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ABSTRACT

Given f € L'(T) we denote by wmo(f) the modulus of mean oscillation given
by
1 i0 do
wmoft: sup 7/,}“6 _mlfi
(N0 = s 15 = mipl]
where [ is an arc of T, |I| stands for the normalized length of I, and m,(f) =
ﬁ fI f(e’“g)%. Similarly we denote by wno(f) the modulus of harmonic oscilla-

tion given by

wno(f)(t) = sup Amﬂ%Pm@mwwﬁ

1-t<|z|<1 2m

where P,(e") and P(f) stand for the Poisson kernel and the Poisson integral
of f respectively.
It is shown that, for each 0 < p < oo, there exists Cp > 0 such that

dt

< [toeDOr g <6, [ umtnore

it
t

[t
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1. Introduction.

As usual we denote by BMO the space of functions f € L'(T) such that
1 . do
141 =sup o [ 176 = maln)l 5 < .
cr ] J; 2

where I is an arc of the circle T, |I| stands for the normalized length of I and
mi(f) = 7 J; () g%, We write || fllsyo = |£(0)] + || £l -

If fe LYT) and 0 < t < 1, we define the modulus of mean oscillation of f at the
point ¢ as

1 , do
wnol£)O = sup o 170 =~ mi(l5

o<|I|<t 1| Jr 27

Clearly, for 0 < ¢t < s < 1, one has
1 0 do 2
sup — e")—m — < = .
i [l = miig < S
Hence, for 0 < t < s < 1, one has
3 _ 201 £l
wmo(f)(t) = wmo(f)(s) = mmax wmo(f)(t)7 n . (1)

In particular, f € BMO if and only if wmo(f)(t) < oo for some (or for all)
0<t< 1.

It is known that one can consider other equivalent moduli to define BMO. For
instance, for 0 < g < oo,

1/q

0<|II<t

It is also well known, by the John-Nirenberg lemma (see [7,8]), that there exist
C4,C3 > 0 such that for all A > 0 and any arc I with |I| < ¢,

{0 T:|f(e?) —mil > A}

C ___Cax
< Cre” wmo(N® .
1]

From here one gets that, for all £ > 0,

me(f)(t) ~ wmo,q(f) (t) (2)
One can also consider

a0 = sup (7 [ [l gl )
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o= gu o [ -42)

Clearly one gets

or

Wino (f) (1) < Wno () (1) < 2wmo(f)(2) (3)

and
Wino (f)(t) < Wimo(f)(t) < 2Wmo (f)(1).

A function f is said to have vanishing mean oscillation, in short f € VMO, if

“9 do
|IF#O|I|U/Wf ﬂl[(f) 547 =0.

This is a closed subspace of BMO, which can be characterized in many ways
(see [7,8,15]).

Theorem 1.1. Let f € BMO. The following statements are equivalent:
(i) f € VMO.
(i) lim; o+ |T3f — fllemo = 0, where Tyf(e?) = f(e'0=D).

(iii) lim,—1||P, % f — fllBmo = 0, where Py (e¥) = R(1Eer).

1—re

(iv) f belongs to the closure of C(T) in BMO.
() limy—os wama(£)() = 0.

A generalization of BMO is the space BMO(p), consisting of functions f € L'(T)
such that wme(f)(t) = O(p(t)) for a fixed function p with certain properties. The
space BMO(p) has been considered by various authors (see [10,15,17]).

Our aim will be to analyze spaces where the function p is not explicitly given, but
we do know its behavior at the origin in terms of certain integrability conditions.

Given 0 < p < oo, we shall denote by MOP(T) the space of integrable functions
such that fol [Wino (f)(£)]P 4 < o0.

Due to (2), the spaces MO? of functions such that fol [Wino,q (f) ()P4 < 0o are all
the same for 0 < ¢ < oc.

These spaces were considered in [12] (see page 74), under a different notation. Also
some spaces MOY ., which are closely related to the ones considered in this paper,
were introduced in [13].

We use the notations

woo(f)(t) = sup |f(e”) = f(e™)]

|6—¢|<t
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conn o\
(o) = sup ( [1fe@+) - g’
Ju|<t Q0
for 0 < ¢ < 0.

Now, for 0 < s < 1 and 0 < p,q < oo, the Besov space B; ,(T) consists of
functions in L9(T) such that t~*w,(f) € LP((0,2m), %). Of course the cases Bj
where 0 < ¢ < oo correspond to Lipschitz or Hélder classes to be denoted Llpé('IF)

instead of B3, . (T).
We denote by X, the space consisting of functions L*(T) such that ws(f) €

LP((0,2m), 4t).
From (3) we easily obtain, for any ¢ > 0,

Wino(f)(t) < Cwoo(f)(1).

