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Preface

“Science is what we understand
well enough to explain to a
computer. . . ”

Donald Knuth

The idea of reducing the enormous complexity of life to the dance of
ones and zeros choreographed by a digital computer is exciting, tempting
and frustrating at the same time. The known laws of nature that are
relevant to biology are, in principle, computable. From the deterministic
order of Newtonian physics to the puzzling uncertainty of quantum theory
– every known law that governs the “jiggling and wiggling” of atoms in
living organisms can be implemented as a part of a computer program.
When executed, such a program would call into existence an electronic
Laplace’s daemon, capable of predicting the result of any experiment a
biologist would desire to conduct. In principle. In practice the game
changes dramatically. Despite the striking increase in both speed and
number of processors since the beginning of the Information Age, the entire
computational capacity of our civilization is still negligible compared to
what is needed to straightforwardly simulate even a tiny speck of dust.
Excitement gives way to frustration.

So, computational scientists do what their predecessors were doing
ever since they have learned to describe the world with numbers – approx-
imations. Some forces are week enough to be neglected. Some processes
are slow enough to be ignored. Others are fast enough to be considered
instantaneous. Step by step the description of nature is simplified until
only the features relevant to a given problem are left. Frankly, different
problems require different approximations, resulting in all the branches of



computational natural sciences. Every day new useful ideas are introduced
and there are no signs for the progress to slow down.

This thesis contributes to the field of computational enzymology. En-
zymes are true “die-hards” for computer simulations: too large and too
complex. But also too important to give up, since virtually all the chem-
istry of life is performed by these nanoscopic chemical factories. Reactions
that otherwise would require extreme temperature, pressure and expensive
catalysts easily happen in our bodies thanks to the enzymes. As B.Sc. in
chemistry I wanted to understand on atomic level, how enzymes are able
to do their job – to easily perform complex chemical reactions at such
a mild conditions. As M.Sc. in computational chemistry I wanted to do
that using computer simulations. And as a self-taught programmer I could
do that in a way that is fast and efficient. So, it is not surprising that
my Ph.D. thesis is dedicated to the development of new computational
strategies that deal with enzymatic reactions.

Long story short, this work is, again, about approximations. The
ones introduced here allow to calculate mechanisms and rates of complex
enzymatic reactions faster and in a more precise way than previous state-
of-the-art techniques. Also, the methods developed here are much more
automatic and require significantly less user intervention. I consider the
latter being the most important achievement, since, as an anonymous
Internet wise man said: “the main source of problems is always found
between the chair and the keyboard”.

Before going to the actual description of my work, I want to thank
those people who directly or indirectly contributed to it and supported
me during these five years:

My supervisor: Iñaki Tuñón, for fruitful discussions, comments and
especially for filtering my ideas, that sometimes were decoupled from sci-
entific usefulness.

Anastasia: for her love, inspiration and incredible patience.

My colleagues: Rafa, Juan, Manuel, Daryna and others. Special
thanks to Daryna for her superpower to find bugs in the codes that were
seamlessly working for years and to Rafa for his constant help on my
crusade against the Spanish bureaucracy.

My family: without you I wouldn’t be here and to make you proud is
the best motivation ever.



My friends: Toni (for never letting me forget that scientists also party),
Alex N., Alex B., Artjom, Roman, Sergey (for continuous, albeit unsuc-
cessful, attempts to extend my consciousness) and many others.

And last but not least, I am sincerely grateful to the Spanish Ministry
of Education. They gave me zero moral support, but enough financial one
to make it through.
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x,θ vector
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r.h.s. right hand side

l.h.s. left hand side

w.r.t. with respect to
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CV collective variable

BO Born-Oppenheimer

HF Hartree-Fock
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MM molecular mechanics

PMF potential of mean force

QM quantum mechanics

RC reaction coordinate

TST transition state theory

MD molecular dynamics

PDB protein data bank (www.pdb.org)

IPL isochorismate pyruvate lyase

hsDHFR homo sapiens dihydrofolate reductase



Introduction

The importance of understanding chemical processes in living organisms
is hard to overestimate. From food production to diseases, almost every
aspect of our everyday life is at least indirectly related to biochemical reac-
tions. Most of them happen with the help of enzymes: complex biopoly-
mers that accelerate (catalyze) a specific chemical reaction. There are
>80001 reactions known to be catalyzed enzymatically. Since practically
all the biochemistry of every living organism (known and unknown) relies
on enzymatic catalysis, the real number is probably much larger.

Most of the enzymes are proteins∗ – linear chains (polymers) of simple
building blocks (aminoacid residues). Every aminoacid sequence defines
various interactions of the aminoacid chain with itself. As a result, the
chain folds, usually forming a well-defined 3D structure of an enzyme (Fig.
1). The key structural feature responsible for the enzymatic reactivity is
the active site – a “pocket” where the substrate molecule enters and inter-
acts with the local aminoacid residues. The chemical environment in the
active site is very different from bulk water. As a consequence, substrate
molecules that are normally chemically inert become highly reactive. A
great example of the striking enzymatic efficiency is acetylcholinesterase
(AChE), which breaks the acetylcholine into choline and acetate. Each
molecule of this enzyme performs about 25000 reactions per second, ap-
proaching the diffusive limit.2 In other words, each time AChE meets an
acetylcholine molecule it almost immediately degrades it, while in aque-
ous solution the reaction takes days to accomplish. Additionally, many
enzymes are naturally bound with cofactors – typically vitamins or metal
ions that aid the catalysis. With the help of cofactors enzymes are able to

∗Exceptions are rybozymes – catalytic RNA molecules.
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Figure 1: Enzymatic structure.

perform extremely complex chemical reactions like nitrogen fixation3 and
photosynthesis.4

Enzymatic catalysis was used in various technological processes since
the very beginning of civilization.∗ However, the mechanism of these pro-
cesses was completely unknown until the end of 19th century. Before it was
considered that the biochemical reactions are caused by some “vital force”
present in all living organisms. In 1897 Eduard Buchner, in a series of ex-
periments with yeast extracts, shown that sugar can be fermented without
living yeast cells.5 With this finding Buchner definitively disproved the
“vital force” hypothesis and was awarded the Nobel Prize in Chemistry
in 1907. At that moment the chemical nature of enzymes was unknown.

∗Brewing process was known in Sumeria about 6000 years ago. It involves various
enzymatic reactions, including conversion of sucrose to alcohol by yeast.
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There was evidence that the enzymatic activity is somehow connected with
proteins, but they were generally considered as merely transport molecules
for the true enzymes. It took 30 years more before James B. Sumner6 and
John H. Northrop7 purified and crystallized a series of enzymes, unam-
biguously showing that these enzymes are pure proteins. Together with
Wendell M. Stanley, who crystallized the tobacco mosaic virus in 1935,8

they received the Nobel Prize in Chemistry in 1946. The fact that enzymes
can form crystals made it possible to solve their spatial structure with X-
ray crystallography. The first crystal structure of a protein was obtained
in 1958 for myoglobin by John C. Kendrew9 (Nobel Prize in Chemistry
in 1962). Seven years later the group of David C. Philips solved the first
enzymatic structure – han egg lysozyme.10 Since then, the field of struc-
tural biology flourished. At the end of 2016 there were >100000 protein
structures solved, among which >10000 are enzymes.

Careful analysis of enzymatic structures allowed for actual understand-
ing of how do enzymes do their job. First, the substrate molecule enters
the active site of the protein forming the so-called Michaelis complex (Fig.
2). During the formation of the Michaelis complex the aminoacid residues
in the active site form specific interactions with the substrate. These in-
teractions reduce the activation energy of the reaction – the amount of
energy that has to be “pumped” into the substrate by thermal fluctua-
tions to make it react. A nice analogy is climbing over the hill – it is much
easier to do so when the hill is lower. The top of the hill is the transition
state (TS) – the state with the highest energy (the least stable one). The
interactions between the substrate and the enzyme stabilize the transition
state and, therefore, reduce the energetic “height” of the reaction hill.11,12

Due to this reduction, processes that would normally take days, weeks or
even years happen within a fraction of a millisecond. Finally, after the
product is formed, it is released from the active site and the enzyme is
again ready for catalysis. In many enzymes the chemical reaction itself is
so fast that the rate limiting step is actually the product release.

This simplified picture of enzymatic catalysis already provides useful
insights. For example, since enzymes stabilize the TS, a molecule that
mimics the TS is expected to bind tightly to the enzyme and block (in-
hibit) its action. Many drugs on the market were designed as transition
state mimics to block certain biochemical processes.13 However, the static
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Figure 2: General mechanism of enzymatic catalysis.

picture provided by X-ray crystallography is very limited. First, it does
not tell all information about how important are particular residues for
the reduction of activation energy and can not predict the effect of muta-
tions on the catalytic efficiency. Second, in many cases there are various
possible mechanisms for the reaction, each having its own TS. It is impos-
sible to figure out, which mechanism has the lowest activation energy just
by looking at the structure of an enzyme. Finally, it tells nothing about
the motions of the enzyme, which might assist or impede catalysis. For
detailed understanding of these factors one would have to “peek” inside
the active site while the reaction happens. Unfortunately, experimental
techniques offer only indirect information∗ that often is challenging to
interpret.

Computer simulations are an attractive alternative, since they provide
information about the dynamics and interactions at the scale of individual
atoms. Also, many experiments that are difficult/expensive to perform are
easily done in silico. Nice examples are isotopic substitution of specific
atoms, mutation of protein residues or experiments with compounds that
have never been synthesized or are hazardous. All these modifications are
done with only a couple of mouse clicks using modern molecular modelling
software. However, computer models are only approximations of the real-

∗X-ray crystallography actually allows to obtain “snapshots” of a reaction that
slowly happens within the crystal.14 However, this is a tedious and expensive experi-
ment, which can be applied only to selected reactions.
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ity (and sometimes very rough ones), so validation by experimental tech-
niques is always required. A common approach is to “back-calculate” the
experimental data (like spectroscopy, thermodynamics or kinetics mea-
surements) from the simulation. The agreement between the calculated
and experimental results not only validates the quality of the simulations,
but also provides the detailed atomistic interpretation of the experimental
findings.

In the late 1970’s digital computers became powerful enough to permit
first simulations of biopolymers15 and enzymatic reactions.12 For pioneer-
ing this field, Martin Karplus, Michael Levitt and Arieh Warshel received
the Nobel Prize in Chemistry in 2013. Since then, computational enzymol-
ogy grew rapidly due to the increase in processor speed and development of
more efficient algorithms. Today computer simulations of enzymatic pro-
cesses is an indispensable tool for the understanding of enzymatic reaction
mechanisms and for the interpretation of experimental data.16 However,
there are still many cases that are challenging to treat using the state-
of-the-art in silico techniques. Enzymatic reactions involve many degrees
of freedom, especially when the reaction consists of several steps. In this
case various chemical bonds both within the substrate and between the
substrate and the enzyme are broken and formed. Different reaction mech-
anisms are possible, depending on the chemical groups that are involved
in the reaction and on the order of elementary chemical steps. Each mech-
anism has different activation energy and transition state. In most cases,
only the mechanism with the lowest activation energy will be relevant. So,
separate calculation of the activation energy for each possible mechanism
has to be performed to identify the most energetically favourable one.
This requires significant computational effort and chemical intuition from
the computational chemist. Moreover, if the true mechanism is highly
untrivial, it might be simply missed, making the calculations essentially
meaningless. An automatic approach for determination of enzymatic reac-
tion mechanisms is therefore needed. Also, even if the correct mechanism
is found, it is sometimes very hard to accurately identify the correspond-
ing transition state. As was mentioned above, transition state analogues
are commonly used in drug design, making information about the nature
of the transition state important for the pharmaceutical industry.
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On the other hand, there is still no consensus in the field regarding how
protein motions might affect the catalytic efficiency. The most common
assumption is that the reaction rate can be calculated exclusively from the
probability of crossing the transition state due to thermal fluctuations.17

In this case, the protein plays the role of an averaged environment that
stabilizes the transition state by favorable interactions. However, there
are some hypothesis and interpretations of experimental data indicating
that in some cases specific protein motions might “push” the substrate
towards the transition state, facilitating the reaction.18 The discussion is
problematic since it is not clear how to measure the effect of these so-called
“dynamic effects” on the reaction rate. A rigorous theoretical framework
and a practical computational approach incorporating dynamic effects is
therefore highly desirable.

All the issues mentioned above are addressed in the present thesis.
The work is organized as follows. In chapter 1 I very briefly introduce the
theoretical concepts and existing computational techniques that were used
throughout the thesis. Chapters 2 and 3 are dedicated to the development
of a semi-automatic method for determination of reaction mechanisms and
activation energies of complex chemical reactions, including the enzymatic
ones. In chapter 4 I present a transition state optimization technique that
allows to find the transition state of an arbitrarily complex process with
high precision. Finally, in chapter 5, the above mentioned transition state
optimization method is extended to measure the impact of the protein
motions on the reaction rate and to test the validity of the “promoting
motions” hypothesis in enzymatic catalysis.



Chapter 1

Concepts and Methods

The discovery of Quantum Mechanics (QM) at the beginning of 20th cen-
tury provided a detailed understanding of the laws of nature governing
the structure and dynamics of atoms and molecules. The behaviour of
any molecular system is governed by the famous Schrödinger equation:19

i~
∂

∂t
Ψ(x, t) = ĤΨ(x, t) (1.1)

where Ψ(x, t) is a complex-valued wave function, which depends on the
positions x of all particles in the system and Ĥ is the Hamiltonian op-
erator. While, in principle, Eq. (1.1) provides a rigorous description of
any molecular system,∗ for practical simulations it is essentially useless.
The complexity of the wave function Ψ increases exponentially with the
number of particles, making problems involving more than several atoms
intractable. Additionally, except for very simple models like the particle
in a box or the harmonic oscillator, the Eq. (1.1) has no analytic solution
and has to be integrated numerically.

Fortunately, several approximations can be introduced to dramatically
reduce the computational complexity of the problem. The following sec-
tions introduce some theoretical concepts and the existing computational
techniques that were used in the present work. The approximations aimed
to reduce the complexity of the wave function are discussed in the section

∗The relativistic and quantum field effects, of course, are irrelevant for the problems
addressed here.
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1.1. Techniques that allow for efficient time propagation of the system are
presented in the section 1.2.

Another issue that frequently appears in different branches of compu-
tational chemistry is the separation of timescales. While typical molecular
simulations cover the timescales of picoseconds to microseconds, many im-
portant processes take much longer to happen. For instance, these include
chemical reactions. Various approaches have been developed to indirectly
calculate different features (e.g. the reaction rate) of these processes from
shorter simulations. Section 1.3.1 introduces the transition state theory
– the most commonly used reaction rate theory. It relates the reaction
rate with the free energy, which is one of the main concepts in this work.
The remaining sections are dedicated to free energy calculation techniques
relevant for chemical reactivity.

Frankly, an exhaustive description of any of these topics would require
several hundreds of pages each. Thus, here I only briefly introduce the
selected methods and the underlying theories that were actually used in
the thesis. The reader is welcome to follow the references provided for
deeper understanding of each topic.
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1.1 Quantum chemistry methods

1.1.1 Born-Oppenheimer approximation

The most commonly used approximation to solve the molecular wave func-
tion naturally comes from the fact that molecules consist of two very dif-
ferent types of particles: nuclei and electrons. The lightest nucleus, the
proton, is ≈ 1800 times heavier than an electron. That makes possible
to separate the movement of electrons and the movement of nuclei and
factorize the wave function. One can first, solve the time-independent
Schrödinger equation for the electrons with the positions of nuclei fixed:

Ĥel(xnuc)Ψ(xel) = Eel(xnuc)Ψ(xel) (1.2)

Here, the electronic Hamiltonian Ĥel depends on the given configuration
of the nuclei xnuc. The eigenvalue Eel corresponds to the total electronic
energy. It also includes the nuclear electrostatic repulsion as a constant
term. Together with the nuclear kinetic energy they form a complete
Hamiltonian:

ĤBO = Tnuc + Eel(xnuc) (1.3)

In other words, Eel becomes an effective potential felt by the nuclei. This
approximation was introduced by Born and Oppenheimer in 1927.20 It
allows to reduce the behaviour of a molecule to the motion of nuclei in the
average potential created by an electronic cloud. The Born-Oppenheimer
(BO) approximation requires that the energy separation of different elec-
tronic states is large enough. Whenever these states come close (which
is the case for photochemical processes and electron-coupled chemical re-
actions), the motion of nuclei and electrons are no longer separable and
special treatments are required. For the problems addressed here this is
not the case and the BO approximation is valid.

1.1.2 Variational principle

While BO approximation significantly simplifies the problem, the Eq. (1.2)
still can be analytically solved only for the simplest models. However, one
can take advantage of the fact that for any approximate normalized wave
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function Ψ the (expected) energy E is greater or equal than the energy
E0 of the exact ground state solution Ψ0:

〈E〉 =
〈

Ψ|Ĥ|Ψ
〉
≥
〈

Ψ0|Ĥ|Ψ0

〉
= E0 (1.4)

Since the expected energy is always overestimated, one can apply the
variational principle and look for a wave function that minimizes 〈E〉.
In practice, one should choose a wave function space defined by a set
of parameters {c}n and find a variationally optimized wave function by
solving a set of equations:

∀i :
∂

∂ci

〈
Ψ|Ĥ|Ψ

〉
= 0 (1.5)

where Ψ = Ψc1,c2,...,cn(x). The quality of the approximation will depend
on the particular choice of the function space.

1.1.3 Hartree-Fock method

The electronic wave function treated separately within the BO approxi-
mation describes a a system consisting of identical particles - electrons.
So, quantum statistics already give some information about the shape of
the function. Since electrons are fermions, the simplest ansatz for the N
electron wave function is the Slater determinant:21

Ψ(x1,x2, . . . ,xN ) =
1√
N !

∣∣∣∣∣∣∣∣∣
χ1(x1) χ2(x1) · · · χN (x1)
χ1(x2) χ2(x2) · · · χN (x2)

...
...

. . .
...

χ1(xN ) χ2(xN ) · · · χN (xN )

∣∣∣∣∣∣∣∣∣ (1.6)

where xi are coordinates of the electron i and χ are the orthonormal
set of one electron wave functions. The Slater determinant naturally has
the following property of a fermionic wave function: the wave function is
antisymmetric for the exchange of any two particles. The approximation
of the electronic wave function with a single Slater determinant is knows
as the Hartree-Fock (HF) method.22 The HF approximation implies that
the electronic repulsion is treated in an averaged manner: each electron
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”sees” only an average electron cloud formed by other electrons. The HF
energy can be expressed in terms of one- and two-electron integrals:

EHF =
∑
i

〈i|ĥ|i〉 − 1

2

∑
ij

〈ij|ji〉 − 〈ii|jj〉 (1.7)

Where ĥ is a one-electron Hamiltonian, a one-electron integral is

〈i|ĥ|i〉 =

∫
R3

χ∗i (x1)ĥχi(x1)dx1 (1.8)

and a two-electron integral is:

〈ij|kl〉 =

∫
R6

χ∗i (x1)χ∗j (x2)
1

|x1 − x2|
χk(x1)χl(x2)dx1dx2 (1.9)

In practice, a basis set is introduced to construct χ, resulting in Roothan
equations.23 Most commonly used are gaussian-type functions, since they
allow to evaluate integrals (1.8) and (1.9) analytically. For periodic sys-
tems (like crystals) plane waves are used for the same reason. The mathe-
matical derivation for the solution of the Hartree-Fock-Roothan equations
is rather lengthy and can be found elsewhere.22 It only should be noted
that the final expression for the electronic wave functions depends on the
solution itself (it is a “Self Constistenf Field” (SCF)). Thus, the result has
to be obtained iteratively.

The main limitation of the HF method is the neglect of electron corre-
lation. To address this issue, various “post-HF” methods were developed:
Møller-Plesset perturbation theory,24 Coupled Cluster,25 CASSCF26 to
mention a few.

1.1.4 Semi-empirical methods

While HF method is already a strong approximation of the exact electronic
wave function, for many problems it is still prohibitively costly. To make it
cheaper, some of the two-electron integrals (1.9) can be neglected. Indeed,
when the integral is calculated for different basis functions it is expected
to be small. So one can write:

〈µν|λσ〉 = δµνδλσ〈µµ|λλ〉 (1.10)
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This approach is called “zero differential overlap” (ZDO) approximation.
It reduces the computational complexity from O(N4) to O(N2) thus re-
ducing dramatically the computational cost. In the modern methods, only
a subset of integrals is neglected. For instance, in Austin model 1 (AM1),27

which is used in the present work, ZDO is not applied to the integrals of
kind 〈AA|AA〉 and 〈AA|BB〉, where A and B are the atoms, on which the
basis functions are centred.

This approximation is compensated by introducing a set of empirical
parameters that are fitted to reproduce the experimental data or high
precision QM calculations. As a result, the electron correlation, which
is neglected completely in the HF method, can be indirectly taken into
account. When carefully parametrized for a specific molecule, a semi-
empirical method can actually perform better than HF.

1.1.5 Density functional theory

Another approach to calculate the electronic energy (1.2) is based on the
electronic density ρ(x) instead of the wave function :

ρ(x) = N

∫
R3N−3

|Ψ(x,x2, . . . ,xN )|2 dx2 . . . dxN (1.11)

A remarkable feature of ρ(x) for an exact wave function is that it unam-
biguosly determines the nuclear potential and, therefore all the properties
of a quantum system, including the electronic energy.28 In other words,
energy is a functional of the electronic density:

E = E[ρ(x)] (1.12)

In contract to the wave function, which explicitly depends on the 3N
electronic coordinates∗ ρ(x) is a function of only three spatial coordinates.
So, the idea of calculating the energy based on this much more simple
object is attractive. A most common way to do so was developed by
Kohn and Sham:29

E[ρ] = TS [ρ] + J [ρ] + Enuc[ρ] + EXC [ρ] (1.13)

∗To be precise, it also depends on the spins of the electrons.
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Where TS [ρ] is the kinetic energy of non-interacting system, J [ρ] is inter-
action of density ρ with itself (Coulomb energy), Enuc[ρ] is interaction of ρ
with nuclei and EXC [ρ] is so-called exchange-correlation potential, which
corrects for the approximation made for TS and J . A set of equations
similar to HF (“Kohn-Sham” equations) for fictitious orbitals has to be
iteratively solved to obtain a Slater determinant that gives the density ρ.

EXC [ρ] is the only unknown term in (1.13). To obtain it appeared to
be an extremely challenging task. Various approximations were developed
to approximate it resulting in a plethora of methods. The most successful
ones (like M06-2X30 used in this work) use the HF energy to partially
account for the electron exchange. Additionally, empirical parameters are
typically introduced and are fitted to accurately reproduce the benchmark
energies. In this case density functional theory (DFT) is technically a
semi-empirical method, although generally much more precise than the
ones introduced in section 1.1.4.

1.1.6 Molecular mechanics

A more extreme approximation to (1.2) is to ignore the electronic structure
completely. In this case a physically meaningful functional form for the
potential (the “force field”) is fitted to represent experimental data or high
level QM calculations. This approach is called “Molecular Mechanics”
(MM), because the description of a molecular system is reduced to the
movement of nuclei in an effectively classical potential. Additionally, in
most of the MM applications the nuclei are treated as classical particles
(see section 1.2). The gain in computational efficiency is so large that
systems consisting of up to 106 atoms can be easily treated (compared to
103 for semi-empirical methods and 102 for HF and DFT). The price to pay
is that the method can only be applied to the class of molecules for which
the parametrization was done. Also, chemical bonds typically can’t be
broken or formed, so only the processes without chemical transformations
can be studied.
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The force fields used in this work (OPLS31 and AMBER32) consist of
the following terms∗:

EMM =
∑
bonds

Kbond

2
(d− d0)2+

∑
angles

Kang

2
(α− α0)2+

∑
torsion

∑
n

Vn
2
· cos(nα− γ)+

∑
i 6=j

[
qiqj

4πε0rij
+
Aij
r12
ij

− Bij
r6
ij

]
(1.14)

Kbond, Kang, Vn, d0, α0, γ, q, A and B are the empirical parameters.
The first three terms in (1.14) represent bond, angle and torsional angle
potential respectively. The last one is the electrostatic interaction and
the Van der Waals (VdW) energy, approximated by the Lennard-Jones
potential.33

In practice, the parameters are not fitted for each bond, angle etc.,
but an atom type is assigned to each atom and parameters are defined
for each pair (triplet or quadruplet for angles and torsions) of atom types
necessary. The total number of different atom types is much smaller that
the number of atoms, simplifying the parametrization.

Seemingly simplistic, this approach combined with molecular dynamics
(see section 1.2) had tremendous success in describing protein conforma-
tional changes and folding,34 diffusion through membranes,35 docking36

and other processes.

1.1.7 Hybrid methods

Enzymatic reactions are, possibly, the most challenging processes to define
a valid potential for. The system includes tens of thousands of atoms, is
strongly heterogeneous and the process involves non-trivial changes at the
electronic level (a chemical reaction). The latter impedes the usage of MM,

∗The two force fields have torsional and VdW parameters expressed in a slightly
different way, so only the general functional form is given here.
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which would be the only choice for a system that large. However, in case
of the enzymes the chemistry is localized to the small subset of atoms in
the enzymatic active site. The remaining > 99% of atoms are not involved
in the reactivity. So, one could apply some QM method exclusively for
the reacting species, while treating the rest of the system with MM. In
this hybrid QM/MM approach the system is split in two regions (Fig.
1.1). The energy of MM region is calculated by a force field, the QM
region is treated, not surprisingly, using QM and the frontier between the
two region is described differently depending on the chosen method. The
QM and MM regions typically “see” each other as a set of point charges.
The charges on the QM atoms might be kept equal to the ones from the
force field (mechanical embedding) or obtained from the electronic density
(electrostatic embedding).37

MM

QM

link
atom

Figure 1.1: QM/MM subsystems and a link atom.

Special treatment is required when the QM and MM parts are con-
nected by a chemical bond. This is a common case in enzymes, since
aminoacid residues often explicitly participate in the reaction or bear
a charge that might polarize the substrate and thus must be treated
quantum-mechanically. In all the applications presented in this thesis, the
link-atom approach was used: a monovalent atom (typically hydrogen) is
introduced at an appropriate position to the QM part (Fig. 1.1).
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1.2 Molecular dynamics

1.2.1 Classical approximation of nuclear motion

Even when the effective potential (1.2) felt by the nuclei is calculated in
an efficient way, the time evolution of the nuclear wave function still has
to be solved. However, nuclei are much heavier than the electrons. The
potential felt by the nuclei in molecules is well-shaped, so the heavier is
the particle, the smaller is the position operator uncertainty. This can
be readily seen from the solution of quantum harmonic oscillator: for the
ground state σ2

x = ~/(2mω). So, instead of integrating the Eq. (1.1) we
can take advantage of the Ehrenfest theorem and describe the motion of
the nuclei in terms of the expectation values of position and momentum:∗

m ˙〈x〉 = 〈p〉, ˙〈p〉 = −∂V (〈x〉)
∂x

(1.15)

which are identical to the Newton’s equations of motion. It is a known
result of QM - in the limit of heavy particles the classical mechanics are
recovered. This approach will fail in case of light atoms crossing a narrow
barrier, since in this case both the heavy particle and a well potential
assumptions are violated. This is especially important in the case of low
temperatures, when the difference between classical and quantum mechan-
ics become more pronounced.

1.2.2 Numerical integration of Newton’s equations

Obviously, the Newton’s equations have no closed form solution for an
arbitrary potential and have to be integrated numerically. One has to
choose a timestep ∆t and calculate the positions and velocities at discrete
moments. A simplest approach is to use the forward Euler integration:

xi(t+ ∆t) = xi(t) + vi(t) ·∆t
vi(t+ ∆t) = vi(t) + ai(t) ·∆t

(1.16)

where xi, vi and ai are respectively positions, velocities and accelerations
of the i-th coordinate. However, the error made in each step of forward

∗Here
〈

∂V (x)
∂x

〉
is substituted by ∂V (〈x〉)

∂x
assuming small σx and that V is a smooth

function of x.
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Euler integrator is O(∆t3), so it is not used in practice. The most com-
monly used approach (also used here) which has an error of O(∆t4) is the
Velocity Verlet:38

xi(t+ ∆t) = xi(t) + vi(t) ·∆t+
1

2
ai(t)∆t

2

vi(t+ ∆t) = vi(t) +
ai(t) + ai(t+ ∆t)

2
∆t

(1.17)

Care has to be taken when choosing the ∆t. It has to be taken around 8-
10 times smaller than the period of a highest frequency vibration to avoid
energy drift.33 In case of molecular simulations the fastest vibrations are
the ones corresponding to X-H bond stretching, where X is any heavy
atom. The period of these vibrations is on the order of 10 fs, therefore the
timestep should be about 1 fs. Commonly, constraint algorithms are used
to restrict this vibrations.39 This allows to increase the timestep to 2 fs.

1.2.3 Langevin dynamics

Given initial coordinates and velocities and integrating equations (1.17),
one obtains a deterministic trajectory with total energy conserved. In real
world processes, including the biological ones, the temperature is typically
constant. Therefore, instead of simulating an isolated system, which does
not exchange energy with the environment (microcanonical NVE ensem-
ble), we are interested in simulating a closed system at constant temper-
ature (cannonical NVT ensemble). To do so, the Langevin dynamics is
used in this work:33

miv̇i(t) = −∂V (xi(t))

∂x
− γvi(t) +

√
2γβ−1ηi(t) (1.18)

Here γ is the damping coefficient also known as the collision frequency.
The typical values for γ are 1-20 ps−1. ηi(t) is a Gaussian white noise
satisfying 〈ηi(t)ηj(t′)〉 = δijδ(t− t′).

The presence of the noise term η makes the dynamics non-determi-
nistic. It can be shown by solving the Smoluchowski equation that the
stationary distribution of a system governed by Eq. (1.18) is the Boltz-
mann one (see section 1.4.1).40 So, for a simulation long enough, the
probability to find a system simulated using Langevin dynamics at any
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state will be the one of the canonical ensemble, justifying its usage for
simulations at fixed temperature.

1.2.4 Berendsen barostat

While the simulations in this work were done at constant volume (NVT
ensemble), the processes in living organisms happen at constant (atmo-
spheric) pressure instead. It is not a problem, since in biomolecular pro-
cesses the change in volume is typically negligible. However, one has to
carefully choose the volume of the system in NVT simulation to represent
the correct pressure. To do that, the volume has to be previously equili-
brated by NPT simulation with a barostat attached to the system. Here
the Berendsen barostat was used:

ẋ = v − βc(p− p0)

3τp
x (1.19)

where βc is the isothermal compressibility which is typically taken to be
equal to the one of water (4.46·10−5 bar−1), p and p0 are current and target
pressures respectively and τp is the pressure relaxation time. Typical
values of τp are 1-5 ps. The physical meaning of Eq. (1.19) is that the
coordinates are rescaled to change the volume of the system depending
on the pressure. If p > p0 the pressure is too high and the system is
inflated to reduce the pressure. If p < p0 the system is compressed and
the pressure increases.

1.2.5 Periodic boundary conditions

The system size in a typical MD simulation is on the order of 103 nm3.
To avoid the non-physical effects that arise at the boundaries of the sys-
tem, the periodic boundary conditions are used. Geometrically that means
changing the topology of the system: a particle that approaches the bound-
ary, instead of being bounced back, goes through and appears at the oppo-
site side of the system. All the forces are also projected to act “through”
the boundaries on the particles at the opposide size. The system be-
comes equivalent to an infinite three-dimensional grid and therefore no
non-physical boundary effects are present (Figure 1.2).
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Figure 1.2: Periodic boundary conditions.

Care should be taken when applying periodic boundary conditions
(PBC). The finite cell size induces “crystallinity” in the model, making
inadequate the description of processes that happen on the scale compa-
rable to or larger than the cell size. Therefore, the cell size should exceed
the scale of any process that one is interested in.

1.2.6 Non-bonded interactions cutoff

The first three terms in (1.14) are sums over lists of covalent terms (bonds,
angles etc.) and are expected to scale linearly with the number of atoms.
However the non-bonded interactions have to be summed over all the
atomic pairs in the system, which is O

(
n2/2

)
complex and therefore pro-

hibitive for large systems.

A typical solution is to cut off the non-bonded interactions for atoms
that are far enough. To do that, for each atom a list of “neighbours”
is maintained and updated every n steps. Also, a list of atoms in the
“buffer zone” that are possibly about to enter the cutoff region are kept.
The usage of the buffer zone avoids the sudden jumps in energy when the
non-bonded lists are updated.

However, the straightforward application of the cutoff would make the
potential discontinuous. While for VdW interaction, given that it drops
with r−6, this is typically not a problem, for electrostatic interactions
strong artefacts might be introduced. For example, the water molecules
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will tend to orient at cutoff distance from Na+ such that the oxygen atom
is within the cutoff and hydrogen atoms are outside the cutoff.

E

d

no cutoff

switch cutoff

smooth cutoff

Figure 1.3: Cutoff functions.

One solution is to implement a smoothed cutoff function (Fig. 1.3).
Two most commonly used ones are “shift” and “switch” cutoffs. The
shift cutoff modifies the entire potential to reach the r → ∞ limit much
faster. The disadvantage of this function is that the equilibrium distances
are slightly decreased. The switch cutoff keeps the shape of the potential
correct until the distance become close to the cutoff and then the potential
rapidly converges to the r → ∞ limit. This method presents the same
problem as a hard cutoff (no smoothing) but the artefacts are much less
pronounced.

1.2.7 Particle mesh Ewald

Another (and much better) approach to treat the long-range electrostatic
interactions is the Particle Mesh Ewald (PME).41 In PME the short-range
electrostatic interactions are obtained directly, while the long-range ones
are calculated from the Fourier transform of the charge density:

Elr =
∑
k

Φ̃lr(k) |ρ̃lr(k)|2 (1.20)

where Φ̃lr and ρ̃lr are the Fourier transforms of the potential and the
charge density. The charge density is evaluated on the discrete lattice
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and the Fast Fourier Transform algorithm is applied.42 The short-range
energy converges rapidly in the real space, while the long-range one does
so in the reciprocal space. Thus, PME approach allows to significanly
accelerate convergence of the total energy with only little loss of accuracy.
Since the Fourier transform is used, the PME method can only be applied
to periodic systems. Therefore, for simulations than use PBC (section
1.2.5) it is a natural way to treat electrostatic interactions. When PME
is applied, additional care should be taken. First, the system should be
neutral to avoid convergence problems. Second, the size of the cell should
be large enough, so that the electrostatic interaction of any particle with
itself be negligible and no artefacts be introduced.



24 Concepts and Methods

1.3 Reaction rate calculation

The reaction rate is a measure of how fast does a chemical reaction happen.
In other words, the rate tells how fast the reactant molecules are converted
into the product ones. For an unimolecular reaction (taken for simplicity):

CA(t) = CA(0)e−kt (1.21)

where CA(t) is the concentration of A at time t and k is the concentration
independent reaction rate coefficient. To calculate k using computer simu-
lations one could do the following: launch N independent MD simulations
(replicas) of A in a physically relevant environment (solvent, presence of
catalyst etc.), where N is large enough to obtain a reasonable statistics.
Then, observe how the number of replicas that are still in the reactants
state decrease over time. With this data at hand, one could fit an expo-
nential (following Eq. (1.21)) and obtain k.

The maximum length of the MD trajectory that can be obtained within
a reasonable time depends on the simulated system. Since the main sub-
ject of this thesis are enzymes, the proper simulation should be done for a
solvated enzyme and treated with a hybrid QM/MM Hamiltonian (section
1.1.7). In this case, even with a cheap semi-empirical QM method (section
1.1.4) the available simulation length is on the order of ps to ns. Even if
one uses various tricks like parametrizing the force-field to describe bond-
breaking and use implicit solvent model, the available simulated timescale
will be still on the order of a µs, significantly sacrificing the precision.
However, in a typical chemical reaction for a reactants molecule to be
converted to the product it takes anything from 10−3 to 106 s and be-
yond. Moreover, as mentioned above, to obtain a reliable statistics one
would need to launch many simulations. Clearly, direct simulations can
not be used to calculate the reaction rate and a theoretical framework is
needed to calculate the rate indirectly, based on much shorter simulations.

1.3.1 Transition state theory

The probably simplest and the most commonly used reaction rate the-
ory is the transition state theory (TST). The central concept of TST is
the transition state (TS). TS is a surface in the configurational space,
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that divides the reactants region from the products one. The following
assumptions are made:

• The motion of the nuclei is classical

• The reactants and the TS are in thermal equilibrium

• When the system crosses the TS it never goes back (no recrossings)

It is actually not difficult to show that the TS is guaranteed to be in
equilibrium if the latter assumption is valid.43 The TST rate expression
is then:

kTST = (βh)−1 e−β∆G‡ (1.22)

The only unknown in Eq. (1.22) is the activation free energy ∆G‡. There-
fore, TST allows to obtain the reaction rate by calculating the free energy
difference between reactants state and TS.

∆G‡ depends on a particular choice of the dividing surface (TS) (see
section 1.4.1) and so does the TST rate constant kTST . Generally, for
different surfaces the no-recrossing assumption will be violated to differ-
ent extent. It is important to choose an adequate one for TST to yield
credible reaction rates. The trajectory flux that crosses the no-recrossing

(a) no recrossings (b) with recrossings

Figure 1.4: Different surfaces have different number of recrossings

surface (if it exists) will entirely end up in the products and is, therefore,
reactive (Fig. 1.4a). However, for a surface with recrossings some of the
trajectories will go back and return to the reactants (Fig. 1.4b). In this
case kTST will overestimate the reaction rate: TST assumes that all the
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trajectories crossing the TS are reactive ones, while actually some of them
are not. This is an important feature of TST: TST always overestimates
the reaction rate.∗ Among various possible dividing surfaces one should
choose one that yields the lowest rate constant kTST possible. For sim-
ple reactions in the gas phase the optimal TST dividing surface can be
assumed to be the one crossing the saddle point on the potential energy
surface betweeen reactants and products and orthogonal to the normal
mode with the imaginary frequency (harmonic TST). Technically speak-
ing, the variational principle can be applied to kTST giving the Variational
TST (VTST):44 the position of the dividing surface (the TS) can be op-
timized to minimize the reaction rate. However, for more complicated
processes in condensed phases the problem to define a good TS is highly
non-trivial. It is one of the topics of this thesis and is addressed in the
chapter 4.

1.3.2 Reaction coordinate

The transition state is defined by introducing a scalar function of the
coordinates and constraining it to a certain value:

∀x ∈ TS : ξ(x) = ξTS (1.23)

Here and below x is the 3N-dimensional vector of Cartesian coordinates
of the system. ξ is called a reaction coordinate (RC). A good RC has one-
to-one correspondence to the progress of the reaction: ξ(x) is chosen in
such a way that when ξ(x) increases, the system advances in the direction
reactants→products. And vice-versa: if the reaction advances, RC has to
strictly increase.

By definition, the RC determines the TS surface. However, it’s impor-
tance is not limited to that. Generally, a good RC also contains all the
information about the reaction mechanism: all the geometric (or, gener-
ally, coordinate dependent) degrees of freedom that are involved in the
reaction are coupled to the RC. It is important to define a good RC not
only because a bad one will yield an incorrect rate in the framework of
TST, but also because important information about the reaction mecha-
nism might be missed.

∗assuming that the motion of nuclei is classical.
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Since TST always overestimates the rate, the quality of RC can be
assessed by the corresponding TST rate constant. For a better RC kTST
will be smaller. A convenient way to consider this is to introduce a trans-
mission coefficient κ(ξ) which relates the TST rate with the exact one:

k = κ(ξ) · kTST (ξ) (1.24)

κ corresponds to the fraction of flux crossing the TS which indeed is reac-
tive. If the dividing surface is the no-recrossing one, the TST rate is exact
and κ = 1. Otherwise, the dividing surface is recrossed and κ < 1. κ can
be calculated by launching a series of MD trajectories starting from the
dividing surface and calculating the fraction of the reactive flux:45

κ =

∑
i viQi∑
i |vi|

(1.25)

where vi is the velocity along the reaction coordinate for trajectory i when
the TS is crossed (vi = ξ̇i) and Qi is 1 for reactants → products trajec-
tories, −1 for products → reactants trajectories and 0 for non-reactive
ones. Alternatively, and within certain approximations, κ can be calcu-
lated within the Grote-Hynes theory46 by measuring the friction acting on
the RC from a simulation constrained to the dividing surface.

1.3.3 Committor function

The transmission coefficient κ is actually not the best measure of the
quality of an RC. On the one hand, κ deviates from unity not only due
to suboptimal choice of a dividing surface, but also due to limitations of
the TST itself. For example, if the TS equilibrium assumption is strongly
violated (like in the presence of strong dynamic effects, see chapter 4) even
the best possible dividing surface will yield a low κ. On the other hand, κ
itself gives no information about how a dividing surface is wrong: κ can
be low because indeed the RC is bad or because a wrong position of the
TS is chosen along a good RC (Fig. 1.5c).

A better way is to compare the TS defined by a trial RC to the 1/2
isocommittor surface (equicommittor). For a given structure x the com-
mittor function pB(x) is the probability for a trajectory initiated at this
structure to reach the products state before the reactants one. pB(x) it-
self is a perfect reaction coordinate: by definition, it becomes larger when
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the system approaches the products and smaller when the system gets
closer to the reactants. The committor function is essentially the reaction
coordinate for any process involving a transition between two states. Un-
fortunately, pB(x) has no analytic expression and can only be calculated
numerically by launching a series of trajectories from different structures
and calculating the ones that committed to the products state. So, despite
its attractive features, it can not be used as an RC in practical simulations.

0 0.5 1 pB

ρ

(a) perfect TS

0 0.5 1 pB

ρ

(b) good RC, good TS

0 0.5 1 pB

ρ

(c) good RC, bad TS

0 0.5 1 pB

ρ

(d) bad RC

Figure 1.5: Committor distribution for different choices of RC
and TS.

The equicommittor (surface for which for every x ∈ S the probability
to end up in reactants or products is the same) is then a perfect TS.
Imagine a ball on a very top of a hill. When the ball is kicked in a random
direction, the probability for a ball to end up on each side of the hill is
exactly the same. Moreover, if the no-recrossing surface exists, it will
coincide with the 1/2 isocommittor surface (Fig. 1.5a).

The similarity of a trial TS with the equicommittor can be measured
by the distribution of pB values on it. If the true equicommittor is used
as a TS, then the resulting distribution will be the Dirac’s delta centred
at 0.5 (Fig. 1.5a). Of course, for realistic systems this situation is not
possible. In practice, a committor histrogram for a good RC should be
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peaked around 0.5 (Fig. 1.5b). If the RC is good, but the TS is placed
wrongly, for example, too close to the reactants, than the distribution will
be strongly shifted towards 0 (Fig. 1.5c). If the TS is placed properly, but
the RC itself is bad, then the distribution will have two peaks at 0 and 1,
with almost nothing in the 0.5 region (Fig. 1.5d).

1.3.4 Examples of reaction coordinates

The most commonly used RCs are based on chemical intuition. For exam-
ple, for bond dissociation a natural choice of the RC is the length of the
dissociating bond. Another example of a simple RC is the antisymmetric
combination of distances for a transfer reaction (1.6).

D X A D X A

d1 d2 d1 d2

ξ < 0 ξ > 0

Figure 1.6: Antisymmetric RC: ξ = d2(x)− d1(x)

However, in many cases other degrees of freedom are involved in the
reaction and these simple RCs fail to provide an adequate description
of the process. For example, in reactions involving charged species in a
polar solvent (like water) the reorganization of the solvent molecules plays
an important role. In these cases sophisticated environmental collective
variables (CV) should be used as an RC. An good example of such a CV
is the electrostatic field:47

sA(x) =
∑
i 6=A

qi
|xi − xA|

(1.26)

where the field is calculated on the atom A, and qi is the charge of the
i-th atom.

Another CV which gained lots of popularity in the framework of Mar-
cus theory48 and Empirical Valence Bond approach49 is the energy gap
coordinate ∆E. It measures the energy difference between the two adi-
abatic states, corresponding to reactants and products. When ∆E = 0,
both states have equal energy, which defines the TS. This approach is es-
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pecially useful to study tunneling effect, since the tunneling probability is
highest, when the two quantum states are degenerate.

A common case, when a simple geometric RC is not an adequate co-
ordinate, are reactions involving several concerted elementary steps. A
good example that will be used in the following chapters is the pericyclic
conversion if isochorismate to pyruvate (Fig. 1.7). This reaction involves
simultaneous CO bond dissociation and proton transfer. Neither of two
geometric coordinates alone are capable to capture both processes. How-
ever, one might try to look for an RC that is a function of these two simple
CVs.

Figure 1.7: Pericyclic conversion of isochorismate to pyruvate.

Generally, if there are D degrees of freedom that are assumed to par-
ticipate in the process, the RC can be defined as:

ξ(x) = ξ(θ1(x), θ2(x), . . . , θD(x)) (1.27)

by doing so, the problem of finding a 3N dimensional coordinate is reduced
to D dimensions. This approach is very powerful because it is a general-
ization of any other trial function: one can take a complex CV (like the
electrostatic potential) and use it as one of the “basis” coordinates in Eq.
(1.27). All the novel coordinates presented in this thesis were developed
using this approach.
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1.4 Free energy calculation

To obtain the rate in the framework of TST the free energy difference
between the reactants and TS (the activation free energy) has to be cal-
culated. It can be done based on the statistical mechanics definition∗:

A = −β−1 lnQ+ C (1.28)

Here C is an arbitrary constant which defines the zero of energy and Q is
the canonical partition function:

Q ∝
∫
R6N

e−β(T (p)+V (x))dx3Ndp3N (1.29)

We are interested in the free energy differences and not in the absolute
values. So, taking advantage of separability of kinetic and potential energy
in the Hamiltonian, we can integrate out and ignore the kinetic energy
term and obtain the configurational partition function:

Z ∝
∫
R3N

e−βV (x)dx3N (1.30)

The term e−βV (x) is the Boltzmann’s factor: it is proportional to the prob-
ability density to find the system in configuration x. Z can be interpreted
as the normalization constant: to find the probability of a system to be
in some region X one should integrate the Boltzmann’s factor over this
region and divide by Z:

PX = P (x ∈ X) = Z−1

∫
X
e−βV (x)dx3N (1.31)

If one integrates over the entire configurational space, the integral will be
equal to Z: the probability to find the system anywhere is 100%. The free
energy of some state X is then

AX = −β−1 lnPX (1.32)

∗as described in section 1.2.4 the results for the canonical (NVT) ensemble are
expected to be nearly indistinguishable from the NPT ones. So, the more convenient
Helmholtz energy is used here instead of the Gibbs energy in Eq. (1.22).
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And the free energy difference between two states X and Y is

∆A = AY −AX = −β−1 ln
PY
PX

= −β−1 ln

∫
Y e
−βV (x)dx3N∫

X e
−βV (x)dx3N

(1.33)

To evaluate the probabilities in (1.33) one would need to integrate over
the 3N-dimensional configurational space, which is impossible for realistic
systems. However, we can take advantage of the ergodic hypothesis: the
fraction of time a trajectory long enough will spend in some state X equals
to the ensemble probability of this state:

PX = Z−1

∫
X
e−βV (x)dx3N = lim

T→∞

1

T

∫ T

0
1X (x(t)) dt (1.34)

where 1X is an indicator function of the state X: 1X(x) = 1 if x ∈ X
and 0 otherwise. As a result, the free energy difference between any two
states (including the activation free energy) can be readily obtained from
the ratio of probabilities to find a system in each state in a long MD
simulation.

1.4.1 Potential of mean force

Analogous to Eq. (1.32) the free energy along a RC is related to the
probability to find the system at different RC values:

A(ξ) = −β−1 lnZ−1

∫
R3N

e−βV (x)δ
(
ξ′(x)− ξ

)
dx3N (1.35)

A(ξ) is called potential of mean force (PMF), since it’s gradient corre-
sponds to the mean force acting on the coordinate ξ at a given value.∗ For
a chemical reaction, A(ξ) is expected to have two minima (reactants and
products) and a maximum in between (the TS) (Fig. 1.8). The activation
free energy ∆A‡ is then the free energy difference between the maximum
and the left minimum.

Eq. (1.35) can be easily generalized to many dimensions:

A(θ) = −β−1 lnZ−1

∫
R3N

e−βV (x)
D∏
i=1

δ
(
θ′i(x)− θi

)
dx3N (1.36)

∗For complex coordinates it is generally not exactly the case, see section 1.4.4.
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A‡

ξR ξ‡ ξP

∆A‡

Figure 1.8: Typical PMF of a chemical reaction.

Where θ is a D-dimensional vector of CVs. In this case A(θ) is also called
a free energy surface (FES) spanned by the coordinates θ. Note that the
notation was changed. In the 1-D case the coordinate ξ is the RC: the
integration is done with only one degree of freedom constrained, which is
consistent with TS definition. This is not the case when more than one
coordinate is used. One may define the activation free energy as the free
energy difference between the saddle point and the reactants minima on
the surface A(θ). However, this value is not the ∆A‡ (although typically
is close to it), because the integration in D-1 extra degrees of freedom is
not performed.

1.4.2 Umbrella sampling

In principle a PMF can be obtained by binning the relevant RC region and
counting the visits of each bin during a long MD simulation. However this
is impractical, since for reasonable free energy barriers the time it will take
for an MD trajectory to reach the TS is prohibitively long. In fact, such
an approach has a computational cost identical to the one described in the
beginning of section 1.3, so if it were affordable, one would not need any
rate theory and the reaction rate could be obtained in a straightforward
way.

