro, adelanto, otro, expediente compulsado, certificado
pago tasas, certificado centro receptor, adscriptor, idoneidad, informe gastos
previstos, informe dinero en cuenta, de estar en el periodo de investigación del
doctorado, programa trabajo, factura original, otro papel, pasar a contrato
otro, empadronamiento para no sé qué, vida laboral, CV, sexenios directores,
sus CVs, sus papers, su informe firmado por el director de turno, título
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licenciatura, idomas, cursos Doctorado, pago cursos, calificaciones, título
máster, inscripción al proyecto, papers físicamente, papeles congresos, papeles
charlas, memoria del grupo, otra burocracia, memoria del IFIC, otra vez a
poner todo, actas, informes de no sé qué, que el vicerrector firme el 12 de cada
mes, que también el director del departamento, todos los papeles sellados a
Madrid ... ahora todo ésto en inglés, español, valenciano y para un postdoc
en Italia en italiano... cojonudo...

¿¡De verdad es necesario todo esto!? ¿No es suficiente con que pida la
beca entregando todo telemáticamente y si me la dan, ya está, me dejan
investigar y dar clases? ¿Es necesario rellenar informes que no discriminan,
que los aprueban a todo el mundo y solo me hacen perder el tiempo en lugar
de investigar? Que es más difícil presentarte bien a Selectividad (día, hora,
pegatinas, colores, no firmar, escribir por una cara, etc etc) que hacer bien el
examen, e ídem con la tesis... que David tuvo que hacer un pdf de 4 hojas
para aclararse con la burocracia... que le piden matrícula en el doctorado,
inscripciones, informes de 6 personas (no sé cuántas mujeres, no sé cuántos
de la universidad, no sé cuántos de fuera), y además de esto, ¡le piden hasta
la partida de nacimiento pare recoger el título! Por favor, que ha nacido...
creedme... puede que la probabilidad de que nos haya engañado durante 30
años no sea estrictamente nula, pero vamos a jugárnosla, va, ¡¡¡aunque sólo
sea por esta vez....!!! La última gran burocracia absurda, para un contrato,
es pedirme un certificado de no disponer del título de Doctor, un título de no
tener el título, sería de risa si no fuera porque lo necesito de verdad, y a ver
cómo se consigue... Y de nuevo otra vez me piden el título de Licenciatura
(cuando he hecho el máster, estoy inscrito en el Doctorado etc.), que les tendré
que llevar tras descolgarlo de la pared, con marco y todo. En serio, intenten
reducir la burocracia hasta el mínimo posible, por favor.

Y digo ésto yo que soy un mindundi, y ya constato como año a año los
papeleos que debo hacer crecen exponencialmente, no me puedo imaginar
ni quiero pensar lo que tiene que hacer un profesor, un catedrático, un
investigador principal de proyecto, un director de departamento o el director
de un instituto. ¿De verdad hay que ahogar a la gente más brillante en
papeles?

Y un tercer canto al aire, aunque suene extraño: publicar demasiado
debería estar penalizado... casi debería haber un máximo de papers con los
que alguien puede inundar el arxiv anualmente... Estamos inundados de
información, crece exponencialmente, cuesta estar al día, y más aún separar
la paja del trigo. Muchos papers no dicen objetivamente nada nuevo; no
podemos valorar la ciencia a peso, hay que encontrar otro baremo (tampoco
sólo las citas)...

Espero que alguien pueda hacer algo respecto de estos tres puntos, que
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en mi modesta opinión son más que importantes... si no, al menos me he
podido desahogar. Y espero que en España se siga (o mejor dicho, se vuelva)
a apostar por la ciencia, el conocimiento y la innovación como únicas vías
para el progreso y bienestar humanos. Fin.
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