Hence X, C MOP(T) for any 0 < p < oc.
On the other hand, if I, J are arcs on T such that I C J then

and

() = ma ()] < S} (D) ()

Now, given I with |I| < ¢, using the Lebesgue differentiation theorem, one gets

f(e?) =limmy, f, foraa. 6¢cl,

where I,, is a decreasing sequence of arcs containing 6 such that |I,,| = 2|I,,41].
Hence using (4), we have that for any f € MO*(T)

|£(e®”) = my| < lim|my, f —myf]

oo
< Z|mka - mIk—lf‘

<CZwmO

<C / Wimo(f
Therefore we obtain, for any ¢ > 0,
0 <20 [ waN6) % o)
This implies that MO'(T) ¢ Lip,, where Lip, stands for the space of continuous

functions such that

(") = F(e)] < Co(l6 — o)),
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for ¢(t) = sup{ fy wmo(f)(5)% : [y wamo(F) ()% <1},

BMO-type characterizations of these spaces have been extensively considered in
the literature. The reader is referred to [2,3,9] for the case p = oo and to [4,5] for
the cases 0 < s and 1 < p < oo.

We shall consider a description of MO?(T) where the averages over arcs are re-
placed by averages with respect the Poisson kernel.

We denote by BMOH the space of functions f € L'(T) such that

do

£l = §2£A|f(ei9) - P(f)(z)|PZ(ei‘9)% < 0,

where A denotes the open unit disc, P(f = [p f(e?)P.(e") L and P,(e¥) =
—1i6
R(1E2=). We write || fllpmon = |P(f)(0 )| + ||f||**-
It is not difficult to prove (see [7,8]) that f € BMO if and only if f € BMOH with
equivalent norms.
In this situation we define the modulus of harmonic oscillation of f at the point ¢

as
de
() = s [ 17 = POIIP G
1-t<|z|<1 m
Hence, f € BMO (respect. BMOH) if and only if wme(f)(1) < oo (respect. wno(f)(1)
< 00).
For 0 < p < oo, we denote by HOP(T) the space of f € LY(T) such that
1
Jo lwno (F) P < oo
Of course one can also use other moduli to define this space. For instance, for
0<g<oo,

hog()(B) = sup (/ 7)) = P()(: >|qP<19>d9)1/q,

1-t<|z|<1 27
or
do

Who(f)(t) =  sup inf/|f “9 — | (’9)27r

1-t<|z|<1 ©
The main objective of the paper is to show that, for 0 < p < oo, we have MOP(T) =
HOP(T) and with equivalent “norms”.
The paper is divided into two sections. The first one is devoted to introducing
MOP(T) and proving some of its properties and the second one to introducing HO?(T)
and to showing that HOP(T) coincides with MOP(T).

2. Integrable mean oscillation.

We will see first that the modulus of mean oscillation is continuous. We shall use the
following lemma.
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Lemma 2.1. Let f € LY(T). If {I,,} is a sequence of arcs such that lim, o I,, = I
for some arc I with |I| > 0 then

do
li 10 bl 7.9 7.

Proof. Let us first estimate

1 7 et
71 e = ma i - g 1 - il

g”/fw%nmmi+mmn7mm

119 ﬁ
T /lf )27T
< ([ e —mipigE = 15 = minig)

Hlme, () = m (D1 +200 1 (7 = 77

Notice that v(A4) = [, f(e’) 2 and p!(A) = [,|f(e?®) —m;(f)|2 are a complex and
a positive measure respectively with integrable densities. Therefore the result follows

passing to the limit as n goes to oco. O
Proposition 2.2. Let f € BMO. Then wmo(f) is increasing and continuous in (0, 1].

Proof. Monotonicity has already been proved in our formula (1).
Let 0 < ty < 1 and let us prove that it is left continuous at ty. Given £ > 0 we
find Iy, C T such that 0 < |I;,] < to and

wmo(f)(to) < 5=

5,
2

) =i, (D5 + 5

Let (t,) be a sequence such that t,, <ty for all n € N and converges to t.
If |I;,| = to, we can find I,, C I, such that lim,_, I,, = I;,. Hence

wmo (f)(t0) — wmo(f)(tn) <
1

|It0| Iy,

dd ¢

do ;
) =i (D = 77 [ 17 = mi (015 + 5

Now use Lemma 2.1 to get limy,, o0 Wimo(f)(f0) — Wmo(f)(tn) = 0.
If |1, < to there exists ng such that |I,| < t, for n > ng. Hence wmo(f)(to) —
Wno (f)(tn) < § for n > ng.
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To see that it is right continuous at ¢y, we shall argue as follows: Let (¢,) be
a sequence such that ¢, > tg for all n € N and converges to t;. We shall find a
subsequence (ty, ) such that limy_, oo Wmo(f)(tn,,) = Wmo(f)(to)-