The strength of TST is that the free energy calculation does not require
the simulations to be physical: to calculate the integral in Eq. (1.35) it
is not relevant, how long does it take to reach a given RC value or from
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which direction the system comes and at what speed. The only important
thing is how often it happens. This probability is defined by a Boltzmann’s
factor e−βV (x), which depends only on the potential. So, one can modify
the potential V (x) to increase (in a predictable way) the probability to
visit the regions that are normally rarely visited. After the statistics is
acquired, the correct probabilities can be recovered. Most often an extra
RC-dependent biasing potential Vb(ξ) is added. The biased PMF is then

Ab(ξ) = −β−1 lnZ−1
b

∫
R3N

e−β(V (x)+Vb(ξ(x)))δ
(
ξ′(x)− ξ

)
dx3N (1.37)

where Zb is the partition function of the biased ensemble:

Zb =

∫
R3N

e−β(V (x)+Vb(ξ(x)))dx3N (1.38)

Vb explicitly depends only on ξ and, because of the Dirac’s delta, can be
brought outside the integral. Then one obtain:

Ab(ξ) = A(ξ) + Vb(ξ) + β−1 ln
Zb
Z

(1.39)

The last term is a constant which only shifts the entire PMF and does not
affect the free energy differences. So, to recover the correct PMF from the
biased one, it is sufficient to subtract the biasing potential Vb. Or, equiv-
alently, the probability in each bin can be multiplied by eβVb(ξ) with cor-
responding ξ. This approach is called reweighting, since the Boltzmann’s
weights for configurations at different RC values in the biased ensemble
are not the same as in the original one. The factor eβVb(ξ) corrects for this
difference. This is useful when various histograms are obtained by several
independent simulations to improve the statistics. In this case one can
sum the reweighted histograms from each simulation and recover A(ξ).

The ideal choice of Vb is −A(ξ). Then Ab(ξ) = const and a uniform
sampling along the RC is obtained. Obviously, if A(ξ) was known a priori
no calculations would be necessary at all. It is generally problematic
to choose a single biasing potential without a priori knowledge of the
PMF. It is more practical to combine the sampling obtained with different
Vb. A commonly used approach is Umbrella Sampling50 (US). In US a
series of biased trajectories (windows), each one sampling different range
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of RC values are generated (Fig. 1.9). A most common choice for Vb is a
harmonic bias:

Vi(ξ(x)) =
Ki

2
(ξ(xi)− ξi)2 (1.40)

Ki is the harmonic force constant for the window i, ξi is the corresponding
reference value and xi are the coordinates of the system in the i-th replica.
When Ki is large enough, the simulation samples only the RC region close
to ξi. As a result, a set of histograms is obtained, each covering only a
small range of ξ.

t

V1 V2 V3

ξ

ξ1 ξ2 ξ3

WHAM

A(ξ)

ξ

A

Figure 1.9: Umbrella sampling.

To recover the unbiased PMF based on this data one can not simply
reweight each histogram and sum them to obtain an unbiased probability
distribution. Different Vb is used in each window, so the last term in
Eq. (1.39) is also different. The corresponding histograms have to be
multiplied each by a proper window reweighting factor Zb/Z. However,
this factor depends on the solution itself. One of the methods that solve
this problem is the Weighted Histogram Analysis Method51 (WHAM). It
is based on the iterative solution of a set of equation for the reweighting
factors and for the PMF, such that the solution minimizes the statistical
error due to the finite sampling in the US windows. It is important for
WHAM that the histograms of the adjacent windows overlap sufficiently
to obtain credible result. Therefore, sufficient number of windows should
be used and the parameters in Eq. (1.40) must be carefully selected.
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1.4.3 Replica exchange

In US simulation, when the trajectories are not long enough, the system
might not be able to sample efficiently the degrees of freedom orthogonal
to the RC, due to small barriers along these dimensions. This lead to
large statistical errors. This issue can be partially overcame by the replica
exchange52 (REX) technique. In REX the system states (coordinates and
velocities) are exchanged between adjacent replicas every n steps with the
probability of exchange between replica i and j defined by the Metropolis
criterion:

P (i↔ j) =

{
1 if ∆Eij ≤ 0,

e−β∆E if ∆Eij > 0.
(1.41)

where ∆Eij it the total energy change upon the exchange of biases:

∆Eij = [Vi(xj) + Vj(xi)]︸ ︷︷ ︸
energy after exchange

− [Vi(xi) + Vj(xj)]︸ ︷︷ ︸
energy before exchange

(1.42)

If the same force constant K is used in both replicas, Eq. (1.42) simplifies
to

∆Eij = K(ξ(xj)− ξ(xi))(ξj − ξi) (1.43)

Eq. (1.41) ensures the detailed balance: in equilibrium the probability of
a forward exchange is the same as of a backward one. As a result, the
statistics in the windows are not perturbed by exchanges and correspond
to the equilibrium ensemble. REX can be seen as a Monte-Carlo53 simu-
lation for a metasystem that consists of all the replicas. Then the replica
exchanges are identical to the Monte-Carlo steps.

There is no rule to choose the frequency of the exchange attempts.
It should be high enough to get a reasonable number of exchanges, but
not too high not to slow down the simulations. For long simulations with
cheap MM potentials the exchanges can be attempted once per ps or even
less often, while for simulations with expensive QM/MM Hamiltonians,
which are much shorter, more frequent attempts should be made (≈ every
50 fs).

1.4.4 PMF corrections

The ∆A‡(ξ) obtained from PMF is not exactly the activation free energy
by two reasons. First, the true reactants state is the entire region of
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the reactants, not only the conformations with ξ = ξR. Second, TST
counts only the forward flux crossing the TS. That makes the momentum
partition function at TS depend on the particular choice of the RC.54 The
correct activation free energy ∆A‡ can be calculated by introducing two
extra terms:

∆A‡ξ = ∆A‡(ξ)−AR(ξR)− β−1 ln
φ(ξ‡)

φ(ξR)
(1.44)

The first extra term is the free energy associated with setting the reactants
to a particular choice of ξR:

AR(ξR) = −β−1 ln

h

∫
R
e−βH(x,p)dx3Ndp3N∫

R
e−βH(x,p)δ

(
ξ(x)− ξR

)
δ(pξ)dx

3Ndp3N
(1.45)

The second one corrects for the nature of the RC. φ is the average modulus
of the RC gradient in the mass weighted Cartesian coordinates:

φ(ξ) = 〈|∇ξ|〉 = Z−1

∫
R3N

|∇ξ(x)|e−βV (x)δ
(
ξ′(x)− ξ

)
dx3N (1.46)

|∇ξ(x)| =

(
3N∑
i=1

mi

(
∂ξ

∂xi

)2
)1/2

(1.47)

For typical coordinates these corrections are usually small, compared
to ∆A‡, so they are often ignored in the literature.

1.4.5 Minimum free energy path

As was mentioned in section 1.3.4, many processes depend on several de-
grees of freedom (CVs) and an adequate RC can be constructed as some
combination of these coordinates. Obviously, a priori construction of a
multidimensional FES is prohibitively costly, since the computational time
needed to sample the multidimensional CV space increases exponentially
with number of dimensions.

For most chemical processes reactive trajectories are typically confined
to a narrow tube (the reaction tube55) connecting reactants and products.



38 Concepts and Methods

Since the probability to visit some region is higher for regions with lower
free energy, the reaction tube will lie along the minimum free energy path
(MFEP) (Fig. 1.10).

d
dα

z

M∇A = 0

Figure 1.10: Minimum free energy path.

The MFEP is a generalization of minimum energy path56 concept to
free energy surfaces (Eq. (1.36)). For a free energy surface formed by a
set of D CVs θ = (θ1(x), θ2(x), . . . , θD(x)) the MFEP z(α), where α is an
arbitrary parametrization, is a path that satisfies the following equation:57

∀α :
d

dα
z(α) ‖M(z(α))∇A(z(α)) (1.48)

Here ∇A(z(α)) is the gradient of the D-dimensional FES at the point z(α)
and M is the distance metric tensor:

M(z) =
〈
M̃(x)

〉
θ(x)=z

=
〈
Jθ(x)m−1JTθ (x)

〉
θ(x)=z

(1.49)

where Jθ(x) is the Jacobian for the set of CVs: Jθ(x)ij = ∂θi/∂xj and m
is the 3N × 3N diagonal matrix of atomic masses. 〈· · · 〉θ(x)=z denotes the
canonical average with the values of CVs being fixed at z:

〈X(x)〉θ(x)=z = Z−1

∫
R3N

X(x)e−βV (x)
D∏
i=1

δ (θi(x)− zi) dx3N (1.50)

M̃ is a local metric tensor: in contrast to M, which is defined for points
on the D-dimensional FES, M̃ is defined for each configuration x. Each
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point θ corresponds to a 3N −D dimensional submanifold (hypersurface)
in the (mass-weighted) Cartesian conformational space. By construction,
M̃(x) defines the distance between these hypersurfaces in the vicinity of
x:58

d(θ(x),θ(x) + δθ) =
(
δθTM̃(x)−1δθ

)1/2
(1.51)

where δθ is an infinitesimal increment. M, in turn, is an average metric
tensor for the given CV space and defines the canonical average distance
between two infinitely close points on the FES. It is one of the key objects
in this thesis and will be used frequently in the chapters 3 and 4.

Eq. (1.48) is similar to the definition of the intrinsic reaction coordi-
nate (IRC)56 but with free-energy gradient and metric tensor M instead
of potential energy gradient and mass matrix respectively. The geometric
interpretation is the same: the free energy gradient vanishes in the direc-
tions orthogonal to the path and the MFEP is at the free energy minimum
in all directions but the one along the path. So, any variation of the path
would increase the free energy.

Knowing the MFEP, one does not need to obtain the entire FES. The
regions far from the MFEP will rarely be visited by a reactive trajectory
and, therefore, the information about the FES in these regions will not
contribute significantly to the reaction rate. Moreover, the progress along
the MFEP is in fact a good definition for a RC. MFEP starts at reactants,
crosses the TS and ends in products. So, the farther the system is along
the MFEP, the closer it is to the products, which is the definition of a
good RC (see section 1.3.2). However, it is not obvious, how to define a
scalar function along a path in a D-dimensional space. Chapters 2 and 3
are dedicated to the development of such RCs.
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1.5 String method

1.5.1 Theory

The String Method was initially developed to obtain the minimum energy
path on potential energy surfaces59 and then was generalized to handle
FESs.57 Briefly, the idea of the string method is the following. One starts
with some path z(α) (the string) as an initial guess for the MFEP in some
space of CVs (the active space). A chain of n equidistant points (the
nodes) is defined along this initial guess. For convenience, let us number
them from 1 to n: {z1, . . . , zn}. Then, each node is evolved according to

żi = −M(zi)∇A(zi) + λ‖ (1.52)

where λ‖ is a term tangential to the path and is applied to all but the
terminal nodes. It does not change the path itself, but maintains the
nodes equidistant and guarantees that they do not fall to the reactants
and products minima. It is easy to see that the steady state solution of Eq.
(1.52) is the MFEP: when all the orthogonal components of M(zi)∇A(zi)
are 0 (the condition (1.48)), the path is not moved any more (Fig. 1.11).

initial guess

MFEP

evolution

reparametrization

nodes

Figure 1.11: String evolution and reparametrization.

Both M and ∇A are statistical properties that have to be obtained
by sampling the configurational space corresponding to the point zi. In
practice, the time evolution of nodes is done iteratively, by running short
MD trajectories at fixed zi, during which M and ∇A are estimated for
the next step of the string evolution. The constrained simulations with
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fixed values of θ would require the Hessian of the CVs, which might be
cumbersome for complicated coordinates. Instead, restrained MD with a
strong harmonic biasing potential V b

i are used:

Vi(xi) = V0(xi) + V b
i (θ(xi)) (1.53)

V b
i (θ(xi)) =

1

2
K|θ(xi)− zi|2 =

D∑
j=1

Kj

2
(θj(xi)− zij)2 (1.54)

where Vi(xi), is the total potential of the node i, K is a D ×D diagonal
matrix of force constants, xi are the coordinates of the i-th MD replica.
As was shown by Maragliano and Vanden-Eijnden,60 for force constants
Kj large enough, the partition function for the restrained ensemble with
bias (1.54) will be (up to a constant) approximately equal to the partition
function of a constrained ensemble with the values of the CVs fixed:∫

R3N

e−βVi(x)dx3N ≈ C
∫
R3N

e−βV (x)δ(θ(x)− zi)dx
3N (1.55)

So, an ensemble average for any property can be estimated from a re-
strained simulation instead of a constrained one. The approximation
(1.55) is also central for derivations in chapter 4. Moreover, the free energy
gradient ∇A can be calculated as following:

∇A(z) ≈
∫
R3N

e−βVi(x)K(zi − θ(x))dx3N (1.56)

Having that, both M and ∇A can be calculated.

The fact that Eq. (1.56) evaluates the free energy gradient provides a
way to calculate the free energy profile along the converged MFEP. The
free energy gradient along the MFEP is then

dA(z(α))

dα
= ∇A(z(α)) · dz(α)

dα
(1.57)

and the free energy along the MFEP is obtained by integrating ∇A:

A(z(α′)) =

∫ α′

0

dA(z(α))

dα
dα =

∫ α′

0
∇A(z(α)) · dz(α)

dα
dα (1.58)
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Here the free energy of z(0) is set to 0. Note that A(z(α)) is not the
PMF of the process, since it is traced on the D-dimensional FES (see
section 1.4.1). However, when the curvature of the FES in the orthogonal
directions does not change significantly along the path, the free energy
profile along the MFEP is a good approximation to the correct PMF.

While the iterative approach is completely valid and will converge to
the MFEP (given K is sufficiently large), MD replicas may have numer-
ical problems when the node positions are updated, since the system is
still equilibrated to the previous bias. So, zi should be updated steadily
enough to avoid numerical instabilities. This in turn will slow down the
convergence of the string. Also, one needs to choose the length for each
iteration, that is a trade-off between speed and accuracy. These problems
are avoided in the on-the-fly (OTF) string method.61 In this approach
the nodes are moved each step of the MD simulation using the following
equation:

γżi = M̃(xi)K(θ(xi)− zi) + λ‖ (1.59)

γ is a damping coefficient for the motion of zi. It was shown in the original
reference61 that for γ large enough the dynamics in Eq. (1.59) approximate
well the one in Eq. (1.52). Interpretation of this fact is that, if γ is large
enough, the nodes zi will move so slow, that any bias-dependent average
(like M and ∇A) obtained by trajectory averaging will be very close to
the averages for the fixed node positions. In other words, during the time
needed for these averages to converge, the string nodes will not move
significantly. As mentioned above, the advantages of this approach are,
first, the lack of need to define the length of iterations and perform any
“relaxation phase” after moving the nodes and, second, absence of jumps
of the biasing potential, which might cause numerical instabilities.

1.5.2 Practical implementation

First of all, the initial guess for the string should be chosen. When there
is only one MFEP connecting reactants to products, the choice is rather
arbitrary. The only condition is that the beginning and the end of the
string be in different basins on the free energy landscape. A straight line
connecting reactants and products is a valid choice. However, when one
expect different possible mechanisms for the reaction, the initial guess
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should at least qualitatively correspond to the mechanism of interest (Fig.
1.12). Moreover, in case of various mechanisms, a separate string calcula-
tion should be performed for each.

Figure 1.12: Multiple pathways case.

The initial structures for the string method replicas should be prop-
erly prepared. One can not simply take a reactants (or products) struc-
ture and use it for the node in the middle of the string: the forces due
to the biasing potential (1.54) will be so huge that the simulation will
immediately collapse. Instead, one should either previously prepare the
structures with, for example, zero-temperature string method59 or Steered
MD method.62 Alternatively, one can perform a preparation stage before
starting the string evolution. During the string preparation, the dynamics
in each node starts with either reactants or products structure (depend-
ing on which one is closer to the target node). The force constants K
are gradually increased from 0 to their target values during the specified
preparation time. It should be long enough to let the system adapt to the
new potential, but not too long not to waste the computational time. For
cases when there are no large structural rearrangement during the process,
1-2 ps is usually a good choice.

In practice, the term λ in Eq. (1.52) is implemented as a reparametriza-
tion procedure. At time t the nodes first are evolved by one MD step ∆t:

z∗i = zi(t) + γ−1M̃(xi(t))K(θ(xi(t))− zi(t))∆t (1.60)
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Next, the points z∗i are evenly redistributed along the interpolated string:

zi(t+ ∆t) = Zz∗1,...,z
∗
n

(
i− 1

n− 1
L

)
(1.61)

where Zz∗1,...,z
∗
n
(α) is a continuous interpolation of the string nodes, pa-

rametrized by the arc-length. It returns a point along the string, cor-
responding to arc-length α. L is the total arc-length of the string. Eq.
(1.61) ensures that the nodes are evenly distributed along the string after
each iteration. In principle, one is free to choose how the reparametriza-
tion (function Z ) is done. Two possible options are linear interpolation,
as in the original reference61 or cubic splines interpolation.63 While the
latter one is more precise, the former one is more stable, since it naturally
smoothens the path.

When the string reaches the MFEP, the string continues to fluctuate
along it. A way to check for the convergence is to measure the distance
from the initial string:

C(t) = d(z(t), z(0)) =
n∑
i=1

|zi(t)− zi(0)| (1.62)

C(t) starts at 0 and increases until it reaches a plateau, meaning that the
string converged to the MFEP. After that, the simulation can be continued
to acquire sampling for further analysis, for example, for free energy profile
calculation with Eq. (1.58).



Chapter 2

Path CV along MFEP

The approach presented in this chapter was developed during the first
year of my PhD. It was inspired by the deficiencies of my previous work
on path CVs, particularly the usage of an inadequate reference path (the
minimum energy path traced on the potential energy surface, instead of
MFEP). This issue was solved here defining a path CV along a MFEP
obtained by the string method. The paper describing this combination
of methods was published in 2013. Since then, it was applied to various
enzymatic systems and resulted in publications in high impact journals,
proving the usefulness of the developed methodology.
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2.1 Path CV in distance space

The section 1.4.5 introduced the concept of a reaction tube: for a given
chemical reaction a reaction tube is a region on a multidimensional free
energy surface that contains most of the reactive trajectories. Whatever
the number of CVs participating in the reaction is, the progress along a
reaction tube will be a valid one dimensional description of a process. The
string method, described in the section 1.5.1, allows to obtain a MFEP
which, by definition, is localized within the reaction tube. So, the problem
of finding the reaction tube was already solved by others.57,61 It remains
to define a valid scalar RC – a path CV, that describes the progress along
a MFEP.

An intuitive geometric way to do so is the following: for each point on
the path, assign some number t that monotonically grows going from the
beginning to the end of the path. Then, for any point in the space where
the path is defined, the value of the RC will be equal to the value of the
parameter t assigned to the closest point on the path (Fig. 2.1).

0

L

ξ(x)

x

d

L

0

d = min
t
d(x,x(t))

Figure 2.1: Geometric definition of a path CV.

The isosurfaces of such a function are orthogonal to the path.∗ For-
mally this definition is a minimization problem:

ξ(x) = t | d(x,x(t)) = min
t
d(x,x(t)) (2.1)

∗A proof is given in section 3.1.
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The function (2.1) becomes undefined when more than one point x(t) is
at the same (smallest) distance from a given one. Branduardi et al.64

presented a closed form solution to Eq. (2.1) that does not suffer from
this problem. For a path parametrized from 0 to 1 a following function
was introduced:

s(x) = lim
λ→∞

∫ 1

0
twλ,x(t)dt (2.2)

where

wλ,x(t) =
e−λ|x−x(t)|2∫ 1

0 e
−λ|x−x(t′)|2dt′

(2.3)

When λ → ∞ and given that one and only one point x(t) is closer to x
than any other by any finite amount, the weight function w(t) collapses
to a Dirac’s delta centered at a t value that corresponds to the closest
x(t). In this case Eq. (2.2) is identical to Eq. (2.1). However, when
several (n) points are at the same distance from x, w(t) becomes a set of
δ’s with height 1/n, each centred at one of the points. This makes s(x)
an arithmetic mean of the corresponding t values.

In practice, the path x(t) is discretized to a set of n equidistant points
{x}n and Eq. (2.2) is redefined as

s(x) =

∑n
i=1

i−1
n−1e

−λ|x−xi|2∑n
i=1 e

−λ|x−xi|2
(2.4)

λ should be equal to the inverse squared distance between nearby path
points |xi+1 − xi|−2 to ensure smooth behaviour of the function s. Eq.
(2.4) was successfully used by Branduardi et al.64 for a path defined in
the Cartesian coordinates space. It is straightforward to generalize it to a
path z in a D-dimensional CV space:

s(θ(x)) =

∑n
i=1

i−1
n−1e

−λ|θ(x)−zi|2∑n
i=1 e

−λ|θ(x)−zi|2
(2.5)

Since chemical processes can be typically described in terms of breaking
and forming of chemical bonds, we can postulate here that only the in-
teratomic distances are used as CVs, allowing to use a simple Euclidean
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distance for the CV space:∗

|θ(x)− zi|2 =

D∑
j=1

(θj(x)− zij)2 (2.6)

This formulation was used in our first work on path CVs.65 Definitions
(2.4) and (2.5) also partially solve another problem of Eq. (2.2). When
more than one path point is at the same distance from x, the gradient
of s(x) becomes undefined: an infinitesimal displacement of x produces
a finite change in s(x). A discretized version does not suffer this issue.
However, when the number of discrete points n is large, the gradient might
still become too steep (Fig. 2.2a) and result in numerical instabilities when
a biasing potential is applied to the RC. This can be solved reducing the
number of reference points, but that reduces the resolution of the path
and some details might be lost (Fig. 2.2b).

(a) large n, |θ(x)−zi|2 (b) small n, |θ(x)−zi|2

1

0

(c) huge n, |θ(x)− zi|

Figure 2.2: Original and improved path CVs.

This problem can be solved modifying the definition of the path CV.
In principle, one is free to choose any weighting function (2.3) given that
it is monotonically decreasing with the decrease rate being proportional to
λ. When the distance is considered instead of the squared one, the shape
of the path CV improves significantly (Fig. 2.2c):

s(θ(x)) =

∑n
i=1

i−1
n−1e

−λ|θ(x)−zi|∑n
i=1 e

−λ|θ(x)−zi|
(2.7)

∗A generalization to spaces consisting of arbitrary CVs is introduced in Chapter 3.
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In this case λ = |xi+1 − xi|−1. Even when a huge number of reference
points is used to ensure a good description of the path, the function (2.7)
behaves much better in those regions, where the gradient would become
too large with the previous definition. The reason for that is that e−x

decreases much slower than e−x
2

for large x. As a result, the weight
changes slower from point to point in regions far from the path and then
the gradient is reduced.

One more minor modification can be introduced. It does not affect the
quality of the path CV, but is useful, for example, to define the number of
US windows needed to obtain the PMF. Since the parametrization of the
path is arbitrary, we can take t to be equal to the arc-length of the path
up to the corresponding point. Since λ is the inverse distance between the
nearby points, Eq. (2.7) now becomes:

s(θ(x)) =

∑n
i=1

i−1
λ e−λ|θ(x)−zi|∑n

i=1 e
−λ|θ(x)−zi|

(2.8)

Now s is not adimensional, but has dimensions of length. The total length
of the path L = (n− 1)/λ tells how “long” the process is. The number of
reference points n needed to interpolate the path, as well as the number of
windows needed for US calculation are expected to be roughly proportional
to L.
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2.2 Umbrella Sampling along the string

2.2.1 Path CV from a converged string

Given a converged string method simulation, the MFEP can be extracted
by averaging the string over the simulation time frame after the conver-
gence (Fig. 2.3):

zavi =
1

T − Tconv

∫ T

Tconv

zSMi (t)dt (2.9)

where zSM (t) is the time-dependent string from the string method calcula-
tion, Tconv is the moment when the string is considered to be converged, T
is the total simulation time. Since the converged string fluctuates around
the MFEP, the averaging reduces these statistical fluctuations and the av-
eraged string zav is expected to be closer to the MFEP than a randomly
picked z(t) after the convergence.

smoothing interpolation

Figure 2.3: Smoothing and interpolation of the averaged string.

The typical number of nodes in a string calculation is 20-50, although
this depends on the problem and the selected CVs. A path CV requires
much finer resolution - 100 points is a good choice for a typical path. The
reference path z for a path CV should be interpolated from the averaged
string nodes zav. As for the string reparametrization (section 1.5.2), one
is free to choose the interpolation technique. However, in the case of path
CV preparation it is desirable to have a path as smooth as possible, since
ruggedness of the path can distort the RC and may cause artifacts during
the US run. Therefore, an interpolation function that smoothens the path
is preferable. The MFEP, at least on surfaces of low dimensionality, is
expected to be very smooth, since all the degrees of freedom that contain
ruggedness (the “environment”) are integrated out. So, the smoothing is
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expected to vanish most of the statistical noise without affecting signifi-
cantly the quality of the MFEP (Fig. 2.3). In this work the least squares
cubic splines interpolation technique63 was used with number of splines
being half the number of string nodes. This choice seems to provide a
smooth path without loosing important features of the MFEP.

Having an interpolated path, equidistant points can be extracted as
following. We start with an initial parametrization by the string node
index: for the interpolated path z(α), integer values of α correspond to
the averaged string nodes zavα+1. So, z(0) and z(n − 1) are the beginning
and the end of the path respectively. This parametrization naturally arises
when the string method results are used to obtain the path. The arc-length
of a parametric curve z(α) up to value α′ is

L(α′) =

∫ α′

0

dL

dα
dα =

∫ α′

0

∣∣∣∣dz(α)

dα

∣∣∣∣ dα (2.10)

L(n− 1) is then the total length of the path. The term dz(α)
dα can be ana-

lytically calculated from the coefficients of the cubic spline. To calculate
the definite integral, let us first obtain the splines interpolation of dz(α)

dα :

δ(α) = Spl[{α, dz(α)

dα
}n](α) (2.11)

where Spl[{x, y}n] is a cubic splines interpolation of a function y(x) based
on a set of n points (x, y). Now the arc-length is simply

L(α′) =

∫ α′

0
δ(α) dα (2.12)

which can be integrated analytically, because δ is a cubic splines interpo-
lation. We want to obtain m points such that each point zi is at i−1

m−1L
RC units from the beginning of the path. For this purpose we need to
calculate the value of the parameter α that corresponds to the given arc-
length L, which is essentially the inverse of the function (2.10). To do so,
we obtain a set of L values for different positions on the string (e.g. at
integer values of α) and calculate the splines interpolation in the opposite
way:

α(L) = Spl[{L(α), α}n](L) (2.13)
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Having this interpolation, the equidistant points along the path are triv-
ially calculated:

zi = z

(
α

(
i− 1

m− 1
L

))
(2.14)

2.2.2 Path extrapolation

By definition, a MFEP starts at one free energy minimum and ends at
another. Any path CV based on Eq. (2.2) has the following property: all
the points that are “deep in reactants”, that is, are located farther than
the reactants minima looking from the TS, have s ≈ 0. The same is true
for products, in this case s ≈ 1 (L for the arc-length parametrized path
CV). A PMF calculated along such an RC is distorted at the ends (Fig.
2.4a). This makes the calculation of ∆A‡ problematic, since one needs
well defined reactants free energy minimum for that.

A

ξ0 1

(a) without extrapolation

A

ξ0 1

(b) with extrapolation

Figure 2.4: Path extrapolation.

A solution is strightforward: one can extrapolate the path towards
reactants and products basins (Fig. 2.4b). A vector that point from z2 to
z1 is added m times to z1 to obtain a series of points that penetrate into
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the reactants region:

z1−i = z1 + i(z1 − z2), i = 1 . . .m (2.15)

The same is done for the products:

zn+i = zn + i(zn − zn−1), i = 1 . . .m (2.16)

The resulting extrapolated path is ready to be plugged into Eq. (2.8).
Apart from fixing the distorted PMF, the extrapolated version of path CV
provides better isosurfaces in reactants and products regions, which are
somewhat distorted when definitions (2.7) or (2.8) are used (Fig. 2.2c).
However, this is a minor issue, since the precision of the isosurfaces is
crucial only in the TS region.

2.2.3 Force constants and positions of windows

As mentioned in section 1.4.2, the positions and force constants of US
windows should be carefully chosen to ensure good overlap of histograms
during the WHAM procedure. From this perspective, the definition of
the path CV from the string method results has one additional advantage.
The string method provides a free energy profile, which is a reasonable ap-
proximation to the PMF. This information can be used to approximately
predict the shape of the histograms and to choose the optimal parameters
for US windows.

2σ

µ1 µ2 µ3 µ4 µ5 ξ ξ

∑

Figure 2.5: Uniform sampling from equispaced Gaussian his-
tograms.

Ideally, the cumulative sampling of all the windows should be uniform.
This can be approximately achieved making the histograms as similar as
possible to a set of Gaussian functions with equal width (σ) and placed
uniformly each 2σ RC units (Fig. 2.5). Given that n US windows will be
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used and the path has length L, µ and σ for the i-th window are:

σi =
1

2
∆ = σ (2.17)

µi = (i− 1)∆ (2.18)

where ∆ = L/(n − 1) is the distance between nearby points for n points
evenly distributed along the path. When a sufficiently large number of
windows is used, the distributions are narrow and the relevant region of
PMF can be assumed to be harmonic. The harmonic approximation of
the free energy profile close to µi is

A(s) =
A′′(µi)

2
(s− µi)2 +A′(µi)(s− µi) +A(µi) (2.19)

The positions si and the force constants Ki for the windows can therefore
be derived from the first (A′) and second (A′′) derivatives of the free energy
profile A(s). Note that A(α) along the string should be reinterpolated to
correspond to the progress along the path CV, which will depend on the
chosen parametrization. Given the values of µi and σ for the probability
distribution, the effective free energy Aeff has to be:

Aeff (s) = A(s) + Vi(s) =
1

2

RT

σ2
(s− µi)2 + C (2.20)

where C is an arbitrary constant and Vi = Ki
2 (s − si)2. Combining Eq.

(2.19) with Eq. (2.20) and rearranging one obtains:

Ki =
RT

σ2
−A′′(µi) (2.21)

si =µi +
A′(µi)

Ki
(2.22)

Since the free energy profile is obtained integrating the free energy gradient
(Eq. (1.58)) along a path with rather low resolution (typically 30-50 string
nodes), it is expected to be rather smooth. However, A′ and A′′ are very
sensitive to the noise, so it is a good idea to additionally smoothen it. The
same smoothing procedure as for the string interpolation (least-squares
cubic splines63) is also used here.
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2.3 Test case: GAMT

The above described methodology was first applied to the reaction cat-
alyzed by Guanidinoacetate methyltransferase (GAMT).66 This system is
a challenging test case because three reaction mechanisms involving four
chemical bonds are possible in principle. Thus, it is problematic to treat it
with standard techniques. The string method was used to define path CVs
for each mechanism and to calculate the activation free energy by means
of US calculations. The results show a clear preference for one reaction
mechanism over the other. The obtained free energy barrier is in good
agreement with experimental data.67 This was the first work published
during my PhD project.

2.3.1 Introduction

GAMT catalyzes the last step of creatine biosynthesis: methylation of
guanidinoacetate (GAA) by S-adenosyl-L-methionine (SAM), forming cre-
atine and the corresponding S-adenosyl-L-homocysteine (SAH).67,68 The
reaction involves a methyl transfer from the sulfur atom SD of SAM to
the NE nitrogen of GAA and a transfer of HE proton from NE to one of
the carboxylate oxygens of Asp134 (Fig. 2.6).

Previous theoretical studies suggested different possible mechanisms
for the reaction. Velichkova et al.,69 using a reduced cluster model of the
active site and DFT calculations, characterized an asynchronous concerted
mechanism with methyl transfer preceding proton transfer with no stable
intermediate. However, since the process involves charge migration, the
results are expected to be strongly dependent on the environmental effects
and cluster model results might be misleading. Zhang and Bruice,70 using
hybrid DFT/MM calculations found two possible mechanisms: a stepwise
one with proton transfer happening before the methyl one and a concerted
mechanism, where methyl transfer is slightly more advanced. We decided
to apply our string method combined with pathCV approach to fully ac-
count for the flexibility of the active site and the substrate and identify the
most probable reaction mechanism for this system in free energy terms.
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Figure 2.6: Possible reaction mechanisms catalyzed by GAMT.

2.3.2 MD setup

The initial coordinates of GAMT were obtained from the X-ray crystal
structure (PDB code: 1XCL67) that contains the enzyme crystallized with
SAH and guanidine as an inhibitor. The protonation states of titratable
residues were determined using PROPKA2.071 with the pH=7. The prepa-
ration of the system and all the simulations were performed in fDynamo
package.72 After adding the hydrogen atoms the substrate and the cofactor
were modified manually and the system was solvated in a pre-equilibrated
cubic water box of 55.8 Å/side. Water molecules closer than 2.8 Å from
any heavy atom of the non-solvated system (but including the crystalliza-
tion water molecules) were removed. The full system was composed of
17324 atoms.

The hybrid QM/MM Hamiltonian was constructed as follows. The QM
part consisted of the substrate GAA, the cofactor SAM and the residue
Asp134 and was described using the semi-empirical AM127 Hamiltonian.
The rest of the system was described with the OPLS-AA31 force field
with water molecules treated by the TIP3P73 model. Periodic boundary
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conditions were applied in both minimization and dynamics. All the non-
bonded interactions were cut off at 17.5 Å with a switch cutoff function.
After minimization, the atoms beyond 25 Å from the substrates or cofactor
were frozen. The system was then heated to 300 K and equilibrated by 1.5
ns MD simulation in the NVT ensemble with Langevin thermostat and
Velocity Verlet38 integrator using a timestep of 1 fs.

2.3.3 String method calculations

The reaction catalyzed by GAMT consists of two transfer processes and
thus involves four interatomic distances corresponding to breaking/forming
of chemical bonds: d(SD, CE) and d(CE , NE) for the methyl transfer and
d(NE , HE) and d(HE , OD) for the proton transfer. These four distance
were used as a basis of the 4-dimensional active space for string optimiza-
tion. As shown on Fig. 2.6, three reaction mechanisms are possible: (a)
an asynchronous mechanism with methyl transfer going first, (b) an asyn-
chronous mechanism with proton transfer going first and (c) a synchronous
mechanism. So, separate string method calculation was performed for
each, using the same active space and the same parameters. The initial
guesses were constructed as ideal stepwise and synchronous mechanisms
(Fig. 2.7).

30 string nodes were used for each string, with the same force constant
of 3000 kJ/mol/Å2 along each dimension. The OTF version of the string
method was used with γ = 4500 ps−1. Initial structures for the dynamics
in each node were taken from a MEP connecting reactants and products
obtained by a zero-temperature string method calculation.59 60 ps of
productive string simulation were run. The average string and the free
energy profile were calculated over the last 50 ps of simulations.

2.3.4 PMF and DFT corrections

For each averaged path, a set of 70 points was interpolated to be used
in the definition of a path CV, given by Eq. (2.5) (path parametrized
from 0 to 1). 7 more points (10% of the path) were extrapolated for
both reactants and products, so the resulting range of the s coordinate is
[−0.1 : 1.1]. Parameters for 50 US windows were obtained from the string
free energy profile using Eqs. (2.21) and (2.22). The force constants used
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Figure 2.7: Initial guesses and the converged strings. Note that
the actual strings were evolved in the 4-dimensional space. Here,
a projection to two dimensions (two transfer coordinates) is done
for representative purposes. See Fig. 2.6

.

for these calculations range from 10000 to 40000 kJ/mol. 1 ps of relaxation
followed by 20 ps of production dynamics were performed for each window
with 0.5 fs timestep. The histograms from all 50 windows were integrated
using WHAM.

The semi-empirical Hamiltonians (like AM1 used here) are typically
parametrized for optimized molecular geometries, thus tend to fail to ade-
quately describe the energetics of the transition structures. Moreover, the
nature of TS and intermediates for the mechanisms studied here is very
different, so AM1 might misbehave in a non-systematic way and one can’t
rely on the cancellation of errors. Therefore, the PMFs obtained with
the semi-empirical QM Hamiltonians should be corrected to higher level
of theory (DFT or post-HF). Here and in other applications presented in
this thesis this is done by adding a splines correction74 to the PMF:

Acorr(s) = A(s) + Spl[{s(x),∆E(x)}n](s) (2.23)

∆E(x) is the energy difference between high (HL) and low (LL) level of
theory for structure x:

∆E(x) = EHL(x)− ELL(x) (2.24)
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Here, the M06-2X DFT functional30 with 6-31+G(d,p) basis set was used
as an HL Hamiltonian. The structures for the energy evaluation are ob-
tained by energy minimization in the US windows, starting from one cor-
responding to the TS and then moving the biasing potential towards re-
actants and products in two independent runs to obtain a continuous
sequence of structures (Fig. 2.8).

LL

E

ELL

EHL

∆E
Spl[∆E]

A(s)

Acorr(s)

s s

Figure 2.8: Splines correction. Left: two series of restraint geom-
etry optimizations are performed starting at the TS and moving
the reference of the restraining potential towards reactants and
products. Energy is evaluated at higher level of theory for the
optimized structures. Right: the HL-LL energy differences are
interpolated and added to the PMF.

2.3.5 Results

The strings for mechanisms (a) and (b) converged after ≈ 10 ps. The
third string collapsed to mechanism (a), indicating that the corresponding
MFEP does not exist and the synchronous mechanism does not exist at
this theory level. The evolution of the four essential distances as a function
of a string node index n is shown on Fig. 2.9.

The mechanism (a) (Fig. 2.9a) starts with the approach of NE of
GAA to the CE atom of the methyl group of SAM (n = 1 : 3). Next,
the d(CE , SD) distance increases while the d(CE , NE) diminishes and the
methyl group is transferred (n = 3 : 12). The transfer is finished by
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the complete dissociation of CE-SD bond: d(CE , SD) increases up to 3.5
Å (n = 12 : 17). Note that during the methyl transfer the distances
corresponding to the proton transfer are essentially not changing. There
is a slight decrease in d(HE , OD) due to the formation of positive charge
on GAA and a barely noticeable lengthening of the HE-NE bond due
to the same reason. When the methyl transfer is completed, HE starts
to approach OD (n = 17 : 23). Simultaneously, the HE-NE bond is
dissociated and the proton is transferred. The reaction is finalized with
creatine getting farther away from both SAH and Asp134 (d(CE , SD) and
d(HE , NE) increase, n = 23 : 30). The mechanism (b) has the same
features, but with methyl and proton transfer happeening in the opposite
order. Additionally, it is more concerted: the methyl group starts to
approach the GAA (d(CE , NE)) before the proton transfer is completed
(Fig. 2.9b, n = 10 : 15). The reason is the formation of a strong negative
charge on NE .

d(HE , NE) d(HE , OD)

0.0

1.0

2.0

3.0

4.0

Å

0 10 20 30

node index

(a) methyl first

d(CE , SD) d(CE , NE)

0 10 20 30

node index

(b) proton first

Figure 2.9: Evolution of 4 essential distances along the MFEP
for both mechanisms found fo GAMT.

The free energy profiles and PMFs along the two converged paths are
shown in Fig. 2.10. Apparently, both mechanism have roughly the same
activation energy and in both cases relatively stable intermediates are
formed. The energies from the string method and from PMFs are very
close. The main difference is at the products, which probably is due to the
accumulated integration error of Eq. (1.58). The calculated exothermicity
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Intermediate 4.3 19.6

Second TS 7.2 33.9

Products -21.0 -20.4

Figure 2.10: Free energy profiles and PMFs.

of the reaction differs by only 0.6 kcal/mol for two PMFs. This difference
is due to the statistical error of US simulations. Also, it should be noted
that the isosurfaces of the two path CVs in products are different, so it is
normal that the PMFs are not identical.

However, these results are preliminary, since PMFs should be corrected
with a higher level of theory. After applying the splines corrections (Eq.
(2.23)) the shape of the PMFs change dramatically (Fig. 2.11): the acti-
vation energy for the mechanism (a) decreased to 21.9 kcal/mol, while the
one for mechanism (b) remained practically unchanged (33.2 kcal/mol).
Also, the local minima corresponding to intermediate states are barely
distinguishable on the corrected PMFs. Thus, our results indicate that
the reaction mechanism of GAMT is a concerted asynchronous process
with methyl transfer precedeng the proton one.

To obtain the activation free energy, the corrections described in sec-
tion 1.4.4 must be applied to the free energy difference from the PMF for
mechanism (a). The curvilinear correction is -0.14 kcal/mol, while the
correction for the reactants state is only 0.02 kcal/mol. Clearly, these
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Figure 2.11: PMFs with M06-2X/6-31+G(d,p) splines correc-
tions.

corrections are far within the statistical error (typically ≈ 1 kcal/mol)
and can be safely neglected. So, our estimate for the activation free en-
ergy of the reaction catalysed by GAMT is 21.7 kcal/mol. This value is
close to the phenomenological activation free energy, calculated from the
experimental rate constant (19.0 kcal/mol).67

2.3.6 Conclusions

A combined string method/path CV methodology was proven to be ef-
ficient for detailed understanding of a complex enzymatic reaction with
various possible mechanisms. The computational cost of techniques that
rely on the construction of the entire multidimensional FES scales expo-
nentially with number of coordinates. In contrast, both the string method
and US along a path CV are almost independent of the number of CVs
involved in a process. Even more remarkable is that this improvement in
computational efficiency is done without sacrificing the accuracy: except
assuming the presence of the reaction tube, which is an ubiquitous fea-
ture of chemical processes, no additional approximations are made. The
precision of obtained activation free energies depend exclusively on the
Hamiltonian and the amount of sampling, as for any other technique. This
fact allows to address more challenging problems, one that would be ex-
tremely difficult (if not impossible) to solve with conventional techniques.
Two more examples that prove the strength of the presented approach are
given in the next section.
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2.4 Other test cases

In this section I very briefly present two more successful applications of
the string method/path CV methodology performed in our group during
the 2nd and 3rd year of my PhD project. Both were done together with
Dr. Juan Aranda, who is the first author of the resulting publications (me
being the second one) and share a common topic - epigenetic methylation
of DNA by methyltransferases (MTases). In contrast to the previous sec-
tion, the arc-length parametrized path CVs (Eq. (2.8)) was used in the
examples provided here.

2.4.1 N6-Adenine methyltransferase75

N6-adenine MTase catalyzes the methyl group transfer from SAM to the
N6 atom of adenine nucleobase. The general mechanism involves the
methyl transfer itself and the proton abstraction by some base (Fig. 2.12).
Experimental data indicate that the methyl transfer is done in one single
step, but nothing is known about the order of the methyl/proton transfer
and the nature of the base that abstracts the proton. In our work, two
candidates were suggested for the base: the Asn105 residue and a water
molecule.

Figure 2.12: General mechanism of N6-Ade MTase.

For each base two mechanisms are possible: one with the methyl trans-
fer preceding the proton one and vice-versa. Four separate string calcu-
lations were performed, one for each possible base/mechanism combina-
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tion. The active space consisted of four distances in every case: d(S,C),
d(C,N6), d(N6, H62) and d(H62, Oδ) for Asn105 as a base and d(S,C),
d(C,N6), d(N6, H61) and d(H61, Ow) for water as a base. The arc-length
parametrized path CVs (Eq. (2.8)) were used to trace the PMF along
each converged string. As in the GAMT example, the obtained PMFs
were corrected with M06-2X/6-311+G(d,p) splines corrections.

Of the four proposed mechanism, only two MFEPs were actually iden-
tified, corresponding to the methyl transfer happening first for both choices
of the base with methyl transfer being the rate-limiting step. The cor-
rected free energy barrier is 20.1 kcal/mol, which is in excellent agreement
with the experimental barrier of 19.8 kcal/mol.76 The results for the
proton abstraction step clearly indicate that Asp105 and not the water
molecule plays the role of the base: the barrier for proton abstraction is
only 5.6 kcal/mol for Asp105 while for water it is 11 kcal/mol higher (Fig.
2.13).
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Figure 2.13: DFT Corrected PMFs for N6-Ade Mtase.

Moreover, analogous calculation were done for the Asn105Asp mutant
with Asp105 being the base abstracting the proton. Different groups of N6-
Ade MTases have either Asp or Asn at this position,77 thus it is interesting
to see, whether this mutation affect the reaction mechanism. In the case
of Asp, the two possible reaction mechanisms have nearly identical ∆A‡:
21.9 and 21.6 kcal/mol for “proton first” and “methyl first” mechanism
respectively. Therefore, the reaction mechanism might differ for different
groups of N6-Ade MTases.
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2.4.2 C5-Cytosine Methyltransferase78

An even more complex system that was succesfully treated with the metho-
dology presented here is the C5-Cytosine MTase. In contrast to N6-Ade
MTase, it includes formation of a C-C bond, which is much more hard to
achieve. The cytosine should be first activated to become a better nucle-
ophyle. It is achieved by reaction with Cys81 residue, possibly assisted by
a proton transfer from Glu119. Then the methyl group can be transferred
to C5 of cytosine. After that, the proton has to be removed by some base
and cytosine recovered. Clearly, it is an extremely complicated multistep
process, with various unknowns: the protonation state of the cysteine, the
nature of the base, the presence or absence of the proton transfer from
Glu119. Additionally, each transfer step can be stepwise or concerted.

Five different active spaces were used for each step of the reaction
(Fig. S1-S5 in Supporting Information of Aranda et al.78). For example,
for β-elimination step 5 distances were simultaneously considered, since
one has to control the proton transfer to the base, the dissociation of the
C-S bond and possible assistance of the Glu119 residue protonating the N3

atoms of cytosine (Fig. 2.14). Frankly, such a process would be extremely
hard to treat with conventional techniques without a priori knowledge or
assumptions of the reaction mechanism.

Addition

Methylation

β-Elimination

Figure 2.14: General mechanism of C5-Cyt MTase.
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The rigorous investigation of possible MFEPs with the string method/-
path CV as well as free energy perturbation studies led to the following
reaction mechanism. First, the nucleophilic addition of Cys81 residue,
unprotonated by bulk water, to the cytosine happens, which is a fast and
reversible process. Then, the methyl group is transferred to the C5 of
cytosine. This step is assisted by hydrogen bonds with Glu119, but no
proton transfer is required. This is the rate-limiting step of the reaction
and the activation free energy is in good agreement with the experimental
value (19.1±0.4 and 19.9±0.4 kcal/mol respectively). Next, β-elimination
happens with the help of the proton transfer from Glu119 and a water
molecule serving as a base. The reaction is completed by breaking a bond
between methylated cytosine and Cys81, and the proton transferred back
to Glu119 (Fig. 2.15).

Figure 2.15: Complete PMF of C5-Cyt MTase catalyzed reaction.

To conclude, the two test cases presented in this section are great exam-
ples of the power of the developed methodology: the string method/path
CV approach allowed to rapidly investigate various possible mechanisms
in complex systems (enzyme with DNA) in a reasonable amount of time.
In the case of C5-Cyt MTase, an extremely sophisticated process, which
was a subject of controversy in the literature for years, was seamlessly
resolved.



Chapter 3

Metric Corrected Path CV

While the approach presented in the chapter 2 was proven to be useful in
several contexts, it has its own limitations. First, only CVs of the same
kind (e.g. distances) can be used to construct the active space. Second,
as it will be shown here, even if a good set of coordinates is chosen, their
strong interdependence may cause any of the definitions of the path CV
from section 2.1 be actually a poor choice of the RC. Both issues have
the same root: the Euclidean distance was used in Eq. (2.6), which is not
valid for general CV spaces. In this chapter a proper distance metric is
introduced and the path CV is redefined based on this metric.
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3.1 Path CV approximation of the committor

As was discussed in the section 1.3.3, a good RC must approximate well
the equicommittor surface. During their derivation of the string method,
Maragliano et al.57 made an important observation regarding the iso-
committor surfaces in the vicinity of MFEP. In a nutshell, following the
mathematical framework introduced in section 1.4.5, a set of D CVs
θ = (θ1(x), θ2(x), . . . , θD(x)) is chosen. These CVs are expected to be
good enough to describe the process at hand. To say that the coordinates
are “good enough” in the context of reactivity means that the reaction
coordinate – the committor function – is approximated well by these CVs:

pB(x) ≈ f(θ(x)) (3.1)

By definition, most of the transitions between reactants and products
are expected to happen in the vicinity of the MFEP z(α). The central
result of Maragliano et al.57 important for the subsequent discussion is
the following: the isosurfaces of the committor function in the vicinity of
the MFEP are orthogonal to the free energy gradient. This result can be
written as:

n̂f (α) ‖ ∇A(z(α)) (3.2)

where α is the value of the committor function on a given isosurface, n̂ is
the normal vector to this isosurface and z(α) is the point on the MFEP
crossed by this isosurface. Combined with the definition of the MFEP (Eq.
(1.48)) the following expression for the isocommittor surfaces around the
MFEP is obtained:

n̂f (α) ‖M−1(z(α))
d

dα
z(α) (3.3)

It is easy to show that this condition is not fulfilled by any path CV
defined in the previous chapter. For convenience, let us show that for the
one defined by Eq. (2.8). For others the proof is identical. All these RCs
approximate the geometric definition (2.1) which states that the value of
a path CV corresponds to a point on the path that minimizes the distance
from the given point of the CV space. Given that we can write:

∀θ(x) | s(θ(x)) = α′ :
d

dα
|θ(x)− z(α)|

∣∣∣∣
α=α′

= 0 (3.4)
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where the distance is the Euclidean one (Eq. (2.6)). By taking the deriva-
tive one obtains:

− |θ(x)− z(α′)|−1 (θ(x)− z(α′))T
d

dα
z(α)

∣∣∣∣
α=α′

= 0 (3.5)

which together with the condition in (3.4) gives:

∀θ(x) | s(θ(x)) = α′ : θ(x)− z(α′) ⊥ d

dα
z(α)

∣∣∣∣
α=α′

(3.6)

Note that the condition in Eqs. (3.4) and (3.6) is essentially the definition
of the isosurface: it hold for all the points θ bearing the same value of s.
The l.h.s. of Eq. (3.6) is a vector lying within this isosurface. Therefore,
we get:

n̂s(α) ‖ d

dα
z(α) (3.7)

where n̂s is the vector normal to the path CV isosurface. Geometrically,
that means that the path CV isosurfaces are orthogonal to the path. Ap-
parently, Eqs. (3.3) and (3.7) are not identical – the difference between the
isocommittors and the isosurfaces of the path CV is in the metric tensor
M (see Eq. (1.49)).

A remark should be done here. The fact that the isosurfaces of the
path CVs described in the Chapter 2 do not approximate the isocommittor
ones does not mean that these coordinates are “bad”. The impact of the
orientation of the isosurfaces on the result (e.g. activation free energy)
becomes significant when the system gets significantly far from the path.
Therefore, in case of a narrow reaction tube (which is common for chemical
reactions), the path CVs with orthogonal isosurfaces will still provide good
results (Fig. 3.1), as was shown in sections 2.3 and 2.4. However, it is
not guaranteed that the reaction tube is narrow. In some cases (as will
be shown in section 3.4) the TS is wide enough to make the path CVs
described in the previous chapter essentially useless (see Fig. 3.1b). Since
it is hard to say in advance, whether this is the case for a process at hand,
a more rigorous definition, which can guarantee a good approximation for
the equicommittor is required.

To construct a path CV, whose isosurfaces approximate those of the
committor, let us modify the definition of the distance. As was described
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(a) Narrow TS (b) Shallow TS

Figure 3.1: Sensitivity of the TS ensemble to the orientation of
the dividing surface. The blue and red lines are “good” and
“bad” surfaces respectively. The blue and red regions are those
sampled by applying a harmonic restraint to the corresponding
surface. Note that the sampling in the case of a shallow TS
becomes discontinuous for the bad surface.

in section 1.4.5, the matrix M is the natural distance metric for the CV
space {θ}D, since it defines, on average, how far are two θ points (or, more
precisely, the corresponding 3N −D dimensional manifolds) in the mass-
weighted Cartesian space. So, instead of using the Euclidean distance, we
will introduce the one based on the metric tensor M:

|θ(x)− z(α)|M =
(
(θ(x)− z(α))TM−1(α)(θ(x)− z(α))

)1/2
(3.8)

Here M(α) = M(z(α)), the value of the metric tensor on the path at
position α. To show that a path CV defined with this expression for
distance indeed approximates the isocommittor surfaces, let us repeat the
steps made in Eqs.(3.4) and (3.5). After differentiation of the new distance
definition and rearranging one obtains:

∆θα′(x)TM−1(α)
d

dα
z(α)

∣∣∣∣
α=α′

= ∆θα′(x)T
d

dα
M−1(α)

∣∣∣∣
α=α′

∆θα′(x)

(3.9)
where ∆θα′(x) = θ(x) − z(α′) is introduced to simplify the expression.
Since z is the MFEP, ∆θα′(x) is expected to be small - within the reac-
tion tube assumption the system does not go far from the MFEP. So, it
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is sufficient to require that the metric tensor M is quasi-constant to ap-
proximate the r.h.s. of Eq. (3.9) to 0. For “well-behaved” coordinates the
tensor M indeed does not change much along the MFEP.∗ For instance,
when a set of distances that do not share common atoms is used, M is
actually a constant. And for distances sharing atoms, like in transfer pro-
cesses, the diagonal elements are constant and the non-diagonal elements
depend on the interatomic angle, which, again, typically do not change
significantly during the transfer. Alternatively one can assign the same
average M for all the points on the path. However, as will be shown be-
low, this might change to some extent the orientation of the isosurfaces
and lead to suboptimal results.

By appoximating the r.h.s. of Eq. (3.9) to 0 and following the same
steps as in Eqs. (3.6) and (3.7) we finally get:

n̂sM (α) ‖M−1(α)
d

dα
z(α) (3.10)

which is now identical to Eq. (3.3). For completeness, the metric-corrected
path CV that will be used in the examples below is therefore:

sM (θ(x)) =

∑n
i=1

i−1
λ e−λ|θ(x)−zi|Mi∑n

i=1 e
−λ|θ(x)−zi|Mi

(3.11)

Apart from ensuring that the isosurfaces of the path CV approximate
the isocommittors, the introduction of the metric tensor M has one extra
advantage. By construction (Eq. (1.49)) the elements of M have units
of [Mij ] = [θi · θj ·m−1 · x2]. As a consequence, the distance (3.8) has a
remarkable feature: independently of the nature of the CVs, its units are
[m−1/2x], which are the units of a mass-weighted Cartesian coordinate. It
is not surprising, since M defines the distance between manifolds in the
mass-weighted Cartesian space. So, one can combine CVs of a completely
different nature (distance, angles, electrostatic potentials etc.) and obtain
a natural measure of the distance between the points in such a diverse
space. This kind of “summation of oranges and apples” is, of course,
impossible with the standard Euclidean distance.

∗A similar conclusion was achieved in Maragliano et al.61
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3.2 ∆A‡ with the metric-corrected path CV

3.2.1 Corrected PMF for path CV and committor

Given that Eq. (3.11) approximates well the committor isosurfaces and,
therefore, the equicommittor, is already a good indicator of the quality
of the RC. In fact, it is possible to show that the activation free energy
with such RC, computed with the appropriate corrections (Eq. (1.44)) is
actually identical to the “true” one (computed along the committor).

Since both f(θ) (committor) and sM (θ) are growing monotonically
along the path and since their isosurfaces coincide, we can write:

sM (θ) = ω(f(θ)) (3.12)

Where ω is an invertible, monotonically increasing function. First, let us
show that the correction for the reactants state (Eq.(1.45)) is the same for
both coordinates. By definition:

AR(sRM ) = −β−1 ln

h

∫
R
e−βH(x,p)dx3Ndp3N∫

R
e−βH(x,p)δ

(
sM (x)− sRM

)
δ(ps)dx

3Ndp3N
=

− β−1 ln
〈
δ
(
sM (x)− sRM

)
· δ(ps)

〉−1

R
(3.13)

Where sRM is the value of the path CV corresponding to the reactants min-
imum. Following Schenter et al.54 the conjugate momentum ps associated
with the RC can be separated from other DOF in the Hamiltonian and
Eq. (3.13) can be rewritten:

AR(sRM ) = −β−1 ln

〈
δ
(
sM (x)− sRM

)
·
(
h2β|∇sM (x)|2

2π

)1/2
〉−1

R

(3.14)

To continue, we will use the following relations:

|∇sM |2 = |∇ω(f)|2 = (ω′(f))2|∇f |2 (3.15)

δ
(
sM − sRM

)
= δ

(
ω(f)− ω(fR)

)
=
δ
(
f − fR

)
ω′(fR)

(3.16)
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Where ω′ = d
df ω and fR is the value of the committor at the reactants

minimum. Here and below the explicit dependence of both sM and f on
θ(x) was omitted for simplicity. Substituting Eqs. (3.15) and (3.16) to
(3.14) we get:

AR(sRM ) =

〈
δ
(
f − fR

)
·
(
h2β|∇f |2

2π

)1/2
〉−1

R

= AR(fR) (3.17)

Analogously, for the PMF (Eqs. (1.33) and (1.35)):

∆A‡(sM ) = −β−1 ln

ω′(fR)

∫
R3N

e−βV (x)δ
(
f − f ‡

)
dx3N

ω′(f ‡)

∫
R3N

e−βV (x)δ
(
f − fR

)
dx3N

= ∆A‡(f)− β−1 ln
ω′(fR)

ω′(f ‡)
(3.18)

and for the curvature correction term (Eqs. (1.44) and (1.46)):

Acurv(sM ) = −β−1 (ω′(f ‡))2〈|∇f ‡|〉
(ω′(fR))2 〈|∇fR|〉

= Acurv(f)− β−1 ln
ω′(f ‡)

ω′(fR)
(3.19)

By plugging Eqs. (3.17), (3.18) and (3.19) to (1.44) we finally obtain:

∆A‡sM = ∆A‡(f)−AR(f)−Acurv(f) = ∆A‡f (3.20)

Therefore, given that the selected set of CVs is good enough to approxi-
mate the committor (Eq. (3.1)), and that the reaction tube assumption
is valid, one can expect to get a very good estimate of the ∆A‡ using a
path CV (3.11) as RC.

3.2.2 Acurv for arc-length parametrized path CV

We can go a step further and show that when the path CV is parametrized
by the path arc-length under the metric M, the curvature correction is
expected to be negligible. To do so, let us take a very small region of
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the path around some point z(α). In this case we can neglect the path
curvature and approximate sM by

s(θ(x)) = α+ (θ(x)− z(α))TM−1(α)
d

dα
z(α) (3.21)

Since the path is parametrized by the arc-length, d
dαz(α) is a unit vector

(under the metric tensor M) aligned along the path at point α:

d

dα
z(α) = n̂, n̂TM−1n̂ = 1 (3.22)

This approximation is valid when sM (θ(x)) ≈ α, since the isosurface of
this function at α is identical to the one of the path CV (Eq. (3.10)). The
gradient of s is

∇s(x) = Jθ(x)M−1(α)n̂(α) (3.23)

where Jθ(x) is the Jacobian as in Eq. (1.49). Using this and the definition
for the local metric tensor M̃ from Eq. (1.49), the squared modulus of s
w.r.t. mass-weighted Cartesians is

|∇s(x)|2 = ∇sTM−1∇s = n̂TM−1M̃(x)M−1n̂ (3.24)

Here and below the dependence of M and n̂ on α is omitted for simplicity.
To obtain the curvature correction Acurv, we are interested to calculate
〈|∇s(x)|〉 constrained to s = α. Technically, x is a random vector with
the probability distribution of the corresponding constrained canonical
ensemble. From this perspective, |∇s(x)| is a scalar random variable with
variance

σ2 =
〈
|∇s(x)|2

〉
α
− 〈|∇s(x)|〉2α (3.25)

where the subscript α denoted that the average is obtained constrained to
the corresponding isosurface of s. From here we can express 〈|∇s(x)|〉:

〈|∇s(x)|〉α =
(〈
|∇s(x)|2

〉
α
− σ2

)1/2
(3.26)

By definition M is a canonical average of M̃ constrained at θ = z(α).
Since we assume that the system never goes far from the path, we can
write:

M(α) ≈ 〈M̃(x)〉α (3.27)



3.2 ∆A‡ with the metric-corrected path CV 75

Assuming that the probability distribution of M̃ on α isosurface is ap-
proximately point-symmetric w.r.t. M and using the fact that the squared
distance is a linear function of the distance metric (|v|2A±B = |v|2A± |v|2B,
for any v, A and B) we get:〈

|∇s(x)|2
〉
α

=
〈
n̂TM−1M̃(x)M−1n̂

〉
α
≈ n̂TM−1n̂ = 1 (3.28)

The point-symmetry assumption means that the matrices M + A and
M −A have equal weight in the ensemble. Therefore, the corresponding
contributions cancel out and the only term that survives is the one with M.
This results also guarantees that the effective mass of the metric-corrected
RC is always close to unity. From Eq. (3.28) and (3.26) 〈|∇s(x)|〉α is
simply

〈|∇s(x)|〉α =
(
1− σ2

)1/2
(3.29)

From Eq. (3.28) root mean square value of |∇s(x)| is unity. Even if σ is
as large as the half of this value (which is hardly possible for well-behaved
CVs), we get:

〈|∇s(x)|〉α =
(
1− 0.52

)1/2
= 0.751/2 ≈ 0.87 (3.30)

And w.r.t. some point which has 〈|∇s(x)|〉α = 1 (mathematical limit) the
Acurv at 300 K temperature is only

Acurv = −β−1 ln 0.87 = 0.09 kcal/mol (3.31)

In practice, of course, this value might be slightly larger due to other ap-
proximations (path curvature, variations of M etc.), but still low compared
to the typical statistical errors of ∆A‡ estimates.
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3.3 Practical considerations

3.3.1 Evaluation of M(α)

The new definition of the path CV requires the values of the metric tensor
M along the path to be provided, apart from the path itself. Since the
reference path for the path CV is discretized, M(α) is also discretized to
a sequence of matrices {M}n:

Mi = M(zi) =
〈
M̃(x)

〉
θ=zi

(3.32)

Fortunately, the local tensors M̃ are calculated during the string method
run (Eq. (1.60)), therefore no additional sampling is required to obtain
M(α). One only needs to keep the M̃ matrices and calculate Mi after
the convergence. If the number of path reference points is the same as
the number of the string nodes, one might have directly taken the average
M̃ from each node as Mi. However, the number of reference points is
typically much larger. Moreover, this would be a rather “dirty” approach,
since the sampling in each string replica is not centred at the node, but is
shifted due to the free energy gradient along the path.

z2

z3

z4

z5

θ(x)
|θ(x)− z3|M̃(x)

Figure 3.2: M̃ assignment to different bins. Gray lines denote
the Voronoi tesselation of the CV space by the bin centers under
the Euclidean metric. Note that the z point closest to θ(x) under
the metric M̃(x) is not the closest under the Euclidean one.
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Alternatively, each observation of M̃ can be assigned to the closest
reference point of the path and then the average Mi be calculated at
each point as a mean of the assigned M̃s. In this case one also have to
bookkeep the values of the CVs θ corresponding to each M̃. But, as will
be shown in the next section, one already has to know M(α) to obtain the
equidistant reference points. M(α) is also required to define the closest
reference point from a given θ. This gives rise to an iterative procedure,
which for a large dataset may be time-consuming. A way to overcome
this issue comes from the fact that one does not really need the correct
reference points to calculate M̃ - it is sufficient to split the path in a
reasonable number of bins. The bins might have different width, the only
requirement is that each bin has to be wide enough to get a sufficient
number of M̃ observations assigned to. Also, since the average metric
tensors Mi are not known, we can use M̃ themselves as metric tensors to
assign them to a particular bin (Fig. 3.2). Given a cumulative set of M̃
from all the replicas from the string method, and using zi as the middle
points of the bins, Mi can be calculated as:

Mi = M̃(xk) | |θ(xk)− zi|M̃(xk) = min
j
|θ(xk)− zj |M̃(xk) (3.33)

where the overline denotes the arithmetic mean.∗ Once Mi has been
calculated, a cubic splines interpolation can be used to obtain M(α), where
α is the initial parametrization of the path by the string node index (see
section 2.2.1). In practice, the smoothing interpolation is preferred to
reduce the statistical error. Once this is done, it is possible to obtain the
arc-length parametrized path.

3.3.2 Arc-length parametrization of the path

The interpolation and parametrization procedure in case of a variable met-
ric is similar to the one described in section 2.2.1, but the definition of the
arc-length is different. Following Eq. (1.51), the infinitesimal increment

∗Formally, one has to reweight the M̃ observations to account for the string bias
(Eq. (1.54)). However, in practice the effect of the reweighting is negligible.
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of the arc-length dL is now:

dL =
(
dz(α)TM−1(α)dz(α)

)1/2
=

(
dz(α)T

dα
M−1(α)

dz(α)

dα

)1/2

dα

(3.34)
Here it is convenient to have the same parametrization both for z and M,
as described above. The arc-length of the path with the variable distance
metric tensor is then:

L(α′) =

∫ α′

0

(
dz(α)T

dα
M−1(α)

dz(α)

dα

)1/2

dα =

∫ α′

0

∣∣∣∣dz(α)

dα

∣∣∣∣
M(α)

dα

(3.35)
The m evenly spaced points are calculated by Eqs. (2.11)-(2.14). Note
that the corresponding metric tensors have to be reinterpolated as well:

Mi = M

(
α

(
i− 1

m− 1
L

))
(3.36)

For the extrapolated region of the path (section 2.2.2) M is taken to be
equal to M1 and Mm for reactants and products respectively.
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3.4 Test case: IPL

In this section it is shown how the metric-corrected path CV outperform
the path CV presented in the section 2, when applied to a process with a
shallow TS. The reaction catalyzed by Isochorismate-Pyruvate lyase (IPL)
was used as an example. The quality of different RCs was evaluated by the
committor test, the transmission coefficient and by analyzing the sampling
obtained from US simulations. The violation of the narrow reaction tube
assumption and its effect on the results obtained with different path CVs
was also discussed. This work was published in 2014 in the Journal of
Computational Chemistry.79

3.4.1 Introduction

IPL catalyzes the conversion of isochorismate to salicylate and pyruvate
through a pericyclic mechanism, which involves a simultaneous proton
transfer and a C-O bond dissociation with formation of an aromatic ring
(Fig. 3.3). Since this process involve two elementary steps at the same
time, there is no a simple geometric coordinate that can describe it. The
existing work on this system relied on construction of a 2D PMF80 which
is significantly more time consuming compared to what it takes to obtain
a 1D PMF along a single RC. This was the reason why we decided to use
this system as a “guinea pig” for our first version of path CV, developed
during the second year of my master studies.65 The obtained results were
promising - the ∆A‡ (37.3 kcal/mol using AM1 Hamiltonian) obtained
with this single RC was close to the one derived from the 2D PMF.

Figure 3.3: IPL reaction mechanism.
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However, a careful inspection of the results revealed that the TS region
is actually not well described: the cumulative sampling of the US windows,
which for a good RC is expected to cover the reaction tube more or less
uniformly, is discontinuous (Fig. 3.4a). With no doubt, this is caused
by the wrong orientation of the dividing surface (Fig. 3.1b). Since the
reference path used for the path CV in that work was the IRC traced
on the potential energy surface, not the MFEP, it was logical to assume
that the usage of a correct path should improve the situation. So, the
calculations were repeated for this process using the string method/path
CV methodology described in chapter 2. It was rather an unpleasant
surprise that the obtained results are even worse than with the suboptimal
path (the IRC) used before (Fig. 3.4b). Apparently, in this case it is
not the path, but the orientation of the isosurfaces of the path CV what
causes such a poor description of the TS. Therefore, the results for the
IRC-based calculation were relatively good due to the error cancellation
of the wrong path and the wrong isosurfaces. With the correct path this
error cancellation does not take place any more and the results, instead of
getting better, actually get worse.
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Figure 3.4: Sampling in the TS region.

This finding is what inspired me to develop the metric-corrected path
CV presented above. So, it is not surprising that IPL was the first system
to test the performance of a novel RC.
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3.4.2 MD and the string method

The system was taken from our previous work on the same enzyme.65

Briefly, the model was based on the X-ray structure of IPL with PDB code
2H9D.81 The hydrogen atoms, sodium counterions and a pre-equilibrated
cubic water box with 79.5 Å side were added using fDynamo.72 All the
water molecules within 2.8 Å of any non-hydrogen atom were removed
from the system. The substrate was described with AM127 Hamiltonian,
while the rest of the system was treated with the OPLS-AA31 force field
with TIP3P73 model used for water. Periodic boundary conditions were
employed with non-bonded forces treated switched function with cut off
radii of 14.5 and 16 Å. The system was equilibrated for 500 ps at 300 K in
the NVT ensemble with Langevin-Verlet integrator with 50 ps−1 friction
and a timestep of 1 fs.

The previous results already stressed the fact that the quality of the TS
for this reaction is extremely sensitive to the orientation of the hyperplane.
So, the string method calculations were prepared in a such a way that
guarantee that the obtained results depend exclusively on the shape of the
path CV and not on the deficiencies of the reference path. First, the active
space consisted of 9 CVs: 6 interatomic distances and 3 hybridization
coordinates (Fig. 3.5). The hybridization is measured as the distance
between the central atom and the plane formed by the three “ligands”.82,83

For an ideal sp2 configuration the distance is 0 Å: all the four atoms are in
the same plane. For an ideal sp3 configuration with 1 Å bond length it is
0.33 Å. These coordinates cover all the “chemical” changes in the system:
all the changes in the bond orders and hybridizations are controlled.

Second, larger force constants were used for the string bias: 8000
kJ/mol/Å2 for the distances and 40000 kJ/mol/Å2 for the hybridization
coordinates. That required to reduce the MD time step to 0.5 fs to avoid
numerical instabilities due to large forces. Also, the damping coefficient γ
was set to 3 · 104 ps−1, which is significantly larger that the values used in
other applications. Large K and γ ensure that the string converges closer
to the MFEP and reduce statistical fluctuations (see section 1.5.1).

Finally, the resolution of the string was enhanced: the number of nodes
was increased to 100 instead of 20-30 nodes typically used. Moreover,
the convergence of the string was improved implementing the replica ex-
change protocol (section 1.4.3) for the string replicas. The exchanges were
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Figure 3.5: Active space for the string method and the path
CV. The distances for all the bonds that change their order and
hybridization coordinates for all the atoms that change their hy-
bridization during the reaction are included.

attempted every 50 fs which together with the large number of replicas en-
sure a high exchange rate. The string replicas can be thought as windows
of a multidimensional US simulation, with the only difference that the ref-
erence values of these nodes are slowly moving. So, exchanges of the string
replica provide the same advantage as it does for US simulations: the con-
vergence is significantly improved. In the case of the string method that
also means that the ruggedness of the string due to the statistical noise
is reduced – the string moves more smoothly. Up to my knowledge, our
work was the first to introduce replica exchanges to improve the string
evolution.

3.4.3 US along path CV

The PMF was calculated using three different definitions of the path CV.
All were reparametrized using path arc-length and used the same path
as a reference, but differ in the distance metric employed: (a) Euclidean
metric (s0); (b) constant metric tensor M along the path (sav); (c) variable
metric tensor (sM ). In (b), the average of reactants and products metrics
was used.

For each path, 100 equidistant reference points were interpolated with
additional extrapolation towards reactants and products as described in
section 2.2.2. The parameters for 100 US windows were obtained from
the string free energy profile using Eqs. (2.21) and (2.22). The force
constants are in the range 8000-10000 kJ/mol/Å2 for s0 and 4000-6000
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kJ/mol/a.m.u./Å2 for sav and sM . Productive trajectories of 30 ps length
were generated for each window with 0.5 fs timestep. Replica Exchange
attempts were performed every 50 fs. The statistics from US windows
were integrated using WHAM51 to obtain the PMF. During the simula-
tions, |∇s(x)| values were kept to calculate Acurv. The AR correction was
calculated as in Zinovjev et al.66

3.4.4 Committor analysis and transmission coefficient

The quality of different definitions of the RC was compared by performing
the committor histogram test. To do so, 20 structures, separated by at
least 1 ps, were taken from the US window closest to the maximum of
the PMF. Starting from each structure, 25 different configurations of the
system with RC values within a free energy difference of 0.02 kBT from the
TS were obtained by a restrained simulation. This resulted in 500 samples
of the TS ensemble for each path CV. 200 free deterministic trajectories
with initial velocities sampled from Maxwell-Boltzmann distribution at
300 K were run in the NVE ensemble with velocity Verlet integrator for
each initial configuration. The equations of motion were integrated both
forward and backward in time to calculate the transmission coefficient.

3.4.5 Results

The string converged after 10 ps and the remaining 20 ps of sampling
were used to calculate the MFEP, the free energy profile and the metric
tensor M along the path. For representative purposes the MFEP and the
trajectories from US windows were projected onto a 2D surface formed by
two essential geometric coordinates: the length of the dissociating bond
d(C5, O6) and the antisymmetric transfer coordinate for the proton trans-
fer d(C1, H2) − d(H2, C3) (Fig. 3.6). The improvement of the sampling
by incorporation of the distance metric is apparent. The coordinate s0

yields a completely discontinuous sampling without visiting the TS region
at all. sav hugely improves the results, while the sampling in the TS region
is still slightly distorted. Finally, sM provides a smooth sampling of the
reaction tube, which becomes significantly wider in the TS region. Note
that the difference between the dividing surfaces of sav and sM is barely
distinguishable and still the sampling is affected.
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Figure 3.6: MFEP and the sampling from US simulations. The
black line is the projection of the MFEP. The dark blue line
is the dividing surface defined by the corresponding coordinate.
The red dashed line is the dividing surface for sM coordinate,
which is our best guess for the TS.

The activation free energies and the transmission coefficients provide
a numerical confirmation of these findings (Table 3.1). While sav and sM
coordinates result in almost the same estimation of the activation free
energy, the corresponding value for the s0 coordinate is underestimated
by 3.3 kcal/mol. This difference can be interpreted as an additional free
energy barrier that the system has to overcome to get from reactants to
products, while moving along the dividing surface, defined by the coordi-
nate s0 (Fig. 3.6a).

Table 3.1: PMF results and the transmission coefficients. All the
energies are given in kcal/mol.

∆A‡(s) Acurv AR ∆A‡ κ

s0 34.4 0.14 (0.37)* 0.54 33.7 8 · 10−4 (2 · 10−3)**

sav 37.8 0.26 (0.28) 0.69 36.9 0.49 (0.50)
sM 37.8 0.12 (0.15) 0.65 37.0 0.59 (0.69)
* () Largest correction for any two RC values

** () calculated for structures within 0.25 RC units from the path

The curvature correction term, as expected, is the smallest (0.12 kcal/mol)
when the metric tensor is treated properly. It appears that it is also very
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small for s0 (0.14 kcal/mol). However, this is just a coincidence – when
the two points along the path with the largest Acurv are picked, the value
for s0 increases up to 0.37 kcal/mol, while for sM it is still very small (0.15
kcal/mol), with 0.28 kcal/mol for sav being in the middle. Therefore, the
metric-corrected path CV has systematically small curvature correction,
as was proven in section 3.2.2.

The difference between the TS provided by sav and sM is too small to
affect the activation free energy (the ∆A‡ are nearly identical). However,
we can see the difference in the transmission coefficient, which is slighly
increased for the sM path CV: 0.59 instead of 0.49 for sav. In free energy
terms this difference corresponds to −β−1 ln(0.59/0.49) ≈ 0.1 kcal/mol,
which is exactly the difference between ∆A‡ for these two coordinates.∗

Not surprisingly, the transmission coefficient for the s0 coordinate is ex-
tremely low, since it has to account for the increase in the TST rate due
to the lower ∆A‡.

More insight can be obtained from the committor distributions on the
corresponding dividing surfaces (Fig. 3.7). Only sM coordinate provides
a distribution peaked at 0.5, which is an indicator of a good RC, as shown
on Fig. 1.5b. The distribution for sav is almost uniform with only a slight
shift towards the products. This indicates that the dividing surface is
placed fairly well along the RC, but the coordinate itself needs some im-
provement. Finally, the committor distribution for s0 indicates a terribly
poor quality of this RC – the equicommittor region is not sampled at all.
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Figure 3.7: Committor distributions for the complete ensemble.

∗It has to be admitted that such a consistency must be a fortuitous coincidence –
one can not expect to have 0.1 kcal/mol precision in the calculations presented here.
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The shallow TS of the IPL catalyzed reaction clearly violates the nar-
row reaction tube assumption, which was thoroughly used during the
derivation of the metric-corrected path CV in section 3.1. Therefore, one
might expect the results to be improved when only the fraction of the TS
ensemble that is close to the path is considered. Generally, care should be
taken when such a trick is used in practical tasks, since both position and
the free energy of the TS might be changed. Here this “structure filtering”
will be useful to analyse the different sources of error that affect the trans-
mission coefficient κ and thus the quality of the RC. So, κ was recalculated
considering only those structures that are within 0.25 RC units from the
path (Table 3.1, last column, in parenthesis). For the s0 coordinate κ
increased more than twice, but is still negligible, so this result is of no
interest. On the other hand, the result for sav and sM deserve discussion.
While κ for sM , as expected, is improved, essentially no change is observed
for the sav coordinate. This unexpected result can be understood from the
committor histograms (Fig. 3.8). The histogram for the sM coordinate,
again, is centred and peaked around pB = 0.5 value. The distribution is
narrower than before, as is expected for a better coordinate. In contrast,
the histogram for the coordinate sav is now strongly shifted towards reac-
tants, which indicates a bad placement of the dividing surface along the
RC (Fig. 1.5c). It appears that the total committor distribution in the
sav case consists of two subsets: one shifted towards reactants (the struc-
tures close to the path) and one shifted towards products (the structures
far from the path). The sum of two gives an almost uniform distribution
(Fig. 3.7b), while by removing the structures far away from the path only
the former remain (Fig. 3.8b).

Actually, the same observation can be made if ones looks carefully at
the sampling on Fig. 3.6b. The points corresponding to the reactants
region (to the bottom from the dividing surface) are always located close
to the path. In contrast, the ones from the products side only follow
the path when the reaction had already advanced significantly. In the
vicinity of the TS, however, the sampling at the products side is strongly
shifted away from the path. As a consequence, the new κ value for sav
coordinate remained unchanged due to two opposite effects. The filtering
of the structures far from the path reduced the violation of the narrow
reaction tube assumption, which should have increased κ. Simultaneously,
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Figure 3.8: Committor distributions for the structures within
0.25 RC units from the path.

the dividing surface does not correspond to the free energy maximum any
more, which makes κ smaller.

3.4.6 Conclusions

The test case presented here clearly emphasizes the advantages of the in-
corporation of a correct metric tensor into the definition of a path CV.
While in many cases a näıve, Euclidean choice of a distance metric might
provide credible results, it was shown that generally a Euclidean metric-
based path CV is not the optimal choice of an RC that measures the
progress along a given path. Particularly, for any process that is charac-
terized by a shallow TS, like the one used here, a simple path CV will
probably provide very poor results, underestimating the activation free
energy by several kcal/mol. In contrast, if a good set of CVs is provided
and the reaction tube assumption is valid, the incorporation of the vari-
able distance metric tensor to the definition of the path CV guarantees
the high quality of the resulting RC. Moreover, the remarkable ability of
the tensor M to combine the coordinates of different nature, allows for
much more freedom in the choice of the active space of the CVs. Since
the computational cost of both the string method and the 1D US along
the path CV is virtually independent on the number of coordinates used,
an extremely complex active space, consisting of a large number of CVs
might be used. That makes the developed methodology applicable to a
very broad range of problems.
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3.5 Test case: LinA

Here I briefly present the work that was done in collaboration with Ra-
bindra Nath Manna and Agnieszka Dybala-Defratyka from the University
of  Lódź (Poland) on the LinA Dehydrohalogenase (LinA). LinA partici-
pates in the biodegradation of hexachlorocyclohexane (HCH), which is a
process of paramount importance for HCH polluted areas. In the present
work we have applied the string method with the metric corrected path
CV to distinguish between possible catalytic mechanisms of LinA for two
HCH isomers (α and β). This work was published in Journal of Physical
Chemistry B in 2015, Dr. Manna and me being, respectively, the first and
the second author.84

3.5.1 General mechanism and calculation setup

LinA has a complex multistep reaction mechanism, which includes depro-
tonation of HCH by His73 residue, C-Cl bond dissociation and a proton
transfer from His73 to Asp25 (Fig. 3.9). Some attempts were made to elu-
cidate a detailed mechanism of this reaction85,86 but none of them took
into account the complete effect of the environment. Given a large number
of geometric degrees of freedom involved in the process, this system is an
interesting test case for the methodology presented here. In each case, 9
CVs were selected to form an active space for the string method and path
CV calculations. Two distances were used for each of two proton trans-
fers: d(C1, H1) and d(H1, Nε2) for the transfer from His73 to HCH and
d(Nδ1, Hδ1) and d(Hδ1, Oδ1) for the transfer from His73 to Asp25. d(C,Cl)
was used for the C-Cl bond dissociation. Two hibridization coordinates
were used for atoms C1 and C2. Finally, two donor-acceptor distances,
one for each transfer (d(C1, Nε2) and d(Nδ1, Oδ1)) were also added to the
active space. These distances, obviously, do not correspond to the bond
breaking or forming, but describe the conformational reorganization of the
reactive species during the process. Two reaction mechanisms are possible,
depending on the order in which the protons are transferred: (a) H1 first
or (b) Hδ1 first (Fig. 3.9). In total, 4 string method/path CV calculations
were performed, one for each mechanism/substrate pair. The results were
corrected at the M05-2X/6-31+G(d,p)87 level of theory.
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Figure 3.9: LinA dehydrochlorination mechanisms for γ-HCH.

3.5.2 Results

In all the 4 cases the string successfully converged to the corresponding
MFEP. The PMFs were calculated along the metric-corrected path CV for
each MFEP and corrected at M05-2X/6-31+G(d,p) level of theory (Fig.
3.10) as described in section 2.3.4. For both substrates, a relatively sta-
ble intermediate was found along the path (b), while the path (a) has a
concerted nature with a single TS. Interestingly, depending on the sub-
strate the preferred mechanism changes. For γ-HCH the mechanism (a)
is preferred by 4 kcal/mol. While the difference is significant, it must be
beared in mind that it is not uncommon to have errors in the free energy
estimates up to 3 kcal/mol. So, mechanism (b) with a slightly higher
activation free energy can not be neglected. On the other hand, for the
β-HCH substrate the mechanism (b) is strongly preferred with a barrier
6.2 kcal/mol lower than the (a) mechanism. This is a more significant
difference that can be hardly attributed to a statistical error due to finite
sampling in the simulations. The obtained activation free energies are in
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good agreement with the experimental data (16.0 and 21.5 kcal/mol for γ
and β-HCH respectively).85
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Figure 3.10: PMF for all substrate/mechanism pairs.

These results lead to a conclusion that, depending on the substrate iso-
mer, the reaction might occur through different pathways. Since the cal-
culated free energy barriers match quantitatively the experimental trend,
the used computational approach is promising for in silico design of novel,
more potent HCH dehydrohalogenases. Also, since the difference between
the free energy barriers for two isomers is small, mutations might be intro-
duced to obtain isomer specific LinA analogs. Such mutants might have
interesting applications in biotechnology.



Chapter 4

Hyperplanar TS
optimization

The method presented in this chapter was developed during the third
year of my PhD project as a logical continuation of my work on the RC
optimization for complex processes. Here, instead of constructing a RC
along the MFEP, the dividing surface is optimized directly as a general-
ized hyperplane in a given CV space. This allows to save computational
time and avoid approximations introduced in the previous chapters. A
central result of this work is an expression that quantitatively estimates
the importance of the CVs selected for the active space. Starting from
an arbitrarily large set of trial CVs, one can distinguish those that are
important for the TS localization, making VTST a practical framework
for the studies of complex reactions in condensed phases. The method was
applied to the reaction catalyzed by IPL and to the dissociation of NaCl in
aqueous solution. This work was published in Journal of Chemical Physics
in 2015.88
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4.1 Motivation

There is no doubt that the path CVs presented in the previous chapters are
useful tools for the in silico studies of complex chemical transformations
in condensed phases, particularly for enzymatic reactions. The theoretical
analysis provided rigorous proof of broad limits of applicability of these
coordinates. A series of successful applications of this methodology pub-
lished in high impact journals speaks for itself. So, there are good reasons
to believe that for most problems the string method/path CV approach is
a sufficient tool to obtain a credible estimate of the activation free energy.
While some tweaking of the developed approach is definitely possible, the
core concept – free energy along the MFEP with properly oriented isosur-
faces – seems to be the recipe to obtain a good RC and ∆A‡.

Nonetheless, let us analyse what can go wrong with this approach.
First, one has to assume that TST is valid for the process at hand. This
is not the case, for example, of diffusive processes, or those with very low
energy barriers. We can assume that for chemical transformations TST
is a valid approximation.∗ Second, the narrow reaction tube assumption
might not be valid. As we have seen in the case of IPL (chapter 3), the
reaction tube in the TS region becomes much wider and then a significant
computational effort is required to obtain a good dividing surface using
the path CV as the RC. Third, while the knowledge of the MFEP is of
paramount importance for understanding of reaction mechanism, it is not
so important when one is interested only in the precise calculation of ∆A‡.
At the end of the day, the quality of the RC in the TST framework depends
exclusively on its ability to approximate the equicommittor (see section
1.3.3). From this perspective, the shape of the RC at other stages of the
reaction is essentially irrelevant. Alternatively, one might be interested in
the precise description of the TS geometry e.g. for drug design purposes.
Then, the MFEP calculations and the sampling obtained far from the TS
would be a waste of computer time. In these cases it would be desirable to
have a technique that concentrates the computational effort exclusively in
the TS region. Ideally, such a technique should also make no assumptions
about the shape of the distribution on the dividing surface.

∗The validity of TST for the enzymatic catalysis is discussed in chapter 5.
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The idea of the transition state optimization is at the core of Varia-
tional TST, which dates back as far as 1937.89 However, it was always
applied only to simple systems, consisting of at most a handful of atoms.90

An attempt to develop a truly practical approach to optimize the transi-
tion state for an arbitrary multidimensional potential energy surface was
made by Jóhannesson and Jónsson in 2001.91 These authors looked for a
dividing surface as a hyperplane in the Cartesian coordinate space. The
average force acting on the system constrained to the hyperplane was used
to move and rotate it to maximize the free energy. Their approach was not
successful – up to my knowledge it was never applied to any real world
problem. This is possibly due to the fact that the hyperplanar ansatz
is likely to be overly simplistic for practical applications. Also, the di-
viding surfaces should be invariant to the rotation and translation of the
system. This is not the case for the definition provided by Jóhannesson
and Jónsson. Despite these deficiencies, their method deserves attention
because it is based on an interesting idea: the sampling along some trial
dividing surface is used to determine, how this surface has to be modified
to get a better description of the TS. This resembles how the node evolu-
tion is performed in the string method: the sampling at the node is used
to move the node itself.

A great step towards a practical VTST was done by Vanden-Eijnden
and Tal.92 They reformulated TST starting from first principles and
showed that the optimization procedure offered by Jóhannesson and Jóns-
son does not lead to an optimal dividing surface. Instead, they showed
how explicit dynamical equations that allow for the optimization of a hy-
perplanar dividing surface can be obtained from their expression for the
TST rate. Moreover, they also suggested that a generalized hyperplane in
a space of arbitrary CVs (like the active space used in the string method
and path CV) can be used to approximate the dividing surface. This
makes the method significantly more flexible, since the available functional
space for the dividing surface optimization is limited only by the choice
of the CVs. Also, this formulation solves the problem of the translational
and rotational freedom of the system: internal coordinates can be used as
the CVs, making the dividing surface rototranslationally invariant. Nev-
ertheless, albeit significant improvements made by Vanden-Eijnden and
Tal,92 their findings also never had found real world application. As will



94 Hyperplanar TS optimization

be discussed below, their equations require constrained simulations and
calculation of second order derivatives for the CVs, which might be cum-
bersome.

In the following sections I will explain in detail how the ideas from the
string method and metric-corrected path CV can be used to develop a truly
practical approach, based on the advances made by Jóhannesson and Jóns-
son91 and Vanden-Eijnden and Tal.92 I will also use features from other
free energy calculation techniques, such as the multiple walker approaches
and the free energy perturbation to improve the performance and analysis
of the results. This synthesis of various theoretical and methodological
advances yields a fast, robust and flexible TS optimization technique for
chemical processes of arbitrary complexity.
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4.2 Theory

4.2.1 Variational TST in functional space

Let us start the derivation of the method with the central idea of VTST:
TST always overestimates the reaction rate, therefore, the performance
of TST can be improved by looking for a dividing surface that yields the
lowest reaction rate. It was shown by Vanden-Eijnden and Tal92 that the
TST rate is proportional to the following functional:

I =

∫
R3N

e−βV (x)|∇q(x)|δ(q(x))dx (4.1)

Where q(x) is RC, such that q(x) = 0 defines the dividing surface. Here
and in all the derivations below, the gradient is taken w.r.t. mass-weighted
Cartesian coordinates. Thus, the functional I can be minimized by varying
the function q(x) and, therefore, the dividing surface.

In practice, one has to define some functional space where to look for
an optimal q(x). For a functional space, defined by a set of parameters
{c} the variational principle gives the following set of conditions for an
optimal dividing surface q(x) = 0:

∀i :
∂

∂ci
I[q(x)] = 0 (4.2)

Where q(x) depends parametrically on c. Eq. 4.2 is satisfied at the steady
state of the following dynamic equations:

ċi ∝ −
∂

∂ci
I[q(x)] (4.3)

To derive a general expression for the partial derivative of the functional
I, the following properties of the Dirac’s delta are useful:

∂

∂c
δ(q) =

∂q

∂c
· δ′(q) (4.4)

∇δ(q) = ∇q · δ′(q)⇒ δ′(q) =
∇q · ∇δ(q)
|∇q|2

(4.5)

f · ∇δ(q) = −∇f · δ(q) (4.6)
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Here and below the explicit dependence of q, f and V on x is omitted for
clarity. By combining these three expressions we get:

f · ∂
∂c
δ(q) = −∇ ·

(
f
∂q

∂c

∇q
|∇q|2

)
δ(q) (4.7)

Even without writing ∂
∂ci
I[q(x)] explicitly (which is somewhat cumber-

some) it is already clear that, because of the ∇ · (∇q/|∇q|2) term in
Eq. (4.7), it will depend on the second derivatives (Hessian) of q. For
complex coordinates these might be problematic and costly to calculate,
limiting the applicability of this approach to only simple coordinates. A
way to circumvent this problem is to use the approximation introduced by
Maragliano and Vanden-Eijnden60 and substitute the Dirac’s delta by a
narrow Gaussian function. Physically this is equivalent to the application
of a strong harmonic potential along q at q = 0:∫

R3N

e−βV |∇q|δ(q)dx ≈ (2πβK)1/2

∫
R3N

e−βVb |∇q|dx (4.8)

where

Vb = V0 +
K

2
q(x)2 (4.9)

has an additional harmonic term along the coordinate q, centred at q = 0
and with the force constant K. The partial derivative of the integral on
the r.h.s. of (4.8) w.r.t. some parameter c is trivially calculated:

∂

∂c

∫
R3N

e−βVb |∇q|dx =∫
R3N

e−βVb
(
|∇q|−1∇q · ∇

(
∂q

∂c

)
− βKq∂q

∂c
|∇q|

)
dx =

Zb

〈
|∇q|−1∇q · ∇

(
∂q

∂c

)
− βKq∂q

∂c
|∇q|

〉
b

(4.10)

where

Zb =

∫
R3N

e−βVbdx (4.11)

is the partition function of the biased ensemble and 〈· · · 〉b denotes the
corresponding ensemble average:

〈f〉b = Z−1
b

∫
R3N

fe−βVbdx (4.12)
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Since Zb is the same for all ∂
∂ci

, it can be neglected and the set of conditions
for the optimized dividing surface is

∀i :

〈
|∇q|−1∇q · ∇

(
∂q

∂ci

)
− βKq ∂q

∂ci
|∇q|

〉
b

= 0 (4.13)

Note that the second derivatives of q are not needed anymore. Moreover,
the approximation (4.8) replaces the constrained ensemble by a restrained
one, which is much easier to implement in existing MD codes.

4.2.2 Generalized hyperplanar Ansatz

In practice, a particular choice of the functional space has to be made.
Following the mathematical framework of the previous chapters we start
with a space of D arbitrary CVs {θ}D. Again, we assume that these CVs
are sufficient to describe the process at hand. We will look for a dividing
surface as a hyperplane in this space. Vanden-Eijnden and Tal92 suggested
the following functional form for q:

q(x) = θ(x)T n̂− b (4.14)

where θ is a vector of the CVs forming the active space, n̂ is a unit vector
normal to the hyperplane and b is a scalar. Basically, q(x) is a linear
combination of the CVs. To avoid confusion, it is worth noticing that the
term hyperplanar dividing surface sometimes is used in the literature to
refer to a dividing surface that is a hyperplane in the Cartesian space. For
a hyperplane in a CV space this is not the case, because the underlying
CVs generally are non-linear functions of the Cartesian coordinates. So,
it is more correct to call such a surface a generalized hyperplane, but for
simplicity in the following we will call it simply a hyperplane.

While Eq. (4.14) in principle covers the complete functional space
of the hyperplanes in the given CV space, it is not convenient to use in
practice. First, a “unit vector” n̂ should be properly defined. The length
of a vector depends on the distance metric used, which in Vanden-Eijnden
and Tal92 is Euclidean. However, as was mentioned in chapter 3, the
Euclidean metric is meaningless when the coordinates of different nature
and different units are used. Second, the parameter b might be extremely
sensitive to the small variations of n̂ depending on the particular shape
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of the free energy surface (Fig. 4.1). In practical simulations, which
inevitably will contain statistical noise in the estimates of n̂ and b, this
sensitivity will have negative effect on the convergence.

The first issue can be solved by using the same distance metric that
was introduced in the derivation of the string method (section 1.5.1) and
used to develop the metric-corrected path CV (section 3.1)). To solve the
second one, the position of the hyperplane can be defined by a point in
the CV space, instead of b, as was done in Jóhannesson and Jónsson.91

Thus, the definition of the hyperplane that will be used here is

q(x) = (θ(x)− z)TM−1n̂ (4.15)

where z is some point in the CV space that is crossed by the hyperplane
and M is the distance metric tensor defined as:∗

M =
〈
M̃(x)

〉
HTS

=
〈
Jθ(x)JTθ (x)

〉
HTS

(4.16)

And 〈· · · 〉HTS is an ensemble average defined by Eqs. (4.9) and (4.12),
HTS stands for Hyperplanar Transition State. The normalization condi-
tion for the unit vector n̂ is

n̂TM−1n̂ = 1 (4.17)

Several remarks should be made here. The definition 4.15 defines a func-
tional space identical to one defined by Eq. (4.14). Therefore, the con-
verged dividing surfaces obtained with both definitions will also be identi-
cal. The advantage of using the definition (4.15) is that it does not suffer
the above mentioned problems.

One might notice that the presented definition contains a circular ref-
erence: the metric tensor M is defined as an average over the ensemble
biased to the hyperplane, but the hyperplane itself depends on M. How-
ever, as was explained above, the introduction of M does not change the
functional space and, therefore, the quality of the optimized TS. The role
of M is to define the normalization condition (4.17) and the in-plane dis-
tance between the points in the CV space, as will be explained in the

∗Note that the expression for the elements of M̃ does not involve the mass matrix as
in Eq. (1.49), because here the gradients in the Jacobian are taken w.r.t. mass-weighted
Cartesians.



4.2 Theory 99

b1

b2

n̂1

n̂2

z1 ≈ z2

Figure 4.1: Comparison of two definitions of the hyperplane. Two
“almost optimal” hyperplanes are shown. Note that with the
definition (4.14) a small change in the orientation of n̂ has a dra-
matic effect on the optimal b value. Instead, with the definition
(4.15) the parameters z and n̂ are essentially uncoupled.

next section. Therefore, one might calculate M using an ensemble de-
fined along a suboptimal hyperplane – the choice of M will only affect the
convergence and not the final result. Moreover, as will be shown in the
next section, M can be updated on-the-fly during the optimization of the
hyperplane ensuring self-consistency.

Using the point z instead of a scalar b introduces D − 1 redundant
degrees of freedom. These come from the fact that one can choose z as
any point on the D−1 dimensional hyperplane without altering the hyper-
plane itself. It will be shown below that, by choosing z as an hyperplanar
TS (HTS) ensemble average of θ, the fluctuations of the hyperplane are
minimized, improving the convergence.

4.2.3 Dynamic equations for HTS optimization

Having an expression for q(x) (Eq. (4.15)), the conditions for parameters
z and n̂ of the optimal hyperplane can now be derived. To do so, let us
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first calculate the terms needed for Eq. (4.13).

∇q = ∇(θ(x)− z)TM−1n̂ = Jθ(x)TM−1n̂ (4.18)

|∇q| =
(
(∇q)T · ∇q

)1/2
=
(
n̂TM−1M̃M−1n̂

)1/2
(4.19)

∂

∂z
q =−M−1n̂; ∇

(
∂

∂z
q

)
= 0 (4.20)

∂

∂n̂
q =M−1(θ(x)− z); ∇

(
∂

∂n̂
q

)
= M−1Jθ(x) (4.21)

By substituting Eqs. (4.18)-(4.20) into Eq. (4.13) we get the optimal
hyperplane condition for z:〈

βKqM−1|∇q|n̂
〉
b

= 0 (4.22)

Finally, we can multiply both sides by β−1M to simplify the expression:

〈Kq|∇q|n̂〉b = 0 (4.23)

In the case of the optimization of n̂ care should be taken since the normal-
ization condition (4.17) has to be fulfilled. This can be done introducing
a Lagrange multiplier:

∂

∂n̂
Iλ =

∂

∂n̂

(
I + λn̂TMn̂

)
= 0 (4.24)

∂

∂n̂
I + 2λM−1n̂ = 0 (4.25)

Here I is the r.h.s. integral of Eq. (4.8) for q defined by (4.15). By left
multiplying by n̂ and rearranging we get:

λ = −1

2
n̂T · ∂

∂n̂
I (4.26)

And from (4.25) and (4.26):

∂

∂n̂
I −

(
n̂T · ∂

∂n̂
I

)
M−1n̂ = 0 (4.27)
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Now we left-multiply both sides by M and rearrange:

M

(
∂

∂n̂
I −

(
n̂T · ∂

∂n̂
I

)
M−1n̂

)
=

M
∂

∂n̂
I −

(
n̂TM−1M

∂

∂n̂
I

)
n̂ =(

M
∂

∂n̂
I

)⊥
M

= 0

(4.28)

where

a⊥M = a−
(
n̂TM−1a

)
n̂ (4.29)

is a component of a vector a orthogonal to n̂ under the metric M. Now
we can substitute Eqs. (4.18), (4.19) and (4.21) to Eq. (4.13) to get the
ensemble average corresponding to ∂

∂n̂I:

∂

∂n̂
I ∝

〈
|∇q|−1M−1M̃(x)M−1n̂− βKq|∇q|M−1(θ(x)− z)

〉
(4.30)

And by plugging (4.30) to (4.28) and dividing by β we finally get〈
β−1|∇q|−1(M̃(x)M−1n̂)⊥M −Kq|∇q|(θ(x)− z)⊥M

〉
= 0 (4.31)

Eqs. (4.23) and (4.31) define the complete set of conditions for the opti-
mized hyperplane and can be used for the evolution of the parameters by
Eq. (4.3).

4.2.4 Importance analysis of the active space

It is not trivial how to estimate the importance of each of the CVs for
the correct definition of the TS. One might think that the components of
n̂ yield such information: the larger is the corresponding component of n̂
the more the reaction coordinate q changes upon the change in this CV.
However, as was discussed before, different coordinates might have differ-
ent nature and units, making comparison of n̂ components meaningless.
Also, the orientation of the hyperplane (defined by n̂) yields no informa-
tion about the curvature of the free energy surface and the same tilt of
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the hyperplane in different directions might have different impact on the
quality of the TS.