Given € > 0 we find I, C T such that 0 < |I,| < t,, and

e )t) < 177 [ 15 = me (115 4

Let F ={n € N:|I,,| > to}. If F is finite then |I,,| <ty for n > ng and
Wino(f)(tn) — Wmo (f)(to) <& for n > ny.
Without loss of generality we assume |I,,| > to for all n € N.

Call Ip = U2, N2, Ii. It is easy to see that Iy is an arc and that |Iy| = to. Take
a subsequence ny such that (I, ) converges to Iy. We have

1 : do
Wino () (tny,) = Wimo(f)(t0) < wmo(f)(tny) — = [ |f(e 9) —mr, ()5
|IO| I 271'
1 0 do 1 0 do
< - AN e - AN el .
<7/ M) = (Dl = g [ 170 =i (g +
The proof is complete invoking Lemma 2.1. O

Remark 2.3. Let f € BMO and take a(f) = lim;_ o+ wmo(f)(¢). Hence f € VMO if
and only if a(f) = 0.

For each 0 < p < oo, we define the quasi-norm (norm for p > 1) on MO?(T) by

1 1/p
| #lior = 1 llzrcr + ( / [wmo<f><t>]”it> |

Although the next result is probably known, we include a proof for the sake of
completeness.

Theorem 2.4. Let 0 < p < co. Then (MOP(T), |.|lmor) s a complete space.

Proof. Let { f,} be a Cauchy sequence in MO?(T). In particular, there exists f € BMO
such that {f,} converges to f.

Let |[I| <t, 0 <t < 1. Using that f,, — f in LY(T) we get that m;(f,) — mz(f)
and that there exists a subsequence (ny), such that f,, — f a.e.
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Now
. . do
7 15 = ) = mith = D15

= o [ 1) =t £ )t (o )l

_ 1 : 0y _ 0y _ a8

= g7 ) = Fu e = i (5 = £l
N | i i 4

< llmklnfm/l|fn(€ 9) — fur (e 9) —my(fn— fm)‘ﬂ

< hmklnf wmo(fn - fnk ) (t) :

Therefore
wmo(fn - f) (t) < hInklIlf wrno(fn - fnk ) (t) .
Hence

[ fomottn = D% < [ iminttunotia ~ sl

pdt

1
< limnf / [mo(fo = Fon P

Finally, using that f,, is a Cauchy sequence we get lim,, oo || frn — f|lMo» = 0 and that
f e MOP. O
Proposition 2.5. Let 0 <p < g < oo and s > 0.
(i) MOP(T) € MOY(T).
(i) Lipy(T) C N,50 MO?(T) C MO'(T) C C(T).
(iif) U, MO?(T) C VMO.

Proof. (i) It is a consequence of the following fact:

([ wwirior) " ~ (é[wmoqu]p) v

(if) Note that f € Lip, if and only if wme(f)(t) < Ct*. This gives the first
inclusion.

The fact that MO'(T) C C(T) follows by (5).

(iii) Observe that, for any p > 0 and ¢ > 0, one has

1 1 du
wno(FP @z < [ AP < 1o
t
Hence lim;_, ¢+ wmo(f)(t) = 0 for f € Upso MOP(T). O
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Let us point out some properties of BMO that are shared by these spaces.
Proposition 2.6. If f € MOP(T) then |f| € MOP(T).
Proof. Let t € (0,1) and I C T with |I| <¢. Then

7 e = mat DIz [l =m0l g7

+|ma7) — s ()]
< [ =il g

2 . do
<o [ —mipig]

This shows that wme(|f])(t) < 2 wmo(f)(t) and the proof is complete. O

Recall that T; denotes the translation operator, that is T} f(e?) = f(e'(®~1). We
have the following result.

Theorem 2.7. Let 0 < p < oo and f € MOP(T). Then
lim [T f — fllmor = 0.
s—0t

Proof. Due to (iii) in Proposition 2.5 f € VMO. Now Theorem 1.1 gives that
lim, o+ [|Ts f — fllBMO = 0.

Note that wme(Tsf — f)(t) < ||Tsf — fllsmo for all 0 < ¢ < 1.