Instead, a more rigorous estimate of the importance of the CVs can
be obtained by comparing the transmission coefficients κ for the dividing
surfaces optimized with and without each CV. If the removal of a CV
reduces κ significantly, then this coordinate is essential for the definition
of the TS. On the other hand, if κ remains essentially unchanged then this
coordinate is of no importance. Since the functional (4.1) is proportional
to the TST rate, the effect of the removal of a CV θi on κ can be estimated
as:

κ(q−i)

κ(q)
=

Iq
Iq−i

≈

∫
R3N

e−βVHTS |∇q|dx∫
R3N

e−βV−i |∇q−i|dx
(4.32)

Where q−i is the RC with the coordinate θi removed. In practice, for
consistency, the active space is kept the same (without removing the co-
ordinate θi), but q−i is constructed by making q independent of θi:

q−i(x) =(θ(x)− z)TM−1n̂−i (4.33)

n̂−i =
M
(
M−1n̂

)
i=0

|M (M−1n̂)i=0|M
(4.34)

where i = 0 subscript means that the i-th element of a vector is set to 0.
The denominator of Eq. (4.34) is necessary to ensure that n̂−i is a unit
vector under the metric M. Generally, the values of both z and n̂ for the
optimized hyperplane might change when some CV is removed from the
active space. However, here, for simplicity, we will assume them to stay
the same. The resulting κ ratio, therefore, will be a lower bound to the
true value. The potential V−i is the same as in (4.9) but defined along
q−i.

To calculate (4.32) from MD simulations, it has to be expressed in
terms of statistical averages over the HTS ensemble. To do so, we per-
form a transformation similar to the one used in free energy perturbation
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theory:93∫
R3N

e−βVHTS |∇q|dx∫
R3N

e−βV−i |∇q−i|dx
=

∫
R3N

e−βVHTS |∇q|dx∫
R3N

e−βV−i |∇q−i|dx
·

∫
R3N

e−βVHTSdx∫
R3N

e−βVHTSdx

=

∫
R3N

e−βVHTS |∇q|dx∫
R3N

e−βVHTSdx

·


∫
R3N

e−βV−ieβVHTSe−βVHTS |∇q−i|dx∫
R3N

e−βVHTSdx


−1

=

〈|∇q|〉HTS ·
〈
|∇q−i|eβ(VHTS−V−i)

〉−1

HTS
=

〈|∇q|〉HTS ·
〈
|∇q−i| exp

(
β
K

2
(q2 − q2

−i)

)〉−1

HTS

(4.35)

Eq. (4.35) can be directly used to calculate the ratio (4.32) by sampling
the HTS ensemble for the converged hyperplane. The |∇q−i| terms can be
calculated a posteriori using Eq. (4.19) from observations of M̃ that has to
be saved during the MD simulation. The derivation of (4.35) is exact, the
only approximation introduced here is the one made in (4.8). Therefore,
the theoretical error of the κ/κ−i estimate is on the order of (βK)−1.
However, a large value of K will cause poor overlap of the distributions
resulting from VHTS and V−i. Therefore, in practice a compromise should
be made between precision of the approximation (4.8) and the quality of
the estimate (4.35) choosing an intermediate value for K.

Additionally, following the arguments provided in section 3.2.2, the
functional form of q and q−i ensures that the average modulus of the
gradient is always close to 1, so the first term in (4.35) can be neglected.
Assuming, that the distribution of |∇q−i| is narrow enough, we can neglect
it as well. The simplified expression for the importance of the CVs is then:

κ(q−i)

κ(q)
≈
〈

exp

(
β
K

2
(q2 − q2

−i)

)〉−1

HTS

(4.36)

Here, the storage of M̃, that for long trajectories and large active spaces
might be notably disk space consuming, is no longer needed. For both ex-
amples presented in the next sections, both expressions ((4.35) and (4.36))
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provide similar results. However, the transmission coefficient is a very sen-
sitive quantity and the latter expression should be considered only as a
semi-quantitative estimate of the change in κ.
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4.3 Practical implementation

4.3.1 Optimization of q(x)

To use the dynamic equations (4.3) the averages in Eqs. (4.23) and (4.31)
have to be calculated. This can be done by launching short MD simu-
lations for a fixed q and updating z and n̂ in an iterative manner. This
approach will suffer the same problems as the iterative version of the
string method described in section 1.5.1. So, here we will borrow the idea
of the on-the-fly string method: z and n̂ will be slowly modified every MD
step with the dynamics defined by the expressions within brackets of Eqs.
(4.23) and (4.31). In contrast to the string method, here only one bias
(instead of n string nodes) has to be optimized. So, the multiple walker
concept from Metadynamics94 and ABF95 can be also borrowed: a set of
independent MD replicas can be used to sample the same ensemble. For
W walkers the dynamic equations that govern the evolution of z and n̂
are:

γzż(t) =− 1

W

W∑
i=1

Kq(xi(t), t)|∇q(xi(t), t)|n̂(t) (4.37)

γn ˙̂n(t) =
1

W

W∑
i=1

Kq(xi, t)|∇q(xi(t), t)|(θ(xi(t), t)− z(t))⊥M−

1

W

W∑
i=1

β−1|∇q(xi(t), t)|−1(M̃(xi(t), t)M
−1(t)n̂(t))⊥M (4.38)

where xi(t) are the coordinates of the i-th walker at time t. γz and γn
are the damping coefficients for the motion of z and n̂, analogous to γ
in the on-the-fly string method (section 1.5.1). Since the statistical errors
scales as W 1/2, smaller damping coefficients can be used with more walkers
to accelerate the convergence. Note that the metric tensor M is also
time-dependent, since, by definition, M is an average of M̃ in the HTS
ensemble, which itself is time-dependent. In practice, M can be calculated
as a moving average over some recent period of the dynamics:

M(t) =
1

L

∫ L

t−L

(
1

W

W∑
i=1

M̃(xi, t
′)

)
dt′ (4.39)
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where integration is performed over period L. Practice shows that averag-
ing can be done over the entire simulation without affecting the result. In
this case the storage of the values of M̃ is not needed, since the following
recurrent formula can be used:

M(t+ ∆t) =
t

t+ ∆t
M(t) +

∆t

t+ ∆t

(
1

W

W∑
i=1

M̃(xi, t+ ∆t)

)
(4.40)

4.3.2 Initial guess

As in the on-the-fly string method, the walkers can be initiated from a
set of reactants or products structures. In principle, even a single reac-
tants and a single products structure are sufficient. The force constant
K is gradually increased from 0 to the target value as was done in the
preparation stage of the string method. The initial values for z, n̂ and M
can be obtained from the θ values of the initial structures of each walker.
z is calculated as a middle point between average reactants and products
positions:

zinit =
1

2

 1

Wreact

Wreact∑
i=1

θ(xreacti ) +
1

Wprod

Wprod∑
i=1

θ(xprodi )

 (4.41)

Here Wreact and Wprod are the number of walkers initiated in reactants
and products respectively, Wreact + Wprod = W . Initial metric tensor is
taken to be simply an average of M̃ for the initial structures:

Minit =
1

W

W∑
i=1

M̃(xi) (4.42)

Finally, the initial n̂ is taken to be parallel to a vector r pointing from
average reactants to average products position:

n̂init =
r

|r|Minit

=
r

(rTM−1r)1/2
(4.43)

r =
1

Wprod

Wprod∑
i=1

θ(xprodi )− 1

Wreact

Wreact∑
i=1

θ(xreacti ) (4.44)
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This approach was used in the examples presented here. A more educated
guess might be obtained by locating a saddle point on the potential energy
surface, using, for example, the Baker algorithm. In this case, z can be
taken as a position of the located structure in the CV space and n̂ being
parallel to the projection of the unstable normal mode.

4.3.3 In-plane motion of z

The term (θ(xi)−z)⊥M in Eq. (4.38) depends on the position of z. A large
value of this term will cause strong fluctuations of the hyperplane, also
after convergence is achieved. So, it is desirable to make this term as small
as possible. To do so, we will take advantage of the fact that z can be
placed anywhere on the hyperplane without changing the hyperplane itself.
One option is to put z at the average position of the walkers every MD
step. However, when the number of walkers is small, such an approach may
make z to fluctuate significantly. This will make problematic the usage
of z as a convergence criterion. So, to make the motion of z smoother
we introduce an additional damped dynamics, similar to Eqs. (4.37) and
(4.38):

γpż(t) =
1

W

W∑
i=1

(θ(xi(t), t)− z(t))⊥M (4.45)

where γp is the damping coefficient for the in-plane motion of z. Its value
is rather arbitrary since it does not affect the motion of the hyperplane.
In the both cases presented here, γp = 103 ps was used.

When the hyperplane reaches convergence, z will correspond to the
canonical average of the CVs on the dividing surface. So, the components
of z will correspond to average geometrical properties (or other) of the
TS, which is useful for subsequent analysis.

4.3.4 In-plane motion of walkers

The biasing potential in Eq. (4.9) does not put any restraint on the motion
of the walkers along the hyperplane. For the converged hyperplane it
should not be a problem, since the curvature of the free energy surface on
the hyperplane is expected to naturally restraint the system. However, at
the beginning of the simulation, when the hyperplane is far from the TS,
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the walkers may sample irrelevant regions of the free energy landscape or
even fall to reactants, products or other metastable state, impeding the
convergence of the hyperplane. To avoid such a situation, an extra biasing
potential can be added:

Ud(x) =

{
1
2K (d(x)− dmax)2 , d(x) > dmax,

0 , d(x) ≤ dmax
(4.46)

The force constant K can be the same as for VHTS (Eq. (4.9)). Here d(x)
is the in-plane distance between θ(x) and z:

d(x) =
∣∣∣(θ(x)− z)⊥M

∣∣∣
M

(4.47)

and dmax determines the threshold for the biasing potential to be applied.
Setting dmax too low will make the sampled distribution artificially nar-
row and important regions might not be visited, affecting the optimized
hyperplane. However, a too large value might not help to avoid the above
mentioned problem during the early stages of the HTS optimization. In
the examples presented below dmax was chosen at the beginning of the
simulation such that the value of d(x) was smaller than dmax 99% of the
time.

4.3.5 Selection of parameters

The performance of the method depends essentially on the force constant
K and the damping coefficients γz and γn. As discussed in section 4.2.4,
the choice of K should be a compromise between the precision of the
approximation (4.8) and the statistical error of the importance analysis
(Eq. (4.35)). Also, large values may cause numerical instabilities due to
large forces acting on the system. For the examples below, K value was
gradually increased starting from 0 and stopped when the fluctuations
of q(x) did not become smaller with the increase of K. The value of
K obtained in that way will depend on the system, since the effective
potential (4.9) along q will depend on the curvature of the free energy
barrier: smaller K values will work well for a broad TS, while for sharp
barriers larger K value should be used.

The values of γz and γn determine the speed of the time evolution
of the hyperplane and, therefore, the speed of convergence. Analogously
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to the damping coefficient γ in the on-the-fly string method, the lower
are these values, the faster the hyperplane will move towards the steady
state. On the other hand, when these coefficients are too low, the motion
of the hyperplane will become too fast. As a result, the other degrees of
freedom will not have time to relax, making the estimates of (4.23) and
(4.31) incorrect. However, in practice this is only a minor issue: the lack
of relaxation does not change qualitatively the direction of the hyperplane
movement. Even when ż and ˙̂n are poorly estimated, the hyperplane will
anyway be moving roughly towards the steady state. When it is close
to convergence, (4.23) and (4.31) become closer to 0 and the motion of
the hyperplane becomes slower, naturally improving the relaxation of the
remaining degrees of freedom.

The most important issue that has to be considered when choosing the
values of γ’s is the numerical instability of the MD trajectories when these
values are too low. Moving the hyperplane too fast will increase the forces
due to the potential (4.9), causing numerical instabilities. So, one has to
choose γz and γn as small as possible, but not too small to avoid numerical
problems. Not surprisingly, the motion of the hyperplane is fastest at the
beginning of the simulation, when the hyperplane is far from convergence
and (4.23) and (4.31) are large. So, it is sufficient to start the simulation
with some small trial values of γ’s. If the simulations are unstable, it
will become evident at the very beginning of the trajectory, so not much
computational time will be wasted. In this case, γ’s should be increased
and the calculation relaunched until large enough values of γn and γz are
found.

4.3.6 Checking convergence

The convergence of the hyperplane is monitored by measuring the distance
between the initial and the current z values and the angle between the
initial and the current n̂ vectors:

Cz(t) =|z(t)− zinit|M (4.48)

Cn(t) =α(n̂(t), n̂init) = arccos

(
n̂T (t)M−1 n̂Tinit

|n̂init|M

)
(4.49)

Note that n̂init has to be rescaled, since it is generally not a unit vector
w.r.t. the new metric. When both Cz(t) and Cn(t) reach a plateau,
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the hyperplane had reached the steady state. As was done in the string
method, to reduce the statistical fluctuations of the hyperplane it has to
be averaged for the simulation period after convergence:

zfinal =
1

ttot − tconv

∫ ttot

tconv

z(t)dt (4.50)

n̂final =
1

ttot − tconv

∫ ttot

tconv

n̂(t)dt (4.51)

Where tconv and ttot are the convergence time and the total simulation
time, respectively. Again, n̂final has to be renormalized w.r.t. the metric
tensor M(ttot).

4.3.7 HTS optimization workflow

To summarize, the HTS optimization consists of the following steps:

1. Prepare a set of reactants and products structures to initiate the
MD trajectory for each walker.

2. Calculate zinit, Minit and n̂init with Eqs. (4.41), (4.42) and (4.43).

3. Launch the MD simulations for the walkers with biasing potentials
(4.9) and (4.46) with fixed initial hyperplane. Increase the force
constant K starting from 0 until the fluctuations of q become small
enough.

4. Start the HTS evolution with some small values of γz and γn and
check the numerical stability. If the simulation becomes unstable,
increase the values of γ’s and restart the simulation.

5. Perform the evolution of the hyperplane, saving the sampled θ and
M̃ values. Monitor the convergence by Eqs. (4.48) and (4.49). When
the convergence is achieved, obtain the final hyperplane with Eqs.
(4.50) and (4.51).

6. Estimate the importance of the CVs using Eq. (4.35).
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4.4 Test case: IPL

Since the IPL catalyzed reaction presented in the previous chapter is a
good example of a system with a hard-to-find dividing surface, obviously
it was the first system to check the performance of the novel HTS opti-
mization technique. Since, by definition, the method makes less approxi-
mations and concentrates all computational effort to the optimization of
the TS, it is expected to perform better than the string method/metric-
corrected path CV approach, In this section it will be shown that this
indeed is the case.

4.4.1 Simulation system and MD setup

For historical reasons, the previous examples presented in this thesis were
performed using fDynamo.72 However, fDynamo is not parallelized and
PME is not implemented (see section 1.2.7). So, the HTS method was
implemented and embedded in Amber 12 MD package,96 which is a state
of the art software will all the necessary features, including the ones men-
tioned above. Additionally, a great reason for Amber to be the package
of choice to study enzymatic processes is a powerful implementation of
hybrid QM/MM Hamiltonians.96

The simulation system was prepared based on the equilibrated struc-
ture used in the previous chapter (section 3.4). The pdb file generated
from the system in fDynamo was manually adapted to be recognizable by
AmberTools.96 The Amber ff12SB forcefield with TIP3P was used for the
MM part, while the substrate was treated with AM1 Hamiltonian. The
structure was gradually heated from 0 to 300 K during 10 ps, followed by
2 ns of relaxation in the NVT ensemble with Langevin thermostat. Both
reactants and products states were prepared to initialize the HTS run.

4.4.2 HTS optimization setup

The active space of the reaction was the same as for the string optimization
described in section 3.4.2. However, here 9 additional coordinates describ-
ing the hydrogen bonds between the substrate and the protein (Fig. 4.2)
have been added. This is done to get insight, whether the changes in the
protein are explicitly coupled to the RC or the enzymatic active site only
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provides a preorganized environment which facilitates the progress of the
reaction (stabilizing the TS). Therefore, the total active space consists of
18 coordinates – 15 distances and three hybridizations.

Ile83

Val54

Ile87

Ala37

Gln80
Lys42

Arg14

Arg53

Figure 4.2: Hydrogen bonds between isochorismate and IPL.

HTS optimization was performed using 20 walkers, 10 starting from
reactants and 10 from products. The initial guess for the hyperplane
was calculated by Eqs. (4.41)–(4.43). The force constant K was set to
1.6 · 103 ps−2 and damping coefficients were set to 2 · 103 ps−1 and 2 · 103

amu · Å2 · ps−1. The dmax for the in-plane restraint (4.46) was set to 3
amu1/2·Å.

4.4.3 Error analysis

To calculate the confidence intervals for committor histograms, transmis-
sion coefficients and importance analysis, we have used the statistical boot-
strapping technique.97 It allows thwe estimation of the properties of an
arbitrary statistic of a given sample without any a priori knowledge of
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the underlying distribution. The main idea of the method is the following.
First, a large number of new samples (bootstrap samples) are generated.
This is done by permutation with repetition of the given sample, so that
both have equal size. Then, for each bootstrap sample the statistic of
interest is calculated. The distribution of the obtained values provides
the properties of interest (mean, standard deviation etc.). In case of the
committor distribution and transmission coefficient, the situation is more
complex, since, the quantities of interest are obtained by two separate
sampling procedures. First, a set of structures that represent the tran-
sition state ensemble are sampled from molecular dynamics simulations.
Second, for each structure a set of trajectories is generated by sampling
the initial velocities from a Maxwell-Boltzmann distribution. To properly
calculate the confidence intervals, each bootstrap sample should be ob-
tained following the same procedure. In all the cases presented here, the
original sample consisted of 400 structures with 50 trajectories for each
structure. 10000 bootstrap samples were obtained. For each bootstrap
sample, first, 400 structures were sampled with repetitions from the orig-
inal ones. Then, for each structure, 50 trajectories were sampled from
the trajectories obtained for this particular structure during the commit-
tor analysis. Then the committor histogram and transmission coefficient
were calculated for this bootstrap sample. The results were saved and
used then to get means and standard deviations. For simplicity, the 95%
confidence intervals were calculated based on the quantiles of the normal
distribution:

95%CI = µ± 1.96σ (4.52)

In case of importance coefficients the bootstrap samples were obtained
directly from the MD sampling (Eq. (4.35)). However, the bootstrapping
technique assumes the statistical independence of the observations. Since
the expression within the brackets of (4.35) is calculated from a MD tra-
jectory, the observations should be separated by an interval during which
the autocorrelation function of the property decays to 0. In all the cases
presented here this happens roughly after 50 fs. So, to calculate the confi-
dence intervals, the MD frames were taken every 50 fs. All the statistical
analysis was done with R.98
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4.4.4 Converged hyperplane

The evolution of the convergence criteria Cz and Cn is shown in Fig. 4.3.
The hyperplane essentially converged after 5 ps with only a minor drift in
both Cz and Cn during the following 5 ps of the simulation. The average
hyperplane, defined by zfinal and n̂final, was calculated over the 10-15 ps
interval. The sampling required to calculate the importance coefficients
(4.35) was obtained over the same period. Note that the total sampling
for the converged hyperplane is 5 × 20 = 100 ps, since 20 walkers were
used.
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Figure 4.3: Convergence of the IPL hyperlane. Cz and Cn are
defined as in Eqs. (4.48) and (4.49).

The values of zfinal and n̂final and the importance coefficients are
shown in Table 4.1. The elements of the M−1n̂final vector are also shown.
This vector is the derivative of q w.r.t. θ, therefore it’s components repre-
sent the change in the RC when a given coordinate is increased by unity.
Values of κ−i/κ, that represent the importance of each CV calculated with
Eq. (4.35) are given in the last column.

Not surprisingly, the most important CVs are the ones that corre-
spond to the chemical bonds that are broken of formed during the reac-
tion: d(C1, H2) and d(H2, C3) describe the proton transfer and d(O5, C6)
describes the CO bond breaking. The other three key coordinates are the
hybridizations of the three carbon atoms directly involved in these ele-
mentary steps: C1, C3 and C6, the latter be the least important one. The
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Table 4.1: IPL HTS optimization results. The coordinates are
ordered according to their importance. The six most important
coordinates are highlighted. The substrate and protein CVs are
separated. zfinal and n̂final are calculated with Eqs. (4.50)
and (4.51). The 95% confidence intervals were obtained using
statistical bootstrapping.

Name
zfinal
(Å)

n̂final
(amu−1/2)

M−1n̂final
(amu1/2)

κ−i/κ

1 d(O5,C6) 1.753 0.1313 0.8064 0.0007 (±0.0007)
2 d(H2,C3) 1.437 -0.8019 -0.4299 0.1205 (±0.0240)
3 d(C1,H2) 1.419 0.8124 0.3784 0.1489 (±0.0393)
4 hyb(C1) 0.275 -0.0855 -0.7296 0.4054 (±0.0486)
5 hyb(C3) 0.195 0.1760 0.4005 0.6779 (±0.0115)
6 hyb(C6) 0.247 -0.0782 -0.2096 0.8706 (±0.0050)
7 d(C3, C4) 1.403 0.0998 0.4550 0.8838 (±0.0040)
8 d(C4, O5) 1.313 -0.0933 -0.3914 0.9206 (±0.0024)
9 d(C6, C1) 1.468 -0.0725 -0.1449 0.9770 (±0.0009)

10 d(Gln90Nε, O5) 2.746 -0.0018 -0.0131 0.9884 (±0.0003)
11 d(Lys42Nζ , O10) 2.897 -0.0002 0.0038 0.9911 (±0.0002)
12 d(Lys42Nζ , O5) 2.976 0.0004 0.0040 0.9921 (±0.0009)
13 d(Arg14Nη2, O10) 2.850 0.0011 0.0115 0.9925 (±0.0001)
14 d(Arg14Nη1, O9) 2.868 0.0008 0.0083 0.9929 (±0.0004)
15 d(Arg53Nη1, O9) 2.786 -0.0008 -0.0043 0.9956 (±0.0004)
16 d(Arg53Nη1, O8) 2.785 0.0015 0.0082 0.9976 (±0.0001)
17 d(Arg31Nη2, O8) 3.059 -0.0313 0.0082 0.9995 (±0.0001)
18 d(Arg31Nη1, O7) 2.957 0.0120 0.0079 1.0008 (±0.0002)

lengths of the three remaining substrate bonds (coordinates 7-9) affect the
transmission coefficient only moderately.

It is noticeable that the components of M−1n̂ for coordinates 7 and 8
are similar to the ones for coordinates 2 and 3. However, the importance
of these coordinates for the definition of the dividing surface is signifi-
cantly different. It is a good example of the fact that the orientation of
the hyperplane has little to say about the actual importance of the CVs.
The same conclusion can be drawn from n̂ values: the most important co-
ordinate d(O5, C6) has a rather low n̂ component. However, M−1n̂ does
give insight about the changes in the geometry upon TS crossing. As ex-
pected, the corresponding values for coordinates 1, 3, 5 and 7 are positive:
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the O5-C6 and C1-H2 bonds are breaking, C3 atom goes from sp2 to sp3

and the C3-C4 bond changes its order from double to single. In turn, the
M−1n̂ components for the coordinates 2, 4, 6, 8 and 9 are negative: H2-C3

bond is formed, atoms C1 and C6 become aromatic and the bond order of
C4-O5 and C6-C1 changes from single to double.

Remarkably, the coordinates corresponding to the hydrogen bonds be-
tween the substrate and the enzyme (10-18) appear to have no impact on
the quality of the TS. This clearly indicates that these degrees of freedom
are uncoupled from the TS crossing and that the enzyme plays a role of a
preorganized environment. It does not mean that these coordinates do not
change during the reaction. However, these changes must happen before
or after the TS is crossed.

4.4.5 Committor analysis

The performance of the method was checked by calculating the committor
histogram and the transmission coefficient κ for the resulting dividing
surface. 400 structures with |q(x)| < 0.001 amu1/2 · Å were sampled using
the restrained dynamics with HTS potential at the converged hyperplane.
The structures were separated by at least 1 ps interval, to ensure that they
are completely decorrelated. For each structure, 50 NVE trajectories with
the initial velocities obtained from a Maxwell-Boltzmann distribution at T
= 300K were integrated both forward and backward in time. A trajectory
was considered to reach reactants or products state if |q(x)| exceeded 0.2
amu1/2 · Å. Tests with larger values were performed for a small subset

of trajectories, giving the same results. The committor value for each
structure was calculated as the fraction of trajectories that end up in
products. The transmission coefficient was calculated using Eq. (1.25).

To test whether the importance analysis derived in section 4.2.4 gives
credible results, the complete procedure (HTS optimization and committor
analysis) was repeated for two reduced active spaces: using only coordi-
nates 1-9 and 1-6. The results for all the three hyperplanes are shown
in Table 4.2 and Figure 4.4. The results for the hyperplane with all the
protein coordinates (10-18) removed are essentially identical to the ones
for the complete active space, as was expected from the importance analy-
sis. Therefore, the hydrogen bonds between the substrate and IPL are not
coupled to the progress of the reaction. The peaked shape of the commit-



4.4 Test case: IPL 117

Table 4.2: Results for the optimized IPL dividing surfaces with
three different active spaces. Mean and standard deviation of the
committor function are given in the first and the second columns,
respectively.

µ σ κ

18 CVs 0.49 (±0.02) 0.23 (±0.01) 0.79 (±0.02)
9 CVs 0.51 (±0.02) 0.22 (±0.01) 0.80 (±0.02)
6 CVs 0.46 (±0.02) 0.25 (±0.01) 0.71 (±0.02)

tor distribution for both 18 and 9 CVs and the value of κ = 0.8 indicate
a very good quality of the dividing surface. The hyperplane optimized in
the space of only 6 CVs still describes well the true TS (κ = 0.71), but
the results are poorer than for the full active space. The transmission
coefficient is reduced by 0.71/0.79 = 0.89. The reduction predicted by
the importance analysis (the values of κ−i/κ for the three removed coor-
dinates) is 0.88× 0.92× 0.98 = 0.79 is comparable and, as expected from
the derivation in 4.2.4, slightly lower than the actual value.
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Figure 4.4: Committor histograms for the optimized hyperplanes.
The black solid line is a parabolic curve fitted to the data (shown
solely for aesthetic purposes). The error bars represent 95% con-
fidence intervals obtained using statistical bootstrapping.
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4.5 Test case: NaCl

The dissociation of the NaCl molecule in water might seem as one of the
simplest condensed phases processes one could imagine. However, it turns
out to be an extremely challenging system to find a good description of
the TS. The free energy barrier of the dissociation is created uniquely
by the solvent degrees of freedom, which are highly untrivial to identify,
making the interatomic distance a poor RC. Moreover, the activation free
energy of this reaction is quite low and the separability of the time scales
between the dissociation and other relaxation processes might break down.
So, this process is on the edge of the applicability of TST, which makes it
a stringent test for the HTS optimization method.

Some efforts have been made to define a proper RC for NaCl dissoci-
ation. Ballard and Dellago99 investigated the importance of the structure
of the solvent by measuring the changes in the committor distribution
upon freezing different solvation shells. Mullen et al.100 employed the
inertial likelihood maximization101 technique to find a coordinate that
maximizes the transmission coefficient based on the transition path sam-
pling102 results. Here it will be shown that the HTS approach, although
being based on VTST, is capable of identifying the most important CVs
and improve the TS quality compared to the results obtained solely with
the interatomic distance as an RC.

4.5.1 Simulation system and MD setup

The simulation system consisted of 1 sodium and 1 chlorine ion, solvated in
a cubic box with 34Å side length, resulting in 1368 water molecules (4106
atoms in total). The system was described with ff12SB forcefield and
TIP3P water model. The reactants and product structures were obtained
by restraining the Na-Cl distance to 2.5 Å and 5 Å respectively and
equilibrating the system for 10 ns of Langevin dynamics at 300 K. For
the HTS and committor calculation the restraint was removed. All the
trajectories were generated with 1 fs time step with 8 Å cutoff for non-
bonded interactions. The long-range eletrostatics were treated with PME.
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4.5.2 HTS optimization setup

The active space was constructed out of 13 coordinates listed in the Table
4.3. Here only a brief description of the CVs will be given. The detailed
expressions are provided in the Appendix A.

Coordinate 1 is the näıve geometric RC - the interionic Na+-Cl− dis-
tance. Coordinates 2-5 describe the electrostatic potential on an atom and
the corresponding force projected on the Na+-Cl− distance. Coordinates
6 and 7 are the number of water bridges (water molecules that interact
with both ions) and the water density in between the ions. These coordi-
nates are roughly the same ones that were used by Mullen et al.100 and
were found to be important descriptors of the equicommittor. Coordinates
8-13 describe the number of waters in the solvation shells. Ballard and
Dellago99 used these CVs to analyze the long range effects of the solvent
structure on the NaCl dissociation.

As for the IPL case, 20 walkers were used, 10 initiated in reactants
and 10 in products state. The force constant was set to 400 ps−2 and the

damping coefficients were 5 ·103 ps−1 and 5 ·103 amu · Å2 ·ps−1 for γz and
γn respectively. The dmax was set to 10 amu1/2·Å.

4.5.3 Converged hyperplane

The hyperplane converged after 150 ps of simulation (Fig. 4.5). The final
hyperplane was averaged over 150-250 ps interval. It is not surprizing
that the convergence took much longer than for the IPL case. On the one
hand, higher damping coefficients were used here to ensure stability of the
simulation. On the other hand, the solvent degrees of freedom, which are
strongly coupled to the RC, take long time to relax.

The curvature of the free energy barrier of NaCl dissociation, compared
to the IPL case, is much lower. That makes the HTS ensemble after
applying the bias too narrow to ensure a good overlap of the distributions
needed for the Eq. (4.35). The regions where the difference between
the hyperplanes defined with complete and reduced set of CVs becomes
energetically significant are not sampled sufficiently. This causes a large
statistical error in the κ−i/κ estimates. To account for this issue, an
additional 50 ps simulation with a reduced force constant (16 ps−2) was
performed to acquire a wider distribution around the TS. Of course, such a



120 Hyperplanar TS optimization

Table 4.3: The active space for the NaCl dissociation.

Name Explanation and units

1 d(Na+, Cl−) Distance between Na+ and Cl− atoms (Å)

2 ESP (Na+) Electrostatic potential on the Na+ atom (e/Å)

3 ESP (Cl−) Electrostatic potential on the Cl− atom (e/Å)

4 ESF (Na+) Electrostatic force on the Na+ atom projected
on the Na+- Cl− vector (e/Å2)

5 ESF (Cl−) Electrostatic force on the Cl− atom projected on
the Cl−- Na+ vector (e/Å2)

6 Bridges(Na+, Cl−) Number of water bridges between Na+ and Cl−

atoms

7 Density(Na+, Cl−) Water density between Na+ and Cl− atoms

8 Shell(Na+, 1) Number of water molecules in the first solvation
shell of Na+

9 Shell(Na+, 2) Number of water molecules in the first two sol-
vation shells of Na+

10 Shell(Na+, 3) Number of water molecules in the first three sol-
vation shells of Na+

11 Shell(Cl−, 1) Number of water molecules in the first solvation
shell of Cl−

12 Shell(Cl−, 2) Number of water molecules in the first two sol-
vation shells of Cl−

13 Shell(Cl−, 3) Number of water molecules in the first three sol-
vation shells of Cl−

low force constant reduces significantly the precision of the approximation
(4.8). So, the obtained coefficients should be considered only as qualitative
estimates of the importance of the CVs.

The results for the converged hyperplane are shown in Table 4.4. Not
surprisingly, the most important coordinate is the interionic distance.
Among all the other 12 coordinates only the CV describing the num-
ber of water bridges between Na+ and Cl− (Bridges(Na+, Cl−)) has an
importance coefficient < 0.9. This is also one of the coordinates identified
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Figure 4.5: Convergence of the NaCl hyperlane. Cz and Cn are
defined as in Eqs. (4.48) and (4.49).

by Mullen et al.100 to be important to define the RC. The second coor-
dinate proposed by these authors – the water density (number 7) – was
not distinguished in our importance analysis. A possible explanation is
that this coordinate accounts for pre- or post-TS evolution of the system.
Such features can not be captured by a ‘local’ method, restrained to the
dividing surface.

4.5.4 Committor analysis

The committor distribution and the transmission coefficient calculation
protocol was the same as for the IPL system. 400 structures with |q(x)| <
0.001 amu1/2·Å were sampled and 50 NVE traectories with initial Maxwell-
Boltzmann distributed velocities at 300 K were generated for each one.
The reactants and products basins were defined as in Ballard and Del-
lago:99 the system was considered to reach the reactants state when
d(Na+, Cl−) < 3.2 Å and the products state when d(Na+, Cl−) > 4.4
Å.

To test the findings from the importance analysis, the calculations were
repeated with the active space consisting of only the NaCl distance and
the number of water bridges as well as only with the interionic distance.
The results are shown in Table 4.5.
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Table 4.4: HTS optimization results. The two most important
coordinates are highlighted. zfinal and n̂final are calculated with
Eqs. (4.50) and (4.51). The 95% confidence intervals were ob-
tained using statistical bootstrapping.

Name
zfinal
(Å)

n̂final
(amu−1/2)

M−1n̂final
(amu1/2)

κ−i/κ

1 d(Na+,Cl−) 3.573 0.238 4.043 0.0093 (±0.0067)
2 ESP (Na+) -0.2693 -0.01364 0.1079 0.9798 (±0.0002)
3 ESP (Cl−) 0.2791 0.01616 0.2662 0.9714 (±0.0002)
4 ESF (Na+) 0.08343 -0.01152 0.4176 0.9732 (±0.0003)
5 ESF (Cl−) -0.06979 0.01083 0.5432 0.9665 (±0.0003)
6 Bridges(Na+,Cl−) 0.8354 0.01359 1.359 0.6195 (±0.0152)
7 Density(Na+, Cl−) 0.02639 0.0004665 -18.46 0.9679 (±0.0006)
8 Shell(Na+, 1) 4.84 0.09211 0.303 0.9361 (±0.0013)
9 Shell(Na+, 2) 19.04 0.05738 0.01143 0.9728 (±0.0002)

10 Shell(Na+, 3) 60.6 -0.01074 -0.01323 0.9709 (±0.0007)
11 Shell(Cl−, 1) 4.43 0.07786 -0.07731 0.9538 (±0.0004)
12 Shell(Cl−, 2) 28.59 0.01046 0.02172 0.9500 (±0.0007)
13 Shell(Cl−, 3) 70.61 -0.00661 -0.001239 0.9578 (±0.0008)
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Figure 4.6: Committor histograms on the optimized hyperplanes.
The black solid line is a parabolic curve fitted to the data (shown
solely for aesthetic purposes). The error bars represent 95% con-
fidence intervals obtained using statistical bootstrapping.

In principle, HTS optimization method is not suitable for processes
with strong diffusive character. As shown by Ballard and Dellago99 this is
the case for NaCl dissociation. Nevertheless, the best transmission coeffi-
cient that was obtained here (0.39) is not too far from the result obtained
by Mullen et al. (0.43) using the Inertial Likelihood method,101 which
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Table 4.5: Results for the optimized NaCl dividing surfaces with
three different active spaces.

µ σ κ

13 CVs 0.45 (±0.03) 0.27 (±0.01) 0.39 (±0.02)
2 CVs 0.45 (±0.03) 0.28 (±0.01) 0.39 (±0.02)
1 CV 0.42 (±0.03) 0.33 (±0.01) 0.32 (±0.02)

directly fits the RC to the transmission coefficient. However, the results
are not directly comparable, since different force fields and different def-
initions of the reactants and products basins were used in both studies.
Clearly, the HTS optimization did improve the committor distribution and
κ compared to the case when only the interionic distance was used as an
RC (κ = 0.32). The committor histogram, being bimodal when the dis-
tance coordinate is used, is roughly uniform for the hyperplane optimized
in the space of 13 CVs. The removal of all but the two most important
coordinates (the NaCl distance and the number of water bridges) from the
active space did not affect the transmission coefficient. This confirms the
prediction from the importance analysis that these 11 coordinates are not
necessary for the TS definition.
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4.6 Conclusions

Both test cases presented here have shown the strength of the HTS ap-
proach. In particular, this is the case for the IPL catalysed reaction, for
which it has been very difficult to define the TS by a simple geometric
coordinate and very challenging to do so using even more sophisticated
approaches (section 3). Given that, it is remarkable that the HTS opti-
mization provided a dividing surface with κ = 0.8. Such a high transmis-
sion coefficient is the best proof for the power of the developed approach.

It is also worth stressing the importance of Eq. (4.2.4) for understand-
ing the nature of the TS. It was shown that the orientation of the RC
does not correlate with the extent to which the CVs contribute to the TS
definition. In turn, the developed expression for the importance analysis
provides probably the best way to distinguish the truly essential degrees of
freedom – it quantifies the change in the transmission coefficient, caused
by ignoring this CV in the TS definition. Normally, the important coor-
dinates are not known a priori. This is a stumbling block of other TST
based approaches, since the explicit definition of the RC is required. How-
ever, the computational cost of HTS optimization is virtually independent
of the number of CVs used. Therefore, one can start with a very large
active space, perform the HTS optimization and then analyse, which of
the selected CVs indeed participate in the reaction progress. This makes
the HTS optimization a truly practical realization of VTST.

The importance of having a high quality dividing surface is that it
provides a detailed geometric description of the TS. In case of enzymatic
reactions this information is essential for the development of novel drug
candidates. On the other hand, a precise atomistic description of the TS
can be used to elucidate very subtle features of the process at hand. An
example of such a feature is the role of protein dynamics in the catalytic
process, which is still a subject of a hot debate in the field. The next
chapter is dedicated to this problem.



Chapter 5

Role of protein dynamics in
hsDHFR

In this chapter an interesting application of the HTS optimization tech-
nique described before is presented. An extensive sampling of the TS re-
gion is used to quantitatively evaluate the role of protein dynamic effects
in the reaction catalysed by human Dihydrofolate Reductase (hsDHFR).
The existence of specific protein motions that promote the reaction is still
a subject for controversy. First, I perform an analysis of possible sources
of the violation of equilibrium at the dividing surface. Second, I provide a
practical framework, based on HTS and ensemble reweighting, that allows
for unambiguous distinction of equilibrium and non-equilibrium (dynamic)
contributions to the catalytic efficiency. The results clearly indicate the
negligible amount of dynamic contribution to hsDHFR catalytic efficiency.
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5.1 Dynamic effects hypothesis

Enzymes are highly flexible, heterogeneous polymers with an extremely
complicated dynamic behaviour, spanning timescales from pico- to mil-
liseconds. The idea that the nature has taken advantage of these features
and evolutionary optimized the enzymatic motions to assist the catalysis
seems completely reasonable. This “dynamic effects” hypothesis became
popular among researchers and was used to provide qualitative explana-
tion for a wide spectrum of experimental findings. The observed temper-
ature dependence of kinetic isotope effects (KIEs) in some transfer reac-
tions were explained by the dynamic compression of the donor-acceptor
distance, increasing the tunnelling effect.103 Correlation between the fre-
quency of conformational changes and reactive events was interpreted as a
signal of the existence of protein motions essential for the reaction.104,105

Finally, the changes in the reaction rate caused by distant mutations was
attributed to perturbation of some essential large scale promoting vibra-
tion.103 Several computational studies were also published that, according
to author claims, detect those vibrational modes that indeed increase the
probability of the TS crossing.106,107

A serious shortcoming of the promoting motions hypothesis is the lack
of a rigorous definition of what to actually consider a “dynamic effect”.
As a consequence, any explanation of experimental results based on the
dynamic participation of the protein remains speculative, since no numer-
ical estimate of these effects is provided. As shown by Warshel et al. in
a sequence of publications,17,108,109 when any reasonable definition of a
dynamic effect is provided, it becomes apparent that no experimental or
in silico evidence unambiguously indicate a significant impact of these ef-
fects on the reaction rate. Therefore, the dynamic hypotheses might be
nothing more but atomistic interpretations of how the unordered thermal
fluctuations carry the system across the transition state.

The supporters of the role of “promoting motions” suggest that a sig-
nificant portion of enzymatic catalytic efficiency is provided by specific
protein motions. The directly opposite point of view is to assume that
these motions are completely irrelevant and consider that the enzyme plays
a passive role of an averaged preorganized electrostatic environment. In
this case, the catalysis is done by increasing the average probability to
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reach the TS. This is essentially the assumption done in TST: the TS is
assumed to be at equilibrium and once it is reached by the system the
reaction happens. So, from this perspective, the enzymatic reaction rate
can be obtained in the framework of TST by calculating the activation
free energy of the reaction. Since the two points of view are essentially
incompatible, it is not surprising that the usage of TST in the field of en-
zymatic reactivity received critics from the proponents of the promoting
motions hypothesis.18
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5.2 Definitions of “dynamic effects”

The discussion can not be continued without precisely defining what to
consider a “dynamic effect”. As mentioned by Prof. Kohen110 sometimes
the disagreement between opponents and supporters of the dynamic hy-
potheses appear merely due to semantic issues and not to real difference
in the opinions. So, care should be taken to provide definitions that are
not subject to misinterpretations. Several works, addressing this issue
were published in the last years.17,110,111 In this section, a summary of
possible definitions is provided.

5.2.1 “Slow” dynamic effects

The slowest motions that are supposed to affect the reactivity in enzymes
are the global conformational changes of the protein. These are proposed
to funnel energy from conformational to the chemical RC.105 This could al-
ter the distribution of the reactants making reactive states (one with more
kinetic energy in the reactive mode) more probable than in the equilibrium
ensemble. Since the time scales of these slow motions are many orders of
magnitude longer than the reactive events, it is generally accepted that
the system has enough time to recover the equilibrium dissipating any
excess of energy that could have been transferred to the chemical RC. A
scenario when this might not be the case was discussed by Tuñón et al.111

and shown to have negligible effect on the reaction rate.

It has to be noted that large scale conformational changes might be
very important for understanding of enzymatic catalysis, since they control
the formation of Michaelis complex and the release of the products. In
some cases these might even be rate limiting steps.112 But these events
happen either before or after the chemical step and, therefore, can not be
coupled to the latter.

5.2.2 Non-statistical “fast” dynamic effects

More controversial is the participation of femto- to picosecond time-scale
protein motions in the barrier crossing event, which is the time scale of the
reactive event itself. These “promoting vibrations” are claimed to act on
the chemical RC and facilitate the reaction.18 In this case, the phase of the
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vibration must be “positive” in a sense that it has to enforce the system to
proceed from the TS to the products and not vice-versa. That means that
the velocity distribution upon reaching the TS from the reactants side is
not the equilibrium one (Fig. 5.1). As a result, the trajectories that cross
the dividing surface with the “improper” momentum associated to the
promoting vibration will eventually fall back to the reactants, violating
the no-recrossing assumption of the TST. The opposite is true: if the TS
is never recrossed, then the velocity distribution is the equilibrium one
and there is no distinctive vibrational mode that might affect the fate of
the trajectory. Therefore, the discussion of the presence of fast dynamic
effects can be reduced to a formal question of validity of the TST and
quantified by the transmission coefficient κ (see section 1.3.2).

(a) “correct” phase (b) “wrong” phase

Figure 5.1: Promoting motion. Note that the same configuration
is shown on both figures, but the transfer probability is different
depending on the phase of the vibration.

This scenario and a low value of κ is necessary, but not a sufficient
indicator of the presence of significant dynamic effects in the process at
hand. On the one hand, the dividing surface might be chosen at the
suboptimal position along the chosen RC. On the other hand, if the barrier
crossing involves changes in other DOF but the chosen RC, the dividing
surface defined by this RC will not represent the true TS. In both cases
there will be a mean force acting against the RC upon barrier crossing,
decreasing κ.111 By modifying the RC a better definition of the dividing
surface with higher κ can be obtained (see section 1.3 and chapter 4).
In fact, for a harmonic model system it was explicitly shown by Mullen
et al.113 that a no-recrossing dividing surface (κ = 1) can be obtained.
Therefore, in such a system no dynamic effects are present.

The dynamic contribution to the reactivity, however defined, must be
an intrinsic property of the process and can not depend on the arbitrary
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choice of the dividing surface. The deviation of κ from unity in the example
above is due to the free energy cost of the reorganization in other DOFs
and therefore can be interpreted in statistical terms, without considering
the dynamics whatsoever. Additional excess kinetic energy is required to
overcome this additional barrier, causing the momentum distribution of
the reactive flux to significantly deviate from the equilibrium one. This
should not be misinterpreted as an evidence for strong dynamic effect. If
it were possible to construct RC that provides a no-recrossing dividing
surface, that would be a definitive proof of an absence of the fast dynamic
effects in the process under study. And the strongest argument in favour
of these would be a proof that such a surface is in principle impossible to
construct and that the error introduced in the non-recrossing hypothesis
is large.

5.2.3 Quantum dynamic effects

It is often argued that the dynamic compression of the donor-acceptor dis-
tance during the transfer of a light particle (proton, hydride or hydrogen
atom) makes the barrier narrower, increasing the probability of tunneling
and, thus, the reaction rate. As in the case of “classical” dynamic ef-
fects, the fact that the reaction rate is strongly affected by tunneling does
not necessarily mean that this effect is “dynamic”. In fact, a theoreti-
cal framework commonly used to interpret KIEs is based on the average
probability for the transfering particle to tunnel through the barrier.110 In
this case the calculated effect is purely statistical and does not include any
non-statistical dynamics whatsoever. The discussion is complicated by the
fact that it is very computationally challenging to perform straightforward
quantization of the nuclear DOFs and then simplified models have to be
used. This leaves the door open for speculation from both supporters and
opponents of this hypothesis.

A computationally efficient way to obtain the quantum-mechanical
properties of a system without explicitly performing an extremely costly
wave function time-propagation is the path-integral MD approach114 and
the related ring polymer MD (RPMD) method.115 Boekelheide et al.116

applied RPMD to the Escherichia coli DHFR and had found no spe-
cific correlation between the protein motions and the chemical coordinate.
Also, as was argued by Kamerlin and Warshel,108 even if the tunneling
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contribution to the enzymatic reaction rate is large, this does not nec-
essarily mean that it is catalytic. If the tunneling effect in the aqueous
solution is as important as in the enzyme, the resulting impact on the cat-
alytic efficiency is negligible. In the same review108 Kamerlin and Warshel
provide evidence that this is generally the case.

Finally, It is worth mentioning that the relation between the transmis-
sion coefficient and the strength of the dynamic effects mentioned above
is not exactly valid in case of a quantum treatment of nuclei. Craig and
Manolopoulos117 studied a particle crossing the asymmetric Eckart bar-
rier. It is a 1D system and, therefore, classically the ideal TS is guaranteed
to have no recrossings. However, when the particle is treated quantum-
mechanically, there is a significant amount of recrossings even for the op-
timal TS. Frankly, no “dynamic effects” can be present in a 1D system.
So, in case of quantized nuclear motion, even a high number of recrossings
is not a sufficient indicator of strong dynamic effects. So, while quantum
effects might significantly increase the reaction rate, the discussion of their
importance for enzymatic catalysis goes beyond the “promoting motions”
hypothesis.
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5.3 Transmission coefficient at the equicommit-
tor surface

As was discussed in section 1.3.3, the true TS is the equicommittor. In fact,
it is trivial to show that, if for a given process the no-recrossing dividing
surface exists, it must coincide with the equicommittor. Indeed, since
each trajectory crossing such a surface is reactive, for each half trajectory
that ends up in the reactants there will be exactly one half trajectory that
ends up in the products. Also, since both half trajectories come from the
same total reactive trajectory, they by definition have the same canonical
probability to be observed. Therefore, for any configuration at the no-
recrossing dividing surface the probability of a random trajectory to end
up in products is exactly 1/2, which is the definition of the equicommittor
(Fig. 5.2a).

(a) without recrossings (b) with recrossings

Figure 5.2: Flux through the equicommittor.

If the no-recrossing surface does not exist, for each non-reactive R→ R
(reactants to reactants) trajectory crossing the equicommittor at some
configuration, there has to be a P → P (products to products) trajectory
crossing the same configuration, for the condition pB = 1/2 to be fulfilled
(Figure 5.2b, top). This pairs of trajectories were termed by Mulllen et
al.113 as “recrossing pairs”: a recrossing pair are two trajectories, one
R → R and one P → P , that share a common configuration. On the
other hand, if a trajectory recrosses the equicommittor, but is reactive,
that it has to recross the surface an even number of times and therefore can
be called “double recrossings” (Figure 5.2b, bottom). While the presence
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of these trajectories does reduce the transmission coefficient, it is arguable
whether they should be considered as “dynamic effect” since at the end
of the day the destiny of the trajectory (whether it reaches the products
state or not) does not depend on the velocity.

As illustrated on the Figure 5.2b, any dividing surface separating the
reactant and products basins will be crossed by at least one of the trajec-
tories forming a recrossing pair. Therefore, the existence of one recrossing
pair is sufficient to definitively disprove the existence of a no-recrossing
dividing surface for a given process. The recrossing pairs are an intrinsic
feature of the system. Their amount is uniquely defined by the shape of
the potential energy surface (Hamiltonian) and does not depend on the
particular choice of the dividing surface. So, one can not avoid the effect of
the recrossing pairs on κ by optimizing the RC, in contrast to the “mean
force” effect described in section 5.2.2. There is no mean force acting on
the equicommittor, since the system has no preference to go either for-
ward or backward along the reaction coordinate∗. As mentioned above,
it is not clear whether the double recrossings should be considered when
quantifying the dynamic effects. To rather overestimate the dynamic con-
tribution than underestimate it, here we will consider the deviation of κ
from unity, calculated on the equicommittor (which includes both kinds
of recrossings) as an irreducible feature of the system and, therefore, an
unbiased quantitative measure of dynamic effects for the process under
study.

To calculate κ on the equicommittor one has to obtain the equilibrium
ensemble of configurations with pB = 0.5. As was mentioned in section
1.3.3, for realistic systems pB is an extremely complicated function with-
out analytic form and, therefore, can only be calculated numerically. Each
pB evaluation requires a significant computational effort, since one has to
launch a large series of unbiased MD trajectories to obtain the commit-
ment probability. Also, the gradient of pB is not available, which makes it
impossible to use pB as a reference coordinate to sample the corresponding

∗This is not exactly true, since the mean force is a local property of the surface
while the committor function is calculated by trajectory propagation. However, when
the motion along RC is mostly inertial (which also implies low recrossings), the mean
force acting on the equicommittor is negligible.
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constrained ensemble by means of a biased MD simulation (one still might
be able to perform Monte-Carlo53 sampling, though).

However, as will be shown below, one can use ensemble reweighting
to calculate any equilibrium property (including κ) on the equicommittor
surface based on another biased ensemble. To derive the corresponding
expression, let us first write down explicitly the expectation value of some
property X on the equicommittor surface S:

〈X〉pB=0.5 =

∫
S
e−βVXdσ∫
S
e−βV dσ

=

∫
R3N

e−βVX|∇pB|δ(pB − 0.5)dx∫
R3N

e−βV |∇pB|δ(pB − 0.5)dx

(5.1)

Note that here we have used the co-area formula to go from the surface
integral to the constrained integral over the configurational space. The
explicit dependence of X, V and pB on x was omitted for clarity. Now, let
us introduce some biasing potential Vb. Following the derivation similar
to one in the section 4.2.4 it is straightforward to express 〈X〉pB=0.5 in
terms of expectation values of a corresponding biased ensemble:

〈X〉pB=0.5 =

∫
R3N

e−β(V+Vb)XeβVb |∇pB|δ(pB − 0.5)dx∫
R3N

e−β(V+Vb)eβVb |∇pB|δ(pB − 0.5)dx

=

〈
XeβVb |∇pB|

〉
b, pB=0.5〈

eβVb |∇pB|
〉
b, pB=0.5

(5.2)

Where 〈· · · 〉b, pB=0.5 denotes the averaging over the biased ensemble using
only the configurations that lie on the equicommittor surface. The ex-
pression (5.2) is the central methodological result of the work presented in
this chapter. To calculate any property of interest on the equicommittor
one first has to choose the biasing potential Vb and sample a number of
configurations large enough to have a sufficient amount of samples lying
on the equicommittor. Then, for all the sampled configurations the value
of pB has to be (numerically) obtained. Finally, the ratio (5.2) for any
property of interest X has to be calculated for those configurations that
lie on the equicommittor.
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Several remarks have to be done here. First, while the choice of Vb
is arbitrary, in practice the biased ensemble has to be localized as close
as possible to the equicommittor region. In other case the fraction of the
sampled configurations will be too small, which will dramatically increase
the statistical error of the reweighting. We will take advantage of the HTS
optimization technique presented in the previous chapter to obtain a good
approximation of the equicommittor that can be used as a reference for
the restraint. Second, one needs to know the gradient of the committor
|∇pB|. As pB itself, this can only be calculated numerically. A complete
numerical calculation of |∇pB| would require 3N committor calculations
per value, which is, of course, computationally prohibitive. Instead, we
will take advantage of the fact that q(x) obtained by HTS optimization
is a good approximation of pB around the equicommittor. So, we will
approximate ∇pB by its component along the gradient of q(x):

∇pB(x) ≈ ∇pB(x) · ∇q(x)

|∇q(x)|2
∇q(x) = ∇−→q pB(x) (5.3)

where ∇−→q is the directional derivative along ∇q(x):

∇−→q f(x) = lim
δ→0

f(x + δ∇q(x))− f(x)

δ|∇q(x)|
(5.4)

In this case, only one extra pB calculation is needed to estimate |∇pB|.
The precision of this approximation will strongly depend of how precisely
q approximates the committor function. However, the presence of |∇pB|
in Eq. (5.2) can be seen as an additional reweighting. Practice shows
that |∇pB| is essentially decorrelated from e−βVb , therefore, the effect of
the presence of this factor on the calculated average is small. Finally, in
practice one can’t obtain samples exactly on the equicommittor, since the
probability to sample a manifold of a lower dimensionality is 0. Instead,
a small interval of pB around 0.5 should be considered. Narrower is this
interval, more precise is the calculation. However, in a too narrow interval
the number of observed configurations will be very low, resulting in a
large statistical error. Therefore, a compromise should be made. The
pB ∈ 0.5 ± 0.01 region provides a reasonable balance between precision
and the statistical error.

The most important application of the reweighting procedure provided
here is that is can be used to calculate κ on the equicommittor surface.
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The expression (1.25) for the transmission coefficient can be interpreted
as a ratio of two statistical averages sampled on the trial dividing surface.
Therefore, by combining Eqs. (1.25) and (5.2) we get:

κpB=0.5 =

〈
eβVb(x)|∇pB|

∑
i

vi(x)Qi(x)

〉
b, pB=0.5〈

eβVb(x)|∇pB|
∑
i

|vi(x)|

〉
b, pB=0.5

(5.5)

Here the summation is done over the trajectories generated for each sam-
pled configuration x.
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5.4 hsDHFR: motivation and setup

As was mentioned above, the deviation of κ from unity at the equicom-
mittor measures the amount of dynamic effects in the system. A corre-
sponding value obtained using suboptimal RC, therefore gives an upper
limit for the dynamic effects. So, enzymatic processes that have a high
κ are of no interest for the discussion of the dynamic effects. This is the
case for most single step reactions, like methyl transfer, bond breaking
etc. Some processes have low κ for a simple reaction coordinate because
of their complicated nature. In the previous chapter the Isochorismate
Pyruvate Lyase (IPL) case was analysed in detail. This process has two
simultaneous chemical steps and it is not surprizing that a simple reaction
coordinate can not grasp the necessary features of the correct dividing
surface. When using a more complex reaction is employed, a high κ was
obtained (0.8 with HTS optimization, section 4.4.5). So, the reason for a
low value of κ in such processes is the quality of the RC, not the presence
of dynamic effects.

A special case are hydride transfer reactions. While being chemically
simple, the typical transmission coefficients are relatively low. For exam-
ple, for the Escherichia coli DHFR, the typical κ using the antisymmetric
transfer coordinate is around 0.4-0.6.118–120 This was used as an argument
in favor of strong dynamic contribution to the reactivity in these systems.
Particularly, it was proposed by Masterson et al.106 that human DHFR
(hsDHFR) was evolutionary optimized to enhance the large scale pro-
moting motions that facilitate the barrier crossing. DHFR catalyses the
reduction of dihydrofolate (DHF) to tetrahydrofolate (THF) by NADPH
(Fig. 5.3). The reaction involves (apart from the hydride transfer itself)
formation of NADP+ aromatic ring and rupture of a double bond conju-
gated with the aromatic ring of DHF. So, seemingly simple, this reaction
involves changes in large number of geometric DOFs that are possibly
coupled to the RC. So, low values of κ typically observed for this system
might be due to overly simplistic RC and not due to dynamic effects. In
the following a detailed analysis of the DHF reduction by NADPH based
on the HTS optimization technique is presented. The reaction was studied
both in the active site of DHFR and in aqueous solution to determine the
contribution to the catalysis of both dynamic and environment effects.
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DHF

NADPH

THF

NADP+

Figure 5.3: DHFR mechanism.

5.4.1 MD setup

The enzymatic systems was prepared based on the crystal structure from
PDB (PDB code: 4M6K121). The missing hydrogens were added and the
protonation states assigned using Maestro 2014.122 The orthorhombic
water box of size 58×55×67 Å3 and the sodium atoms needed to neutralize
the system were added using AmberTools13.96 Five Na+ atoms were
needed to neutralize the system. The protein was crystallized with folate
and NADP. The reactants (DHF, NADPH) and products (THF, NADP+)
states were obtained by manually modifying the chemical structure of
both ligands. The system was described by a hybrid Amberff12SB32/AM1
Hamiltonian with specific AM1 parameters for DHFR catalyzed reaction
taken from Doron et al.123 The QM part is shown in Fig. 5.4.

The system was first heated during 20ps from 0 to 300K. Then it was
equilibrated for 20 ns at constant pressure (p = 1 bar). Both heating
and equilibration were done with Amberff12SB force field for the entire
system and 2fs time step. The bonds involving a hydrogen atom were
constrained with SHAKE.39 The parameters for the substrate and cofactor
were generated using Antechamber.96 Then, constant volume relaxation
with Amberff12SB/AM1 Hamiltonian was performed for 100 ps with 1 fs
time step using Langevin thermostat. The same procedure was used for
both reactants and products structures.

The system for the reaction in water solution was prepared solvating
DHF and NADPH in a 36 × 48 × 41 Å3 orthorhombic water box. Five
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DHF

NADPH

Figure 5.4: QM region and the active space. The QM region is
drawn in Licorice and outlined. The active space is represented
by yellow tubes and green spheres for distance and hybridization
CVs respectively. The atoms with weak harmonic restraints are
marked with asterisks.

sodium atoms were added to neutralize the system. Weak harmonic re-
straints (K = 2 kcal/mol/Å2) were applied to the positions of 4 heavy
atoms, 1 on the adenine and three on the folate (see Fig. 5.4) to ensure
that the conformation of both reactive species is close to that found in the
Michaelis complex. The rest of the simulation protocol was identical to
that of the enzymatic system.

5.4.2 HTS optimization setup

To obtain an approximation to the equicommittor as good as possible we
can take advantage of the fact that the computational cost of the HTS
optimization is almost independent of the number of CVs used. So, in
the case of DHFR an exhaustive substrate active space, consisting of 62
coordinates was used (Fig. 5.4). Essentially all the distance, angles and
hybridization coordinates of the two conjugated systems were considered.
However, no protein DOFs were included. It was done on purpose - since
the active space covers all the relevant DOFs of the substrate, the dif-
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ference between the true TS (equicommittor) and the hyperplane should
roughly correspond to the degree of participation of environment in the
TS crossing. The parameters K, γz and γn were set to 200 ps−2, 500 ps−1

and 103 amu ·Å2 ·ps−1 repectively. The dmax for the in-plane restraint was
set to 1 amu1/2 · Å. Such a low value was necessary to ensure the stabil-
ity of the simulations and accelerate the convergence. Langevin dynamics
were carried out with a time step of 0.5 fs. The hyperplane converged af-
ter 10 ps. After the convergence, 10 ps of sampling for each of 20 walkers
were obtained with the fixed hyperplane and used for HTS refinement (see
below).

For the HTS optimization in water the 62 substrate CVs were not able
to provide a TS which sufficiently overlaps with the equicommittor. To
obtain a better dividing surface, an alternative set of CVs, including the
solvent coordinates, was used (see Appendix B for details). The parame-

ters K, γz and γn were set to 4 ·104 ps−2, 500 ps−1 and 200 amu · Å2 ·ps−1

repectively. The dmax was set to 3 amu1/2 · Å. The HTS optimization
was run for 50 ps and then the refinement procedure described next was
applied.

5.4.3 Refinement of the hyperplane

The precision of the reweighting procedure 5.2 is very sensitive to the qual-
ity of the TS. So, an additional optimization procedure described in the
following was performed. The importance analysis described in section
4.2.4 gives the ratio of the transmission coefficients for two hyperplanes
based on the sampling obtained with the biasing potential along the ref-
erence hyperplane. However, we can turn this approach upside down and
ask, which hyperplane increases κ most compared to a given one. So,
having a converged hyperplane q0 = 0, where q0 is defined by z0 and n̂0,
we want to find q (Eq. (4.15)) that minimizes

κq0
κq

=

〈
|∇q| exp

(
β
K

2
(q2

0 − q2)

)〉
q0

(5.6)

Note that here the inverse of (4.35) is used and the first term is ignored∗

to simplify the expression. The averaging is done over the biased HTS

∗It was shown by Zinovjev et al.79 that this term is always close to unity.
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ensemble (Eq. (4.12)) along q0. By performing a derivation identical to
the one in section 4.2.3, the derivatives of (5.4.3) w.r.t. z and n̂ defining
q are obtained as:

∂

∂z

κq
κq0

=

〈
exp

(
β
K

2
(q2

0 − q2)

)
|∇q|βKqM−1n̂

〉
q0

(5.7)

∂

∂n̂

κq
κq0

=

〈
exp

(
β
K

2
(q2

0 − q2)

)
|∇q|−1

(
M̃(x)n̂

)⊥
M

〉
q0

−〈
exp

(
β
K

2
(q2

0 − q2)

)
|∇q|βKq (θ(x)− z)⊥M

〉
q0

(5.8)

Having θ(x) and M̃(x) sampled at the fixed hyperplane one can then start
with z0 and n̂0 and optimize z and n̂ using any gradient-based minimiza-
tion algorithm. In this work the conjugate gradient method124 was used.
For both systems (enzymatic and aqueous) two iterations of refinement
with 10 × 20 = 200 ps of sampling were performed: after the first HTS
refinement new sampling was generated and the process repeated for a
new q0.

5.4.4 TS ensemble generation and reweighting

The reweighting procedure described in section 5.3 requires the equicom-
mittor surface to be efficiently sampled. Even having a good dividing
surface this requires a significant computational effort, since only a small
fraction of the sampled configurations will lie in the region close to the
equicommittor. This problem becomes even more pronounced, since one
can’t pick only the structures located on the q = 0 surface, as is normally
done in the committor analysis. In this case the reweighting factors eβVb

are undefined making the above mentioned procedure impossible. So, the
sample has to be obtained using a simulation restrained to the region
around q = 0. This inevitably makes the committor distribution wider
compared to the one obtained exactly on q = 0 surface. Obviously, this
reduces the number of the configurations found at the equicommittor and
increases the statistical error of the reweighting procedure.

To determine the sample size needed to obtain reliable properties of
the equicommittor, a small set of 400 configurations was first generated
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with the same VHTS biasing potential as used for the HTS optimization
(K = 200 ps−2). A committor analysis was performed for these 400 struc-
tures, setting the reactants and products basins to be located at q < -0.5
and q > 0.5 values respectively. The basins were defined farther from
the TS that really necessary to define optimal thresholds for the complete
analysis. Too high values will lead to unnecessary sampling, while too low
ones may miss recrossings, overestimating κ. The optimal thresholds were
found to be q < -0.3 and q > 0.3 for reactants and products respectively.
Eleven of 400 structures had a pB value in the range [0.49 : 0.51]. So, to
obtain ≈ 500 structures∗ lying on the equicommittor, a sample of 20000
configurations has to be obtained. Since configurations have to be sepa-
rated at least by 1 ps (more than the decorrelation time) along the MD
trajectory, such a number of configurations requires 20 ns of sampling.
Moreover, a committor test has to be performed then for each of 20000
configurations. The average trajectory length with the optimal thresholds
was found to be ≈ 50 fs. Practice shows that 100 trajectories are needed
for a credible estimate of pB, resulting in 20000× 100× 50 fs = 100 ns of
sampling in total. So, this computationally challenging task was heavily
parallelized. First, 1000 configuration were generated by 20 independent
dynamics (50 configurations per replica). Then, 1000 parallel jobs were
submitted, each generating 20 configurations. Then, the complete com-
mittor analysis for all the 20000 configurations was performed in parallel.
In total, 560 structures were found at the equicommittor. An identical pro-
cedure was repeated for the reaction in water, resulting in 485 structures
within the pB = [0.49 : 0.51] range. Note that in this the case hyperplane
used to generate the ensemble for the committor analysis was not the one
defined by the 62 substrate CVs, but the one constructed using solvent
DOFs (see Appendix B). Finally, results for the transfer (antisymmetric)
RC in both environments were obtained by optimizing the RC value and
generating 400 structures at the corresponding dividing surface.

∗Previous studies suggested that around 400 TS configurations are necessary for
the calculation of κ with the statistical error of ±0.02. In this case a larger sample is
needed to account for the extra error due to the reweighting.
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5.5 Results

5.5.1 κ at the equicommittor surface

The effect of different factors on the reaction rate was studied by calcu-
lating the transmission coefficient with three definitions of the TS: the
surface defined by the näıve antisymmetric transfer RC, the hyperplane
defined by the 62 substrate CVs and finally the equicommittor surface.
The result are presented in Table 5.1 and Figure 5.5.

Table 5.1: Transmission coefficients for different dividing sur-
faces. The error bars here and below represent 95% confidence
intervals and were calculated by statistical bootstrapping with
10000 bootstrap samples.

Transfer Chemical (62 CVs) Committor

Enzyme 0.41 (±0.02) 0.75 (±0.02) 0.93 (±0.02)
Water 0.26 (±0.02) 0.58 (±0.03) 0.88 (±0.03)

The transmission coefficients at the dividing surfaces obtained using
62 substrate CVs are substantially different for reactions in the enzymatic
active site and in aqueous solution. This is not surprizing, since the par-
ticipation of the environmental DOFs is known to be significantly larger
for the reactions in solution.125,126 The high value of κ for the enzymatic
substrate RC (0.75) readily reduces the upper limit for possible dynamic
contribution to catalysis. The amount of surface recrossings with the opti-
mized TS is (1− 0.41)/(1− 0.75) ≈ 2.4 times smaller than for the transfer
coordinate. Moreover, since the RC is defined uniquely by the substrate
DOFs, even the “statistical” protein dynamic effects appear to have neg-
ligible impact on the barrier crossing. However, a devoted supporter of
the promoting vibrations hypothesis might still argue that the dynamic
effects contribute for the 25% reduction of the reaction rate compared to
the TST result. In turn, the κ value at the equicommittor leads to a
definitive conclusion: while some deviation from the equilibrium is indeed
observed, the effect is essentially negligible. A transmission coefficient of
0.93 translates to a 0.04 kcal/mol underestimation in the activation free
energy, which is far below any other typical error for the “state of the art”
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free energy calculations. The impact on the catalytic effect is actually
even smaller, since one has to consider the ratio of the values obtained
for enzymatic and solution reactions. A second finding apparent from the
results in Table 5.1 is that the true dynamic effects are actually smaller
in the enzyme than in water. Usually, smaller κ values in solution are ex-
plained by a stronger participation of the solvent DOFs, that are difficult
to include in the RC. It is important to stress that here it is not the case.
The values presented here correspond to the equicommittor, thus consider
all the DOFs that are affecting the barrier crossing. The reduction of κ at
pB = 0.5 surface is due to truly non-statistical dynamic effects, that are
apparently stronger in water solution than in the enzymatic active site.
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Figure 5.5: The committor histograms for the transfer and sub-
strate dividing surfaces for enzymatic and aqueous reactions.

It is hard to find a physical interpretation for the obtained results,
since it is not clear, which features of the potential energy landscape are
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responsible for the appearance of the recrossing pairs.113 The usage of
the equicommittor surface ensures that there is no mean force acting on
the system and there is no bias for the system to commit to reactants
or products due to lacking of some rearrangement in the environment, as
discussed in Tuñón et al.111 The formation of the recrossing pairs is due
to different changes in the atomic velocities, depending on the direction
in which the system leaves the TS. Velocity changes are due to the forces
and changes in the forces are caused by changes in the configuration of the
system. It seems that when the environment does not rearrange signifi-
cantly during the reactive event (like in a preorganized enzymatic active
site12), the number of recrossing pairs and, thus, the dynamic effects, are
reduced. The enzyme can be thought as a protecting “cage” that shields
the reaction from the environment. In some sense this finding is con-
trary to the “promoting vibrations” hypothesis, which postulates that the
protein explicitly intervenes in the reactive event.

The same shielding effect manifests both in the energetic contribution
of the environment to the free energy barrier125 and in the nature of the
dividing surface. The participation of the environmental degrees of free-
dom in the TS definition can be estimated by comparing the values of κ
obtained for the equicommittor and the “substrate” TS, defined using 62
substrate CVs. The inclusion of environmental degrees of freedom increase
κ by 0.88/0.58− 1 ≈ 50%, while in the protein this effect is roughly twice
smaller: 0.93/0.75−1 ≈ 25%. It has to be emphasized that these findings,
while without doubt being interesting for the fundamental understanding
of reactivity in complex systems in condensed phases, describe very small
effects that probably are of no importance for quantitative evaluations
of the rate constant. The most important factor, which determines the
catalytic strength of the enzymes, is definitely the electrostatic preorga-
nization of the active site, which reduces the activation free energy of the
reaction. Also, despite existing claims,106 it is hardly credible that such
a small dynamic effect on the reaction rate would make any difference for
natural selection. In fact, a preliminary analysis of DHFR from E.coli pro-
vides roughly the same magnitude of the dynamic contribution (κ ≈ 0.93).
Probably, the strength of “enzymatic shielding” is not sensitive to a par-
ticular chemical environment but depend mainly on the size and flexibility
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of the protein matrix. Obviously, additional research is needed to validate
this kind of extrapolation.

5.5.2 RC analysis

The importance analysis (section 4.2.4) for the converged surface of the
enzymatic reaction revealed several unexpected features of the process
(Figure 5.6). While the most important coordinate is the hydride-acceptor
distance, which is not surprising, the corresponding κ−i/κ value is actually
not very low (0.725), meaning that the impact of removing that coordi-
nate from the TS definition is not dramatic. In contrast to the IPL case,
analysed in the previous chapter, here no single CV is essential to the
definition of RC: one can remove any of the most significant CV’s and the
transmission coefficient will still be reasonably high. The RC is “smeared”
over the geometric DOFs coupled to the transfer, with the contribution
generally decreasing with the distance from the donor-hydride-acceptor
triade.

CV κ−i/κ (Eq. (4.35))

1 d(C6,H4N) 0.725 (±0.103)
2 Hyb(C6) 0.768 (±0.093)
3 Hyb(C4N ) 0.824 (±0.036)
4 Hyb(N5) 0.947 (±0.012)
5 d(C4N ,H) 0.981 (±0.007)
6 d(N5, C6) 0.984 (±0.005)
7 d(C4N , C3N ) 0.986 (±0.004)
8 d(C4N , C5N ) 0.989 (±0.004)
9 Hyb(C5N) 0.990 (±0.004)

10 C′N1, N1N 0.991 (±0.003)

2 6

41

5

3

78
9

10

Figure 5.6: Importance analysis of the optimized hyperplane (62
CVs). Only 10 most important coordinates are shown. Distance
and hybridization CVs are depicted with yellow tubes and green
spheres, respectively. The two distances involved in the hydride
transfer are emphasized in the table.

The most striking result is that the the hydride-donor distance has
unexpectedly small influence on the TS definition. The importance coeffi-
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cient indicates that removal of this coordinate from the active space would
reduce the transmission coefficient by less than 2%. This is absolutely con-
tradictory to the chemical intuition: one would expect the lengths of the
forming/breaking bond to play the major role in the RC, while other DOFs
being of secondary or no importance. The importance analysis is based
on several approximations, so, this unexpected result might be merely an
artefact. So, an additional κ calculation was performed for a dividing sur-
face constructed from the substrate one with dependence on hydride-donor
distance completely removed (see Eq. (4.34)). The result confirmed the
previous findings: the reduced surface has κ = 0.71 ± 0.02, which agrees
with the value predicted by the importance analysis (0.73± 0.02).

5.5.3 TS geometry

In the previous subsection it was shown that the free energy difference be-
tween the dividing surface defined by a simple transfer RC, an optimized
hyperplane and the true TS defined by the equicommittor is almost negli-
gible. However, there is no guarantee that a suboptimal surface provides
adequate geometric description of the TS, which is essential for the design
of TS mimics. In fact, very few studies addressed this issue.120

The reweighting procedure described in section 5.3 can be used to cal-
culate any property of the equicommittor, not only the transmission co-
efficient. So, the obtained results were used to calculate the distributions
of essential geometric properties at the three dividing surfaces analysed
above (Table 5.1). Surprizingly, the obtained results are strikingly simi-
lar: the differences between the mean values in all cases are of the order
of 0.01 Å and are barely statistically significant. It was shown above that
the transmission coefficient is significantly different for the three TS. So, it
seems that κ is extremely sensitive even to tiny changes in the geometry of
the dividing surface. Turning this observation upside down an important
conclusion is reached: the TS geometry has low sensitivity to the quality
of the TS. As a result, when one is interested only in the geometry and
not in more subtle features of the TS (like in the non-statistical dynamic
effects, as discussed above) even a näıve coordinate will provide a reliable
information. Of course, one can’t rely on the results obtained with a divid-
ing surface that is completely wrong (κ << 1). This finding is, actually,
in line with the tremendous success of the free energy (TST) based com-
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Table 5.2: Geometry at different dividing surfaces. The measured
distances are: DH - donor-hydride, HA - hydride-acceptor, DA
- donor-acceptor. AS is the antisymmetric transfer coordinate.
All values are given in Å.

Enzyme Water

µ σ µ σ

T
ra

n
sf

er

DH 1.297 (±0.003) 0.029 (±0.002) 1.253 (±0.003) 0.032 (±0.002)
HA 1.397 (±0.003) 0.029 (±0.002) 1.453 (±0.003) 0.032 (±0.002)
DA 2.645 (±0.006) 0.059 (±0.005) 2.675 (±0.006) 0.067 (±0.005)
AS -0.1 – -0.2 –

C
h
em

ic
al DH 1.286 (±0.004) 0.047 (±0.003) 1.247 (±0.005) 0.046 (±0.004)

HA 1.412 (±0.004) 0.050 (±0.003) 1.470 (±0.004) 0.043 (±0.003)
DA 2.652 (±0.005) 0.062 (±0.004) 2.663 (±0.006) 0.064 (±0.004)
AS -0.126 (±0.006) 0.077 (±0.005) -0.223 (±0.007) 0.069 (±0.005)

C
om

m
it

to
r DH 1.298 (±0.011) 0.051 (±0.010) 1.233 (±0.041) 0.062 (±0.013)

HA 1.403 (±0.013) 0.057 (±0.010) 1.500 (±0.072) 0.087 (±0.039)
DA 2.654 (±0.012) 0.058 (±0.005) 2.702 (±0.037) 0.066 (±0.008)
AS -0.105 (±0.019) 0.089 (±0.010) -0.266 (±0.111) 0.139 (±0.059)

putational techniques in enzymology: although most of the studies were
conducted using very simple geometric RCs, the results are generally in
good agreement with the experimental data.127–129 It doubtfully would
be the case if all the properties of the TS were very sensitive to the choice
of an RC.

Additionally, the results indicate that the tunneling effect has no large
impact on the catalytic efficiency. The donor-acceptor distance distribu-
tions in enzyme and water are almost indistinguishable: µ and σ differ-
ences between the DA distributions on the equicommittor of enzymatic
and aqueous reaction are 0.048 ± 0.039 and 0.008 ± 0.009 respectively.
Therefore, hydride tunneling affects the reaction rate in a similar extent
in both environments and the corresponding catalytic effect must be neg-
ligible. These findings, together with the results in the previous section
reach the same conclusion as in recent experimental results130,131 on both
E.coli and human DHFR: neither the “promoting motions” nor the quan-
tum effects contribute significantly to the catalytic efficiency of DHFR.
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5.6 Conclusions

The non-statistical dynamic effects are extremely hard to identify using
existing computational techniques. It is one of the reasons for the ongoing
debates regarding their importance for enzymatic catalysis. In this chap-
ter I have shown how a combination of RC optimization and ensemble
reweighting can help to solve this issue. The results obtained for the hs-
DHFR (which is one of the most controversial systems) are unambiguous:
dynamic effects have a negligible impact on the catalytic power of the en-
zymes. Moreover, the effect is actually opposite: the deviation from the
equilibrium in the non-catalysed process is actually stronger, than for the
reaction catalysed by the enzyme. Based on this result, the “enzymatic
shielding” hypothesis was introduced. It incorporates several effects of
an enzyme on various aspects of the catalysed reaction: reorganization
of the environment, participation of the environmental DOFs during the
barrier crossing and the magnitude on non-statistical dynamic effects. All
these factors are significantly reduced when the process occurs inside the
enzymatic active site.

Additionally, the analysis of different dividing surfaces revealed an
interesting and useful feature: the TS geometry obtained with a näıve
geometric RC is only slightly different from the one obtained by an opti-
mized (HTS) or even ideal (committor) RC. Therefore, for most practical
applications like the calculation of activation free energies or the design of
TS mimics, a computationally expensive RC optimization is often unnec-
essary.

The obtained results offer some guidelines for future work. First, since
TST seems to be sufficient to describe accurately the chemical step of
enzymatic catalysis (at least when the classical description is valid), the
main effort should be focused on the improvement of free energy calcula-
tions. This includes both sampling efficiency and quality of Hamiltonians.
Second, the finding presented here are applicable only when motion along
the RC is described classically. There is still not enough evidence that this
assumption is generally valid, especially in case of proton/hydride trans-
fer, since the transferring particle might easily tunnel through the barrier.
Theoretical and methodological advances are required to account for the
quantization of nuclear DOFs, while using precise Hamiltonians.
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Concluding remarks

The objective of this thesis was to develop techniques for efficient in sil-
ico treatment of complex enzymatic reactions. In chapter 2 the collec-
tive variable, developed during my previous work on path-based coordi-
nates was combined with the string method, yielding a combined “string
method/path CV” approach. This was done in the very beginning of my
PhD project. Since then, the method was applied to various enzymatic
systems, covering a broad range of biochemical processes. The resulting
series of publications in high impact journals is the best proof for the
utility of the developed technique.

Further improvement of the string method/path CV methodology was
achieved in chapter 3 providing a rigorous mathematical derivation for
the optimal functional form of the path-based coordinate. The (metric-
)corrected path CV has two key advantages. First, the isosurfaces of such
RC approximate the isocommittors in the vicinity of the path. Second,
the reference path can be defined in a space of arbitrary basis set of co-
ordinates. So, it allows to naturally treat reactions which include coupled
elementary processes of different nature, like chemical transformations and
conformational changes.

In chapter 4 the mathematical framework introduced before was used
to develop a hyperplanar transition state (HTS) optimization approach.
Based on the variational transition state theory, this method allows for
localization of an optimal hyperplanar dividing surface in a space formed
by an arbitrary set of CVs. This method is advantageous, compared to the
path-based methods developed in the previous chapters, when one is in-
terested in a precise description of the TS. First, the entire computational
effort is concentrated exclusively in the TS region. Second, a narrow re-
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action tube is not assumed, making the method more general. Third, the
importance of the CVs forming the active space can be evaluated. This
allows for a much deeper understanding of the nature of the TS.

In the last chapter the HTS optimization was used to determine the
role of non-statistical dynamic effects in the human Dihydrofolate Reduc-
tase. This was done by extensively sampling the TS region, defined by
a hyperplane optimized in an exhaustive space of substrate CVs. Then,
the reweighting procedure was used to obtain the transmission coefficient
directly on the equicommittor. The results unambiguously indicate that
the impact of the dynamic effects on the catalytic efficiency is negligi-
ble. Moreover, this effect is actually smaller in the enzyme than in the
corresponding reaction in water. Based on this finding, an “enzymatic
shielding” hypothesis was formulated, which is contrary to the “promot-
ing motions” proposal, frequently debated in the field.

At the end of the thesis I would like to give my personal vision of
the achieved results. The method developed throughout chapters 2 and
3 is, apparently, my main practical contribution to the toolbox of free
energy simulation techniques. Moreover, there is an ongoing work on the
improvement of this approach and we continue to collaborate with groups
from Universidad de Talca (Chile), Universidad de Concepción (Chile)
and KU Leuven (Belgium). To see the interest of other groups in my
work is enjoyable and motivating. Nevertheless, if I were asked which
part of my work I personally consider the most valuable, without doubt
I would name the HTS optimization technique (chapters 4 and 5). The
previous developments were essentially recompilation and improvement
of the approaches that existed before. In contrast, HTS optimization was
developed “from scratch”. To formulate an idea, develop and implement it
in a rigorous way, then find an interesting application and make testable
predictions was a large step towards my maturity as a scientist. This
method is more fundamental and, probably, will be of limited interest to
the practical simulations of enzymatic reactions. But it provides essential
information that was not available with existing techniques. And it is
especially exciting to realize that my work might help to reveal something
new about how the nature works. After all, this is what science is all
about.



Resumen

Es dif́ıcil sobrestimar la importancia del entendimiento de los procesos
bioqúımicos. La mayoŕıa de dichos procesos ocurren con ayuda de enzi-
mas – biopoĺımeros complejos que funcionan como catalizadores de alguna
reacción qúımica espećıfica. Los grandes avances cient́ıficos del siglo XX,
como la espectroscopia de los rayos X,8 descubrieron la estructura de una
plétora de enzimas con resolución atómica y permitieron por lo tanto estu-
diar los procesos enzimáticos con los métodos de la ciencia computacional.

Hoy en d́ıa las simulaciones se han convertido en una herramienta im-
prescindible para la comprensión de los mecanismos de las reacciones en-
zimáticas y la interpretación de los datos experimentales.16 Sin embargo,
aún existen muchos casos desafiantes para los procedimientos computa-
cionales existentes. Las reacciones enzimáticas implican muchos grados de
libertad, especialmente en los procesos de varios pasos. En este caso varios
mecanismos de reacción son posibles, con diferentes estados de transición y
enerǵıas de activación. Esa situación requiere un esfuerzo computacional
considerable, tanto como el uso de la intuición qúımica. Además, si el
mecanismo verdadero es notablemente no trivial, puede quedar fuera del
análisis, haciendo las simulaciones esencialmente inútiles. Por lo tanto,
resulta necesario disponer de un procedimiento automático para la deter-
minación de los mecanismos de las reacciones enzimáticas. Por otra parte,
frecuentemente es dif́ıcil identificar con precisión el estado de transición
para el mecanismo descubierto. Esa información es imprescindible para el
diseño de nuevos fármacos.

Otro problema es la falta del consenso en el campo sobre la importancia
de los movimientos de la enzima para su eficiencia cataĺıtica. La suposición
común es que la velocidad de reacción se puede determinar a partir de la
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probabilidad del sistema de llegar al estado de transición con ayuda de las
fluctuaciones térmicas. Sin embargo, hay algunas hipótesis e interpreta-
ciones de datos experimentales que indican la existencia de movimientos
espećıficos que “empujan” el sustrato, facilitando la reacción. Por tanto,
es necesario un procedimiento riguroso para estimar cuantitativamente la
importancia de los llamados “efectos dinámicos”.

La presente tesis se dirige a abordar los problemas mencionados. En
el caṕıtulo 1 introduzco brevemente los conceptos teóricos y las técnicas
computacionales existentes utilizadas en mi trabajo. Los caṕıtulos 2 y 3
están dedicados al desarrollo de un método semiautomático para la deter-
minación de los mecanismos de reacción y las enerǵıas de activación para
reacciones qúımicas complejas, incluyendo las enzimáticas. En el caṕıtulo
4 presento una nueva técnica que permite encontrar con alta precisión el
estado de transición para procesos arbitrariamente complejos. Finalmente,
en el caṕıtulo 5, el antedicho método se extiende para estimar el impacto
de los movimientos enzimáticos en la velocidad de reacción y por lo tanto
revisar la validez de la hipótesis de los “movimientos promotores” en la
catálisis enzimática.

A continuación presento brevemente la metodoloǵıa desarrollada y los
resultados obtenidos. Cada sección del resumen corresponde a un caṕıtulo
del texto principal de la tesis.

Variable colectiva a lo largo del MFEP

Una reacción qúımica se puede describir como una trayectoria que conecta
los regiones metaestables de reactivos y productos en el espacio config-
uracional. Esta descripción se puede simplificar, proyectando el espacio
completo al subconjunto de unas variables colectivas (Collective Variables,
CV) que contienen la mayor parte de la información relevante sobre el pro-
ceso dado. Para conseguir una descripción adecuada de un proceso simple
suele ser bastante con 1-2 CVs, mientras los procesos complejos, que in-
cluyen varios pasos qúımicos, suelen depender de un conjunto de CVs más
amplio. El coste computacional de los métodos existentes para calcular la
enerǵıa libre de activación depende exponencialmente del número de los
CVs, y por lo tanto es prohibitivo para los procesos que dependen de más
de 2 coordenadas.



Resumen 155

Una propiedad común de los procesos qúımicos es el “tubo de reacción”
– una región estrecha en el antedicho espacio de las CVs que incluye la
mayoŕıa de las trayectorias reactivas. Dado que la probabilidad de visitar
una región del espacio configuracional es más alta para aquellas con la
menor enerǵıa libre, el tubo de reacción se encuentra alrededor del camino
de mı́nima enerǵıa libre (Minimum Free Energy Path, MFEP). Entonces,
el avance de una reacción qúımica se puede describir como el avance a
lo largo del MFEP, reduciendo el problema multidimensional a una sola
dimensión.

En el trabajo publicado en año 2013 en la revista Journal of Chemical
Theory and Computation66 he desarrollado una combinación del método
de cuerda (String Method)61 y la variable colectiva del camino (path CV,
Fig. R1), desarrollada durante mi proyecto del Master. El método de
cuerda, desarrollado por Maragliano et al.61 permite calcular el MFEP a
partir de una seŕıa de simulaciónes acopladas de dinámica molecular. Se
empieza con un camino arbitrario en el espacio de las CVs elegidas. A
continuación, cada simulación se utiliza para muestrar la región alrededor
de un punto a lo largo del camino y calcular el gradiente de enerǵıa libre.
Esta información se utiliza para desplazar los puntos haćıa regiónes de en-
erǵıa libre más baja, manteniendolos equiespaciados a lo largo del camino.
Este procedimiento asegura que el camino va a converger al MFEP. Una
propiedad importante del método de cuerda es que su coste computacional
es prácticamente independiente del número de CVs elegidas. Por lo tanto,
se puede utilizar un conjunto de CVs muy amplio para asegurar que todas
las caracteristicas del camino de reacción serán adecuadamente descritas,
sin preocuparse por incluir CVs que en realidad no son necesarias.

Después de obtener el MFEP con el método de cuerda, se puede definir
la CV del camino:65

s(θ(x)) =

∑n
i=1

i−1
λ e−λ|θ(x)−zi|∑n

i=1 e
−λ|θ(x)−zi|

(R9)

Aqúı z es un conjunto de puntos equiespaciados en el espacio de las CVs
(θ) y λ es una constante inversamente proporcional a la distancia entre
los puntos. |a− b| es una distancia Eucĺıdea entre dos puntos.

Esta combinación de métodos permite calcular las enerǵıas de acti-
vación de procesos complejos utilizando métodos del cálculo de enerǵıa li-
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Figura R1: La definición geometrica de la CV del camino.

bre basados en una sola coordenada, reduciendo dramáticamente el tiempo
computacional. El método h́ıbrido String Method/path CV lo hemos apli-
cado a la reacción catalizada por la enzima guanidinoacetato metiltrans-
ferasa (GAMT) (Fig. R2).66 Estudios anteriores70 indicaban a dos posi-
bles mecanismos, dependiendo del orden de la transferenćıa del protón y
del grupo met́ılico.

Los resultados obtenidos con la metodoloǵıa desarrollada indican clara-
mente la preferencia del mecanismo aśıncrono con la transferencia del
grupo met́ılico precediendo la del protón. La enerǵıa de activación calcu-
lada (21.7 kcal/mol) está cerca del valor experimental (19.0 kcal/mol).67

Notablemente, este resultado se ha conseguido con una fracción del coste
computacional que requieren los métodos existentes en el campo, de-
mostrando la eficiencia del método desarrollado.

Además, en colaboración con el Dr. Juan Aranda, aplicamos el método
String Method/path CV a las reacciones catalizadas por las enzimas N6-
adenina y C5-citosina metiltransferasas. Esas enzimas juegan un papel
central en el proceso de metilación del ADN y por lo tanto la información
detallada sobre su funcionamiento es imprescindible para entender los pro-
cesos epigenéticos. Para las dos enzimas hemos logrado obtener enerǵıas
de activación correctas y los mecanismos que explican los datos experi-
mentales existentes. Los resultados de este trabajo fueron publicados en
las revistas del alto ı́ndice de impacto JACS 75 y ACS Catalysis.78
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Figura R2: Mecanismos de reacción posibles en GAMT.

Variable colectiva corregida

Aunque el procedimiento anterior ha demostrado su utilidad en varios ca-
sos, tiene dos limitaciones. Primero, sólo permite utilizar CVs del mismo
tipo (distancias, ángulos etc.), Segundo, en caso de una gran interdepen-
dencia de las CVs elegidas la variable colectiva tal y como ha sido definida
puede proporcionar una coordenada de reacción (reaction coordinate, RC)
no óptima.

La coordenada de reacción perfecta es la función comitor – la probabil-
idad de que una trayectoria, partiendo de una configuración dada, acabe
en los productos. El estado de transición (transition state, TS) perfecto,
será el equicomitor – la hipersuperficie en el espacio configuracional que
contiene todas las estructuras con el valor del comitor = 0.5. Maragliano
et al.57 han derivado la expresión para las superficies del isocomitor en la
proximidad del MFEP:

n̂f (α) ‖M−1(z(α))
d

dα
z(α) (R10)
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donde n̂f (α) es el vector normal al isocomitor en el punto z(α). El término
M corresponde al tensor de la métrica de distancia para el espacio de las
CVs elegidas. Las superficies isocomitor, por lo tanto, son ortogonales
al camino bajo esa métrica. Por el contrario, las isosuperficies de la CV
del camino definido anteriormente (Eq. (R9)) son ortogonales al camino
en sentido Euclideo. Dado que las isosuperficies de una RC buena deben
aproximar tanto como sea posible a los isocomitors, la definición (R9) se
puede mejorar introduciendo la métrica correcta. Además, el hecho que
las isosuperficies de la CV del camino corregida aproximen a los isocomitor
asegura que la enerǵıa de activación obtenida con esa coordenada va a ser
la misma que uno obtendŕıa utilizando la función del comitor como RC.

La definición corregida, aparte de aproximar mejor las superficies iso-
comitor y por lo tanto definir mejor el TS, tiene una ventaja adicional. La
introducción del tensor M asegura que las unidades de la distancia sean
[| · · · |M] = [m−1/2x], independientemente del carácter de las CVs elegidas.
Por lo tanto, la definición de la CV del camino corregida permite combinar
CVs de naturaleza completamente diferente (distancias, ángulos, poten-
ciales electrostáticos etc.) y obtener una medida natural de la distancia
entre los puntos en este espacio.

Para demostrar la importancia de introducir la métrica correcta hemos
aplicado varias definiciones de la CV del camino a la reacción catal-
izada por isocorismato-piruvato liasa (IPL). El trabajo está publicado en
la revista Journal of Computational Chemistry.79 La reacción incluye
una transferencia protónica y una ruptura del enlace C-O, que ocurren
sincrónicamente (Fig. R3). Dicho proceso tiene un TS muy ancho y por

Figura R3: Mecanismo de reacción de la IPL.

lo tanto la calidad de la RC es muy sensible a la orientación de sus iso-
superficies. Aprovechando la capacidad de la CV del camino corregida
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para incorporar CVs de diferente naturaleza, el espacio de las CVs incor-
poraba las distancias interatomicas de los enlaces que cambian durante
la reacción y las coordenadas de hibridización de aquellos átomos de car-
bono que pasan de sp3 a sp2 o vice versa. (Fig. R4). Hemos estudiado tres
definiciónes de la RC: con la métrica Euclidea, con la métrica M promedia
y con la métrica M variable a lo largo del camino.

Figura R4: El conjunto de las CVs utilizado para la IPL.

La enerǵıa libre de activación obtenida con la métrica Euclidea (34.4
kcal/mol) subestima la barrera por 3.4 kcal/mol comparando con la CV
corregida (37.8 kcal/mol). Además, la calidad del TS definido con cada
CV fue estimada calculando el coeficiente de transmisión y la histograma
del comitor. Todos los datos indican, que la introducción de la métrica
M mejora dramáticamente la calidad de la RC definida como una CV del
camino.

Además, en colaboración con Rabindra Nath Manna y Agnieszka Dy-
bala-Defratyka de la Universidad de  Lódź (Polonia) hemos aplicado la
nueva coordenada a la biodegradación de hexachlorociclohexano (HCH),
catalizada por LinA dehydrohalogenasa (LinA) - un proceso de impor-
tancia primordial en las áreas contaminadas con HCH.84 Los resultados
llevaron a la conclusion que el mecanismo puede depender del isómero del
sustrato. Las enerǵıas de activación obtenidas corresponden a los datos
experimentales, justificando el modelo y el método utilizado. Esta apli-
cación se ha publicado en la revista Journal of Physical Chemistry B.84
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Optimización del estado de transición hiperplanar

Sin duda, las coordenadas de reacción presentadas anteriormente son her-
ramientas útiles para los estudios in silico de los procesos complejos en
fases condensadas, particularmente las reacciones enzimáticas. Sin em-
bargo, existen casos en que una CV del camino puede no proporcionar una
descripción adecuada del proceso. Primero, obviamente, uno debe asumir
que la teoŕıa del estado de transición (Transition State Theory, TST) es
aplicable al proceso bajo estudio. Para una reacción qúımica con una bar-
rera razonablemente alta la TST suele ser aplicable, por lo que podemos
suponer que para los problemas a que se dirige en esta tesis la TST es
una aproximación válida. Segundo, la aproximación del tubo de reacción
puede ser no válida. Como hemos demostrado, en la reacción catalizada
con IPL (caṕıtulo 3) el TS es muy ancho y requiere un tratamiento muy
refinado para poder describirlo adecuadamente con una CV del camino.
Tercero, aunque la información sobre el MFEP es de mucha importancia
para entender el mecanismo de reacción, no es tan importante si uno solo
está interesado en calcular la enerǵıa de activación (∆A‡). Al fin y al cabo,
lo único que es importante para calcular ∆A‡ es una definición precisa del
TS. Desde esta perspectiva, la forma funcional del RC es básicamente ir-
relevante en todas las etapas que preceden o siguen al TS. Por otro lado,
uno puede estar interesado en una descripción precisa de la geometŕıa del
TS, por ejemplo para el diseño de fármacos. En este caso el cálculo del
MFEP y el muestreo en las zonas alejadas del TS seŕıan un gasto del
tiempo computacional innecesario. Para tratar dichos casos hace falta de-
sarrollar un procedimiento que permita dedicar el esfuerzo computacional
exclusivamente a la región del TS. Además, esta técnica no debeŕıa hacer
suposiciones sobre la forma de la distribución en la superficie divisoria
(como la suposición del tubo de reacción).

Para desarrollar una técnica con estas caracteŕısticas he partido desde
la TST variacional: dado que la TST siempre sobrestima la velocidad
de reacción, es posible variar la definición del TS para minimizar el flujo
reactivo y maximizar el coeficiente de transmisión. Según Vanden-Eijnden
et al.,92 la TST variacional se puede reformular como la minimización del
siguente funcional:

I =

∫
R3N

e−βV (x)|∇q(x)|δ(q(x))dx (R11)
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Aqúı q(x) es una función, cuya isosuperficie correspondiente al valor 0
define la superficie divisoria. Dos aproximaciones centrales introducidas
para desarrollar un método practico para la optimización de esa superficie
son:

1. La delta de Dirac en el funcional (R11) se puede sustituir por una
función gaussiana estrecha:∫

R3N

e−βV |∇q|δ(q)dx ≈ (2πβK)1/2

∫
R3N

e−βVb |∇q|dx (R12)

Entonces, en lugar de fijar el sistema en la superficie (Delta de
Dirac), se mantiene en una región cercana con un potencial har-
mónico Vb, siendo K la constante de fuerza de este potencial.

2. La función q(x) se define como una combinación lineal de un con-
junto de CVs:

q(x) = (θ(x)− z)TM−1n̂ (R13)

Geométricamente, la superficie divisoria definida con esta función es
un hiperplano en el espacio formado por las CVs elegidas. Aqúı z es
un punto en el hiperplano y n̂ es el vector normal. La introducción
del tensor M es necesaria para poder combinar las CVs de diferente
naturaleza y tratar casos de interdependencia de las CVs, como está
explicado en la sección anterior.

El funcional R11 y, por lo tanto, la superficie divisoria se pueden optimizar
variando la posición y la orientación del hiperplano. Esta propiedad da el
nombre al método – optimización del estado de transición del hiperplano
generalizado (Generalized Hyperplanar Transition State (HTS) optimiza-
tion). La aproximación 1 permite calcular las derivadas parciales del fun-
cional I con respeto a z y n̂ y aplicar el método de Euler para minimizar
su valor.

Dado que la integral (R12) está definida sobre el espacio configura-
cional entero, se necesita generar un muestreo para calcular dichas deri-
vadas mediante dinámica molecular. Para minimizar el error estad́ıstico
y acelerar la convergencia he utilizado la técnica Multiple Walker – varias
replicas independientes del sistema muestreando la misma superficie de
enerǵıa libre. Esa técnica se utiliza frecuentemente en otros métodos de
cálculo de enerǵıa libre.94,95
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Una propiedad notable del método desarrollado es la posibilidad de
estimar la importancia de cada CV del espacio elegido para la definición
correcta de la superficie divisoria, calculando el cambio en el funcional I, y
por lo tanto el coeficiente de transmisión, al quitar una CV dada de dicho
espacio:

κ(q−i)

κ(q)
=

Iq
Iq−i

≈ 〈|∇q|〉HTS ·
〈
|∇q−i| exp

(
β
K

2
(q2 − q2

−i)

)〉−1

HTS

(R14)

Aqúı el sub́ındice -i indica que la CV número i se ha quitado del conjunto
de las CVs.

Para demostrar la potencia del método desarrollado he utilizado la
reacción catalizada con IPL – el mismo proceso que he utilizado para la
CV del camino corregida. Como he demostrado en la sección anterior,
ese sistema tiene un TS muy sensible a la orientación de la superficie
divisoria y por lo tanto es un caso adecuado para probar la eficiencia de
cualquier método que se dedica a la optimización del TS. En este caso he
utilizado un conjunto de CVs ampliado – 9 coordenadas para el sustrato
(isocorismato), como en caso de la CV del camino corregida y además
9 distancias que corresponden a los enlaces de hidrógeno que el sustrato
forma con la protéına (Fig. R5).

El coeficiente de transmisión para el hiperplano optimizado en el espa-
cio completo de 18 coordenadas es 0.79±0.02, indicando que el método ha
podido mejorar notablemente la calidad de la superficie divisoria compara-
ndo con la CV del camino. Curiosamente, el analisis de la importancia
de las CVs ha demostrado, que las CVs correspondientes a los enlaces de
hidrógeno con la protéına son practicamente irrelevantes, indicando que
la coordenada de reacción en este proceso depende primordiamente de
los grados de libertad del sustrato. Para comprobar este descrubrimiento
y validar el análisis de importancia de las coordenadas las simulaciones
fueron repetidas con dos conjuntos reducidos de las CVs: con 9 y 6 coor-
denadas. Los coeficientes de transmission obtenidos están en acuerdo los
valores obtenidos con la Eq. (R14) (Fig. R6) .