On the other hand

wnoTf = 10 = swp o [ |(Tf = ) =mi(T = P 5

I1|<t
< g g 17160~ 52
1 0y _ o
e AL
=2 wmo(f)(t)

The Lebesgue dominated convergence theorem gives lim, g+ ||Tsf — f|lmor =0. O

3. Integrable harmonic oscillation.

Throughout this section, given z € A\ {0}, we denote by I, the open arc in T with
midpoint % and length |I.| =1 —|z|. Given an arc I C T and X\ < |I|7! we shall
write A for the arc with the same midpoint and length A|7].

Let us collect several known facts to be used later on.
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Lemma 3.1. There exist constants 0 < C,C1,Cs,C3 < 0o such that

() 1—1]z| < e — 2| <C (1—|z]), e €I, and z € A.

(ii) Cllllzl < P(e") < CQ\Ilzl’ e? eI, and z € A.
(iil) 3 k‘ 7 < P( 9) < Cagripys € € XL\ 2V L, k€ {1,2,.. N + 1}, where

||N

[log, T ‘] and z € A.

Proof. All the statements follow from the estimates

1— 2| < \eiof

i0 Z‘
e” — —1+(1—z)
|z

and
i Z

] < e — 2|+ (1 — 2. O
z

€

For 0 < p < oo we define

1 1/p
o = 1l + ( [ Tonol0P )

to get a quasi-norm in the space HOP(T).
Proposition 3.2. If f € L}(T) and 0 < t <1 then wmo(f)(t) < cwno(f)(2).

Proof. Let I C T be an arc such that |I| < t¢. Consider z € A for which I = I,. From
.| =1—|z| <t wehave 1 —¢ < |z] < 1.
Using (ii) in Lemma 3.1 we have

i e = mi i |I|/|f &)~ P(f) ()l g2

+ [mr(f) = P(f)(2)]

|I|/|f &) — P(f)()l g

<c( [T -rus ><z>|Pz<0>;ifi)
< Cuno()(0)

Now taking the supremum over all arcs we get wmo(f)(t) < C wno(f)(2). O

Theorem 3.3. Let 0 < p < co. Then HOP(T) = MOP(T) with equivalent quasi-
norms.
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Proof. HOP(T) C MOP(T) follows from Proposition 3.2.

Assume now that f € MO?(T). Let us show that f € HOP(T) and ||f|lmor <

Cl fllmor-

Let ¢ € (0,1]. For any z € A with |z] = 1 — ¢ we consider the arc I = I,, which
gives |I,| =1~ |z| = t. Take N and I (k = 0,1,...,N) so that I, = 2¥I, where

IQ = I, IN—l g T, and IN =T.
Using (iii) in Lemma 3.1 we have

[1ren = PP
Z_ N
§2/T|f(e 9)—mz(f)|Pz(€9)g
< c</, £ (e) = mr<f>|Pz<ew)§
N

ﬁ
2T

0y _ ot
+;/jk\1“|f<e> (NP D)

<o [ - mathig

al : do
S [ e i)

I\ —1

N
< c( o)+ 3 v [ 1)
k=1 k

On the other hand, by (4),

1 i do
1 .
i I F) = ma (f <Zm1

1 . do
< g 1 = maig + mej(f)
1 i

Swmo |Ik +Z2wmo |I |)

< (14 2k)wmo(f )(|1k|)~

Dl ).

ﬁ
21

(1)

()

N
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Combining both estimates one gets

N
15 = POEIP5 < 0 (N0 + 3 5 (11D )

ok
k=1
Taking the supremum over {z : |z| = 1 — ¢} and using |I}| = 2t we obtain

do

Ny
w1 = PO < 0 (o) + 3 5 (1120

|z|=1—¢

where N = N; = [log, 1] + 1. This implies that

Ny
wnal 1)) = € (1m0 + 30 52 w1240

2k
k=1

For 0 < p < 1 we have

N, »
a0 < G Lm0l + 30 T fumal 2401 ).
k=1

For p > 1 we apply Hélder’s inequality to obtain

oo ()OO < C, ([wmo<t><t>1p 3 “*W[wmu)@’“mp).

2k
k=1

Now integrating, and taking into account that 1 < k < N, = [logy 1] + 1 is
equivalent to 0 < t < 2%, we get

1 1 Nt+1
dt (1+2k)P ke yip @
| wetners <, / o)L + €, / 2,%{1,,1} [wmo(F)(2F0P
(1+2k)P dt
< Collfon + Co Z A / ()2
(1+2k)P dt
< Collf 100 + Cy Z Al / T
< Cllfs0n-
Putting together all the estimates we have the result. O
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