También hemos aplicado el método HTS a la disociación del cloruro de
sodio en el agua. Este proceso tiene una barrera de enerǵıa de activación
baja, carácter difusivo y una alta participación de los grados de libertad
del solvente, los cuales son dif́ıciles de identificar. Se trata, por ttanto, de



Resumen 163

Ile83

Val54

Ile87

Ala37

Gln80
Lys42

Arg14

Arg53

Figura R5: Enlaces de hidrógeno entre el isocorismato y la enz-
ima IPL.
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Figura R6: Analisis de comitor y los coeficientes de transmisión
para tres conjuntos de CVs en la enzima IPL.

una reacción que está al ĺımite de aplicabilidad de la TST y es una prueba
severa para el método desarrollado.

El conjunto de las CVs elegidas, además de la distancia Na-Cl, con-
teńıa el potencial y la fuerza electrostática sobre Na+ y Cl− y otras co-
ordenadas colectivas del solvente. El coeficiente de transmisión para el
hiperplano optimizado es 0.39 ± 0.02, cerca del valor más grande publi-
cado (0.43). Además, el analisis de importancia ha permitido identificar
que el número de puentes del agua es una de las coordenadas importantes
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para definir una superficie divisoria adecuada, de acuerdo con los estudios
anteriores. El trabajo está publicado en año 2015 en la revista Journal of
Chemical Physics.88

Papel de los movimientos enzimáticos en la hsDHFR

En el último caṕıtulo de la presente tesis el método HTS fue aplicado
al analisis de los efectos dinamicos en la enzima dihidrofolato reductasa
humana (hsDHFR) (Fig. R7). Esta enzima se utiliza frecuentemente
como un sistema de prueba en los debates sobre el papel de los movimien-
tos enzimaticos en la eficiencia cataĺıtica. En caso de una contribución
dinámica significativa, la TST seŕıa una teoŕıa inadecuada para los estu-
dios computacionales sobre el mecanismo de este proceso cataĺıtico. Los
estudios anteriores basados en métodos QM/MM solo han podido alcan-
zar valores del coeficiente de transmisión alrededor de 0.5-0.6. La difi-
cultad de conseguir una coordenada de reacción mejor se utilizó como un
argumento a favor de la hipotesis de las “vibraciones promotoras”. Sin
embargo, otra explicación para los coeficientes de transmisión tan bajos es
la participación de una gran cantidad de grados de libertad en la coorde-
nada de reacción. El proceso incluye formación/ruptura de dos sistemas
electrónicos conjugados por lo que cambios en la geometŕıa del sustrato
sin conexión directa con el hidruro transferido pueden tener impacto en el
avance de la reacción.

DHF

NADPH

THF

NADP+

Figura R7: Mecanismo de la DHFR.
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El método HTS permite optimizar la superficie divisoria incluyendo
varias coordenadas geometricas en la definición de la RC. Además, como
el método de la cuerda, el coste computacional es practicamente indepen-
diente del número de las CVs. Por lo tanto hemos optimizado el hiper-
plano en un espacio de 62 CVs, incluyendo todos los enlaces qúımicos e
hibridizaciones de los atomos implicados en la reacción (Fig. R8).

DHF

NADPH

Figura R8: Conjunto de las CVs elegido para la optimización
HTS en la enzima hsDHFR. Las distancias y las hibridizaciones
están representadas con tubos amarillos y esferas verdes respec-
tivamente.

El coeficiente de transmisión para el hiperplano optimizado es 0.75 ±
0.02, mientras que con la coordenada antisimétrica de transferencia el valor
correspondiente es sólo 0.41 ± 0.02 (Tabla R1). Este resultado demues-
tra, que los valores bajos obtenidos en estudios anteriores son debidos
al carácter incompleto de las coordenadas de reacción utilizadas y no a
limitaciones de la TST misma.

El análisis de la importancia de las CVs ha descubierto una propiedad
interesante: la distancia hidruro-dador, que uno esperaŕıa que fuese una
de las coordenadas más importantes, casi no participa en la RC. Además
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CV κ−i/κ

1 d(C6,H4N) 0.725 (±0.103)
2 Hyb(C6) 0.768 (±0.093)
3 Hyb(C4N ) 0.824 (±0.036)
4 Hyb(N5) 0.947 (±0.012)
5 d(C4N ,H) 0.981 (±0.007)
6 d(N5, C6) 0.984 (±0.005)
7 d(C4N , C3N ) 0.986 (±0.004)
8 d(C4N , C5N ) 0.989 (±0.004)
9 Hyb(C5N) 0.990 (±0.004)

10 C′N1, N1N 0.991 (±0.003)

2 6

41

5

3

78
9

10

Figura R9: Análisis de importancia de las CVs. Solo se muestran
las 10 coordenadas más importantes.

se ve, que la RC no está localizada sólo en la zona cercana a los átomos,
que participan en la transferencia de hidruro, si no que está deslocalizada
entre varios grados de libertad (Fig. R9).

Tabla R1: Coeficientes de transmisión para las diferentes super-
ficies divisorias en la hsDHFR y en el agua.

Antisimétrica Qúımica (62 CVs) Equicomitor (pB = 0.5)

Enzima 0.41 (±0.02) 0.75 (±0.02) 0.93 (±0.02)
Agua 0.26 (±0.02) 0.58 (±0.03) 0.88 (±0.03)

Sin embargo, a la vista del coeficiente de transmisión, seŕıa posible
reinvidicar que los efectos dinámicos causan un 25% de reducción en la
velocidad de reacción calculada con la TST. Para obtener el verdadero
ĺımite del TST tenemos que calcular el coeficiente de transmisión direc-
tamente en la superficie equicomitor – el isocomitor correspondiente al
valor 0.5. Desafortunadamente, el comitor no es una función anaĺıtica.
Sólo se puede calcular numéricamente, lo que requiere un coste computa-
cional prohibitivo. Además, no se puede utilizar como una coordenada de
reacción en las simulaciones. Sin embargo, teniendo un muestreo parcial en
la región del eqúıcomitor (como el que se obtiene alrededor del hiperplano
convergido), se puede utilizar la reponderación del conjunto estadistico y
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calcular cualquier propiedad (incluso el coeficiente de transmisión) sobre
el eqúıcomitor a partir del este muestreo:

〈X〉pB=0.5 =

〈
XeβVb |∇pB|

〉
b, pB=0.5〈

eβVb |∇pB|
〉
b, pB=0.5

(R15)

Utilizando la expresión (R15) al muestreo obtenido a lo largo del hiper-
plano el coeficiente de transmición subió hasta 0.93 ± 0.02. Este valor
lleva a una conclusión importante: aunque, sin duda, hay desviaciones del
equilibrio en el proceso estudiado, su impacto en la constante de veloci-
dad es despreciable. El coeficiente de transmición 0.93 se convierte en una
diferencia de 0.04 kcal/mol en la enerǵıa libre de activación, lo que está
muy por debajo de cualquier otro error t́ıpico para los métodos de qúımica
computacional existentes.

Cuando se habla sobre eficiencia cataĺıtica es necesario comparar la
velocidad de reacción calculada en la enzima con el valor correspondiente
para el mismo proceso ocurrido en disolución. Hemos repetido el mismo
análisis para el modelo de reacción en medio acuoso. Un resultado intere-
sante es que las desviaciones del equilibrio (los efectos dinámicos) son más
grandes en el agua que en la protéına. En lugar de participar explicita-
mente en el evento cataĺıtico y promocionar la reacción, la enzima funciona
como un aislante, que protege el sustrato de la influencia del entorno. Este
“apantallamiento enzimático” es una propiedad común en diferentes as-
pectos de la catálisis enzimática, tanto en la contribución energética a la
barrera debida a la reorganización del entorno, como en la participación
de los grados de libertad del entorno en la coordenada de reacción.

La ecuación (R15) permite calcular cualquier propiedad estad́ıstica
en el equicomitor, no solo el coeficiente de transmisión. Por ejemplo, se
puede caracterizar la geometŕıa del estado de transición y compararla a los
parámetros obtenidos con las superficies divisorias de calidad inferior. Sor-
prendentemente, las geometŕıas obtenidas para el TS exacto (equicomitor)
y para el TS definido con una coordenada “ingenua” (antisimétrica) son
prácticamente indistinguibles: las diferencias en los valores promedios de
las distancias dador-aceptor, hidruro-dador y hidruro-aceptor son menores
de 0.01Å y cercanas al error estad́ıstico. Esta observación explica el éxito
de los métodos basados en las coordenadas geométricas en el campo de en-
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zimoloǵıa computacional. Si el TS fuera muy sensible a la definición del la
RC, conseguir una descripción adecuada de los procesos enzimáticos seŕıa
problemático con las coordenadas geométricas usadas habitualmente.

Además, hemos comparado las distribuciones de la distancia dador-
aceptor para la reacción en la enzima y en el agua. Las diferencias en el
valor medio y en la varianza estándar son 0.048 ± 0.039 y 0.008 ± 0.009
respectivamente. Dado que la distancia dador-aceptor es el factor principal
que determina el efecto túnel, podemos concluir que, a priori, este efecto
no tiene impacto cataĺıtico en el proceso estudiado.

Conclusiones

El objetivo de la tesis era desarrollar técnicas par el tratamiento eficiente
de los procesos enzimaticos in silico. La combinación del método de cuerda
con la variable colectiva del camino descrita en los caṕıtulos 2 y 3 se ha
demostrado como una herramienta útil para el estudio de las reacciones
que ocurren en varios pasos y pueden seguir caminos de reacción diferentes.
La aplicación de dicha metodoloǵıa resultó en estudios exitosos de varios
procesos enzimáticos y una serie de publicaciones en revistas de alto ı́ndice
de impacto.

El método de optimización HTS desarrollado en el caṕıtulo 4 es una
contribución notable al campo de teoŕıa de velocidades de reacciónes qúı-
micas, porque permitió aplicar directamente la TST variacional a sistemas
prácticos. La potencia del método se ha demostrado aplicándolo a dos pro-
cesos complejos – la reacción catalizada por isocorismato-piruvato liasa y
la disociación del cloruro de sodio en el agua. Finalmente, la combinación
del método HTS con el reponderamiento del conjunto estadistico permitió
conseguir una estimación numérica de los ĺımites de aplicabilidad de la
TST en la catálisis enzimática. Los resultados obtenidos para la dihidro-
folato reductasa humana indican claramente que los efectos dinámicos y
por lo tanto las desviaciones del equilibrio estad́ıstico en el TS tienen un
impacto despreciable en la velocidad de reacción. Aśı, podemos concluir
que la TST es una teoŕıa adecuada para tratar los procesos enzimáticos.
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Appendix A

Definitions of the CVs

1. d(A,B) – distance
The standard Euclidean distance between two points (atoms) in the
3D space:

d(A,B) = |A−B| =

 ∑
i=x,y,z

(Ai −Bi)2

1/2

(A1)

2. hyb(A) – hybridization coordinate
It is calculated as the point plane distance between the central atom
A and the three substituents bonded to A in the sp2 state:

hyb(A) = n̂ · ((A)− (S1)) (A2)

n̂ =
(S2 − S1)× (S3 − S1)

|(S2 − S1)× (S3 − S1)|
(A3)

n̂ is a unit vector normal to the plane.
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3. ESP (A) – electrostatic potential
The electrostatic potential on a given atom (Na+ or Cl−) is calcu-
lated as:

ESP (A) =
∑

X 6=A,A′

VESP (|A−X|)
qA

(A4)

Here qA is the charge of atom A and VESP the electrostatic interac-
tion energy between a pair of point charges. The summation is done
over all atoms in the system, except the atom A itself and the other
atom in the NaCl pair (A′). So, the direct electrostatic interaction
between Na+ and Cl− is excluded.

Instead of the standard Coulomb potential, the damped shifted po-
tential from Fennell et al. (J. Chem. Phys. 124, 234104 (2006), Eq.
18) was used:

VESP (r) = qAqB

[
erfc(αr)

r
− erfc(αRc)

Rc
+(

erfc(αRc)

R2
c

+
2α

π1/2

exp
(
−α2R2

c

)
Rc

)
(r −Rc)

]
, r ≤ Rc (A5)

α = 0.2 and Rc = 12Å. The value of VESP (r) for r > Rc is 0.

4. ESF (A) – projected electrostatic force
This coordinate takes the electrostatic force acting on a given atom
(Na+ or Cl−) and measures the component that lies along the Na−
Cl vector:

ESF (A) =
∑

X 6=A,A′

FESP (|A−X|)
qA

A−X

|A−X|
· A−A′

|A−A′|
(A6)

where

FESP (r) =
d

dr
VESP (r) (A7)

with VESP defined as in (A5).

5. Bridges(A,A′) – number of water bridges
The number of water bridges formed between Na+ and Cl− atoms
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is obtained as following:

Bridges(A,A′) =
nwat∑
i=1

cA(|A−Oi|) · cA′(|A′ −Oi|) (A8)

Here the summation is done over oxygen atoms of all the water
molecules in the system. In practice we have used the same cutoff as
for the ESP and ESF coordinates and ignored the water molecules
that are more than 12 Å away. The cA(r) function is a connectivity
index (Phys. Rev. Lett. 90, 238302 (2003)):

cA(r) =

(
1 +

(
r

r0

)n)−1

(A9)

The connectivity index is approximately 1 when r < r0, decreases
rapidly when r approaches r0 and is approximately 0 when r > r0. n
was set to 16 and r0 was 2.94 and 3.34 for Na+ and Cl− respectively.

6. Density(A,A′) – water density between atoms
The water density was calculated in a similar manner as in Mullen
et al.:100

Density(A,A′) =
nwat∑
i=1

1

(2πσ2)3/2
exp

(
−|(A + A′)/2−Oi|2

2σ2

)
(A10)

Summation is done as for Bridges coordinate - over the oxygen
atoms of the water molecules with a 12 Å cutoff. The value in the
numerator in the exponential is the distance between the middle
point of NaCl atom pair and an oxygen atom; σ was set to 1.85 Å.

7. Shell(A,n) – water molecules in the solvation shell n
The shell coordinate counts the number of water molecules that are
within some distance from a given atom:

Shell(A,n) =

nwat∑
i=1

cA,n(|A−Oi|) (A11)

Here the same connectivity index function as in Bridges (Eq. (A9))
is used. The nature of atom A (Na+ or Cl−) and the argument n
define the value of r0:



190 Definitions of the CVs

n r0(Na+)(Å) r0(Cl−)(Å)

1 2.94 3.34
2 5.07 5.80
3 7.40 7.78

The solvation shell radii where taken from the ion-oxygen radial
distribution function given by Ballard et al.99 and reduced by 0.4 Å
to count only the water molecules within the shell.



Appendix B

The CV space for
dihydrofolate reduction in
water

The active space for the aquatic reaction described in Chapter 5 consisted
of 27 substrate CVs (Fig. B1) and 12 “solvent” CVs, involving other
DOFs (Table B1).

Five kinds of solvent CVs were used:

• Vel(x) – electrostatic potential over a given atom.

• ∇−−→
DA
Vel(x) – electrostatic force over a given atom projected on the

donor → acceptor vector.

• VV dW (x) – Van der Waals potential over a given atom.

• ∇−−→
DA
VV dW (x) – Van der Waals force over a given atom projected on

the donor→acceptor vector.

• ∇−−→
DA
V (x) – potential energy gradient projected on the donor →

acceptor vector.

These coordinates were applied to the donor, hydride and acceptor atoms.
The set of coordinates that provides the best TS definition at reasonable
computational cost was obtained by trial and error and is shown in Table
B1.
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Figure B1: Substrate CVs. Distance and hybridization CVs are
depicted with yellow tubes and green spheres, respectively.

Table B1: CVs including solvent DOFs.

Vel(x) ∇−−→
DA
Vel(x) VV dW (x) ∇−−→

DA
VV dW (x) ∇−−→

DA
V (x)

Donor X X X X X
Hydride X X
Acceptor X X X X
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‡Departament de Química Física, Universitat de Valeǹcia, 46100 Burjassot, Spain
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*S Supporting Information

ABSTRACT: We present a combination of the string method
and a path collective variable for the exploration of the free
energy surface associated to a chemical reaction in condensed
environments. The on-the-fly string method is employed to
find the minimum free energy paths on a multidimensional free
energy surface defined in terms of interatomic distances, which
is a convenient selection to study bond forming/breaking
processes. Once the paths have been determined, a reaction
coordinate is defined as a measure of the advance of the system
along these paths. This reaction coordinate can be then used to
trace the reaction Potential of Mean Force from which the
activation free energy can be obtained. This combination of
methodologies has been here applied to the study, by means of
Quantum Mechanics/Molecular Mechanics simulations, of the reaction catalyzed by guanidinoacetate methyltransferase. This
enzyme catalyzes the methylation of guanidinoacetate by S-adenosyl-L-methionine, a reaction that involves a methyl transfer and
a proton transfer and for which different reaction mechanisms have been proposed.

1. INTRODUCTION

The correct description of enzymatic reactivity is a challenge for
computational chemistry. In contrast to gas phase reactivity of
small molecules, where the size of the system allows to perform
high-level ab initio or Density Functional calculations, yielding
results within chemical accuracy;1,2 enzymes are huge systems,
making unaffordable the explicit treatment of all the electrons
of the system and thus limiting the suite of applicable
techniques to more approximate ones, such as hybrid quantum
mechanics/molecular mechaniscs (QM/MM) Hamilto-
nians.3−5 On the other hand, gas phase reactions can be
often described by means of the analysis of a Potential Energy
Surface (PES) function of a few degrees of freedom and by the
characterization of the stationary structures located on this PES
(reactants, products, intermediates, and transition structures).
However, the study of processes in condensed environments, as
enzymatic reactions, must be carried out sampling a myriad of
conformations that contribute to the observed macroscopic
properties. Finite-temperature simulations are needed to
sample the corresponding thermodynamic ensemble, and
from these simulations, it is possible to reconstruct the free
energy surface (FES) as a function of relevant coordinates that
control the chemical process under study. The FES is related to
the probability of finding the system with the desired values of
the selected coordinates and then can be related to equilibrium
and kinetic properties of the system such as the equilibrium and
rate constants.6,7

An additional difficulty for the description of enzymatic
reactions is the high number of degrees of freedom and,
therefore, the complexity of the free energy surface. A single
geometric reaction coordinate controlling the whole process
from reactants to products can be guessed only in simple cases,
such as bond breaking/forming or transfer reactions in which a
distance or combination of distances can be used to trace the
Potential of Mean Force (PMF).8−11 In more complicated
cases, when several chemical bonds are broken and formed
simultaneously, a simple selection will probably fail, resulting in
hysteresis problems. In these cases, the explicit construction of
2D or even 3D free energy surfaces are needed for a satisfactory
description of the reaction.10,12,13 This gives rise to the so-called
‘curse of dimensionality’the computational cost rapidly
increases with the number of reaction coordinates used.
While techniques such as metadynamics,14 Replica Exchange
Umbrella Sampling,15 and Temperature Accelerated Molecular
Dynamics16 can significantly reduce the time needed to
construct the free energy surface in comparison to conventional
Umbrella Sampling method,17 the computational cost still
scales exponentially, thus prohibiting the use of more than just
a few reaction coordinates.
A way to overcome this issue comes from the fact that one is

not usually interested in reconstructing the whole free energy
hypersurface but to localize the most probable transition
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pathways for the process of interest. Large regions of such a
surface are energetically unfavorable and, therefore, almost
never visited in the unbiased ensemble. In fact, in most cases it
can be assumed that there is a narrow tube around the
minimum free energy path (MFEP) where most of reactive
trajectories take placethe so-called “reaction tube”.18 Since
the system rarely leaves the reaction tube, the correct energetics
can be obtained ignoring other regions of the free energy
surface. Therefore, the problem of reconstruction of multi-
dimensional FES is substituted by the problem of finding a one-
dimensional MFEP and sampling the free energy around it.
There are several computational strategies to find the MFEP

in complex systems. A path-metadynamics method for
determining the average transition path, that under the single,
well-defined reaction tube approximation is close to the MFEP,
was recently presented.19 This method uses the sampling along
planes orthogonal to the path to guide its evolution and to
simultaneously reconstruct the free energy profile along this
coordinate with metadynamics.14 Another approach published
by Bohner et al.20 uses Umbrella Integration21 to calculate the
Hessian of the free energy. This is used to perform Newton−
Raphson optimization to reach the transition state and then the
MFEP is found by following the gradient of the free energy.
A simple, mathematically rigorous and rapid approach to

obtain the MFEP without explicitly having the FES is the string
method proposed by Vanden-Eijnden et al.22,23 The main idea
of the string method is to use several replicas of the system that
correspond to different, equidistant points between reactants
and products basins in a given reaction coordinate space. When
these replicas are allowed to relax, maintaining the equidistant
parametrization, this ‘string’ eventually arrives to the MFEP.

Once the string is converged the free energy profile along the
given path can be calculated without any additional
simulations.22,23 One of the greatest advantages of the string
method and related techniques is that the computational cost is
practically independent of the number of dimensions used,
making affordable the study of very complicated processes.24,25

Two main versions of the string method exist, the zero
temperature string method22 (and its on-the-fly version23) and
the finite temperature string method,18 aimed to obtain the
MFEP and the transition principal curve, respectively. The
main difference between these methods is the way that the
system is maintained at a given position along the path. In the
zero temperature version a multidimensional harmonic
constraint is used, so that each replica never goes far from
some point on the string. The update of the path is done by
following the approximated gradient of the free energy at these
points. In case of the finite temperature version the system is
maintained in one of the Voronoi cells, defined by a series of
points along the path. In this way, the system is free to move in
directions orthogonal to the path and the principal curve can be
recovered. The main advantage of the principal curve is that it
is smooth even if the underlying free energy surface is rugged.
In this method, the sampling within the cells depends on a
delicate balance between their size and the free energy slope.
Large barrier processes may require small cells where the
trajectory of the system should be continuously perturbed to
keep it within the limits of the cells. Obtaining good sampling
with short simulation times is definitely a critical point for the
study of enzymatic reactions where expensive QM/MM
potentials must be employed. Since in the case of enzymatic
reactions important differences between the principal curve and

Figure 1. Schematic representation of possible reaction mechanisms catalyzed by GAMT. The arrows indicate a concerted path (diagonal) and two
possible stepwise paths; the upper arrow corresponds to the methyl transfer preceding the proton transfer and the lower one to the path in which the
proton transfer precedes the methyl transfer.
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the MFEP are not expected, especially when adequate collective
variables are employed, the zero temperature string method has
been selected to obtain the path. It must be also considered
that, up to now, the zero temperature version was applied to a
wide variety of practical problems,24−28 proving its robustness
and utility. Another approach, an on-the-path random walk
sampling algorithm,29 was proposed to obtain the MFEP using
a combination of the string method, λ-dynamics,30 and
metadynamics.
The main goal of this paper is the adaptation of the string

method for the analysis of enzymatic reactivity. Analysis of the
rate of chemical processes is usually based in the use of
Transition State Theory (TST).7,31 According to this, the rate
constant of a chemical reaction can be expressed in terms of a
one-dimensional free energy profile or PMF provided that
some corrections are considered when the coordinate selected
to trace the profile is curvilinear.32 It must be stressed that the
free energy profile obtained from the string method is not a
PMF, since the shape of the free energy surface in orthogonal
directions to the string is neglected. In other words, D degrees
of freedom are not sampled in the zero-temperature string
method, while only one degree of freedom (the advance along
the reaction coordinate) should be restrained for a correct
calculation of the free energy barrier. This issue can be solved
by defining a path collective variable (CV) along the converged
string. Branduardi et al. introduced two path CVs as functions
of series of Cartesian structures selected along a particular
path.33 One coordinate (the s coordinate) describes the
advance along the path and the other (the z coordinate) the
distance to the path. This approach was applied to study
conformational transitions in proteins,34,35 enzyme inhibition,36

ion conduction,37 as well as to describe chemical trans-
formations.38,39 These s and z functions can be straightfor-
wardly redefined in the space of internal coordinates instead of
Cartesian ones40 or in an arbitrary space of any collective
variables one could be interested in. When the path is defined
by the MFEP, the PMF can be traced as a function exclusively
of the advance along the path (the s coordinate). Explicit
consideration of a CV taking into account deviations from the
MFEP are not needed because, as said, this lies in the center of
a tube where the studied transition is more likely to occur.
In this work, we present a combination of these two

techniques, string method and path CVs, to explore and
determine enzymatic reaction mechanisms and their associated
activation free energy without a priori assumptions of the
preferred reaction path. The only choice to be done by the user
is the set of coordinates that define the multidimensional FES
to be explored. This choice can be done from the analysis of the
geometry at the reactants and product states. The advantage of
such an approach is that after the path CV is defined, any
suitable technique might be used to calculate the PMF along it,
such as umbrella sampling,41 metadynamics,14 etc. On the other
hand, having a well-defined analytical expression for the
reaction coordinate allows to apply the above-mentioned
corrections due to the curvilinear nature of the coordinate.32

The methodology will be illustrated with the analysis of the
reaction mechanism in Guanidinoacetate methyltransferase
(GAMT), an enzyme involved in the catalysis of the last step
in creatine biosynthesis.42,43 GAMT catalyzes the methylation
of guanidinoacetate (GAA) by S-adenosyl-L-methionine
(SAM), forming creatine and the corresponding S-adenosyl-L-
homocysteine (SAH), as shown in Figure 1.44,45 The reaction
involves a methyl transfer from the sulfur atom (SD) of SAM to

the NE nitrogen of GAA and a proton transfer (HE) from this
nitrogen atom to one of the oxygen atoms (OD) of the
carboxylate group of Asp134 (see Figure 1). The experimental
kcat has been determined to be 3.8 ± 0.2 min−1 at 296 K, from
which a phenomenological activation free energy of 19.0
kcal·mol−1 can be calculated.44 Previous theoretical studies have
shown the possibility of different reaction mechanisms for this
process. In a first study carried out using Density Functional
Theory (DFT) calculations on a reduced model of the active
site, Himo and co-workers46 characterized a concerted but
asynchronous reaction mechanism where methyl transfer
precedes proton transfer and where no stable intermediate
was located. However, being the net process a charge migration,
the results can dramatically depend on environmental effects.
Using self-consistent-charge density functional tight binding/
molecular mechanics and single point DFT/MM calculations,
Bruice and co-workers47 found two possible reaction pathways:
a stepwise mechanism in which proton transfer precedes
methyl transfer and a concerted process where methyl transfer
is slightly more advanced than proton transfer.
In the present work, we illustrate the advantages of the

combination of the string method and a path CV examining the
FES and finding the possible MFEPs for the GAMT reaction by
means of the string method. The PMF is then traced as a
function of the advance along the strings using a path CV and
the activation free energy determined. These calculations were
performed using a hybrid QM/MM method that considered
the influence of the protein and its flexibility.

2. THEORY AND METHODS
2.1. The String Method. Here, we briefly describe the on-

the-fly string method. Interested readers can find details in ref
23. The idea of the method is to define a curve {z(s,t): s ∈
[0,1]} in a space of CVs θ(R) = (θ1(R),θ2(R),...,θD(R)) that
describes a transition between two free energy minima in this
space, R being a set of 3N Cartesian coordinates of all the
atoms in the system (xi, i = 1, 3N). A series of equidistant
points {z(s1),...,z(sN)} (the string nodes) is taken along this
curve. Two coupled dynamics are done for each node:
1. A normal molecular dynamics, with an extra harmonic

potential Vi that keeps the system close to the node i in the CV
space:

θ= | − |V t
k

t s tR R z( ( ))
2

( ( )) ( , )i i i i
2

(1)

where k corresponds to the force constant of the harmonic
potential, Ri is the replica of the system for the string node i and
θ(Ri) represents the vector of current values of all CVs (|···| -
Euclidean length of the vector).
2. A dynamic of the string node itself, governed by the

following differential equation:
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where γ is the friction acting on the string node and M̃ is
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where N is the number of atoms in the system and mk is the
mass of the atom corresponding to coordinate xk. In practice,
eq 2 is discretized and positions of string nodes are updated
every time-step:
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Since the nodes follow the gradient of the free energy, they
tend to drift to the local free energy minima. To avoid this, the
string is reparameterized after each step maintaining the nodes
equidistant. This can be done by simple linear interpolation as
in ref 23 or by some other more precise technique such as cubic
splines interpolation, which is the procedure selected in this
work. As mentioned by Maragliano et al., the reparameteriza-
tion does not have to be done each time step; it is sufficient to
perform it at given time-intervals so that during this period
nodes do not drift too much.23

The convergence of the string can be checked by observing
the mean displacement of the nodes from their initial positions:
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When the string is converged, the free energy profile along it
can be obtained as follows:
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The vector dF(z(s′))/dz can be approximately calculated at
each node:
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where tconv is the simulation time at which the string has
converged and ttotal the total time of the simulation. During
string evolution, the values (z(si,t) − θ(Ri(t))) are calculated at
each step (eq 4) and have to be saved for a posteriori
calculation of the free energy gradient (eq 7). The values of
dF(z(si))/dz should be interpolated to get the continuous
vector function to be used in eq 6. Again, this can be done by
simple linear interpolation or by using the cubic splines, as was
done in the present work. The vector dz(s)/ds can be obtained
by averaging the positions of the nodes z(si) over the period
[tconv;ttotal], interpolating the averaged string to get z(s) and
then calculating the derivative of each component of z(s) with
respect to s.
2.2. Path Collective Variable. The s coordinate defined by

Branduardi et al.33 describes the advance of the system along
some particular pathway defined, in principle, by the Cartesian
coordinates of a series of structures lying on the path. This
coordinate can be generalized for a path defined in the space of
arbitrary CVs in the following way:40
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where θ(R) = (θ1(R),θ2(R),...,θD(R)) is the set of D collective
variables employed to define the path; z(t) is a vector whose
argument t goes from 0 to 1 defining some path in the space of
collective variables {θ} and |θ(R) − z(t)| is some distance

between two points in the space {θ}. The simplest choice for
this would be the squared Euclidean distance:
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The coordinates we use here have the same dimensionality, and
we assumed them not to be dynamically coupled, so the
squared Euclidean distance was used as in ref 40, ensuring that
the isosurfaces of the coordinate are orthogonal to the path.
However, in cases when coordinates of different nature are used
simultaneously (for instance, distances and angles) or are
strongly dynamically coupled, this approach could be not
applicable. In this case, the definition can be straightforwardly
generalized by using some other distance metric, such as, for
example, weighted Euclidean or one including more
sophisticated metric tensor.
For practical applications, eq 8 should be discretized:
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where z(si) is series of N discrete, equidistant structures along
the path and λ is the reciprocal distance between two successive
z(si).We kept the same notation as was used to describe the
string method. A sequence of equidistant points z(si) can be
generated from the converged string z(s) to be used in eq 10. If
the number of string nodes and desired number of points
coincide, the nodes of the string can be taken directly, since
they are by definition equidistant. In this case, the same
distance metric should be used in the reparameterization of the
string and the definition of the path CV s(R). Normally, if the
number of the string nodes is relatively small (to keep the
method computationally cheap), it would be desirable to
interpolate more structures to be used in eq 10 to get more
detailed description of the path.
The umbrella sampling protocol is then used to obtain the

PMF. An harmonic energy term is added in each simulation
window to the potential energy of the system:

= −V K s sR R( )
1
2

( ( ) )s s 0
2

(11)

The positions (s0) and force constants (Ks) are selected using
the free energy profile provided by the string method to
provide an approximately uniform sampling along the path CV.
It must be pointed out that if the path is strongly curved, the
sampling would not be orthogonal to the path. However, this
will happen only if the deviation of the system from the path is
larger than the radius of curvature and since we use the MFEP
to define the path CV, we expect that the sampling never goes
too far from the path. In any case, if the path presents a high
degree of curvature, it would be then desirable to select a
different space of CVs.

2.3. Setup of the System and Simulations. The initial
coordinates of the system were taken from the X-ray crystal
structure 1XCL of GAMT.44 The enzyme was crystallized in
the reactant state, where the methyl group is bonded to the
cofactor. Protonation state of titratable residues at pH = 7 was
determined by means of PROPKA2.0 program.48,49 Addition of
hydrogen atoms and minimization of the resulting structure was
carried out using fDYNAMO tools.50,51 The system was then
placed in a cubic box of 55.8 Å/side of pre-equilibrated water
molecules. Those water molecules closer than 2.8 Å to any
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heavy atom of the protein, substrate, or crystallization water
molecules were removed to ensure a correct solvation of the
system and to avoid a possible overlapping among molecules.
Therefore, the full system was finally composed by the
substrate and the cofactor (SAM and GAA), the protein
(with 229 residues), 82 crystallization water molecules, and
4475 solvation water molecules. A total number of 17324 atoms
formed the simulated model. The substrate and the cofactor,
together with Asp134 were included in the quantum subsystem
while the rest of the system constituted the MM subsystem.
The QM part was described by the AM1 Hamiltonian,52 while
the protein was described by OPLS-AA force field53 and the
water molecules by the TIP3P potential.54 During the QM/
MM minimizations and simulations, periodic boundary
conditions and a cutoff radius of 17.5 Å for all kinds of
interactions were employed. After minimization, those MM
atoms beyond 25 Å from the substrate or cofactor were frozen,
allowing the rest to move. The system was then heated and
equilibrated by Molecular Dynamic simulations carried out in
the NVT ensemble at 300 K, using the Langevin−Verlet
algorithm and a time step of 1 fs. The total length of the
simulations was of 1.5 ns.
Since the reaction catalyzed by GAMT consists of two

transfer processes, the four distances corresponding to
breaking/forming of chemical bonds were selected as the
active space of CVs for the string method: SD−CE and CE−NE
for the methyl transfer and NE−HE and HE−OD for the proton
transfer. Thirty string nodes were used for each path. The
values employed for the force constant (eq 1) and friction (eq
2) in the string method were k ≈ 3000 kJ·mol−1·Å−2 and γ ≈ 45
s·kJ·mol−1·Å−2. The value of the force constant was determined
in such a way that the mean distance of the system from the
corresponding node ⟨|θ(Ri(t)) − z(si,t)|⟩ become <0.025 Å. γ
was then calculated so that the mean displacements of the node
during one step of dynamics were ca. 0.001 Å. Sixty
picoseconds of Langevin dynamics at 300 K with a time step
of 1 fs were performed for each node. String reparameterization
was performed each 10 fs. The averaged positions of the string
nodes were determined over the last 50 ps, once the strings
were converged, and employed to calculate the derivatives for
eq 6 and to define the path CV. Different initial guesses were
used in the string method to explore all the possible reaction
mechanisms schematically presented in Figure 1, but as
explained below, only two different converged strings were
obtained.
A set of 70 structures was interpolated from both the

converged strings to be used in the definition of the path CV
given by eq 10. The coordinate was parametrized so that the
values 0 and 1 correspond to the end points of the converged
string. Negative values correspond to reference structures
extrapolated beyond the reactants and values larger than unity
to extrapolated structures beyond the reaction products. This
extrapolation procedure is used to have well-defined reactants
and products valleys in the PMF. For each converged string, the
parameters for 50 umbrella sampling41 windows were adjusted
to flatten the free energy profile obtained from the string
method with force constants ranging between 10000 and 40000
kJ·mol−1. Initial structures for each window were taken from
the final structures of the closest string node. One picosecond
of relaxation followed by 20 ps of production dynamics with a
time step of 0.5 fs was performed for each simulation window.
Then, the PMFs were integrated from the obtained histograms
using WHAM.17

3. RESULTS

3.1. String Method. Initial guesses are needed for the
string method. We selected those paths corresponding to (i) a
geometrically synchronous path (diagonal of Figure 1); (ii) an
ideal asynchronous path where methyl transfer occurs first with
formation of a tetra-substituted NE atom, and (iii) an ideal
asynchronous path where proton transfer precedes methyl
transfer. Thirty structures were linearly interpolated from
reactants to products for each of these initial guesses. These
could be then directly used as input for the string method or
improved by means of a zero-temperature version of string
method,55 as done also in this work. In this case, the structures
were updated with forward Euler method with a step of 0.0001
Å2·mol·kJ−1. The use of zero-temperature string method
improves the convergence of the finite temperature method
but does not change the final results. As explained in the
previous section, 60 ps of Langevin dynamics were performed
for each of the nodes. Evolution of the nodes, as monitored by
the mean displacement (eq 5) typically converges in 10 ps (see
Figure S1 in Supporting Information), while the last 50 ps are
used to define the average properties and compute the free
energy along the string. Once converged, fluctuations of the
string have amplitudes of ca. 0.1 Å (Figure S1). The amplitude
of the fluctuation could be reduced by using larger friction
values but increasing the convergence time.
In our simulations, the string method converged to two

different solutions. The geometrical description of the two
solutions found is provided in Figure 2. This plot shows the
evolution of the four distances that define the multidimensional

Figure 2. Evolution of average distances along the two strings found
for the reaction catalyzed by GAMT: HE−NE (blue line), HE−OD (red
line), CE−SD (green line), and CE−NE(black line). Path 1 (upper
figure) corresponds to a mechanism in which methyl transfer precedes
proton transfer while in Path 2 (lower figure) proton transfer precedes
methyl transfer.
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FES from reactants to products as a function of the node
number. Note that while the free energy is determined in a
four-dimensional space, the coordinates of all those atoms
found at a distance smaller than 25 Å from the substrate or
SAM are sampled during the simulations. The first of the
converged strings corresponds to a reaction path in which the
methyl is first transferred from the sulfur atom of the cofactor
to the NE atom of the substrate. This process is accompanied
by a reduction of the hydrogen bond distance between the NE
atom of the substrate and the carboxylate group of Asp134,
which finally leads to the proton transfer from the former to the
OD atom of the latter. The second converged string
corresponds also to a process that starts with the approach of
Asp134 to the substrate and with the proton transfer from NE
to OD. Then, the reaction is completed with the transfer of the
methyl group from SAM to the unprotonated substrate.
The performance of the string method to converge to the

MFEPs could be tested obtaining the four-dimensional FES. As
this is a computationally unaffordable task, we instead traced
the AM1/MM FES as a function of two coordinates: the
antisymmetric combination of distances that define the proton
((HE−NE)−(HE−OD)) and the methyl ((CE−SD)−(CE−NE))
transfers (details are given in the Supporting Information). The
projection of the converged strings on this reduced FES
confirms the success of the string method locating the MFEPs
(see Figure 3). It should be stressed that the computational cost

of a two-dimensional FES is about 102 higher than the cost of
the string method. Obviously, the cost dramatically increases
with the number of dimensions explicitly incorporated in the
FES while this factor practically does not alter the computa-
tional time needed for the string method.
The AM1/MM free energy profiles obtained along the two

converged MFEPs are shown in Figure 4. These profiles are
obtained from application of eq 6 to the data obtained from the
string method without any additional simulation. Note, as said
in the introduction, that these free energy profiles correspond
to the change along the MFEP determined on the four-
dimensional active space and thus, this is not the same that the
free energy change along the reaction coordinate (the reaction
PMF), which is the magnitude to be used in the determination
of the rate constant and that is obtained in the next section. In

any case, the free energy profiles presented in Figure 4 are
illustrative of the reaction mechanism in GAMT. In both cases,
the MFEPs correspond to asynchronous stepwise processes. In
Path 1, the intermediate corresponds to a tetra-substituted NE
atom, which is stabilized by means of hydrogen bond
interactions with Asp134 and with the lone pair of SD. In
Path 2, the intermediate is the unprotonated substrate, where a
NE atom bearing a formal negative charge is stabilized again by
Asp134 (acting now as proton donor) and the positive charge
of the methyl group bonded to the cofactor. In both cases, the
rate-limiting-step is the methyl transfer.

3.2. Path Collective Variable and Potential of Mean
Force. We obtained the PMFs associated to the two reaction
mechanisms described above using the path CV s(R) given by
eq 10, where the reference z(si) values are interpolated from the
two average strings. The force constants to be used in the
umbrella sampling were determined from the free energy
profiles shown in Figure 4, providing a good uniform sampling
along the path CV. Figure 5 shows the PMFs obtained for the
two reaction mechanisms as a function of the path CV s(R)
(dashed lines) together with the free energy profiles along the
converged MFEPs (continuous lines). Averaged geometries
and relative values of the PMF for the stationary states of both
mechanisms are given in Table 1.
Figure 5 shows that the free energy profiles along the MFEPs

are, in this case, a very good approximation to the PMFs. Note
that this can be not true for all the cases because it depends on
the change of the curvature of the free energy surface around
the MFEP. If the curvature orthogonal to the path remains
essentially constant, then the free energy profile would be
approximately equal to the PMF. While the free energy barriers
determined from the PMFs are close to those obtained from
the free energy profiles along the MFEPs, the free energy
corresponding to the products are lower in the former. This
means that the entropic contribution due to the three degrees
of freedom orthogonal to the path (which are ignored in the
free energy change estimated from the MFEPs) is higher in the
products than in the reactants. It is also interesting to note that
the relative value of the PMF for the products obtained for the
two mechanisms differ in only 0.6 kcal·mol−1. This small
difference can be partly due to finite sampling and integration
errors. However, it should be noted that, in contrast to the free
energy profiles, the PMFs do not have to coincide in the

Figure 3. Free energy surface for the GAMT catalyzed reaction
obtained as a function of the two antisymmetric combinations of
distances defining the proton and the methyl transfer. Isocontour lines
are drawn in kcal·mol−1. Projected on the surface (black dots) are the
nodes corresponding to the two converged MFEPs obtained with the
string method.

Figure 4. Free energy profiles along the two MFEPs found with the
string method for the reaction catalyzed by GAMT: Path 1 (methyl
transfer followed by proton transfer) and Path 2 (proton transfer
followed by the methyl transfer).
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products, since isohypersurfaces of path CVs that correspond to
the same local minimum are, in general, different, when
different reference pathways are used.
The geometrical description of the reaction along the PMFs

(Table 1) is very similar to the results obtained from the string
method (Figure 2). Path 1 describes an asynchronous stepwise
process, where the first TS (TS1) corresponds to the methyl
transfer. At TS1 the methyl group is slightly closer to the target
nitrogen atom of the substrate than to the donor sulfur atom.
An intermediate with a positively charged NE atom is formed
with higher free energy than the reactants (4.3 kcal·mol−1). At
this intermediate, the substrate presents a strong hydrogen
bond with Asp134 (the average HE−OD distance being 1.82 Å).
From this intermediate, the reaction continues through a small
free energy barrier (2.9 kcal·mol−1) transferring the proton
from the substrate to Asp134. In Path 2, the process begins
with the proton transfer from the NE atom of the substrate to

the carboxylate group of Asp134. At TS1, the process is quite
advanced, being the HE−OD distance shorter than the HE−NE
one (1.19 and 1.38 Å, respectively). After a shallow
intermediate that corresponds to an unprotonated substrate
stabilized by a strong hydrogen bond with Asp134 (NE−HE
distance equal to 1.79 Å), the reaction proceeds with the
methyl transfer from SAM to the substrate. At TS2, which is
the highest in free energy (33.9 kcal·mol−1 relative to the
reactants), the methyl group is found almost halfway between
the donor and the acceptor atoms (the distances to CE being
2.19 and 2.15 Å, respectively).

3.3. Activation Free Energies. The main purpose of this
work is to show that a combination of the string method and a
path CV (defined in a space of interatomic distances) provides
a valuable theoretical tool to explore the mechanism of complex
chemical reactions in condensed environments. Obviously, the
quality of the free energy changes along the reaction
coordinates for the reaction explored here are limited by the
quality of the energy function employed in the simulations.
This can be improved using higher level quantum methods or
by means of an appropriate parametrization of the energy
function. In our case, the semiempirical AM1 Hamiltonian
clearly overestimates the free energy barriers when compared to
experimental derived values. While this is not the main goal of
the paper, we illustrate in this section a fast method to improve
the quality of the results and also the consideration of several
correction terms to the PMF change that should be considered
in the evaluation of activation free energies.
In order to reduce the errors associated to the low-level of

theory (LL) description employed to obtain the PMFs, we
recalculated them applying a correction method developed in
our group.56,57 The method considers the inclusion of an
interpolated correction energy term obtained as a function of
the reaction coordinate s(R):

= + + + ΔE E E E E sSpl[ ( )]QM
LL

QM/MM
LL

MM LL
HL

(12)

where Spl denotes a cubic-spline whose argument is the
correction term ΔELLHL, obtained as the difference between the
energy provided by the low level method (LL) and a single-
point calculation at a higher level of theory (HL) for
configurations of the QM subsystem obtained along the
reaction coordinate. In this case, the LL single-point energies
were obtained using the AM1 Hamiltonian, while the HL
energies were obtained at the two different levels, the hybrid
functional M06-2x/6-31+G(d,p)1,58 and the ab initio method
MP2/6-31+G(d,p).59 The configurations selected to evaluate

Figure 5. AM1/MM Free energy profiles along the MFEPs
(continuous line) and PMFs (dashed lines) as a function of the
path CV for the two possible mechanisms in GAMT: Path 1 (blue)
and Path 2 (red).

Table 1. Free Energies (in kcal·mol−1) for the Stationary Structures Corresponding to the PMFs for the Two Possible Reaction
Mechanism in GAMT, the Corresponding Average Distances (in Å) and Their Standard Deviations (in Parentheses)

reactants TS1 intermediate TS2 products

Path 1 free energy 0.0 30.0 4.3 7.2 −21.0
d(NE−HE) 1.02 (0.03) 1.04 (0.03) 1.07 (0.03) 1.22 (0.03) 2.89 (0.16)
d(HE−OD) 2.06 (0.14) 1.96 (0.11) 1.82 (0.09) 1.44 (0.03) 0.99 (0.03)
d(SD−CE) 1.84 (0.04) 2.28 (0.05) 3.48 (0.11) 3.54 (0.21) 3.69 (0.30)
d(CE−NE) 3.00 (0.01) 1.97 (0.04) 1.49 (0.03) 1.48 (0.03) 1.44 (0.02)

Path 2 free energy 0.0 22.0 19.6 33.9 −20.4
d(NE−HE) 1.02 (0.03) 1.38 (0.03) 1.79 (0.06) 2.58 (0.31) 2.99 (0.29)
d(HE−OD) 2.06 (0.02) 1.19 (0.03) 1.02 (0.03) 0.99 (0.03) 0.98 (0.03)
d(SD−CE) 1.84 (0.04) 1.84 (0.05) 1.84 (0.05) 2.19 (0.05) 3.60 (0.06)
d(CE−NE) 3.08 (0.15) 3.16 (0.15) 3.20 (0.18) 2.15 (0.05) 1.44 (0.02)
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this correction term were obtained optimizing the system at
different values of the path CV s(R).
The PMFs obtained using this correction term at the M06-

2X level are shown in Figure 6. Those profiles obtained using

corrections at the MP2 level are almost identical and are
provided as Supporting Information (see Figure S2). In the
corrected PMFs, the first mechanism, in which methyl transfer
precedes proton transfer, is clearly favored presenting a PMF
barrier of about 21.9 kcal·mol−1, while in the alternative
mechanism, where the proton transfer precedes methyl transfer,
the PMF barrier is about 33.2 kcal·mol−1. Another noticeable
difference with respect to the AM1/MM results is that both
mechanisms are now described as asynchronous but concerted.
Thus, according to our simulations, the reaction mechanism in
GAMT is probably a concerted asynchronous process where
methyl transfer precedes proton transfer.
Finally, in order to get an estimation of the activation free

energy, we must consider two contributions in addition to the
PMF change between the TS and the reactants state (R). The
activation free energy is properly given by32

Δ = Δ − Δ +
= − − Δ +

G s s G W s

W s W s G W s

( ) W( ) ( )

[ ( ) ( )] ( )
s

s

curv
R

curv

R

R (13)

where the first term is the difference between the value of the
PMF at the maximum (s‡) and the reactants minimum (sR), the
second term accounts for the work associated to setting the
reaction coordinate to the value of the PMF minimum, and the
last one accounts for the curvilinear nature of the reaction
coordinate. The work due to setting the reactants to a particular
value of the reaction coordinate (sR) has been evaluated as the
contribution of one classical vibrational degree of freedom with
frequency vs that correspond to the motion along the reaction
coordinate at the reactants:32

Δ = −G RT
kT
hv

lnS
s

R

(14)

The frequency νs was obtained from the force constant
derived from the PMF variation around the reactants minima
and the mass associated to this coordinate (obtained from the
application of the equipartition principle to the velocity along
the coordinate). For the reactants state of Path 1, the frequency
was 215 cm−1, and then, the free energy term in eq 14 amounts
to only 0.02 kcal·mol−1. The correction due to the curvilinear
nature of the reaction coordinate has been evaluated as32
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1
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1
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R (15)

This quantity is equal to −0.14 kcal·mol−1 for Path 1. Then,
our best estimate of the activation free energy using the M06-
2X corrected PMF is 21.9 − 0.02 − 0.14 ∼ 21.7 kcal·mol−1,
close to the phenomenological activation free energy derived
from the experimental rate constant (19.0 kcal·mol−1).44

The corrections due to the motion along the reaction
coordinate at the reactants and the curvilinear nature of the
coordinate are slightly larger in the second mechanisms (0.70
and 0.43 kcal·mol−1, respectively), but this mechanism is
discarded because of its much larger free energy barrier (33.2 −
0.70 + 0.43 ∼ 32.9 kcal·mol−1).

4. CONCLUSIONS

A combination of the on-the-fly string method and a path CV
has been used to explore the multidimensional free energy
surface of an enzymatic reaction. The string method was
employed to locate the MFEPs, and a path CV is then used to
trace the corresponding PMF as a function of the advance along
the path. This combination of methodologies has been
implemented to work in a multidimensional space of CVs
defined as interatomic distances, which is more appropriate for
the exploration of chemical reactions because bond breaking
and forming processes can be better expressed as a function of
interatomic distances.
This computational methodology has been implemented in a

local version of the program fDynamo, and the performance
tested in the study of the methylation reaction of
guanidinoacetate catalyzed by GAMT, using hybrid QM/MM
simulations. The analysis of the results show that, depending on
the initial guess employed, the string method converges to two
possible MFEPs. The two reaction mechanisms observed at the
AM1/MM level are stepwise processes where the relative
ordering between methylation and proton transfer is reversed.
The converged strings perfectly match the MFEPs observed on
a reduced two-dimensional FES. Obviously, the computational
cost of the string method is significantly smaller than the
needed for an exploration of the complete FES.
The PMFs along the MFEPs can be then traced using a CV

that measures the advance along the path. The PMFs obtained
do not differ much from the free energy profiles directly
obtained from the string calculation. Although the two
magnitudes are not equal, this observation could allow
determining approximate activation free energies from string
calculations, without explicit calculation of the free energy as a
function of the reaction coordinate. Other contributions
associated with the path CV in the determination of the
activation free energy (the curvilinear correction and the work
associated to setting the reactants at a particular value of the
coordinate) have been shown to be small in this case, although
more experience could be needed before neglecting them in
every case.

■ ASSOCIATED CONTENT
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Figures showing the RMSD evolution of the string and MP2
corrected PMFs and computational details about the
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Figure 6. PMFs along the path CV corrected at the M06-2X/6-
31+G(d,p) level.
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Hybrid QM/MM potentials of mean force with interpolated
corrections. J. Phys. Chem. B 2004, 108, 8427−8433.
(57) Ruiz-Pernia, J. J.; Silla, E.; Tunon, I.; Marti, S. Hybrid quantum
mechanics/molecular mechanics simulations with two-dimensional
interpolated corrections: Application to enzymatic processes. J. Phys.
Chem. B 2006, 110, 17663−70.
(58) Zhao, Y.; Truhlar, D. The M06 suite of density functionals for
main group thermochemistry, thermochemical kinetics, noncovalent
interactions, excited states, and transition elements: Two new
functionals and systematic testing of four M06-class functionals and
12 other functionals. Theor. Chem. Acc. 2008, 120, 215−241.
(59) Møller, C.; Plesset, M. S. Note on an approximation treatment
for many-electron systems. Phys. Rev. 1934, 46, 618−622.

Journal of Chemical Theory and Computation Article

dx.doi.org/10.1021/ct400153r | J. Chem. Theory Comput. 2013, 9, 3740−37493749



Exploring Chemical Reactivity of Complex Systems with
Path-Based Coordinates: Role of the Distance Metric
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Path-based reaction coordinates constitute a valuable tool for

free-energy calculations in complex processes. When a refer-

ence path is defined by means of collective variables, a non-

constant distance metric that incorporates the

nonorthonormality of these variables should be taken into

account. In this work, we show that, accounting for the correct

metric tensor, these kind of variables can provide iso-

hypersurfaces that coincide with the iso-committor surfaces

and that activation free energies equal the value that would be

obtained if the committor function itself were used as reaction

coordinate. The advantages of the incorporation of the variable

metric tensor are illustrated with the analysis of the enzymatic

reaction catalyzed by isochorismate-pyruvate lyase. Hybrid QM/

MM techniques are used to obtain the free energy profile and

to analyze reactive trajectories initiated at the transition state.

For this example, the committor histogram is peaked at 0.5 only

when a variable metric tensor is incorporated in the definition

of the path-based coordinate. VC 2014 Wiley Periodicals, Inc.

DOI: 10.1002/jcc.23673

Introduction

In the last decade, path-based reaction coordinates (RCs) have

become an important tool for free-energy calculations in com-

plex molecular systems.[1–9] The idea of sampling the system

along some relevant path in a multidimensional space of pre-

defined descriptors (like Cartesian coordinates of essential

atoms or, in general, any collective variables [CVs]) helps to

overcome the so-called “curse of dimensionality”: the exponen-

tial scaling of the computational cost versus the number of

descriptors used. When a path CV is used, a multidimensional

problem is reduced to only one dimension, while implicitly

controlling the advance along all the essential degrees of free-

dom. This becomes possible when one assumes that most of

the reactive trajectories pass through a narrow tube—the

“reaction tube,” separated from other parts of the configura-

tional space by high free energy barriers.[8–10] When this is the

case, it is sufficient to control the advance along the path

alone as all the other degrees of freedom are naturally kept in

the reaction tube.

For this approach to be meaningful, the reference path

should represent the actual mechanism of the process under

study. Such a path can be guessed from the knowledge of the

potential energy surface, using for example the intrinsic reac-

tion coordinate[6,11] (IRC), or generated from a steered molecu-

lar dynamics simulation.[5] However, in most cases the free

energy surface (FES), or its projection in a subspace of reduced

dimensionality, must be explored to find a suitable reference

path. An efficient approach is to generate the path using opti-

mization techniques that does not require the exploration of

the complete FES, such as the string method,[7,10,12,13] the

string method with swarms of trajectories[14] or the maximum

flux transition path method.[15] More advanced approaches[8,9]

combine path-optimization with accelerated sampling techni-

ques into a single framework to efficiently obtain the potential

of mean force (PMF) associated to the advance along the

path.

The PMF, and not the free energy profile determined on a

multidimensional surface, is the key magnitude for the estima-

tion of the rate constant of the process using transition state

theory (TST).[16,17] Calculation of the PMF requires the definition

of an adequate RC that maps the transition between two meta-

stable states (reactants and products). In principle, the best

reaction RC is the committor function: the probability to reach

the reactants basin before the products one, starting from

some point in the configurational (or CV) space. The committor

takes a value of 1=2 at the transition state (TS). As the use of the

committor as RC is computationally unfeasible, an approximate

coordinate providing iso-hypersurfaces that closely approximate

the iso-committor hypersurfaces, must be introduced.[18,19]

Many efforts have been done to construct and optimize differ-

ent kinds of RCs (including path-based ones) to make them as

close as possible to the committor.[20–27] Most of these techni-

ques require computationally expensive transition path sam-

pling calculations.

Usually, path CVs are defined in such way that the iso-

hypersurfaces of the coordinate are orthogonal to the path

and the hypersurface corresponding to the free energy maxi-

mum is considered to be the TS ensemble. Although this defi-

nition seems intuitive, it could be, in general, not the best

one. Maragliano et al.[12] showed that the iso-committor
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hypersurfaces are orthogonal to the reaction path not in the

Euclidean sense, but under a nonconstant distance metric that

depends on the nature of the CVs used to define the FES. The

corresponding metric tensor is essential for the string

method[10,12,13] and was also used to define the path CV in

Ref. [9]. However, in most cases this metric tensor is assumed

to be constant[9,10] or it is simply ignored.[1–8] As shown in this

article, while taking a constant metric can be a reasonable

approximation if one is not interested in maximizing the trans-

mission coefficient, ignoring the metric tensor can be a severe

approximation. Exceptions that do use the variable metric are

the maximum flux transition path method,[15] the zero-

temperature string method,[12,13] where the local value of the

tensor is used to evaluate the free energy gradient and the

dynamic string method.[28] The latter takes into account the

diffusion tensor and, therefore, can be applied for the systems

whose dynamics is governed by diffusive, rather than inertial

motions.[29] However, these methods do not provide the PMF

and, thus, cannot be directly used in the context of TST.

In this contribution, we investigate the role of the above-

mentioned distance metric in the definition of a path-based

RCs and the implications for the estimation of the activation

free energy and the transmission coefficient. We show that the

iso-hypersurfaces of a function defined with variable metric,

under certain conditions, does coincide with the iso-committor

surfaces and from this fact we prove that the activation free

energy calculated using such a path CV is equal to the value

that would be obtained if the committor function itself were

used as a RC. Finally, we discuss the implementation of this

coordinate and the application to a complex enzymatic reac-

tion where several internal degrees of freedom with different

associated masses are involved in the reaction. For compara-

tive purposes, a path CV is defined in three different ways: (i)

ignoring the metric tensor; (ii) using an average constant value

of the tensor; (iii) using the new definition with variable metric

tensor. The committor distributions and activation free ener-

gies are evaluated for these three different definitions of the

path CV, showing that the consideration of a variable metric

provides the best results.

Theory

The minimum free energy path and the commitor

In this work, we follow the mathematical framework used in

Refs. [7,12]. Consider a D-dimensional space (the “active space”)

made of a set of CVs hðxÞ5 h1ðxÞ; h2ðxÞ; . . . ; hDðxÞf g, being x

the 3N Cartesian coordinates of all the atoms in the system. The

free energy at some point h0 in this space is given by:

A h0ð Þ5

ð
X

e2bH
Y

i
d ui xð Þ2u0i
� �

dxdpð
X

e2bHdxdp

(1)

Here, X denotes the whole configurational space of the sys-

tem, b 5 1/kBT (kB is the Boltzmann’s constant, and T the tem-

perature), p are the momenta associated to the 3N Cartesian

coordinates and H the Hamiltonian. If h is a good set of CVs

describing some chemical reaction (or, in general, any transi-

tion between two metastable states), then there exist a mini-

mum free energy path (MFEP) connecting reactants and

products basins. When the MFEP is unique and well defined,

most of the reactive trajectories take place in its vicinity.

As shown in [12], the MFEP (denoted as z(t), a vector-

function of a single parameter t that describes the advance

along the path) has the property that the component orthog-

onal to the path of MðtÞrzFðz tð ÞÞ (the product of the aver-

aged metric tensor and the free energy gradient) vanishes, or

equivalently that this product is parallel to the path:

d

dt
z tð Þ k MðtÞrzFðz tð ÞÞ (2)

where k means “parallel to.” The averaged metric tensor (M(t))

is defined as:

M tð Þ5M zðtÞð Þ5hJhðxÞm21JhðxÞTih5zðtÞ (3)

In this equation, h�ih denotes averaging for a particular value

of the CVs, m is the 3N-dimensional diagonal mass matrix and

the elements of the Jacobian matrix are given by:

JhðxÞij5
oui

oxj
; i51 :: D; j51 :: 3N (4)

In the same work[12] [eqs. (23) and (24)], it was shown that,

if the value of the committor function f hð Þ at some point z(t)

on the MFEP is f0, then the normal to the corresponding iso-

committor hypersurface is parallel to the gradient of the free

energy and, according to (2), to the product of the inverse

averaged metric tensor and the path direction:

n̂ f hð Þ5f0ð Þ k rz F z tð Þð Þ k M21 tð Þ d

dt
z tð Þ (5)

As the committor function is the best RC,[12,18,19] we are inter-

ested in constructing an alternative path-based RC that approxi-

mates the committor and provides equivalent results in terms

of free-energy calculations. In “A new path-based CV” section,

we define a function that has the same iso-hypersurfaces as the

committor in the vicinity of the MFEP. In “PMF along the path-

based coordinate and activation free energy” section, we show

that the activation free energy derived from the PMF traced

using such a function as RC is equivalent to the value that

would be obtained using the committor function directly as RC.

Our proposal uses a functional form of the path CV similar to

the one published by Branduardi et al.[30] because of our previ-

ous experience with this RC[6,7]; but other path-based CVs[8,9]

could be reformulated in a similar way.

A new path-based CV

In Ref. [7], we presented a generalization of the path coordi-

nate introduced by Branduardi et al. in a space of Cartesian
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coordinates,[30] defined to work with arbitrary CVs hðxÞ. This

coordinate is a scalar defined as:

s h xð Þð Þ5 lim
k!1

ð1

0

t e2kjh Rð Þ2zðtÞjdtð1

0

e2kjh Rð Þ2zðtÞjdt

(6)

The iso-hypersurfaces of this coordinate are orthogonal to

the path in Euclidean sense. To construct a function with iso-

hypersurfaces that have the same property that iso-

committors [eq. (5)], one has to change the distance metric in

the definition of the coordinate using the matrix M(t) as a

metric tensor:

jh xð Þ2zðtÞjM5 h xð Þ2z tð Þð ÞT M21ðtÞ h xð Þ2z tð Þð Þ
� �1=2

(7)

A similar distance metric was also used in Ref. [9]. A nice

property of the metric defined in eq. (7) is that it has the

same dimensionality that an IRC[11] has: mass1/2�distance, inde-

pendently of the dimensionality of the CVs used. So, instead

of having a dimensionless, abstract coordinate that changes

from 0 to 1, we can now rewrite eq. (6) with the new metric

and reparameterize it by the arc-length of the string under the

metric (7):

s h xð Þð Þ5 lim
k!1

ðL

0

t e2kjh Rð Þ2zðtÞjM dtðL

0

e2kjh Rð Þ2zðtÞjM dt

(8)

Now t represents the arc-length of the path up to the point

z(t). It takes values between 0 to L, where L is the total arc-

length of the string under the metric defined by eq. (7). This

function may be thought as a generalization of an IRC to the

FES as its physical meaning is the advance along the path and

it has the same dimensions that an IRC.

The effect of introducing the distance metric in the defini-

tion of the path CV is shown in Figure 1, where we have rep-

resented an arbitrarily chosen reference path in a two-

dimensional (2D) space. It must be emphasized that this is a

toy model introduced to clarify the role of the metric and that

has nothing to do with the real example analyzed below. We

have considered three different possibilities for the definition

of the coordinate. The metric tensors used in this example are

provided as Supporting Information. First, the effect of the dis-

tance metric is assumed to be small and distances are

obtained using the Euclidean metric, which is the most com-

monly used approach (Fig. 1a). Second, the metric is consid-

ered to be constant along the path, and then, the same

averaged value is used for the whole path (Fig. 1b). The last

option is to take into account the variations of the metric ten-

sor along the path, calculating explicitly a different metric ten-

sor for each value of t (Fig. 1c). It can be seen that the three

definitions provide different orientations of the iso-

hyperplanes and consequently different definitions of the TS

ensemble.

Now we use the following property of the path coordinate

defined in (8). For any given value (t0) of the coordinate:

s h xð Þð Þ5t0 : jh xð Þ2zðt0ÞjM5 min
t
jh xð Þ2zðtÞjM (9)

In other words, t0 minimizes the distance given by eq. (7).

Therefore:

d

dt
jh xð Þ2zðtÞjM

� �
t5t0

50 (10)

By calculating the derivative in (10) we get:

h xð Þ2z t0ð Þð ÞT M21 t0ð Þ d

dt
z t0ð Þ5 1

2
h xð Þ2z t0ð Þð ÞT d

dt
M21 t0ð Þ h xð Þ2z t0ð Þð Þ

(11)

To continue, we assume that the matrix M(t) is quasi-

constant, and then, the right-hand side of eq. (11) is close to

zero (a similar conclusion was achieved in Addendum of Ref.

[13]). This can be easily checked during the simulation, by

explicitly calculating the right-hand side of eq. (11). In the

example analyzed below, the average value of this term

around the TS is �5 3�1023 RC units, thus justifying the

approximation made. From this, we can interpret the left-hand

side of eq. (11) as a dot product of two orthogonal vectors:

h xð Þ2z t0ð Þð Þ?M21 t0ð Þ d

dt
z t0ð Þ (12)

As this expression holds true for all h xð Þ that correspond to

s h xð Þð Þ5t0, we can write that the normal to the corresponding

hypersurface is parallel to the product of the inverse averaged

metric tensor and the path direction:

Figure 1. Dependence of the coordinate on the distance metric used. a) Euclidean metric; b) averaged (constant) metric; and c) variable metric. The bold

solid line represents the reference path. The background is colored according to the value of the path CV.
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n̂ s h xð Þð Þ5t0ð Þ k M21 t0ð Þ d

dt
z t0ð Þ (13)

This is the same expression that was derived in Ref. [12] for

the iso-committor hypersurfaces f h xð Þð Þ and presented here in

eq. (5). As both s h xð Þð Þ and f h xð Þð Þ increase monotonically

along the path, we can write:

S s h xð Þð Þ5t0ð Þ � S f h xð Þð Þ5f z t0ð Þð Þð Þ (14)

Here, S g5g0ð Þ denotes an iso-hypersurface of some function

g corresponding to a value g0. In other words, an iso-

hypersurface of s h xð Þð Þ, crossing the point z(t0), in the vicinity

of the path coincides with the iso-committor hyper-

surface f h xð Þð Þ crossing the same point.

PMF along the path-based coordinate and activation free

energy

Under certain approximations, the rate of a chemical reaction

can be obtained using TST.[31,32] The TST rate constant is given

by the expression:

k5
gðnÞ
b � h

ðC0Þ12ne2b�DG‡ðnÞ (15)

where h is Planck’s constant, c the transmission coefficient, n

the molecularity of the reaction, C0 the standard state concen-

tration and DG‡ the activation free energy: the free energy dif-

ference between the TS and the reactants, which depends, as

the transmission coefficient does, on the RC selected to map

the transition between the initial and final states. Here, we

show that the activation free energy corresponding to the

coordinate defined in (8) coincides with the value obtained if

the committor itself is used as RC.

The activation free energy can be formulated in terms of

the PMF for a given RC (n) using the following expression[16]

(here and below the dependence of the RCs on h or x will be

omitted to simplify the expressions):

DG‡ðnÞ5DW n‡
� �

2Wcurv n‡
� �

2GR
n (16)

where the first term on the right-hand side of eq. (16) is the

difference between the value of the PMF traced along n at the

TS (n5n‡) and at the reactants side minimum (n5nR):

DW n‡
� �

5W n‡
� �

2W nR
� �

(17)

where

W n0ð Þ52b21ln

ð
X

e2bHd n2n0ð Þdxdpð
X

e2bHdxdp

(18)

The second term on the right-hand side of eq. (16) is a cor-

rection introduced by Schenter et al.[16] and others[33] to

account for the curvilinear nature of the coordinate n. An

alternative derivation of this term can be found in Ref. [17],

where this term arises due to the fact that the integrand in

the numerator of eq. (18) is not intrinsic to the hypersurface

but depends on the local value of the gradient of n. This term

can be evaluated as[16]:

Wcurv n‡
� �

5b21ln
uðn‡Þ
uðnRÞ

(19)

where:

u n0ð Þ5
*

h2bZn

2p

� �1=2
+

n5n0 (20)

and Zn takes into account the dependence of the curvilinear

RC on the Cartesian coordinates:

Zn5
X3N

i51

1

mi

on
oxi

� �2

(21)

The last term on the right-hand side of eq. (16) GR
n is the

free energy associated to setting the value of the RC to nR and

can be evaluated as:

GR
n5 2b21ln

QR

QR
n

(22)

QR and QR
n are, respectively, the partition function of the sys-

tem at the reactants state and the partition function evaluated

with the RC fixed at nR and removing the corresponding

degree of freedom.[34]

From (14) and considering that both the path-based coordi-

nate [s, eq (8)] and the committor (f ) are monotonically

increasing functions, we can write:

s5x fð Þ (23)

where x is some invertible, monotonically increasing func-

tion. We will use the relation (23) to show that both the s

coordinate and the committor yield the same value of DG‡.

Note, that n‡ is not known a priori, as the position of TS after

applying the corrections in eq. (16), in general, may not coin-

cide with the position of the maximum on PMF. In other

words, the position of the TS must be variationally

optimized.[35]

First, let us show that the term under logarithm in (22) and,

therefore, the last term in (16) is equal for both coordinates.

The ratio between the partition functions can be expressed as:

QR

QR
s

5

1
h3N

ð
R

e2bHdxdp

1
h3N21

ð
R

e2bHd s2sRð Þd psð Þdxdp

(24)

where ps is the conjugate momentum[16] of s and the integra-

tion is done over the reactants basin. As ps can be separated

from other degrees of freedom in the Hamiltonian[36] it is pos-

sible to rewrite the previous expression as[16]:

FULL PAPER WWW.C-CHEM.ORG

4 Journal of Computational Chemistry 2014, DOI: 10.1002/jcc.23673 WWW.CHEMISTRYVIEWS.COM



QR

QR
s

5

ð
R

e2bHdxdpð
R

e2bHd s2sRð Þ h2bZs

2p

� �1=2

dxdp

5
1�

d s2sRð Þ � h2bZs

2p

� �1=2
	

R

(25)

Considering the relationship between s and f [eq. (23)] we

have the following relationships:

Zs5
X3N

i51

1

mi

ox fð Þ
oxi

� �2

5 x0ðf Þð Þ2Zf (26)

hd s2sR
� �

i5hd x fð Þ2x f R
� �� �

i5
hd f 2f R
� �

i
x0 f Rð Þ (27)

Substituting eqs. (26) and (27) in eq. (25):

QR

QR
s

5
1�

d f 2f Rð Þ � h2bZf

2p

� �1
2

	
R

5
QR

QR
f

) GR
s 5GR

f (28)

Now we rewrite the expressions for W(s‡) and u(s‡) using

eqs. (26) and (27):

W s‡
� �

52b21ln

ð
X

e2bHd s2s‡ð Þdxdpð
X

e2bHdxdp

5W f ‡
� �

1b21ln x0 f ‡
� �

(29)

u s‡
� �

5x0 f ‡
� �

u f ‡
� �

(30)

Expressions for W(sR) and u(sR) are analogous to (29) and

(30), respectively. Finally, substituting eqs. (28–30) into eq. (16)

we get:

DG‡
s 5W f ‡

� �
2 b21ln

u f ‡ð Þ
u f Rð Þ2GR

f 5DG‡
f (31)

Therefore, the corrected activation free energy calculated

using the RC in eq. (8) coincides with the activation free

energy calculated using the committor.

Methods

The conversion of isochorismate to salicylate and pyruvate cat-

alyzed by an isochorismate-pyruvate lyase (PchB) was used to

test the performance of the new path-based CV that incorpo-

rates the metric [eq. (8)]. This reaction proceeds by a pericyclic

mechanism[37] with a single TS where proton transfer and

CAO bond breaking take place concertedly (see Fig. 1). The

computational details on the system can be found in Ref. [6].

Briefly, the starting structure was the system (protein plus sub-

strate) was placed in a simulation water box of 79.5 Å side

and sodium ions were added to neutralize the total charge of

the system. The substrate (isochorismate) was described using

quantum mechanics at the AM1 level,[38] while for the rest of

the system we used the OPLS-AA[39] and TIP3P[40] force fields.

Periodic boundary conditions were used combined with a

force switched cut-off radius defined between 14.5 to 16 Å for

the nonbonded interactions.

The MFEP was traced in a multidimensional space (the

active space) containing two kinds of CVs: the interatomic

distances between pairs of atoms changing the bond order

during the course of the reaction and the hybridization num-

bers for those atoms changing their hybridization state dur-

ing the reaction. This gives rise to a nine-dimensional active

space: six interatomic distances corresponding to the bonds

in the six-membered cycle transition structure (C1AH2,

H2AC3, C3AC4, C4AO5, O5AC6, C6AC1) and the hybridiza-

tion numbers of three essential carbon atoms (C1, C3, C6)

(see Fig. 2). Hybridization numbers were obtained as the dis-

tance of the carbon atom to the plane defined by its sub-

stituents.[41] Note that our implementation of the path

coordinate allows the inclusion of any CV into the active

space, including protein or other environmental coordinates.

While this could be useful to determine the impact of protein

changes in the reaction progress, it is out of the scope of the

present work.

The MFEP was obtained by the on-the-fly string method[13]

using an in-house code incorporated into fDYNAMO.[42] The

basic idea is to discretize the MFEP as a series of equidistant

points (string nodes) z t1ð Þ; . . . ; zðtNÞf g along the path. Two

coupled dynamics are done for each node. First, the system

follows a normal molecular dynamics with an extra harmonic

potential Vi that keeps it close to the node i in the CV space:

Vi xð Þ5
XD

j51

kj

2
uj x ið Þ2zj tið Þ
� �2

(32)

where kj is the force constant of the harmonic potential

applied to CV j, xi is the replica of the system for the string

node i and hj(xi) represents the current value of CV j. Force

constants were 8000 kJ �mol21 � Å22 for distances C1AH2,

H2AC3, C3AC4 and 40,000 kJ �mol21 � Å22 for distances

C4AO5, O5AC6, C6AC1 and for hybridization numbers.

The string node itself follows a dynamic governed by the

following differential equation[7,13]:

Figure 2. Conversion of isochorismate to salicylate and pyruvate catalyzed by isochorismate pyruvate lyase.

FULL PAPERWWW.C-CHEM.ORG

Journal of Computational Chemistry 2014, DOI: 10.1002/jcc.23673 5



g _z tið Þ5 ~M x ið Þk � h xið Þ2z tið Þð Þ (33)

c is the friction acting on the nodes that was set to 3 3 104

ps21, ~M is the local value of the metric tensor and � denotes

the entrywise product of two vectors. Replica exchange[43] was

used to improve the sampling and to avoid hysteresis

between different nodes. Replica exchange attempts were per-

formed each 50 fs. To ensure high exchange rate, 100 string

nodes were used. The string was evolved during 30 ps of Lan-

gevin Verlet dynamics with timestep of 0.5 fs at 300 K.

The converged string was used as the reference path to

define three different path-based CVs: (i) with Euclidean metric

(s0); (ii) with the metric averaged over reactants and products

basins (sav); and (iii) with variable metric (sM). For practical pur-

poses, eq. (8) was discretized as:

s h xð Þð Þ5

XP

i51
ti e2kjh xð Þ2zðtiÞjMXP

i51
e2kjh xð Þ2zðtiÞjM

; ti5
i21

P21
L (34)

In each of the three definitions the number of interpolated

points (P) along the path used to define the coordinate was

around 100. Additionally, the path was extrapolated to reac-

tants and products as in [6,7] to avoid numerical problems at

the path ends. See Supporting Information for details.

The PMFs along the three coordinates were calculated using

the umbrella sampling (US) technique[44] with replica

exchange[43]. Hundred US windows were used for the PMF cor-

responding to each coordinate, applying an external harmonic

potential to keep the system around a reference value of the

coordinate. The force constants applied to the RC during US

simulations were optimized to flatten the free energy profile

obtained from the string method calculations and range

between 4000 and 6000 kJ �mol21 � amu21 � Å22 for sav and sM

coordinates and between 8000 and 10,000 kJ �mol21 � Å22 for

s0 coordinate (see Supporting Information). Simulations were

performed using Langevin Verlet dynamics with a timestep of

0.5 fs at 300 K. Thirty picoseconds of productive simulations

were done for each window and replica exchange attempts

were performed each 100 simulation steps. The data from win-

dows were integrated using WHAM.[45] During the simulations,

Zs values (see previous section) were calculated and stored to

calculate Wcurv. The GR correction was calculated as in Ref. [7].

To obtain the committor distribution, 20 structures sepa-

rated by at least 1 ps of simulation were taken from the trajec-

tory corresponding to the TS. The TS was defined as the

maximum of the free energy given by eq. (16). Starting from

each of these structures, 25 different configurations of the sys-

tem with RC values within a free energy difference smaller

than 0.02�kBT from the TS were obtained from a constrained

dynamics. This procedure results in 500 transition structures

generated for each of the three coordinates. Two hundred

downhill trajectories of velocity Verlet[46] dynamics were run in

the NVE ensemble for each of the 500 initial structures, using

different velocities randomly chosen from a Maxwell–Boltz-

mann distribution corresponding to 300 K. Equations of

motion were integrated both forward and backward in time to

calculate the number of reactive trajectories and the transmis-

sion coefficient.

Results

The string converged in roughly 10 ps (see Fig. S1 in Support-

ing Information). The rest of the simulation (up to 30 ps) was

used to get a smooth averaged path and to accumulate statis-

tics to calculate the M metric for the definition of the path CV.

Figure 3 shows the projection of the string (thick line) on the

plane defined by the two coordinates relevant to measure the

advance of the chemical process: the distance of the CAO

bond to be broken during the reaction (d(O5AC6)) and the

antisymmetric combination of the distances of the transferred

proton between the donor and the acceptor (d(C1AH2)-

d(H2AC3)) As discussed in our previous works,[6,37] at the

AM1/MM level the reaction takes place concertedly with pro-

ton transfer preceding the CAO bond breaking.

The MFEP obtained with the string method was used to

define the RCs and to obtain the corresponding PMFs. Table 1

shows the main results obtained with the three different defi-

nitions of the path CV: Euclidean metric (s0), average constant

metric (sav), and variable metric (sM). Contributions to the acti-

vation free energy [eq. (16)] are given together with the trans-

mission coefficient obtained for the set of structures selected

from the respective TS ensembles. The activation free energy

derived from the experimental rate constant is 17.7 kcal

mol21.[47] The discrepancy between the theoretical and experi-

mental estimations can be attributed to the use of the AM1

Hamiltonian, as discussed elsewhere.[6] Single-point corrections

at higher QM levels bring theoretical values in much closer

agreement with experiment. However, for the purposes of the

Figure 3. Accumulated sampling from all US windows projected on 2D surface of essential geometric coordinates (see text) in Å for a) s0; b) sav; and c) sM.

The thick black line is the projection of the reference path. The thin continuous line is the TS hyperplane under the given metric. The dotted line respre-

sents the TS hyperplane obtained with variable metric.
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present work, we keep on the low-level AM1/MM energy

surface.

The activation free energies and the fraction of reactive tra-

jectories using the sav and sM coordinates are roughly the

same. However, the s0 coordinate (the one defined with Euclid-

ean metric) strongly underestimates the barrier height. The

reason for this behavior can be understood analyzing the sam-

pling obtained from all the US windows. In Figure 3, each of

the structures obtained during the simulations performed to

obtain the PMFs is represented by the pair of values of the

two distinguished coordinates (d(O5AC6) and d(C1AH2)-

d(H2AC3)). The TS hyperplane corresponding to each coordi-

nate is also shown by means of a thin line. The orientation of

the TS hyperplane depends on the metric used in the defini-

tion of the coordinate. Note that the string has been obtained

in the nine-dimensional space and that the sampling was

acquired in this space controlling only one coordinate (the

path coordinate). The two coordinates selected for the projec-

tion made in Figure 3 are enough to visualize the reaction

progress but not to have a good definition of the TS

ensemble.

The metric M defines the orientation of the hyperplanes

crossing the path. When the correct metric is used, the sam-

pling is smooth (sM, Fig. 3c). When the error in the metric is

small (sav, Fig. 3b), only some small distortions are observed at

the TS region, where the system is unstable and small pertur-

bations are sufficient to shift the system toward the reactants

or the products basins. When the metric is not appropriate (s0,

Fig. 3a), the hyperplane corresponding to the TS, instead of

following the real TS ensemble, starts at the reactants basin,

crosses the path at the point corresponding to the TS and falls

into the products basin. Small differences in the orientation of

the hyperplane can lead to the sampling of regions that do

not correspond to the TS. In free energy terms, there is a sig-

nificant barrier along the hyperplane, causing the system to

spend most of the time either in the reactants or in the prod-

ucts basins. This leads to the discontinuity observed in Figure

3a.

The curvature correction appears to be small in the case of

the sM coordinate. We show in the Appendix to this work that

this is an additional property of the path CV defined in eq. (8)

when the proper metric is used. In most of the studies this

correction is assumed to be small and neglected, although, in

general, it could be large for some coordinates.[16] The small

value of Wcurv for s0 is due to a fortuitous error cancelation:

when one takes the largest value of Wcurv for any two values

of the RC (not just the ones corresponding to reactants and

TS, see Table 1 in parenthesis) the correction appears to be

largest for s0, smaller for sav and the smallest contribution is

obtained for sM, as expected according to our derivation in

the Appendix. Note that if the curvilinear correction is small

then, according to eq. (16), the maximum of the PMF must be

a very good approximation to the variational TS (the one mini-

mizing the mean frequency of crossing between reactants and

products basins). See Ref. [17] for further discussion.

To check the quality of the three definitions of the coordi-

nate and to evaluate the role of the metric, we computed the

committor histograms from the TS structures sampled in each

case according to the procedure explained in the previous sec-

tion. The three histograms are shown in Figure 4.

Not surprisingly, all the transition structures obtained with

the s0 coordinate correspond, in fact, either to the reactants or

to products regions of the surface. The free energy barrier

along the TS hypersurface does not allow the system to reach

the real TS. By the same reason most of the calculated trajec-

tories recross the dividing surface and only 0.08% of the tra-

jectories are reactive. The sav coordinate provides a much

better distribution. It is still not peaked around 0.5, as it

should be for a correct RC, but the number of reactive trajec-

tories is relatively high–49%. Finally, the sM coordinate provides

a histogram that is clearly peaked around 0.5, with some

excess of structures that tend to fall to reactants. Fifty nine

Table 1. Results for PMF and committor calculations with three defini-

tions of path CV.

DW‡ Wcurv GR DG‡ c

s0 34.4 20.14 (20.37) 0.54 33.7 8 3�1024 (2 3�1023)

sav 37.8 20.26 (20.28) 0.69 36.9 0.49 (0.50)

sM 37.8 20.12 (20.15) 0.65 37.0 0.59 (0.69)

From left to right: PMF difference between TS and reactants; curvature

correction to the activation free energy (in parenthesis: largest correc-

tion for any two points along the path); correction associated to setting

the RC to reactants value; the activation free energy; transmission coef-

ficient (in parenthesis: transmission coefficient for transition structures

within 0.25 RC units from the path). All energies are given in kcal

mol21.

Figure 4. Committor histograms corresponding to the transition state of the three different definitions of the path CV: a) s0; b) sav; and c) sM.
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percent of the trajectories calculated with the sM coordinate

are reactive. Note that the coordinates could be alternatively

validated using the histogram test given in Ref. [19].

One of the assumptions made in the derivation of the prop-

erties of the sM coordinate was that the system never goes far

from the reference path. However, as can be seen in Figure 3c,

in the TS region the system is sometimes found at a notice-

ably large distance from the path. In these cases, eq. (5) might

not hold and the structures far from the path, although bear-

ing the correct value of the RC, might not correspond to the

real TS ensemble. To check it, we plotted the committor histo-

grams picking only those transition structures that are within

0.25 RC units from the path (Fig. 5).

The distribution for s0 is not especially interesting—all the

transition structures close to the path correspond really to reac-

tants. This can already be seen from Figure 3a. The distribution

for sav is now strongly peaked in the reactants. The number of

reactive trajectories remained roughly the same as before. There-

fore, the uniform distribution appearing in Figure 4b is a combi-

nation of two distributions: one peaked around a committor

value of 0.2, for structures close to the path, and one peaked

around 0.8–1, for structures far from the path. Both distributions

contain approximately the same fraction of reactive trajectories.

The small deviation caused by taking the average metric instead

of the variable metric (see the difference in the TS hyperplanes

in Fig. 3b) is sufficient to shift the system from the correct TS

toward the reactants or products basins. Finally, the histogram

for the sM coordinate is now ideally peaked around 0.5, with a

high fraction of reactive trajectories–69%. The excess of struc-

tures at the reactants side does not appear anymore. As the sM

coordinate was defined using only nine simple geometric coordi-

nates, the distribution shown in Figure 5c can be considered as

very satisfactory. It must be very challenging to obtain a better

committor histogram with a path CV defined in this subspace.

Conclusions

Path-based variables define the advance of the system along a

given path and can be used as an adequate RC to efficiently

drive the system between two metastable states during simu-

lations of complex processes. In this work, we have analyzed,

theoretically and computationally, the consequences of the

consideration of the distance metric in the definition of a path

variable.

First, we have shown that if the proper variable metric ten-

sor is included in the definition of the path variable [eq. (8)],

the coordinate provides iso-hypersurfaces that, under certain

conditions, coincide with the iso-committor surfaces. We have

also shown that the activation free energy calculated using

this coordinate is equal to the value that would be obtained if

the committor function itself were used. An additional advant-

age of the inclusion of the variable metric is that the correc-

tion to the activation free energy introduced in Ref. [16] is

very small when the correct metric is considered. In this case,

the hyperplane corresponding to the maximum of the PMF

can be taken as a good approximation to the variational TS.

Finally, we have presented an application of the proposed

path coordinate to the analysis of an enzymatic reaction

modeled using QM/MM hybrid methods. The selected reac-

tion is the transformation of isochorismate into salycilate and

pyruvate catalyzed by PchB, an isochorismate-pyruvate lyase.

This reaction involves different kinds of internal degrees of

freedom (six distances and three hybridization numbers)

defined from the Cartesian coordinates of atoms with differ-

ent masses. The MFEP for the process was located using the

string-method. This path was then used to define the path-

based RC, for which we used three different metrics. We have

shown that the coordinate based on the Euclidean tensor is

unable to adequately sample the TS. In turn, the use of the

correct metric produces uniform sampling along the path

and a correct value of the activation free energy. A constant

metric can also provide good results if a reasonable estima-

tion of the metric tensor is used. The tensor averaged over

reactants and products ensembles was shown to be an

adequate choice for the example analyzed in this article.

However, only when the variable metric tensor was consid-

ered in the coordinate definition the committor histogram

showed a distribution peaked at 0.5, confirming the

adequateness of the coordinate. The procedure presented

here can be easily extended to the analysis of other chemical

processes involving many degrees of freedom, something

that can be difficult with other approaches.

APPENDIX

To show that the Wcurv contribution to the activation free energy

[eq. (16)] for any path-based coordinate defined with the correct

metric is small, we will prove that <Z1/2> [eq. (20)] is always close

Figure 5. Committor histograms corresponding to the TS structures within 0.25 RC units from the path, for the three different definitions of the path CV:

a) s0; b) sav; and c) sM.
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to unity. To do this, let us consider some sufficiently small region

of the path around a point t0. In this case, the curvature of the

path can be neglected and s can be redefined using simply a pro-

jection of some point onto the path under the metric M:

s h xð Þð Þt0
5t01 h xð Þ2zðt0Þð ÞM21 t0ð Þn̂ t0ð Þ (A1)

where n̂ is a unit vector aligned along the path at point t0:

n̂ t0ð Þ5
d

dt
z t0ð Þ


���� d

dt
z t0ð Þ

����
M

(A2)

Hereafter, a matrix in the subscript of a vector module denotes

the metric tensor used. The gradient of s is then:

rs5JT
u xð ÞM21 t0ð Þn̂ t0ð Þ (A3)

As in [13], we denote with ~M the instantaneous metric tensor:

~M xð Þ5Ju xð ÞT m21Ju xð Þ (A4)

Lastly, by definition:

Z5rsT m21rs (A5)

Once these magnitudes have been defined we show that <Z1/2>

is close to unity. By substituting (A3) and (A4) into (A5) we get:

Z5n̂ t0ð ÞT M21 t0ð Þ ~M xð ÞM21 t0ð Þn̂ t0ð Þ (A6)

Let us simplify the notation introducing:

d t0ð Þ5M21 t0ð Þn̂ t0ð Þ (A7)

Z5d t0ð Þ ~M xð Þd t0ð Þ5jd t0ð Þj2~M (A8)

For the random variable jd t0ð Þj ~M it is possible to quantify the

standard deviation as:

r25hjd t0ð Þj2~Mi2hjd t0ð Þj ~Mi25hZi2hZ1=2i2 (A9)

here and below the averages are done over the s 5 t0 ensem-

ble. It is possible to rearrange this expression to obtain

<Z1/2>, from which it is possible to evaluate the correction to

the activation free energy [eqs. (19–21)]:

hZ1=2i5 hZi2r2
� �1=2

(A10)

From the definition of the sM coordinate and assuming that

the system never goes far from the path, we can write:

M t0ð Þ5h ~M xð Þi (A11)

Next we use the following property: for any N-dimensional

vector v and any two N 3 N dimensional matrices A and B:

jvj2A6B5jvj2A6jvj2B (A12)

If we assume that the probability density of ~M is point-

symmetric with respect to M, then from eq. (A(12)) it follows

that:

hjd t0ð Þj2~Mi5jd t0ð Þj2M5jn̂ðt0ÞjM51) hZi51 (A13)

Notice that for a mass-weighted Cartesian coordinate the

value of Z is always exactly unity. Then, from (A10) and (A13):

hZ1=2i5 12r2
� �1=2

(A14)

Let us now analyze the possible values of this magnitude and

the impact on the activation free energy guessing some maxi-

mum value for the standard deviation of jd t0ð Þj ~M . Even assum-

ing that this standard deviation is as large as a half of the

unity [the RMS value of jd t0ð Þj ~M from (A13)], one would get:

hZ1=2i5 120:52
� �1=2

50:751=2 � 0:87 (A15)

and with respect to some point, for which <Z1/2> is exactly

unity, Wcurv is only:

2RT ln
0:87

1
50:09 kcal=mol
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In the present work, we use Variational Transition State Theory (VTST) to develop a practical
method for transition state ensemble optimization by looking for an optimal hyperplanar dividing
surface in a space of meaningful trial collective variables. These might be interatomic distances,
angles, electrostatic potentials, etc. Restrained molecular dynamics simulations are used to obtain
on-the-fly estimates of ensemble averages that guide the variations of the hyperplane maximizing the
transmission coefficient. A central result of our work is an expression that quantitatively estimates
the importance of the coordinates used for the localization of the transition state ensemble. Starting
from an arbitrarily large set of trial coordinates, one can distinguish those that are indeed essential
for the advance of the reaction. This facilitates the use of VTST as a practical theory to study
reaction mechanisms of complex processes. The technique was applied to the reaction catalyzed
by an isochorismate pyruvate lyase. This reaction involves two simultaneous chemical steps and
has a shallow transition state region, making it challenging to define a good reaction coordinate.
Nevertheless, the hyperplanar transition state optimized in the space of 18 geometrical coordinates
provides a transmission coefficient of 0.8 and a committor histogram well-peaked about 0.5, proving
the strength of the method. We have also tested the approach with the study of the NaCl dissociation
in aqueous solution, a stringest test for a method based on transition state theory. We were able to
find essential degrees of freedom consistent with the previous studies and to improve the transmis-
sion coefficient with respect to the value obtained using solely the NaCl distance as the reaction
coordinate. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4931596]

I. INTRODUCTION

A key problem in chemical kinetics is how to define an
adequate reaction coordinate (RC) to describe the process.1–6

While for simple cases, an intuitive definition might work
(i.e., in chemical reactions, the length of a dissociating bond
or any other valence coordinate related to the bond reorgani-
zation) in complex processes involving several chemical steps
such a naïve approach will likely fail. The situation gets even
more complicated for processes in condensed phases, such
as solutions, enzymes, or solid surfaces, because of the large
number of coupled degrees of freedom that can be involved.

RC is a central concept in the majority of the rate theo-
ries.7 A good RC must provide information about the reaction
progress and also about its dynamics in such a way that the
knowledge of the value of the RC should be enough to predict
the most likely fate of a trajectory initiated from a configura-
tion presenting that value. Since the committor function (the
probability for a given configuration to reach the reactants state
before the products) is the ideal RC,8,9 a good candidate must
approximate well isocommittor surfaces. A good RC is also a
requisite for the evaluation of the rate constant within the most
popular theory for the evaluation of rate constants, Transition
State Theory (TST).10–12 Selection of the RC is equivalent to

a)Author to whom correspondence should be addressed. Electronic mail:
ignacio.tunon@uv.es

the definition of a dividing surface between reactants and prod-
ucts valleys, which allows the determination of the rate con-
stant from the one-way equilibrium flux through this surface.
Since TST overestimates the reaction rate, ignoring possible
recrossings of the surface, it can be systematically improved
looking for the surface (or RC) that minimizes the flux. This is
the fundamental idea behind variational TST (VTST).13–15

For simple model systems, an analytic solution for the
optimal dividing surface may be obtained.16,17 Truhlar et al.,18

generalized TST allowing the usage of arbitrary curvilinear
RCs, which facilitated the application to realistic systems. An-
other important advancement was done by Vanden-Eijnden
and Tal19 showing that the optimization of the dividing sur-
face is mathematically equivalent to the minimization of a
certain functional, allowing the direct application of the varia-
tional principle to optimize the reaction coordinate. However,
to our knowledge, this result has been never put into practice.
In typical applications of TST, non-optimal intuitive reaction
coordinates have been directly used. Obviously, poor reaction
coordinates, while still being able to yield reasonable activation
free energy estimates, do not provide a good approximation of
the isocommittor surfaces. The use of good RCs is a neces-
sary keystone for the evaluation of the general applicability
of TST in complex environments, particularly in enzymatic
active sites.5,20–22 The main limitations of this theory would
include the inability of equilibrium-based approaches to pro-
vide correct Transition State (TS) ensembles23 and the neglect

0021-9606/2015/143(13)/134111/15/$30.00 143, 134111-1 © 2015 AIP Publishing LLC
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of dynamical effects.24,25 It is claimed that in these cases, a
more general technique like Transition Path Sampling (TPS)1

could be required to properly describe the process. However,
it is not clear whether the potentially poor results obtained
within TST would be due to an improper choice of the RC or to
the limitations of the theory itself. Simulations of physically
relevant systems on a meaningful time scale nowadays are
readily available and the theoretical framework for direct appli-
cation of VTST to molecular simulations is provided by the
abovementioned contributions by Truhlar and Vanden-Eijnden.
Nevertheless, a practical methodology that yields an optimal
dividing surface in the VTST framework is still absent.

A review of existing techniques to obtain RCs was recently
published by Li and Ma.26 The problem of the identification
of an appropriate RC can be solved analyzing an ensemble
of reactive trajectories, which can be obtained using TPS.1,27

Different approaches exist in the literature: aimless shooting,28

likelihood optimization,4 genetic neural network approach,2

and the kernel Principal Component Analysis (PCA) method29

to mention a few. One of the main advantages of TPS is that the
TS ensemble can be identified and sampled without any a pri-
ori information about the reaction mechanism. However, this
method requires a systematic Monte Carlo search of reactive
trajectories, which can be computationally demanding.

Another strategy to identify a good RC is based in the
exploration of the free energy landscape. However, in highly
multidimensional problems, such a solution is impractical,
since the computational cost scales exponentially with the
number of dimensions. This problem is referred to as the “curse
of dimensionality.” While accelerated sampling techniques,
such as metadynamics30 and temperature accelerated molec-
ular dynamics,31 can significantly reduce the computational
cost, they do not solve the exponential scaling issue. A possible
solution comes from the fact that most of the reactive trajec-
tories, when projected to a space of essential coordinates, are
located in a narrow “reaction tube.”32,33 Therefore, the progress
along this tube should be a good RC. An analytic expression
for such a RC defined in the space of Cartesian coordinates
of the atoms involved in the process was given by Branduardi
et al.34 This approach was successfully applied for a broad
range of problems, such as enzymatic catalysis,35 ligand bind-
ing,36–39 conformational changes,40–43 and organic chemistry
reactions.44–46 This coordinate was also applied in a space
of general collective variables (CVs) by several authors.47–49

Most of the studies mentioned above either use some rational
guess for the path (like the intrinsic reaction coordinate50 or a
path obtained from steered MD51) or iteratively redefine the
path based on simulation data. Generally, the reaction tube
is well defined by the minimum free energy path (MFEP),
since, by definition, the MFEP has the highest probability
to be followed by a reactive trajectory. Various techniques
were developed to obtain the MFEP and other closely related
paths.8,33,52–60 The methods developed by Díaz Leines and
Ensing53 and Dickson et al.,54 also provide the Potential of
Mean Force (PMF) for the process, a quantity not directly
available from other techniques, such as the string method. The
combination of the on-the-fly string method52 with the path
CV has been particularly successful to describe complex enzy-
matic reactions.61–63 Additionally, Maragliano et al.8 showed

that the MFEP is related to the committor function through the
non-Euclidean distance metric. Zinovjev and Tuñón62 showed
that the introduction of the distance metric into the definition
of the path CV is important to obtain a good RC even when the
reference path is correct.

While path-based techniques offer an attractive approach
to define the TS ensemble without harvesting hundreds of reac-
tive trajectories, they still require a considerable effort to obtain
the full reaction path. Although the information about the
entire reaction pathway is of crucial importance for a detailed
mechanistic understanding of the process, the quality of the
reaction coordinate can be estimated uniquely from its ability
to describe the TS. In other words, one of the isosurfaces of
the RC should approximate well the isocommittor 0.5 surface.
Therefore, it could be more practical to focus the RC search
on the TS region, rather than on the entire path. On the other
hand, the relation between the MFEP and committor, found by
Maragliano et al.,8 is valid only in the vicinity of the path. If a
reaction tube is not well defined on the Free Energy Surface
(FES), then isosurfaces of the path CV are not guaranteed
to follow the isocommittor surfaces. This issue is especially
important for reactions with shallow transition states, where
even a minor change in the path CV definition may cause a
significant change in the RC performance.62

We present in this work a practical method that provides a
precise definition of the variational TS for processes involving
an arbitrary number of degrees of freedom. The method is
based on the variational optimization of a Hyperplanar Tran-
sition State (HTS) in a multidimensional space of CVs. The
method directly focuses on the TS region, resulting in a compu-
tationally efficient procedure. Next, we show how the results
of the calculations can be analyzed a posteriori to distinguish
which degrees of freedom are essential for a correct definition
of the dividing surface and, therefore, participate explicitly
in the barrier crossing event. This is particularly useful for
processes involving many degrees of freedom. In Section II,
we show how the formulation of VTST provided by Vanden-
Eijnden and Tal19 can be used to derive equations for HTS
optimization. In Section III, we give details about the practical
implementation of the method. In Sections IV and V, the
method was tested on two processes with non-trivial RCs:
the reaction catalyzed by the enzyme Isochorismate Pyruvate
Lyase (IPL) and the dissociation of NaCl in aqueous solution.

II. THEORY

A. Variational transition state theory

TST and, in particular, its variational version (VTST)64

usually provide a good estimation of reaction rate constants
for many cases of interest in chemistry.12,65 The main idea of
VTST comes from the fact that TST overestimates the reaction
rate because it neglects the possibility of trajectories recrossing
the dividing surface or TS. Therefore, one might improve the
result by looking for a dividing surface that minimizes the
reaction rate. Vanden-Eijnden and Tal19 showed that this is
identical to minimizing the following functional:

I =


R3N
|∇q(x)| e−βV (x)δ(q(x))dx, (1)
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where q(x) is the reaction coordinate, some scalar function
of the mass-weighted coordinates x of the system, V is the
potential energy function, and β = 1/kBT . A similar expres-
sion was discussed by Smith,66 Truhlar,67 and Keck.68 We
emphasize that in all the equations in the present work the
mass-weighted Cartesians are used. In (1), by virtue of the
Dirac delta function, integration is carried out over the surface
corresponding to q(x) = 0. Thus, by varying the function q(x),
it is possible to change the surface and then I can be minimized.

In order to apply the variational principle, one has to look
for the optimal q(x) in some functional space. In principle, a
straightforward choice is the use of HTSs.19,69 Vanden-Eijnden
and Tal19 generalized the definition of HTS as a hyperplane in
a space of arbitrary CVs and provided the correct equations
allowing the optimization of such a TS. However, to our knowl-
edge, up to now, this procedure has never been used in practical
applications. This is possibly due to (i) the need of constrained
simulations, like those provided by the blue-moon sampling,70

that are not as convenient as the restrained dynamics that are
used in the majority of free energy techniques and (ii) the
requirement of second derivatives of the CVs that, in some
cases, can be computationally expensive or cumbersome to
obtain.

To address these two issues, we here reformulate the prob-
lem using an approximation introduced by Maragliano and
Vanden-Eijnden.31 In that work, it was shown that the Dirac
delta function may be substituted by a strong biasing potential
as 

R3N
|∇q(x)| e−βV (x)δ(q(x))dx

≈ (2π βK)1/2


R3N
|∇q(x)| e−βVHTS(x)dx, (2)

where

VHTS (x) = V (x) + K
2

q(x)2, (3)

being K the force constant of the biasing potential.
A similar transformation to that proposed in (2) was used

to define the mollified free energy by Dickson et al.71 The
error introduced in (2) is proportional to (βK)−1, and therefore,
using a sufficiently large value for K and minimizing the r.h.s.
integral of (2), it is possible to approximate well the variational
dividing surface. The optimized function q(x) can then be
used as a reaction coordinate to obtain the reaction PMF with
any free energy calculation technique (umbrella sampling,72

metadynamics,30 Adaptive Biasing Force (ABF),73 etc.).

B. Optimization of the dividing surface

We will look for a dividing surface as a hyperplane in the
space of D arbitrary CVs. These might be geometrical coordi-
nates like distances, angles, etc., or some more complicated
coordinates like an electrostatic potential22,74 or energy gap
coordinate.75,76 Vanden-Eijnden and Tal19 used the following
functional form for q:

q (x) = θ(x)T n̂ − b, (4)

where θ is a vector of D CVs, n̂ is the unit vector representing
the normal to the hyperplane, and b is a scalar. The function

q(x) is basically a linear combination of the underlying CVs.
However, it does not mean that the resulting dividing surface
is a linear approximation to the correct separatrix, in a sense of
it being a hyperplane in the 3N dimensional space of Cartesian
coordinates. The CVs used are generally non-linear; thus, the
hypersurface defined by (4) may have an arbitrary shape and
topology depending on the underlying CVs. For instance, if
a true RC were included as one of the trial CVs, the result
obtained after the HTS optimization would be exact, assuming
that TST is applicable to a given process.

On the other hand, we have recently shown62 that for
coordinates defined in a CV space, it is useful to introduce
a non-Euclidean distance metric with a metric tensor defined
by Maragliano et al.8 A nice physical interpretation of such a
distance metric is given by Zhao et al.: for two infinitesimally
close points in the CV space, it measures the distance between
corresponding manifolds in configuration space.57 It should be
noted that the definition made by Maragliano et al. is a gener-
alization of previous definitions made by Wilson77 and Darve
and Pohorille78 applied for cases when the coordinates are
curvilinear and incomplete. As the optimal surface is invariant
under any linear transformation of the chosen set of CVs, we
can reformulate the definition of the coordinate,

q (x) = (θ (x) − z)TM−1n̂, (5)

where z is some point on the hyperplane and M is a metric
tensor defined as

Mi j =

∇θi(x) · ∇θ j(x)�HTS. (6)

Here and below, ⟨·⟩HTS denotes average over the canonical
ensemble corresponding to the potential energy in (3).

A remark should be done here. The functional spaces
spanned by (4) and (5) are identical. Hence, nothing is gained
in terms of the quality of the optimal dividing surface when one
or the other functional form is used. However, there are several
purely practical advantages that make the usage of the latter
form more attractive. First, we have used the reference point
z instead of a scalar b. This introduces D − 1 extra variables
that correspond to the freedom of z to be placed anywhere
on the hyperplane without changing it. This property will be
used to minimize the fluctuations of the hyperplane and thus to
improve the convergence. In addition, z is less coupled to n̂ dur-
ing the optimization, improving also the convergence. Second,
we have introduced the metric tensor M into the scalar product.
In practice, CVs may have different dimensions, e.g., when
distances and angles are used simultaneously. Additionally, the
coordinates might not be independent and the force applied to
one of the coordinates might also affect the others. In other
words, the coordinate basis set used is not always orthonormal.
The metric tensor addresses these issues, converting all the
underlying dimensions to that of mass-weighted Cartesians
and taking into account the interdependence of the coordinates.
It also helps to define the restraining potential for the in-
plane motion of the system and simplifies the estimation of the
importance of CVs as shown in Appendix B.

Substituting (5) to the r.h.s. integrand of (2), taking the
partial derivatives over z and n̂, subject to the constraint that
n̂ has a unit length, and equating them to zero, we get the
following conditions that must be satisfied for the optimized
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hyperplane:

⟨|∇q (x)| Kq (x) n̂⟩HTS = 0, (7)

β−1|∇q (x)|−1 �M̃ (x)M−1n̂

�⊥
M


HTS

− 
K |∇q (x)| q (x) (θ (x) − z)⊥M
�

HTS = 0, (8)

where M̃ (x) is the instantaneous (local) value of the distance
metric tensor,

M̃i j(x) = ∇θi(x) · ∇θ j(x). (9)

Here and below, (·)⊥M denotes the component of a vector that is
orthogonal to n̂ under the metric tensor M,

(a)⊥M = a − �aTM−1n̂
�

n̂. (10)

The explicit derivation may be found in Appendix A. Note that
(7) and (8) resemble Eq. (39) in Vanden-Eijnden and Tal,19 but
second derivatives of q(x) do not appear anymore.

III. PRACTICAL IMPLEMENTATION

A. Initial guess of the hyperplane

Reasonable initial values for z, n̂, and M can be obtained
from a set of structures of reactants and products, used to
initiate the dynamics of the walkers (see Sec. III B 1),

zinit =
1
2
*.,

1
Wreact

Wreact

i=1

θinit
�
xreact
i

�
+

1
Wprod

Wprod

i=1

θinit

(
xprod
i

)+/- ,
(11)

n̂init =
r

|r|Minit

=
r�

rTM−1
initr

�1/2 , (12)

r =
1

Wprod

Wprod

i=1

θinit

(
xprod
i

)
− 1

Wreact

Wreact

i=1

θinit
�
xreact
i

�
, (13)

Minit =
1
W

W

i=1

M̃init (xi) . (14)

Here, zinit is taken as a middle point between average positions
of walkers initiated in the reactants and in the products states,
n̂init is calculated as a unit vector pointing from reactants to
products, and Minit is simply an average metric tensor over all
the walkers (W = Wreact +Wprod). Another option is to locate
a transition structure on the potential energy surface, using,
e.g., Baker algorithm, and take the zinit, n̂init, and Minit values
from the structure and the imaginary frequency eigenvector
obtained from the diagonalization of the Hessian.

B. Optimization of q(x)
1. Advance of the hyperplane

To estimate the statistical averages in (7) and (8), one
might run a short simulation with fixed z and n̂ and then
update the function q(x), as was done in the string method.8

Another approach would be, similarly to the on-the-fly string
method,52 to take the instantaneous values inside the brackets
and change z and n̂ by a very small amount at each step of
the dynamics. Here, we use a combined approach inspired by

the multiple walker versions of metadynamics79 and adaptive
biasing force73 methods. Instead of using a single simulation,
we use a series of independent and uncoupled dynamics, the
“walkers,” sampling the same ensemble. The instantaneous
average values over all the walkers are taken as approximations
of the ensemble averages,

γzż (t) = − 1
W

W

i=1

|∇q(xi, t)| Kq(xi, t)n̂, (15)

γn ˙̂n (t) = 1
W

W

i=1

K |∇q(xi, t)| q(xi, t) (θ (xi, t) − z (t))⊥M

− 1
W

W

i=1

β−1|∇q(xi, t)|−1 �M̃ (xi, t)M−1n̂ (t)�⊥M ,
(16)

where xi are the coordinates of i-th walker, γz and γn are the
damping coefficients for z and n̂, respectively. Since the statis-
tical error scales as W−1/2, smaller damping coefficients can
be used with more walkers. This accelerates the convergence
and reduces the fluctuations of the hyperplane when the steady
state is reached.

2. Averaging of the metric tensor

The metric tensor M is calculated as an average of M̃ (x)
over some period L and over all the walkers,

M(t) = 1
L

t

τ=t−L
*,

1
W

W

i=1

M̃ (xi, τ)+-∆t, (17)

where ∆t is the dynamics time step. In practice, we have found
that averaging can be carried out over the entire length of
the trajectory without affecting the result. In this case, the
history of M̃ (x) is not needed and M can be calculated using
a recurrent formula,

M(t + ∆t) = t
t + ∆t

M(t) + ∆t
t + ∆t

*,
1
W

W

i=1

M̃ (xi, t + ∆t)+- .
(18)

3. In-plane movement of z

In (8), the term (θ (xi) − z)⊥M depends on the position of
z. A large value of this term will cause undesired fluctuations
of the hyperplane at the steady state, so one is interested to
make this term as small as possible. With this purpose, we take
advantage of the fact that z can be placed at any point on the
hyperplane without altering the hyperplane itself. One option
is to simply place z at the average position of all walkers at
each step of the dynamics. However, to make the movement of
z as smooth as possible and use its position as a convergence
criterion, we damp this movement as well,

γpż =
1
W

W

i=1

(θ (xi) − z)⊥M . (19)

Here, γp is the damping coefficient for the in-plane motion
of z. Value of γp is arbitrary and only affects the speed of
movement of z. We used γp = 103 ps for the cases presented in
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this work. After reaching the convergence, the position of z will
correspond to the canonical average over the CVs constrained
to the hyperplane. In other words, the principal curve for the
reaction (that can be obtained with methods developed by
Díaz Leines and Ensing53 or Dickson et al.54) will cross the
hyperplane exactly at z. Of course, this is true only if same
distance metric (6) is used to define the slices orthogonal to
the path.

4. In-plane movement of walkers

Additionally, in order to avoid the sampling of regions of
the free energy landscape that are not relevant for the process
under study, an extra biasing potential can be added,

Ud (x) =


1
2

K(d (x) − dmax)2 d (x) > dmax,

0 d (x) ≤ dmax,
(20)

where d(x) is the in-plane distance between θ(x) and z using
the metric tensor M,

d (x) = �(θ (x) − z)⊥M
�
M

=
(
(θ (x) − z)⊥TM M−1 (θ (x) − z)⊥M

)1/2
. (21)

A similar restraint was used by Díaz Leines and Ensing.53

Setting dmax too low will impede visiting important regions of
the configurational landscape. Instead, a too large value might
lead to sample undesirable metastable states. In the present
work, we have chosen dmax at the beginning of the simulation in
such a way that d(x) must be smaller than dmax approximately
99% of the time. This biasing potential (20) turned out to
be especially important at the beginning of the simulation,
when the hyperplane is still far from being optimal. After
convergence, following the narrow reaction tube assumption,
one can expect potential (20) to be unnecessary or, at least, its
effect to be negligible. The same value of the force constant K
as in (3) appears to be a good choice for potential (20) as well.

C. Parameter selection

1. Force constant K

In theory, the force constant K should be taken infinitely
large to exactly calculate the functional in l.h.s. of (2). In
practice, the equations of motion are discretized and large
forces will cause numerical instabilities. In the present work,
K was determined by gradually increasing its value from 0 to
some large number and observing the moment at which the
fluctuations of q(x) do not become smaller anymore. The value
will depend on the shape of the free energy surface around the
TS. Small values might work well for systems presenting broad
maxima in the free energy profile, while significantly larger
values should be used for sharper TSs.

2. Damping coefficients γ

The values of γz and γn determine the damping of the
displacement of the hyperplane and thus the speed of conver-
gence. The lower are these values the faster the hyperplane will
move towards the steady state. However, moving the hyper-

plane too fast will not allow the relaxation of the remaining
degrees of freedom, thus making the estimates of the statistical
averages in (7) and (8) incorrect. Additionally, large displace-
ments of the hyperplane will increase the forces due to biasing
potential (3), possibly causing numerical instabilities.

From our experience, the latter is the most important factor
when choosing the values for γ. The lack of relaxation in
the environment, normally, does not change qualitatively the
behavior of the hyperplane and it would still move towards the
steady state. On the other hand, when the hyperplane is close
to the convergence, the displacements become much smaller
and the relaxation of the environment improves.

We have found that the instabilities due to a too small value
of γ start to appear at the very beginning of the hyperplane
optimization, first 1-2 ps of the simulation. Thus, regarding the
choice of γ, it should be sufficient to start a short calculation
and check its stability. If the simulation is not stable, γ must be
increased. For efficiency purposes, the lowest value of γ yield-
ing stable simulations should be selected for the simulations.
Finally, if higher accuracy is required, γ can be increased in
subsequent re-optimizations.

D. Converged hyperplane

The convergence of the hyperplane can be tested measur-
ing the distance between the initial and current values of z and
the angle formed by the initial and current n̂ vectors,

Cz (t) = |z (t) − zinit|M =
(
(z (t) − zinit)TM−1 (z (t) − zinit)

)1/2
,

(22)

Cn̂ (t) = α (n̂ (t) , n̂init) = arccos
(
n̂(t)TM−1n̂init

)
. (23)

Note that n̂init must be rescaled to have unit length using the
metric defined with tensor M.

When the hyperplane reaches the convergence, it con-
tinues to fluctuate around the steady state. We obtain the opti-
mized hyperplane as the average over the simulation, once the
convergence has been reached,

zfinal =
1

ttot − tconv

ttot

τ=tconv

z (τ)∆t, (24)

n̂final =
1

ttot − tconv

ttot

τ=tconv

n̂ (τ)∆t, (25)

where ttot is the total time of the simulation and tconv is the
convergence time.

E. Importance of the coordinates

One of the most relevant information that can be derived
from the converged hyperplane is the importance of each of the
CVs for the correct definition of the TS. The direct comparison
of the components of n̂ is meaningless. On one hand, as already
mentioned, different coordinates may have different units and
be interdependent and, thus, cannot be compared. On the other
hand, the orientation of the hyperplane does not necessarily
yield any information about the underlying free energy surface
and the same tilt of the hyperplane in different directions might
have totally different impacts on the transmission coefficient.
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In Appendix B, we show that it is possible to estimate the
change in the transmission coefficient when one of the CVs is
removed from the active space of D coordinates,

κ (q−i)
κ (q) ≈ ⟨|∇q(x)|⟩HTS

·

|∇q−i(x)| · exp

(
β

K
2
�
q(x)2 − q−i(x)2

�)−1

HTS
, (26)

where subindex “−i” denotes that the coordinate θi(x) has
been removed from the set of CVs. This expression allows
the estimation of the importance of each CV without need of
any additional sampling. One should only save the values of
all the CVs and values of the local metric tensor M̃ (x) during
the HTS optimization and calculate the average in (26) after
tconv removing each CV, one at a time. When the obtained
value is close to unity, the coordinate removal does not affect
the transmission coefficient, and thus, this coordinate is irrel-
evant for the definition of the TS. On the other hand, when
it is significantly smaller than one, the coordinate is indeed
important to describe accurately the dividing surface. Note
that Eq. (26) gives relative values, not the absolute one. So,
at least one explicit estimate of κ is necessary if one wants to
get absolute values. However, for the importance analysis as
described above, the absolute values are not needed.

F. Summary of the algorithm

To summarize, the algorithm or HTS optimization we
propose is the following.

1. Prepare a set of structures, half of them in the reactants state
and half in the products, to initiate the molecular dynamics
simulations for all the walkers.

2. Calculate zinit, n̂init, and Minit with Eqs. (11)–(14).
3. Start a simulation with potential (3) (and optionally (20))

and a fixed hyperplane, increasing the force constant K until
the fluctuations of q(x) reach a minimum amplitude.

4. Start the HTS optimization with some small values of γz
and γn and check the stability of the system. If the sys-
tem becomes unstable, increase the values and start again
step 4.

5. Continue the optimization, observing the convergence of
the hyperplane with Eqs. (22) and (23). The metric tensor
M should be updated every step using Eq. (18).

6. When the hyperplane is converged, calculate zfinal and n̂final

with Eqs. (24) and (25).
7. Estimate the importance of the selected CVs using (26).

IV. EXAMPLE 1. ISOCHORISMATE PYRUVATE LYASE

The reaction catalyzed by IPL is a good benchmark for
the reaction coordinate testing.49,62,80 It proceeds through a
pericyclic reaction mechanism with several degrees of freedom
involved (see Figure 1). In addition, the TS region is quite
shallow, making it challenging to obtain a good committor
distribution.62

A. System setup

The IPL structure was taken from Protein Data Bank
(PDB code 2H9D, 1.95 Å resolution).82 The protocol followed
to prepare and equilibrate the system was analogous to that
used in previous studies.49,62,83 The hydrogen atoms and the
substrate were added and the protonation states of the residues
were set using Maestro.84 A cubic water box with side lengths
of 80 Å (15 608 water molecules) and 6 sodium ions that
neutralize the charge of the system were added using Amber-
Tools 13,85 resulting in a total of 50 025 atoms. The substrate
was described at the AM1 level of theory,86 while the rest
of the system was treated with Amber ff12SB forcefield and
TIP3P87 for water molecules. All the calculations were done
with Amber 1285 using the NVT ensemble with particle mesh
Ewald88 and a 0.5 fs time step. A cutoff of 8 Å was used for
non-bonded interactions. The structures were thermalized by
gradually increasing the temperature from 0 to 300 K during
10 ps followed by 2 ns relaxation. The system was prepared
both in the reactants and products states of the substrate.

B. HTS optimization

The active space for TS optimization consisted of 18 coor-
dinates listed in Table I. The explicit analytic expressions for

FIG. 1. The reaction mechanism of IPL. The image was created with MarvinSketch.81
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TABLE I. Coordinates used to define the active space for the TS optimization for reaction catalyzed by IPL. All
the coordinates are measured in Å.

Name Explanation

1 d(C1,H2) Distance between C1 and H2

2 d(H2,C3) Distance between H2 and C3

3 D(C3,C4) Distance between C3 and C4

4 D(C4,O5) Distance between C4 and O5

5 D(O5,C6) Distance between O5 and C6

6 D(C6,C1) Distance between C6 and C1

7 hyb(C1) Hybridization coordinate of C1

8 hyb(C3) Hybridization coordinate of C3

9 hyb(C6) Hybridization coordinate of C6

10 D(Arg31 Nη1,O7) Distance between Nη1 atom of Arg31 and O7

11 D(Arg31 Nη2,O8) Distance between Nη2 atom of Arg31 and O8

12 D(Arg53 Nη1,O8) Distance between Nη1 atom of Arg53 and O8

13 D(Arg53 Nη1,O9) Distance between Nη1 atom of Arg53 and O9

14 D(Arg14 Nη1,O9) Distance between Nη1 atom of Arg14 and O9

15 D(Arg14 Nη2,O10) Distance between Nη2 atom of Arg14 and O10

16 D(Lys42 Nζ,O10) Distance between Nζ atom of Lys42 and O10

17 D(Lys42 Nζ,O5) Distance between Nζ atom of Lys42 and O5

18 D(Gln90 Nε,O5) Distance between Nε atom of Gln90 and O5

all the types of coordinates used in the present work are given
in Section S1 of the supplementary material.89

The selection of the CVs is intuitive. The first 9 in Table I
are the valence degrees of freedom that are changed during
the chemical reaction: interatomic distances for the 6 chemical
bonds that change their order and the hybridization coordinates
for the three carbon atoms that change their hybridization
(sp2 → sp3 or vice versa). The last 9 coordinates correspond
to all the hydrogen bonds formed between isochorismate and
the enzyme (see Figure 1). By including them into the CV
space, we are able to get an insight whether any changes in
the protein are coupled to the reaction coordinate or if the
active site just provides a preorganized environment where the
reaction proceeds. HTS optimization was performed using 20
walkers, 10 starting from each relaxed structure (reactants and
products). The force constant was set to 1600 ps−2 and damping
constants were set to 2000 ps−1 and 2000 amu · Å2 · ps−1 for
γz and γn, respectively. The dmax for the potential in (20) was
set to 3 amu1/2 · Å.

As can be seen from Figure 2, the hyperplane essentially
converged after 5 ps (with a total of 100 ps of sampling from
the 20 walkers) with a minor drift in both Cz and Cn during
the following 5 ps of the simulation. We have calculated the
final hyperplane as an average over the 10 ps–15 ps interval.
The values of zfinal and n̂final and the importance coefficients for
each coordinate (Eq. (26)) are presented in Table II. We also
show the value of the M−1n̂final vector. Since this vector is the
derivative of q(x) with respect to θ, the physical meaning of its
elements is how much does the value of q(x) change when a
given CV is changed by unity.

Not surprisingly, the most important coordinates are the
distances corresponding to the three bonds that are broken/
formed during the reaction—d(C1,H2) and d(H2,C3) describe
the proton transfer and d(O5,C6) that describes the C6O5 bond
dissociation. Other key coordinates (7, 8, and 9 in Table I) are
the hybridizations of the three carbon atoms directly involved

in the process with hyb (C6) being the least important one. The
distances of the remaining three bonds of the ring formed at
the TS (coordinates 3, 4, and 6 in Table I) affect moderately
the transmission coefficient. Note that although the M−1n̂final

values for coordinates 3 and 4 are of the same order of magni-
tude that the values obtained for coordinates 1 and 2, their
actual effect on the transmission coefficient is much smaller
(last column in Table II). The same can be said about coor-
dinates 5 and 8 and their n̂final values. This is an example
of the fact that the orientation of the hyperplane may be of
no relevance to determine the actual importance of the CVs
used. However, the values of M−1n̂final provide information
about the geometrical changes in the system upon crossing the
TS. In this regard, while coordinates 10-18 remain essentially
constant, all the remaining degrees of freedom of the substrate
considered in our treatment change significantly. As expected,
coordinates 1, 3, 5, and 8 are increased and coordinates 2, 4,

FIG. 2. Convergence of the hyperplane for the IPL system. Cz (red line) and
Cn (green line) are calculated using Eqs. (22) and (23).

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

147.156.28.165 On: Mon, 09 Nov 2015 17:53:40



134111-8 K. Zinovjev and I. Tuñón J. Chem. Phys. 143, 134111 (2015)

TABLE II. Results of the HTS optimization for the IPL system. The six most important coordinates are
emphasized in bold. In parenthesis, 95% confidence intervals obtained using statistical bootstrapping are shown
(see the supplementary material for details).89

Name zfinal (Å) n̂final (amu−1/2) M−1n̂final (amu1/2) κ−i/κ

1 d(C1,H2) 1.419 0.812 4 0.378 4 0.1489 (±0.0393)
2 d(H2,C3) 1.437 −0.801 9 −0.429 9 0.1205 (±0.0240)
3 d(C3,C4) 1.753 0.131 3 0.806 4 0.8838 (±0.0040)
4 d(C4,O5) 1.468 −0.072 46 −0.144 9 0.9206 (±0.0024)
5 d(O5,C6) 1.313 −0.093 31 −0.391 4 0.0007 (±0.0007)
6 d(C6,C1) 1.403 0.099 80 0.455 0 0.9770 (±0.0009)
7 hyb(C1) 0.2754 −0.085 49 −0.729 6 0.4054 (±0.0486)
8 hyb(C3) 0.1947 0.176 0 0.400 5 0.6779 (±0.0115)
9 hyb(C6) 0.2467 −0.078 15 −0.209 6 0.8706 (±0.0050)

10 d(Arg31 Nη1,O7) 2.957 0.011 96 0.007 860 1.0008 (±0.0002)
11 d(Arg31 Nη2,O8) 3.059 −0.031 33 0.008 236 0.9995 (±0.0001)
12 d(Arg53 Nη1,O8) 2.785 0.001 511 0.008 185 0.9976 (±0.0001)
13 d(Arg53 Nη1,O9) 2.786 −0.000 794 9 −0.004 332 0.9956 (±0.0004)
14 d(Arg14 Nη1,O9) 2.868 0.000 802 4 0.008 312 0.9929 (±0.0004)
15 d(Arg14 Nη2,O10) 2.850 0.001 146 0.011 50 0.9925 (±0.0001)
16 d(Lys42 Nζ,O10) 2.897 −0.000 180 8 0.003 848 0.9911 (±0.0002)
17 d(Lys42 Nζ,O5) 2.976 0.000 359 3 0.004 036 0.9921 (±0.0009)
18 d(Gln90 Nε,O5) 2.746 −0.001 751 −0.013 08 0.9884 (±0.0003)

6, 7, and 9 are decreased (the M−1n̂final values are positive and
negative, respectively). As we already mentioned, the d(C3,C4)
coordinate displays a large M−1n̂final value but has a minor
impact on the transmission coefficient. This behavior indicates
that this coordinate is being notably changed during the process
(the double bond is converted to a single one), but the free
energy cost associated to its change is much smaller. Therefore,
its value is mainly controlled through the coupling to “stiffer”
coordinates and its exclusion from the set of CVs does not alter
the ensemble significantly.

Remarkably, the coordinates describing the interaction
with the enzyme (10-18) appear to be of no importance for the
TS definition. This clearly points to the fact that these degrees
of freedom do not change during the TS crossing and only play
the role of a preorganized environment. If these coordinates
change during the course of the reaction, in other words, if
the protein environment reorganizes during the chemical step,
this change must happen before and/or after the TS cross-
ing. This finding is detrimental to the “promoting vibrations”
hypothesis that presumes an important participation of protein
motions in the reaction coordinate during the barrier crossing
event.5,20

C. Committor test

To check the results of the HTS optimization, we have
calculated both the committor histogram and the transmis-
sion coefficient for the dividing surface obtained with our
algorithm. 400 structures with |q(x)| < 0.001 amu1/2 · Å were
generated using restrained dynamics with the potential given
in (3). Potential (20) that restraints the movement within the
hyperplane was switched off to have an unbiased estimate
of the quality of the dividing surface. Structures were saved
with at least 1 ps interval. Next, 50 NVE trajectories were
obtained from each structure with initial velocities sampled

from a Maxwell-Boltzmann distribution corresponding to T
= 300 K. Trajectories were propagated both forward and
backward in time. These trajectories were considered to reach
reactants/products basins when the value of q(x) exceeded
0.2 amu1/2 · Å. Larger values did not change the results. From
these trajectories, the committor distribution was generated
and the transmission coefficient was calculated as74

κ =

N
i=1 viQiN
i=1 |vi |

, (27)

where N is the number of trajectories, vi is the initial veloc-
ity associated with the coordinate, and Qi is 1 for reactants
→ products trajectories, −1 for products → reactants trajec-
tories, and 0 for non-reactive trajectories. To check whether
Eq. (26) gives meaningful results and if the performed analysis
is adequate, we repeated both HTS and committor calculations
in a reduced space of the basis coordinates—using only the first
9 or the 6 most important CVs highlighted in bold in Table I.
All the results are shown in Table III and Figure 3.

Removal of 9 CVs (from 10 to 18 in Table I) essentially
had no effect on the quality of the results. The committor
histogram and the transmission coefficient remained practi-
cally unchanged when these coordinates were suppressed from
the active space used to define the HTS, as expected from the
analysis done in Subsection IV B. Therefore, the distances

TABLE III. Mean and standard deviation of the committor distributions and
the transmission coefficients for the IPL system obtained using different sets
of CVs.

µ σ κ

18 CVs 0.49 (±0.02) 0.23 (±0.01) 0.79 (±0.02)
9 CVs 0.51 (±0.02) 0.22 (±0.01) 0.80 (±0.02)
6 CVs 0.46 (±0.02) 0.25 (±0.01) 0.71 (±0.02)
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FIG. 3. Committor histograms for the IPL system from the hyperplanes obtained with (a) 18, (b) 9, and (c) 6 CVs. The black solid line is a quadratic curve fitted
to the data and is shown solely for aesthetic purposes. The error bars represent 95% confidence intervals obtained using statistical bootstrapping. Calculations
and figures are done with R.90 See the supplementary material for details.89

associated to substrate-enzyme hydrogen bond interactions in
this system are not needed to define the TS ensemble. Using
coordinates 1-9 from Table I, the committor distribution is well
peaked around 0.5, a signature of a good reaction coordinate,
and the transmission coefficient is 0.8 that is the best result
for this system available in the literature. The removal of the
next three CVs (coordinates 3, 4, and 6) slightly reduced the
transmission coefficient and broadened the committor distri-
bution. The changes observed in the transmission coefficients
are consistent with the values predicted from the importance
analysis provided in Table II, validating the analysis made
before.

V. EXAMPLE 2. NACL DISSOCIATION
IN AQUEOUS SOLUTION

The dissociation of the NaCl molecule in water, seemingly
a simple reaction, turns out to be an extremely challenging
process to correctly define the TS. The free energy profile of the
reaction is determined mostly by solvent degrees of freedom,
which are not trivial to identify, and the distance between the
ions alone is a poor reaction coordinate.91 In addition, the acti-
vation energy associated to this coordinate is quite low break-
ing the separability between the time scales for the dissociation
and other relaxation processes taking place in the system. This
system presents then some difficulties for a method as the
one presented here, based in a variational TS optimization.

Ballard and Dellago92 investigated the importance of different
solvation shells for the progress of the reaction. Mullen et al.93

adapted the inertial likelihood maximization94 technique to
approximate the committor function and maximize the trans-
mission coefficient. In the following, we show that the HTS
optimization technique, although being based on VTST, can
be used to identify the important coordinates and improve the
transmission coefficient for this partially diffusive process with
low activation free energy.

A. System setup

The system consisted of 1 sodium and 1 chloride ions,
solvated in cubic box with side length of 34 Å (1368 water
molecules, a total of 4106 atoms). The system was described
using the ff12SB forcefield with TIP3P87 water molecules.
Equilibrated reactants and products structures were obtained
restraining the Na–Cl distance to 2.5 Å and 5 Å, respectively.
For the HTS and committor calculations, the restraint was
removed. All the calculations were done with Amber 1285 us-
ing the NVT ensemble with particle mesh Ewald88 and 1 fs time
step. A cutoff of 8 Å was used for non-bonded interactions. The
relaxation procedure was the same as for the IPL system.

B. HTS optimization

The active space for TS optimization consisted of 13 coor-
dinates listed in Table IV. Apart from the obvious d(Na+,Cl−)

TABLE IV. Collective variables used to define the active space for the TS optimization of NaCl dissociation
reaction in water. See the supplementary material for details.89

Name Explanation and units

1 d(Na+,Cl−) Distance between Na+ and Cl− atoms (Å)

2 ESP(Na+) Electrostatic potential on the Na+ atom (e/Å)

3 ESP(Cl−) Electrostatic potential on the Cl− atom (e/Å)

4 ESF(Na+) Electrostatic force on the Na+ atom projected on the Na+–Cl− vector (e/Å2)

5 ESF(Cl−) Electrostatic force on the Cl− atom projected on the Cl−–Na+ vector (e/Å2)

6 WatBridges(Na+,Cl−) Number of water bridges between Na+ and Cl− atoms

7 WatDensity(Na+,Cl−) Water density between Na+ and Cl− atoms

8 Shell(Na+,1) Number of water molecules in the first solvation shell of Na+

9 Shell(Na+,2) Number of water molecules in the first two solvation shells of Na+

10 Shell(Na+,3) Number of water molecules in the first three solvation shells of Na+

11 Shell(Cl−,1) Number of water molecules in the first solvation shell of Cl−

12 Shell(Cl−,2) Number of water molecules in the first two solvation shells of Cl−

13 Shell(Cl−,3) Number of water molecules in the first three solvation shells of Cl−
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FIG. 4. Convergence of the hyperplane for NaCl dissociation in aqueous
solution. Cz (red line) and Cn (green line) are calculated using Eqs. (22) and
(23).

coordinate, we have included several order parameters for the
solvent. Coordinates 2-5 describe the electrostatic potential
and force acting on the Na–Cl distance. Coordinates 6 and 7
correspond to the number of bridging water molecules and
water density between the ions. These coordinates are anal-
ogous to those used by Mullen et al.93 and were identified
to be important to approximate well the committor function
and, hence, the TS. Coordinates 8-13 are the number of water
molecules in the first three solvation shells of the two ions
and were used by Ballard and Dellago92 to describe long-
ranged effects of the solvent structure around Na+ and Cl−

ions.
HTS optimization was performed using 20 walkers (10

starting from reactants and 10 from products). The force con-
stant was set to 100 ps−2 and damping constants were set to
5000 ps−1 and 5000 amu · Å2 · ps−1 for γz and γn, respectively.
The dmax for the potential in (20) was set to 10 amu1/2 · Å.
The hyperplane converged after 150 ps of simulation (see
Figure 4). Not surprisingly the convergence took longer than
for the IPL system. On one hand, we had to use higher damping

coefficients to ensure the stability of the simulations. On the
other hand, the number of environmental degrees of freedom
that participate in the process is much higher and it takes longer
for these solvent coordinates to relax. The final hyperplane was
calculated over the interval between 150 and 250 ps and the
results are shown in Table V.

In this case, because of the flatness of the underlying free
energy surface, the importance analysis was carried out col-
lecting an additional 50 ps simulation for the 20 walkers with
the converged hyperplane and a force constant in (3) reduced to
4 ps−2. The use of a significantly lower force constant allowed
the system to sample a wider region of the free energy land-
scape improving the convergence in the evaluation of the ratio
κ−i/κ. Otherwise, simulations are unable to reach the regions
where the difference between the hyperplanes defined with
and without a given CV becomes energetically significant. The
results of this analysis are shown in the rightmost column of
Table V. The Na–Cl distance and the number of water bridges
are the most important coordinates, with a significantly larger
impact of the former. The latter is one of the coordinates found
to be important by Mullen et al.93 None of the remaining CVs
analyzed in this work participate significantly in the TS defini-
tion. In particular, the local water density coordinate appears
to be of no relevance for the TS definition. However, as was
shown by Mullen et al., this coordinate does improve the RC
in the inertial likelihood maximization method. That indicates
that this coordinate plays a role determining the fate of trajec-
tories after crossing the TS and is, therefore, responsible for
effects that cannot be captured in the framework of TST.

C. Committor test

The committor histogram and the transmission coeffi-
cients were calculated from 400 structures with |q(x)| < 0.001
amu1/2 · Å. The structures were generated with the potential
given in (3) defined for the optimized hyperplane. During the
sampling of the structures, potential (20) was switched off. 50
NVE trajectories propagated both forward and backward in
time were obtained for each structure with initial velocities

TABLE V. The HTS optimization results for NaCl system. The two most important coordinates are emphasized in bold. In parenthesis, the 95% confidence
intervals are shown. θ represents the units of a corresponding CV.

Name zfinal (θ) n̂final (θ ·Å−1 ·amu−1/2) M−1n̂final (θ−1 ·Å ·amu1/2) κ−i/κ (K= 4 ps−2)

1 d(Na+,Cl−) 3.573 0.238 0 4.043 0.0093 (±0.0067)

2 ESP(Na+) −0.269 3 −0.013 64 0.107 9 0.9798 (±0.0002)

3 ESP(Cl−) 0.279 1 0.016 16 0.266 2 0.9714 (±0.0002)

4 ESF(Na+) 0.083 43 −0.011 52 0.417 6 0.9732 (±0.0003)

5 ESF(Cl−) −0.069 79 0.010 83 0.543 2 0.9665 (±0.0003)

6 WatBridges (Na+,Cl−) 0.835 4 0.013 59 1.359 0.6195 (±0.0152)

7 WatDensity (Na+,Cl−) 0.026 39 0.000 466 5 −18.46 0.9679 (±0.0006)

8 Shell (Na+,1) 4.840 0.092 11 0.303 0 0.9361 (±0.0013)

9 Shell (Na+,2) 19.04 0.057 38 0.011 43 0.9728 (±0.0002)

10 Shell (Na+,3) 60.60 −0.010 74 −0.013 23 0.9709 (±0.0007)

11 Shell (Cl−,1) 4.430 0.077 86 −0.077 31 0.9538 (±0.0004)

12 Shell (Cl−,2) 28.59 0.010 46 0.021 72 0.9500 (±0.0007)

13 Shell (Cl−,3) 70.61 −0.006 610 −0.001 239 0.9578 (±0.0008)
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TABLE VI. Mean and standard deviation of the committor distributions and
the transmission coefficients for the NaCl system obtained using different sets
of CVs.

µ σ κ

13 CVs 0.45 (±0.03) 0.27 (±0.01) 0.39 (±0.02)
2 CVs 0.45 (±0.03) 0.28 (±0.01) 0.39 (±0.02)
1 CV 0.42 (±0.03) 0.33 (±0.01) 0.32 (±0.02)

taken from a Maxwell-Boltzmann distribution corresponding
to T = 300 K. The reactants and products basins were defined
as in Ballard and Dellago:92 d(Na+,Cl−) < 3.2 Å for reactants
and d(Na+,Cl−) > 4.4 Å for products. Transmission coeffi-
cients were obtained using Eq. (27).

To validate the importance analysis presented in Table V,
HTS calculations and committor analysis were first carried
out for the whole set of coordinates given in Table IV and
then repeated for two more sets of coordinates: with 2 CVs
(d(Na+,Cl−) and WatBridges (Na+,Cl−)) and with just 1 CV
(d(Na+,Cl−) only). The results of the mean value and standard
deviation of the committor together with the respective trans-
mission coefficients for the three sets of coordinates are shown
in Table VI and Figure 5.

In general, the HTS approach is not suited for processes
that cannot be properly described within the framework of
TST, such as reactions where the passage time over the barrier
is faster than some internal relaxation times. This is the case of
Na–Cl dissociation that presents a low free energy barrier.92,93

In any case, the best transmission coefficient obtained in this
work (0.39) is close to the one obtained by Mullen et al.93

(0.43). However, the results are not completely comparable,
since different force fields and different definitions of reactants
and products basins were used in both studies. The important
point is that for a given system, the HTS optimization did
improve the transmission coefficient, compared to the reaction
coordinate defined using only the Na–Cl distance (0.32). The
results shown in Table VI confirm that the selection of the
important coordinates based on Eq. (26) was correct with no
false positives. Exclusion of all but the two selected coordi-
nates (d(Na+,Cl−) and WatBridges (Na+,Cl−)) did not affect
the quality of the TS definition, obtaining essentially the same
committor distribution and transmission coefficient than with
the full set of coordinates. The subsequent removal of the
WatBridges (Na+,Cl−) coordinate reduced the transmission
coefficient to some extent. The reduction predicted by Eq. (26)

removing all the CVs but the Na–Cl distance is 0.62, which
is in reasonable agreement with the actual result (0.32/0.39
= 0.82).

VI. CONCLUSIONS

We have presented in this work a novel approach to obtain
the TS ensembles for complex chemical processes. We defined
the TS ensemble as a hyperplane in a space of arbitrary collec-
tive variables and applied variational TST to localize the hyper-
plane that provides the highest possible transmission coeffi-
cient. A practical technique that can be easily implemented
in any molecular dynamics package has been developed. The
definition of the TS ensemble explicitly includes an analytic
reaction coordinate that can be used to obtain the potential
of mean force and, thus, the activation free energy. We also
provided a way to quantify the degrees of freedom that are
relevant to precisely define the TS. We would like to stress
the fundamental importance of Eq. (26) for the understand-
ing of the reaction coordinate and TS nature. Normally, the
important degrees of freedom are not known a priori. This is
a stumbling block for TST-based approaches that require the
explicit definition of the RC. While the method presented here
allows optimizing the RC using an arbitrary number of trial
CVs, the result itself gives no information about the reaction
mechanism. With Eq. (26), one can filter out the irrelevant
coordinates and investigate only those that are indeed involved
in the barrier crossing event. It is also reasonable to assume
that similar reactions should depend on the similar degrees of
freedom. Having studied a representative number of similar
processes, it will become possible to define general guidelines
for the choice of RCs for complex reactions.

We tested the method on two different systems. First, the
reaction catalyzed by isochorismate pyruvate lyase. In a short
simulation time (20 trajectories, each 20 ps long), we obtained
a dividing surface with a transmission coefficient κ = 0.8 that
is the best result available for this system in the literature.
The coordinate importance analysis showed that the enzyme
does not explicitly participate in the reaction coordinate and
serves solely as a preorganized environment during the bar-
rier crossing event. For the second system, the dissociation
of NaCl in water, our technique was able to correctly select
the degrees of freedom essential for the process and improve
the transmission coefficient, even though this reaction has low
free energy barrier and a notable diffusive behavior. We were
unable to capture the importance of the local water density

FIG. 5. Committor histograms for the NaCl system for the hyperplanes obtained with (a) 13, (b) 2, and (c) 1 CVs. The black solid line is a quadratic curve fitted
to the data and is shown for aesthetic purposes.
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coordinate for the correct definition of the separatrix, as was
found by Mullen et al. using a more general iLMax technique.
This makes HTS, in combination with other RC optimization
methods, a tool to test the limits of applicability of the TST and
to distinguish the order parameters that are essential after the
crossing of the dividing surface rather than during the crossing
itself.

Having access to the correct TS ensemble provides a
detailed geometric description of transition structures. This
information can be used to obtain profound mechanistic details
of complex chemical processes that occur in condensed phases.
In the case of enzymatic reactions, the knowledge of the TS
ensemble, for which the active site presents a large affinity, can
be used to define novel strategies for the design of inhibitors.
On the other hand, the introduction of environmental degrees
of freedom during the HTS optimization can be used to eluci-
date the role of enzyme dynamics in the chemical reaction, a
topic that is the subject of a hot debate in the literature. We
hope that our new technique will find many applications in
biochemistry, chemical kinetics, organic chemistry, and mate-
rials science.
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APPENDIX A: THE DERIVATION OF (7) AND (8)

Eqs. (7) and (8) are obtained by taking partial derivatives
of r.h.s. of (2) with respect to z and n̂ (Eq. (5) is used to define
q(x)). First, let us get an expression for the modulus of the
gradient of q(x),

|∇q(x)| = �
Jθ(x)TM−1n̂

�
=
�
n̂TM−1Jθ(x)Jθ(x)TM−1n̂

�1/2

=
�
n̂TM−1M̃(x)M−1n̂

�1/2
, (A1)

where Jθ(x) is the Jacobian of the set of CVs used,

Jθ(x)i j =
∂

∂x j
θi(x). (A2)

Now we calculate the derivatives of all the terms in the r.h.s.
integral in (2),

∂

∂z
|∇q(x)| = ∂

∂z
�
n̂TM−1M̃(x)M−1n̂

�1/2
= 0, (A3)

∂

∂n̂
|∇q(x)| = ∂

∂n̂
�
n̂TM−1M̃(x)M−1n̂

�1/2

= |∇q(x)|−1M−1M̃(x)M−1n̂, (A4)

∂

∂z
e−βVHTS(x) = −βe−βVHTS(x) ∂

∂z
VHTS(x)

= −βe−βVHTS(x)Kq(x) ∂
∂z

q(x)

= βe−βVHTS(x)Kq(x)M−1n̂, (A5)

∂

∂n̂
e−βVHTS(x) = −βe−βVHTS(x)Kq(x) ∂

∂n̂
q(x)

= −βe−βVHTS(x)Kq(x)M−1 (θ(x) − z) . (A6)

A remark should be made here. The metric tensor M
explicitly depends on z and n̂ since the averaging in (6) is
done over the ⟨·⟩HTS ensemble that is defined by these terms.
Moreover, this definition contains the M tensor itself, creating
a circular reference that is cumbersome (if at all possible)
to solve. To proceed, we assume that variations of M upon
changes in the q(x) coordinate are negligible. Assumption that
M is quasi-constant was also made in the development of the
finite-temperature string method33 and the metric-corrected
path CV.62 Actually, here, we do not introduce any addi-
tional approximation to the method. As was mentioned in
Section II B, the introduction of the metric tensor does not
alter the definition of the optimal dividing surface. Therefore,
any artifact in the actual value of M will affect only the
convergence and stability of the simulations, not the final
result.

The length of the normal vector n̂ is, by definition, always
unity,

|n̂|M =
�
n̂TM−1n̂

�1/2
= 1. (A7)

To fulfill this constraint, we will introduce a Lagrange multi-
plier (as in the Appendix of Vanden-Eijnden and Tal19) to the
integrand in (2),

Iλ =


R3N
|∇q(x)| e−βVHTS(x)dx + λn̂TM−1n̂. (A8)

After taking the derivatives and setting them to zero, we
get

∂

∂z
Iλ =



R3N
e−βVHTS(x) ∂

∂z
|∇q(x)| dx

=



R3N
|∇q(x)| βKq(x)M−1n̂e−βVHTS(x)dx = 0, (A9)

∂

∂n̂
Iλ =



R3N
e−βVHTS(x) ∂

∂n̂
|∇q(x)| dx

+



R3N
|∇q(x)| ∂

∂n̂
e−βVHTS(x)dx + 2λM−1n̂

=



R3N
|∇q(x)|−1M−1M̃(x)M−1n̂e−βVHTS(x)dx

−


R3N
|∇q(x)| βKq(x)M−1 (θ(x) − z) e−βVHTS(x)dx

+2λM−1n̂ = 0. (A10)
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Left-multiplying (A10) by n̂, expressing λ, and substituting it
back to (A10), we get

∂

∂n̂
Iλ =



R3N
|∇q(x)|−1M−1 �M̃(x)M−1n̂

�⊥
M e−βVHTS(x)dx

−


R3N
|∇q(x)| βKq(x)M−1 (θ(x) − z)⊥M

× e−βVHTS(x)dx = 0. (A11)

After left-multiplying (A9) and (A11) by β−1M and writing
them as statistical averages, Eqs. (7) and (8) are obtained. Note
that (A9) (and therefore (7)) is fundamentally a scalar equation,
since M−1n̂ term can be taken out from the integral. However,
we intentionally leave it in a vector form to make clear the
connection with Equation (15) that governs the movement of
the hyperplane.

APPENDIX B: THE DERIVATION OF (26)

To estimate the change in the transmission coefficient κ
upon removal of some coordinate from the set of CVs, we
start from the fact that κ is inversely proportional to functional
(1). It can be seen from Eqs. (22) and (66) in Vanden-Eijnden
and Tal.19 Therefore, we can write the ratio of transmission
coefficients for two coordinates as the ratio of corresponding

functionals,

κ (q−i(x))
κ (q(x)) =

Iq
Iq−i
≈


R3N |∇q(x)| e−βVHTS(x)dx
R3N |∇q−i(x)| e−βV−i(x)dx

. (B1)

Here, we again substitute the delta function with the biasing
potential as in (2). The coordinate q−i(x) for consistency is
defined in the same space as q(x), but removing any depen-
dence on the θi(x),

q−i(x) = (θ (x) − z)TM−1n̂−i, (B2)

n̂−i =
M
�
M−1n̂

�
i=0

|M(M−1n̂)i=0|M
(B3)

where i = 0 means that the ith element of a vector is set to 0.
The denominator of (B3) is necessary to ensure that the length
of n̂−i under the metric tensor M is kept to be unity. Generally,
after the removal of the coordinate θi(x), the optimized values
of z and the other components of n̂ might change as well. Here,
for simplicity, we assume them to be constant.

The potential V−i is defined in the same way as (3),

V−i (x) = V (x) + K
2
(q−i(x))2. (B4)

Now, we perform the transformation similar to the one used
to derive the free energy perturbation theory95 to express
ratio (B1) in terms of solely statistical averages over HTS
ensemble,


R3N |∇q(x)| e−βVHTS(x)dx
R3N |∇q−i(x)| e−βV−i(x)dx

=


R3N |∇q(x)| e−βVHTS(x)dx
R3N |∇q−i(x)| e−βV−i(x)dx

·

R3N e−βVHTS(x)dx
R3N e−βVHTS(x)dx

=


R3N |∇q(x)| e−βVHTS(x)dx

R3N e−βVHTS(x)dx
· *,


R3N |∇q−i(x)| e−βV−i(x)dx

R3N e−βVHTS(x)dx
+-
−1

= ⟨|∇q(x)|⟩HTS · *,

R3N |∇q−i(x)| e−βV−i(x)eβVHTS(x)e−βVHTS(x)dx

R3N e−βVHTS(x)dx
+-
−1

= ⟨|∇q(x)|⟩HTS · ⟨|∇q−i(x)| · exp (β (VHTS (x) − V−i (x)))⟩−1
HTS

= ⟨|∇q(x)|⟩HTS ·

|∇q−i(x)| · exp

(
β

K
2
�
q(x)2 − q−i(x)2

�)−1

HTS
. (B5)

Equation (B5) can be directly used to calculate ratio (B1)
from the sampling obtained in the HTS optimization after the
convergence. The |∇q−i(x)| term can be recalculated a posteri-
ori using Eq. (A1), from observations of M̃(x) saved during
the calculations. Generally, expression (B5) can be used to
compare any two coordinates, not only those defined using (5).

Since the derivation of (B5) is exact, the only approxima-
tion here is the one introduced in (2). Therefore, the theoretical
error of (B5) is also of the order of (βK)−1. However, in
practice, the simulation time is finite and when K is too large,
the main source of error will come from the poor overlap
between the distributions corresponding to the coordinates q
and q−i. Therefore, an intermediate value should be chosen to
ensure sufficient overlap and maintain approximation (2) valid.
From our experience, even low values of K provide good semi-
quantitative estimates of ratio (B1).

Additionally, as was shown in the Appendix of Zinovjev
and Tuñón,62 the functional form of q(x) (and q−i(x)) ensures
that the average modulus of the gradient is always close to
unity, so the first term in (B5) can be neglected. Assuming
that not only the average, but also the value itself does not
significantly deviate from unity, one may simplify (B5) even
further,

κ (q−i)
κ (q) ≈


exp

(
β

K
2
�
q(x)2 − q−i(x)2

�)−1

HTS
. (B6)

With (B6), the bookkeeping of M̃(x) (that for long trajectories
with many CVs might be notably disk space consuming) is not
needed anymore.

We have checked both Eqs. (B5) and (B6) for both systems
studied in this work. In all the cases, similar values were
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obtained. However, we stress that the transmission coefficient
is a very sensitive quantity and the results obtained with (B6)
should be considered as semi-quantitative estimates, rather
than a precise measure of a change in κ.
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